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Abstract

The assessment of wind energy potential at sites of interest requires reliable estimates of the
statistical characteristics of wind speed. A probability density function (pdf) is usually fitted to
short-term observed local wind speed data. It is common for wind speed data to present bimodal
distributions for which conventional one-component pdfs are not appropriate. Mixture
distributions represent an appropriate alternative to model such wind speed data. Homogeneous
mixture distributions remain rarely used in the field of wind energy assessment while
heterogeneous mixture models have only been developed recently. The present work aims to
investigate the potential of homogeneous and heterogeneous mixture distributions to model wind
speed data in a northern environment. A total of ten two-component mixture models including
mixtures of gamma, Weibull, Gumbel and truncated normal are evaluated in the present study.
The estimation of the parameter of the mixture models are obtained with the least-squares (LS)
and the maximum likelihood (ML) methods. The optimization of the objective functions related
to these estimation methods is carried out with a genetic algorithm that is more adapted to
mixture distributions. The case study of the province of Québec (Canada), a Northern region
with an enormous potential for wind energy production, is investigated in the present work. A
total of 83 stations with long data records and providing a good coverage of the territory of the
province are selected. To identify the most appropriate one-component distribution for the
selected stations, the newly proposed method of L-moment ratio diagram (MRD) is used. The
advantages of this approach are that it is simple to apply and it allows an easy comparison of the
fit of several pdfs for several stations on a single diagram. One-component distributions are
compared with the selected mixture distributions based on model selection criteria. Results show

that mixture distributions often provide better fit than conventional one-component distributions
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for the study area. It was also observed that the ML method outperforms the LS method and that

the mixture model combining two Gumbel distributions using ML is the overall best model.

Keywords: wind speed distribution; moment ratio diagram; homogeneous mixture distribution;
heterogeneous mixture distribution; probability density function; model selection criteria; kappa

distribution.
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Nomenclature

pdf
cdf

fO)

F()
F()

® m s = 8

GEV

KAP
LN

P3

ML
MM
LS
MWW
MWTN
MGW
MGG
MGTN
MGE
MEE

probability density function
cumulative distribution function

probability density function

cumulative empirical probability for the ith wind speed class interval

relative frequency for the ith wind speed class interval

estimated cumulative probability for the ith wind speed class interval

cumulative distribution function

inverse of a given cumulative distribution function

mixing weight in two-component mixture distributions
distribution parameters vector

Weibull probability distribution

Gumbel or extreme value type | probability distribution
gamma probability distribution

generalized extreme value probability distribution
generalized gamma probability distribution

kappa probability distribution

lognormal distribution

Pearson type 111 distribution

maximum likelihood

method of moments

method of least-square

mixture of two 2-parameter Weibull

mixture of Weibull and singly truncated from below normal
mixture of gamma and Weibull

mixture of two gamma

mixture of gamma and singly truncated from below normal
mixture of gamma and Gumbel

mixture of Gumbel and Gumbel
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METN
MTNTN

mixture of Gumbel and singly truncated from below normal
mixture of two singly truncated from below normal
number of wind speed observations in a series of wind speed observations

number of class intervals
coefficient of determination giving the degree of fit between the estimated relative
frequencies of the theoretical pdf and the empirical relative frequencies of the
histogram of wind speed.

coefficient of determination giving the degree of fit between the theoretical cdf

and the empirical cumulative probabilities of the histogram of wind speed.
root mean square error of the predicted relative frequencies

Kolmogorov-Smirnov test statistic
Chi-square test statistic

wind speed

probability weighted moment of order p, r, s
rth L-moment

rth sample L-moment

rth L-moment ratio

rth sample L-moments ratio

rth probability weighted moment where M,

unbiased estimator of B,
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1. Introduction

The assessment of wind energy potential at sites of interest requires the estimation of the
distribution of observed local wind speed data. For this purpose, a probability density function
(pdf) is usually fit to short-term wind speed data (typically 1 hour). Selecting a PDF that
correctly characterizes the wind speed distribution is crucial for reducing uncertainties in wind
energy production estimates. The Weibull (W) is the most widely used and accepted distribution
for the estimation of wind energy potential (Archer and Jacobson, 2003; Celik, 2003; Akpinar
and Akpinar, 2005; Ahmed Shata and Hanitsch, 2006; Acker et al., 2007; Ayodele et al., 2012;
Irwanto et al., 2014; Petkovi¢ et al., 2014; Carrasco-Diaz et al., 2015; Dabbaghiyan et al., 2016;
Yip et al., 2016). Its popularity can be attributed to its flexibility, simplicity and the fact that its
parameters are easy to estimate (Tuller and Brett, 1983). However, W does not allow describing

all encountered wind regimes in nature (Carta et al., 2008; Ouarda et al., 2015).

Several other distributions have been proposed in the literature for the assessment of wind
energy: the gamma (G), generalized gamma (GG), inverse gamma (IG), inverse gaussian (IGA),
lognormal (LN), logistic (L), log-logistic (LL), Gumbel (E), generalized extreme value (GEV),
three-parameter beta (B), Pearson type Il (P3), log-Pearson type Il (LP3), Burr (BR), Erlang
(ER), Johnson Sg, kappa (KAP) and Wakeby (WA) (Carta et al., 2009; Zhou et al., 2010; Lo
Brano et al., 2011; Morgan et al., 2011; Masseran et al., 2012; Soukissian, 2013; Jung et al.,

2017).

