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Abstract

Driven by the high data rates demand and the exponential growth of wireless de-

vices, free-space optics FSO is presented as a strong and reliable candidate for the

next generation mobile cellular networks. In addition to securing a high throughput

and high-speed data services, FSO technology is an easily deployable cost-effective

approach that offers a strong immunity to interference. Despite these advantages,

FSO transmission is hampered by atmospheric turbulence-induced fading and point-

ing errors. These constraints shorten the FSO transmission to small distance. To

widen the coverage and ensure the reliability of the FSO link for next generation

cellular backhaul networks, relay-assisted mixed FSO/RF systems have gained such

a great interest in recent times. The main objective of this work is to investigate

the performance of relay-assisted mixed FSO/RF system. Toward this end, we de-