The identification of the statistical model that provides the best fit to the data represents a
challenge. Traditionally, the fit was assessed using goodness-of-fit statistics and histograms of

observed wind speed plotted together with candidate theoretical distributions. Recently, Ouarda
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et al. (2016) proposed the method of moment ratio diagram (MRD) for the selection of
theoretical distributions. MRDs are commonly used in a number of fields for distribution
assessment and parameter estimation (EI Adlouni and Ouarda, 2007; Seckin et al., 2011), but

were never applied to wind speed modeling.

With this approach, all possible values of the standardized kurtosis and the standardized
skewness of the candidate distributions are usually plotted on a same graph. The sample
moments of the observed data at the stations of interest are then estimated from the observations
and plotted on the same graph. The selection of the appropriate distribution to fit the data sample
is made based on the position of the sample moments in the graph. The advantage of using this
approach is that it allows an easy comparison of the fit of several pdfs on a single graph. The
approach allows also the analysis of the fit of data from several stations on the same graph.
Hosking (1990) introduced the MRD using L-moment ratios instead of the conventional moment
ratios. The theoretical advantages of L-moments over conventional moments are that they are
able to characterize a wider range of distributions, they are more robust to the presence of
outliers in the data when estimated from a sample, and are less subject to bias in the estimation
(Hosking and Wallis, 1997). Ouarda et al. (2016) applied conventional MRD and L-moment
MRD to wind speed data and concluded that L-moment MRD provide results that are more
coherent with goodness-of-fit statistics and should be preferred over the conventional MRD. This
conclusion was also obtained in other studies dealing with hydrologic data (Hosking, 1990; El

Adlouni and Ouarda, 2007).

It has been shown in several studies that it is frequent for wind speed data to present
distributions with bimodal regimes (Jaramillo and Borja, 2004; Shin et al., 2016; Soukissian and

Karathanasi, 2017; Jung and Schindler, 2017; Mazzeo et al., 2018). In these cases, conventional
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pdfs are not suitable for modelling such distributions. To cope with such regimes, mixture
distributions, defined as linear combinations of different distributions, were proposed by a
number of authors (Carta et al., 2009; Ouarda et al., 2015; Shin et al., 2016). Proposed mixture
models in the literature include mixtures of two Weibull distributions (Carta and Ramirez, 2007;
Akpinar and Akpinar, 2009), two normal distributions (Jaramillo and Borja, 2004), singly
truncated normal and Weibull distributions (Carta and Ramirez, 2007; Akpinar and Akpinar,
2009), two singly truncated normal distributions (Mazzeo et al., 2018; Chang, 2011), gamma and
Weibull (Chang, 2011), Weibull and Gumbel distributions (Shin et al., 2016) and singly
truncated normal and GEV distributions (Kollu et al., 2012). Homogeneous (the two components
represent the same distribution) and heterogeneous (the two components represent two different
distributions) mixture models are flexible and can provide good fit to bimodal regimes as well as
unimodal regimes (Carta and Ramirez, 2007; Shin et al., 2016). Their use is gaining increasing

popularity in the field of wind energy assessment and modeling.

Wind energy assessment and mapping studies remain relatively limited in Nordic
environments. The case study of the province of Québec, Canada, is used in the present work to
evaluate the suitability of homogeneous and heterogeneous mixture distributions for fitting wind
speed data. Ten different mixture distribution models mixing W, G, E and truncated Normal are
fitted to the wind speed at the stations of the study area. The choice of distribution functions used
in mixture models is based on previous studies (e.g. Shin et al., 2016) as well as the asymptotic
behavior of the tails of the distributions considered (ElI Adlouni et al., 2008), although the focus
is not only on extreme wind speeds for energy generation. A large number of meteorological
stations distributed all across the province are used for this objective. The province of Québec

represents a region with an enormous undeveloped potential for wind energy production. A very
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limited number of studies evaluated the potential for wind energy in the province of Québec. In
all these studies, only W was used (llinca et al., 2003; HE&AWS, 2005) except for a limited
scope study where only two stations were explored (Ouarda and Charron, 2018). The method of
the L-moment ratio diagram is also applied for evaluating the adequacy to the data of a selection
of one-component distributions commonly used to model wind speed data. Note that, in their
current state, MRD cannot be used to represent mixture distributions and thus, only one-
component distributions are represented in these diagrams. Two-component homogenous and
heterogeneous mixture distribution functions combining G, E, singly truncated normal (TN) and
W as well as one-component W and KAP were fitted to the wind speed data of the study area.
Validation of goodness-of-fit was made using criteria commonly used in the field of wind energy
assessment. The results of the analysis are illustrated for a selection of 10 stations representing
the study area. These stations provide a good illustration of the range of behaviors of wind speed

distributions in the province of Québec.

The paper is organized as follows: Section 2 presents the theoretical background on L-
moment ratio diagrams, one component probability distributions and mixture models. Section 3
presents the methodology of the study, including the representation of pdfs in MRDs, the
estimation of distribution parameters and the model evaluation criteria. The case study dealing
with wind speed data in the province of Quebec is presented in Section 4. The results are
presented in Section 5, and the conclusions and future research directions are finally discussed in

section 6 of the paper.

2. Theoretical background
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2.1. L-moment ratio diagrams

L-moments introduced by Hosking (1990) represent an alternative to the conventional
moments for the characterization of the shapes of probability distributions. The advantages of L-
moments over conventional moments are that they are able to characterize a wider range of
distributions, are more robust to the presence of outliers in the data and are less subject to bias in
estimation (Hosking, 1990). For a given random variable X with a cumulative distribution

function F(X), the probability weighted moments (PWMs) are defined by (Greenwood et al.,

1979):

M, = EIXH{F(XO)F{-F(X)}. 1)
A useful special case of the PWM used in the definition of L-moments is given by:

B, =M, o = EDX{F(X)¥]= [ x(u)u'du @

where x(u) is the quantile function of X. The L-moments of X are defined by (Hosking, 1990):

Do =Y PiiBr F=012,.. 3)
k=0

where

. L(r)(r+k
- (1) o

L-moments are directly interpretable as measures of the shape of distributions. The
dimensionless versions of the L-moments, the L-variation, L-skewness and L-kurtosis, are

respectively given by:

10
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=A%
=Al4,. ®)
T, =414,

An important property makes the L-moments especially useful for the assessment of the

goodness-of-fit with MRD: if the mean of the distribution exists, then all L-moments exist and
the L-moments uniquely define the distribution (Hosking, 1997). L-moment ratios 7, vs. 7, in

Eqg. (5) are usually plotted in MRD for the assessment of the goodness-of-fit. A distribution
function with one shape parameter, two shape parameters, or three or more shape parameters, is
respectively represented as a point, a curve or an area in the MRD. The pdfs that are represented

on the MRD of this study are given in Table 1 with their domain and number of parameters.

For a given data sample, the estimated values of the L-moment ratios can be obtained.

Sample L-moment ratios are then plotted on the MRD to evaluate the adequacy of the pdfs

represented in the MRD to the data samples. For an ordered sample of size n, X, <X, <---<X

n !

the sample L-moments are defined by:
(ea =2 Phb,  r=01..,n-1 (6)
k=0

where

(-1 & (-1
o 5

The sample L-moment ratios analogous to the L-moment ratios in Eq. (5) are defined by:

11
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t,=0,11(,
t,=0,110,. (8)
t,=0,110,

2.2. One-component probability distributions

In this study, the whole range of distributions commonly considered in wind energy
assessment and modeling were examined using MRD. The one-component W and KAP were
identified as the only one-component probability distributions which provide a good fit to the
wind speed data. Their pdfs were fitted to the wind speed data of the case study. W is the most

used and recognized pdf for analysis of wind speed data. The pdf of W is given by:

k(x)™* X )
for (X) =—(—j exp{—(—j } 9)
a\a o
where x>0, a >0 is a scale parameter and k is a shape parameter. The cumulative distribution

function (cdf) of W is given by:

Fw (Xx)=1- exp{—(ﬁjﬂ : (10)

KAP, introduced by Hosking (1994) is a four-parameter distribution that includes the generalized
logistic, the GEV, and the generalized Pareto distributions as special case. KAP was shown to
lead to very good fit to wind speed data in previous studies (Shin et al., 2016; Jung et al., 2017).

The pdf of the KAP is given by:
fne (6 22,00, K, 1) = @ L=k (X = p2) | ] [ Fipe (1" (11)

and the cdf of KAP is given by:

12



238 Fopo (X 22,0, K, 1) = (L= h(L—K (X — 22) ] cr) ¥ )" (12)

239  where 4 is a location parameter, « is a scale parameter, h and k are shape parameters.

240 2.3 Singly truncated from below distributions

241 The singly truncated from below normal (TN) distribution is often adopted instead of the
242  conventional normal distribution in models for wind speed data (Carta et al., 2009). The reason is
243  that N allows negative values of wind speed which is not possible. Truncated distributions are
244 used to restrict the domain of the distributions. The truncation of the tails of the distribution was
245  also shown in previous studies to be robust to extreme observations in the sample and to lead to
246  improved estimates of the distribution moments, parameters and quantiles (see for instance Ouarda
247  and Ashkar, 1998). In the context wind speed modeling, the restriction x>0 is applied. TN has
248  also the advantage over W of been able to represent calm frequencies as it is defined for x =0.

249  However, adding a constraint to the Normal support makes the inference more complex when

250  other distributions are considered. If F (x;x,«) and f (X, ) are the cdf and pdf of the

251  normal distribution, the pdf and cdf of the TN are defined by:

22 Inbame) :Tla) 0640, ), (13)
253 Fin (G p,a) = ﬁj}: fu(X o) = Fu (X ,u,laz/: ZN)(O; #a) (14)

254  where x>0 and the function Io(y,ac)=J';o fy (X; 1, @) =1—F (0; 11, @) ensures that the integral

255  of the pdf of TN is equal to one. Similarly, the truncated pdf and cdf of E can also be obtained by

256  using Eq. (13) and (14) and replacing f(X; i, @) by fo(X;u, ).

13
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2.4. Mixture probability distributions

Mixture distributions are defined as linear combinations of two or several distributions.

For a mixed distribution with d components, the pdf is given by:
d
f(v;o.0) =Y o f(v6). (15)
i=1

where 6, are the parameters of the ith distribution, f.(v;8) are independently distributed ith

d
components and w; are mixing parameters such that Za)i =1. In the case of a two-component
i=1

mixture distribution, the mixture density function is then:

f(v;®0,0,0,) =of (v;6)+1-o)f,(v;06,). (16)
where 0 <@ <1 is the mixing weight, and &, and 6, are vectors of parameters for the first and
second component of the distribution.

Similarly to the previous study of Shin et al. (2016), the G, W, E, and TN distributions
were adopted as density components of mixture distributions. In all, 10 mixture distributions are
obtained with the combination of the different components considered and are denoted by:
MGW, MGE, MGTN, MWW, MWE, MWTN, MEE, MEN and MTNTN. The pdfs of these

mixture models are presented in Table 2.

3. Methodology

3.1. Representation of the pdfs in MRD

14
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In this section we explain how selected pdfs in Table 1 are represented in the MRD. The
distribution E, having no shape parameter, is defined by a dot on the MRD. Distributions E,
GEV, W, P3 and G have a single shape parameter, and plot as a line in the MRD. For the
previous distributions, polynomial approximations of z, as function of z, are available in
Hosking and Wallis (1997) and are used to plot the lines corresponding to these distributions in
the MRD. Distributions GG, LP3 and KAP having two shape parameters define areas in the
MRD and bounds of these areas are represented in the MRD. Analytical expressions of these
bounds are generally not available. In that case, the following numerical method is applied: For a
given pdf with two shape parameters h and k, a position parameter x and/or a scale parameter a,

parameters h and k are varied over a large range within the feasibility domain of the given pdf

and with small intervals (h=h,h,,....h;k=k Kk,,...,k ). Parameters x4 and a are given

arbitrary values because they are independent of L-moment ratios =, and z,. For each generated

pair of values (h;, k;), the corresponding pairs of moment ratios (z;; ;, z,; ;) are computed and

are plotted on the L-moment ratio diagram. Afterwards, the contours of the regions defined by

these points are defined.

For KAP, the expressions of L-moment ratios z, and 7, as a function of its distribution
parameters are given in Hosking and Wallis (1997). Explicit expressions of L-moments as a

function of the distribution parameters of the GG and LP3 are not available. In this case, B,, B,

and B, are estimated by numerically integrating the distribution in Eq. (2) and 4, 4, and A, are

obtained using Eq. (5).

3.2. Parameter estimation

15
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Parameters of the W are estimated in the present work with the method of moments
(MM). Parameters of KAP are estimated here with the method of L-moments (Hosking, 1997).

Algorithm for this method can be found in Hosking (1996).

The parameters of the mixture distributions are commonly estimated with the least-square
(LS) method (Carta and Ramirez, 2007; Shin et al., 2016; Jung and Schindler, 2017) and the
maximum likelihood (ML) method (Carta et al., 2009; Shin et al., 2016). The least-squares are

defined by:
SSE =3[R~ F(Vpu 10)] an)
i=1

where P, is the cumulative empirical probability of the ith group, v__ , is the maximum wind

1 ax, 1

speed of the ith group and & is a parameter vector. Observed wind speed data are arranged into

N class intervals [O,V,),[V;,V,),....,[Vy4, Vy]. Relative frequencies p; are computed for each class

i
interval and P, = Z p; is the cumulative empirical probability at the ith class.
j=1

The maximum likelihood method was applied on observed wind speeds. It is proposed
here to use the maximum likelihood with the class interval approach. Given an underlying

distribution f(x;8) for the wind speed, the likelihood is given by (Carter et al., 1971):
N -
L) =C[ ] p" (18)
i=1

where C=”!/HiN:1ni! and n; is the number of observations in the ith class interval. It is

generally more convenient to optimize the log-likelihood given by:

16
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logL(0) = Iog(C)+§:ni log p; . (19)

i=1

To optimize the least-squares function in Eq. (17) and the log-likelihood function in Eqg.
(19), a genetic algorithm (GA) is used. GA has been used in different fields for the optimization
of a given objective function (Hassanzadeh et al., 2011). A particularity of GA which makes it
attractive for solving the problem associated to the estimation of the parameters of mixture
distributions is that it does not require defining initial values for the parameters, which is difficult

in the case of mixture distributions (Ouarda et al., 2015).

The approaches presented here for parameter estimation are sensitive to the discretization
interval selection. The intervals should have small extent but also contain enough observations,
which is not possible especially for small sample sizes. The choice of intervals depends also on
the sensitivity of the anemometer. For less precise anemometers, it is not possible to use very

fine intervals.

3.3. Validation

The chi-square test statistic ( z2), the coefficient of determination (R?), the RMSE and

the Kolmogorov-Smirnov test statistic (KS) are used for the validation of the goodness-of-fit of
the different models. These criteria are frequently used for the evaluation of the goodness-of-fit

(Ouarda et al., 2016). Before the computation of the statistics, wind speed data are arranged in N

class intervals and relative frequencies p;, are computed at each class interval.

Two indices are used to define R®. The first index is defined by:

17
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Zi’il(P B 'fi)2

Ré =1_ N =\ 2
Zi:l(Pi -P)

(20)

where F, is the predicted cumulative probability of the theoretical distribution at the ith class

interval, Pi:ij is the empirical cumulative probability at the ith class interval and
j=1

P= %ZL P . The second index is defined by:

R§ =1_M (21)
2L (P—P)

where p, =F(v,)—F(v, ) is the estimated probability at the ith class interval, v. , and v, are the

lower and upper limits of the ith class interval and p = %ZL p; .

The RMSE is a measure of the error in the estimation of the relative frequencies and is

given by:
N 1/2
RMSE =| 3", (p, - By) /N (22)

The x? test statistic is a measure the adequacy of a given theoretical distribution to a data

sample and is expressed as:

r=> @23
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where O, is the observed frequency in the ith class interval and E; is the expected frequency in
the ith class interval. When E, for a given class interval is very small, it is combined with the

adjacent class interval in order to avoid the situation where E; has an excessive weight. The KS

statistic corresponds to the largest difference between the predicted and the observed distribution

and is given by:

A

P-F|.

D =max
I<i<N

(24)

A lower value of y?, RMSE or KS, and a higher value of R® indicate a better fit.

4. Nordic environment case study

4.1. Region of study

The province of Quebec (Canada) covers a territory of over 1.5 million km? and has an
enormous potential for wind energy production. In a study commended by the government of
Quebec, it was concluded that the exploitable potential in Quebec is close to 4 000 000 MW
(HE&AWS, 2005). The majority of energy production in Quebec comes traditionally from
hydroelectricity (Barbet et al., 2006). Because of the large existing and potential hydroelectric
resources, the development of other renewable sources of energy has been considerably delayed.
Nevertheless, an increasing interest for renewable energy and especially for wind energy
harvesting is observed recently. The government of Quebec requested in its new energy policy to

support the development of new wind farm projects on the territory (Gouvernement du Québec,

19
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2016). Wind generation is nowadays considered as a viable alternative for energy supply in

remote rural areas, especially in the Northern regions.

A very limited number of studies dealt with modeling wind speed and assessing the wind
energy resources in the province of Quebec (llinca et al., 2003; HE&AWS, 2005; Hundecha et
al., 2008). Ilinca et al. (2003) and HE&AWS (2005) evaluated the potential for wind energy in
the province based solely on the W distribution. Hundecha et al. (2008) studied the changes in
the annual maximum 10-m wind speed in and around the Gulf of St. Lawrence, Canada, through
a nonstationary extreme value analysis. The study was based on the North American Regional
Reanalysis (NARR) dataset as well as observed data from a selection of stations located on and

around the Gulf of St. Lawrence.

4.2. Wind speed data

The wind speed data used in this study were obtained from “Environment and Climate
Change Canada”, the Federal ministry of the Environment. Meteorological data are available

freely at http://climate.weather.gc.ca. Observed data consist of mean hourly wind speeds

observed at 10 m above the ground for meteorological stations distributed across the province of
Quebec. Stations with identical coordinates were combined together. Stations of the database
with at least one complete year of data were selected. A total of 83 stations covering most of the
territory of the province of Québec were selected. The geographical location of the selected
stations is illustrated in Fig. 1. The majority of the stations are located in the southern part of the
province of Quebec on both sides of the Saint-Lawrence River. The network density is
significantly higher in the southern part of the province due to the concentration of major urban

agglomerations and economic activities in this region.
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The lengths of the data series at the stations range from 1 to 65 years with a median of 21
years of data. The calm frequencies at the stations are very low. 10 stations having long data
series and a good distribution across the study area were selected to illustrate the results of the
present study. These stations are considered representative of the whole data base. A detailed
description of the selected stations is presented in Table 3 with information concerning the
period of record, the geographical location and the statistical characteristics of the wind speed
data. The selected 10 stations are illustrated in the map of Fig. 1 with red dots. The rest of the

stations are illustrated with black dots.

5. Results

Fig. 2 presents the L-moment ratio diagram with the selected one-component pdfs. KAP,
covering the largest area in the MRD, is thus the most flexible pdf, followed by LP3 and GG.

The GEV, W, G, P3 and LN, plot as lines and are similar for values of z, around the zero value.

E is a special case of the GEV. The distributions G, P3 and W are special cases of the GG, and
the distributions GEV and E are special cases of the KAP distribution. Sample L-moments were
computed using Eq. (8) and (6) for each station of the study area and were plotted on the MRD.
It can be observed in Fig. 2 that the curve defined by W passes through the cloud of points
defined by the sample L-moment ratios. For the other distributions defining a curve (G, P3, GEV
and LN), the lines are located over the cloud of points and the distributions are thus inadequate
for representing wind speed data at the stations of the case study. It can hence be concluded that

W is the most suitable pdf with one shape parameter.
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All 83 stations are located within the regions that are bounded by the pdfs of the
distributions possessing two shape parameters (GG, LP3 and KAP), and thus, these pdfs can
represent appropriate models for the wind speed data of the Quebec stations. Even though on
average W represents a good model, it may not be suitable for data sets located far from the
curve defined by W. In these cases, GG, LP3 and KAP provide a better fit and are more

appropriate.

MRDs are useful tools for studying the fit of one-component probability distributions
commonly used in the field of wind energy assessment. However, they are not able to identify
distributions with bimodal or multimodal regimes. In some cases where bimodality is detected,
the use of mixture distributions is necessary. Future research efforts can focus on the extension

of the MRD approach to bimodal and some mixture distributions.

The one-component distributions W and KAP as well as the selected mixture
distributions were fitted to the wind speed series of the case study. The class interval is set to 1
m/s for the computation of the least square in Eq. (17), for the log-likelihood in Eq. (19) and for
the computation of the goodness-of-fit criteria in Section 4.3. For the present study, important
improvements in the fit were obtained by using TN instead of the conventional N in the mixture
models. Consequently, the results using TN are presented here. In the case of E, no improvement
was obtained with the truncated E and thus results with the conventional E in the mixture models

are presented here.

The goodness-of-fit criteria presented in Section 4.3 were computed at all stations and

results are presented in Fig. 3 with box plots. According to the criteria, the one-component KAP

performs better than W. However KAP has two more outlying observations than W for y°.
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Mixture models using the ML approach perform significantly better than the corresponding
models using the LS approach. In general, we do not observe a big difference in the
performances of the various mixture models using the LS approach. All mixture models using

the ML approach perform better that the one-component W and KAP and according to the
RMSE, Rf) and y? criteria, the majority of mixture models using the LS approach perform also

better than W and KAP. The overall best model is obtained with MEE/ML. Mixture models
including TN generally lead to lower performances. Bimodality may not always be present in
wind speed data series and this explains the general good performances obtained by one-

component distributions W and KAP.

In Fig. 4, the histograms of the observed wind speed data at the 10 stations selected to

illustrate the results for the prince of Quebec are presented. W and KAP as well as the first and
second mixture distribution models providing the best fit to the data according to > are

superimposed in these histograms. Table 4 lists the four best models at each station according to
each criterion. Mixture distributions have in general higher ranks than one-component
distributions. The flexibility and advantages of mixture distribution models are illustrated in Fig.
4 as one-component distributions are shown not to be suitable to model all stations. For instance,
mixture distributions are necessary to model stations Quebec, Cap-Madeleine, Bagotville, Val-
d’Or and Parc national des Pingualuit. Even for stations presenting unimodal behaviors, such as
the stations of Montréal, Cape Whittle, Mont-Joli, Kuujjuarapik and Nitchequon, mixture
distributions provide also, in general, the best goodness-of-fit statistics according to the ranks in

Table 4.
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6. Conclusions and future work

In this study, we evaluate the suitability of a selection of homogeneous and
heterogeneous two-component distributions as well as a number of one-component distributions
including W and KAP to model wind speed data in a Nordic environment. The case study is
represented by 83 meteorological stations distributed throughout the wide territory of the
province of Québec, Canada. The approach consisted first in using the L-moment ratio diagrams
to assess the one-component distributions that best fit the data. Among the pdfs defining a curve
(probability distributions having one shape parameter) on the MRD, W is the pdf leading to the
best fit. For the distributions with two shape parameters, GG, LP3 and KAP, areas of feasibility
are defined in the MRD diagram and these distributions can represent better alternatives for the

stations whose data samples are located the farthest from the curve defined by W.

MRDs are not able to represent distributions presenting bimodal behaviors. Mixture
distributions can be used to model such behavior. A selection of 10 two-component distributions
mixing W, G, E and TN were fitted to the wind speed at the stations of the study area. The
parameters were estimated with the LS and ML methods. Results were compared to the fit
obtained by the most adequate one-component distributions: the W and KAP distributions.
Global results indicated that mixture models provide better goodness-of-fit than the W and KAP
according to the performance criteria used. It was found that the ML method outperforms the LS
method according to all criteria. Mixture distributions are flexible and can efficiently model both

bimodal and unimodal behaviors.

The results of the present study show that mixture distribution models have the potential

to improve the estimation of energy generation potential at stations presenting bimodal regimes
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and even at stations presenting unimodal regimes. Improved accuracy in wind energy potential
assessment can help with site selection and with the design and management of wind farms. The
proposed methods are general and can be transposed to other regions especially those where

pronounced bimodal regimes are observed.

10 stations with a good distribution across the study area were selected to illustrate the
results of the study. The histograms of the fitting of the one-component and mixture models to
the wind speed data at the 10 selected stations are presented. The analysis of the histograms of
the wind speed data at each station have shown that a bimodal behavior was observed in about 5
stations. For these stations, mixture distributions reveal to be necessary in order to adequately

model the wind speed distributions.

It is important to note that the mixture models applied in this study present additional
complexity in comparison to simpler models such the one-component Weibull. Parameter
estimation for mixture models requires advanced optimization method such as the genetic
algorithm used here. This method takes more time to process than other optimization methods.
This can be cumbersome when the mixture approach is applied to a large number of stations for

instance.

The MRD approach needs to be extended to bimodal and mixture distributions in order to
be useful for the whole range of distributions of interest for wind energy assessment and
modeling. Future work should also focus on the analysis of the non-stationarity in wind speed
data (presence of trends, jumps and cycles) in the province of Quebec in order to provide reliable
estimates of the future potential for wind energy generation. The frequency analysis models used

in the present study and in most literature dealing with wind speed modeling are based on the
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hypothesis of the stationarity of the wind speed regime. Unfortunately, such assumption is often
invalid, and past wind speed observations are not necessarily representative of the future wind
speed regime. Increasing attention is being devoted to the development of non-stationary
frequency modeling tools for climatic variables, which take into consideration information about

climate change (see for instance Lee and Ouarda, 2011; Chandran et al., 2016).

Future work should also focus on the extension of homogeneous and heterogeneous
mixture models to the non-stationary case. The resulting models will have distribution
parameters that are dependent on the values of covariates that may represent time or climate
indices. A non-stationary frequency analysis of wind speed data in the province of Quebec can
also integrate low frequency climate oscillation indices as covariates to take into consideration
information concerning the impact of these climatic indices on the inter-annual variability in
wind speed in the region. Such models are becoming increasingly popular in climatology and
renewable energy modeling (see for instance Ouachani et al., 2013; Naizghi and Ouarda, 2017)
and would allow understanding the teleconnections of wind characteristics with various global
climate indices and examining the long-term variability of wind speed in the province.
Thiombiano et al. (2017) have already identified the Arctic Oscillation (AO) and the Pacific
North American (PNA) climate indices as the dominant indices in the region. These indices can

be integrated relatively easily in the models developed in the present work.
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Table 1. List of probability density functions, domains, and list of parameters.

Name  Probability density function Domain Number of
parameters
E fE(x;y,a):lexp{—X_'u—exp[—x_ﬂﬂ —0< X <400 2
(24 (04 (24
k X k-1 X k
W fW(x;a,k)=f(f] exp{—(f” 0<X<oo 2
a\a (24
G fo(xa k)—a—Kx"’lex (~ax) 0<x<w 2
s\ a, 7l"(k) p <
. 1 Inx—,uz
LN fLN(Xrﬂva)=XaﬁeXp|: ( 202 )il 0<x<w 2
‘h‘ahk k-1 h
GG foe (X e,k ) = X" exp(-ax) 0<x<w 3
T (k)
k
P3 fPS(x;,u,a,k):%(x—y)k’lexp[—a(x—pﬂ H<X<mo 3
1, " U+alk<x<wo ifk<0
GEV fLN(XWthk):l[l—E(x—u)}k exp{{l—ﬁ(xfu)} } —w<x<U+alk ifk>0 3
oL« a —0<X<® if k=0
. g‘a‘ k-1
fLoa (% 21,0, K) :—k[ar(loga x—u)] " exp[-a(log, x— )] e <y ifa>0
LP3 xr (k) o 3
0<x<e” ifa<0
where g=log,e
u+al-h*)/k<x<p+alk ifh>0k>0
KAP frae (12, K N) =@ L= K(X = 1) | " [Figpp (" p+al-h*)/k<x<o ifh>0,k<0 4
where F,(X)=@—h@—k(x— )/ &))" —o<X<pu+alk ifh<0,k>0
H+alk<x<o ifh<0,k<0

L location parameter

a: scale parameter

k: shape parameter

h: second shape parameter (GG, KAP)
I'(): gamma function
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Table 2. List of mixture probability density functions, domains.

Name Probability density function Domain
MGG foe (G, Ky 2y, Ky) =0 fs (X g, k) + (L= @) T (X 2, k) 0<X<+o
MGW fow (G, K, a,,K,) = 0fs (X a4, K) + (A— @) T, (X e, K,) 0< X <400
MGE foe (G, K, p,00,) = ofs (X 0, K) + (L— @) T (X 14, ) —00 < X < 400
MGTN fon (G, Ko ) = 05 (X, K) + (L= @) T (X 11, 1) 0< X<+
MWW fow (6 e, Ky, 0, k) = oy, (X 00, k) + (L— o) T, (X 22, ) 0< X<+
MWE foe (G, K, 1, ) = ofy, (X 0, K) + (A — @) fo (X 11, 2,) —00 < X < 400
MEE fee (G 10, 1, 05) = 0 F (6 4, ) + A= @) T (X 145, ) —00 < X <+00
METN fen (6 14, 04, 1, 05) = 0B (X 1, 00) + (L= @) T (X 1, ) —00 < X <400
MTNTN fan (6 24,04, 115, 0,) = 0T (X 44, 00) + (L= @) Try (X 1, @25) 0< X<+
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Table 3. Wind speed characteristics at the 10 stations selected to illustrate the results for the province of Quebec.

Station Station name Period Lat Long Alt Calm Median cVv Skewness Kurtosis
number ) ) (m) (%) (m/s) ) () ()
1 Quebec 1953/01-2017/10 46.79 -71.39 74.40 7.61 3.6 0.69 0.75 3.57
2 Montreal 1953/01-2017/10 45,52 -73.42 27.40 6.39 4.2 0.63 0.73 3.78
3 Cape Whittle 1995/01-2017/10 50.16 -60.06 7.00 0.35 6.9 0.53 0.79 3.68
4 Cap-Madeleine 1994/01-2017/10 49.25 -65.32 29.00 1.51 5.3 0.62 0.79 3.53
5 Kuujjuarapik 1957/01-2017/10 55.28 -77.75 12.20 5.24 4.4 0.60 0.65 3.55
6 Mont-Joli 1953/01-2017/10 48.60 -68.22 52.40 3.98 4.7 0.59 0.66 3.39
7 Bagotville 1953/01-2017/10 48.33 -71.00 159.10 7.72 3.6 0.68 0.69 3.25
8 Val-D’or 1955/01-2010/12 48.06 -77.79 337.40 6.69 3.1 0.62 0.61 3.37
9 Nitchequon 1959/01-1985/12 53.20 -70.90 536.10 5.61 3.9 0.63 0.72 3.68
10 Parc National des 2011/01-2017/10 61.31 -73.67 503.40 4.27 5.6 0.64 0.52 2.98
Pingualuit

CV denotes coefficient of variation
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Table 4. Ranked pdfs giving the best fit for each goodness-of-fit statistic and at each of the 10 selected stations to
illustrate the results.

Station name Rank  RMSE R? Rg Chi-2 Ks
Quebec 1 MEE/ML (0.0068) MGG/ML (0.9997) MEE/ML (0.9843) MEE/ML (10173) MGG/ML (0.013)

2 MGG/ML (0.0078) MEE/ML (0.9996) MGG/ML (0.9795) MGG/ML (10847) MEE/ML (0.016)

3 MGW/ML (0.0088) MGW/ML (0.9995) MGW/ML (0.9741) MGW/ML (14105) MGE/ML (0.019)

4 MGTN/ML (0.0096)  MGE/ML (0.9994) MGTN/ML (0.9693)  MGE/ML (15586) MGW/ML (0.019)
Montreal 1 MGE/ML (0.0090) MGW/ML (0.9996) MGE/ML (0.9695) MGE/ML (12443) MTNTN/ML (0.016)

2 MGW/ML (0.0091) MWTN/ML (0.9996)  MGW/ML (0.9691) MGG/ML (12487) MGW/ML (0.017)

3 MGG/ML (0.0092) MGG/ML (0.9996) MGG/ML (0.9685) MWTN/ML (12650)  MGE/ML (0.017)

4 MWTN/ML (0.0093) ~ MWW/ML (0.9996) ~ MWTN/ML (0.9672)  MGW/ML (12766) MWTN/ML (0.017)
Cape Whittle 1 MWE/ML (0.0057) MGW/ML (0.9999) MWE/ML (0.9779) MWE/ML (3626) MTNTN/ML (0.009)

2 MGW/ML (0.0057) MWE/ML (0.9999) MGW/ML (0.9774) MGW/ML (3655) MGE/ML (0.011)

3 MGE/ML (0.0059) METN/ML (0.9999)  MGE/ML (0.9759) MGG/ML (3903) MGG/ML (0.011)

4 MGE/LS (0.0060) MWTN/ML (0.9999)  MGEILS (0.9756) MGE/ML (3952) MGWI/ML (0.012)
Cap-Madeleine 1 MWEI/LS (0.0076) MGE/ML (0.9996) MWE/LS (0.9722) MWEI/LS (5269) MGE/ML (0.016)

2 MGE/ML (0.0090) MGW/ML (0.9993) MGE/ML (0.9614) MGE/ML (5574) MGG/ML (0.019)

3 MEE/LS (0.0090) MGG/ML (0.9993) MEE/LS (0.9611) MEE/LS (6245) MGWI/ML (0.022)

4 MGE/LS (0.0102) MWE/ML (0.9992) MGE/LS (0.9509) MGG/ML (7012) MWEI/LS (0.027)
Kuujjuarapik 1 MWW/ML (0.0069)  MGG/ML (0.9998) MWW/ML (0.9808) ~ MGG/ML (8168) MGG/ML (0.014)

2 MGG/ML (0.0074) MWW/ML (0.9997)  MGG/ML (0.9778) MEE/ML (8823) MWE/ML (0.016)

3 MEE/ML (0.0076) MGE/ML (0.9997) MEE/ML (0.9767) MGE/ML (8855) MGE/ML (0.017)

4 MGE/ML (0.0076) MWE/ML (0.9997) MGE/ML (0.9766) MWW/ML (9583) MEE/ML (0.017)
Mont-Joli 1 MGG/ML (0.0084) MWTN/ML (0.9997)  MGG/ML (0.9690) MGG/ML (12851) MGG/ML (0.013)

2 MGE/ML (0.0086) MGTN/ML (0.9997)  MGE/ML (0.9674) MWE/ML (12896) MGTN/ML (0.016)

3 MGTN/ML (0.0091)  MGG/ML (0.9997) MGTN/ML (0.9631)  MGE/ML (13438) MGWI/ML (0.016)

4 MGW/ML (0.0091) MWW/ML (0.9997)  MGW/ML (0.9630) MWWI/ML (13984) MWTN/ML (0.018)
Bagotville 1 MWTN/ML (0.0072) ~ MWTN/ML (0.9997)  MWTN/ML (0.9823) ~ MWTN/ML (8648) MWTN/ML (0.015)

2 MTNTN/ML (0.0076)  MTNTN/ML (0.9997) MTNTN/ML (0.9804) MTNTN/ML (9721)  MTNTN/ML (0.016)

3 MEE/ML (0.0083) METN/ML (0.9996)  MEE/ML (0.9768) MEE/ML (11044) MGG/ML (0.018)

4 METN/ML (0.0085)  MGW/ML (0.9996) METN/ML (0.9754)  METN/ML (11393) MGWI/ML (0.019)
Val-D’or 1 MEE/ML (0.0097) MGE/ML (0.9995) MEE/ML (0.9796) MGE/ML (6179) MEE/ML (0.017)

2 MGE/ML (0.0101) MEE/ML (0.9995) MGE/ML (0.9777) MEE/ML (6544) MGE/ML (0.021)

3 MGG/ML (0.0134) MGW/ML (0.9993) MGG/ML (0.9611) MGG/ML (10973) MGG/ML (0.022)

4 MGW/ML (0.0135) MGG/ML (0.9992) MGW/ML (0.9606) MGW/ML (11446) MGW/ML (0.025)
Nitchequon 1 MWW/ML (0.0064) ~ MWW/ML (0.9998) ~ MWW/ML (0.9845)  MWW/ML (2681) MWW/ML (0.013)

2 MGW/ML (0.0066) MGW/ML (0.9998) MGW/ML (0.9835) MGW/ML (3195) MGTN/ML (0.015)

3 MGTN/ML (0.0066) ~ MGTN/ML (0.9998) ~ MGTN/ML (0.9833)  MGTN/ML (3254) MGWI/ML (0.015)

4 MWTN/ML (0.0071)  MGG/ML (0.9997) MWTN/ML (0.9809)  MGG/ML (3852) MWTN/ML (0.016)
Parc National 1 MWW/ML (0.0047)  MWW/ML (0.9999)  MWW/ML (0.9866) ~ MWW/ML (459) MWW/ML (0.009)
des 2 MGG/ML (0.0058) MGG/ML (0.9998) MGG/ML (0.9796) MGG/ML (592) MGG/ML (0.009)
Pingualuit 3 MEE/ML (0.0060) METN/ML (0.9997)  MEE/ML (0.9787) MEE/ML (709) MWE/ML (0.012)

4 MGE/ML (0.0068) MWE/ML (0.9997) MGE/ML (0.9723) MGE/ML (831) MGE/ML (0.014)

The corresponding goodness-of-fit statistic value is display in parenthesis after the pdf name.
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Figure 1. Spatial distribution of the 83 meteorological stations in the province of Quebec. The 10 stations selected

to illustrate the results are represented by red dots.
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Figure 2. L-moment ratio diagram with the selected pdfs. Sample L-moments are represented by black dots for all

stations. Red dots denote the sample L-moments of the 10 stations selected to illustrate the resuls in the rest of the

paper.
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Figure 3. Box plots of the goodness-of-fit statistics.
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Figure 4. Wind speed frequency histograms for the 10 stations selected to illustrate the results. The two mixture

distributions giving the best fit with respect to y?, and W and KAP are superimposed.
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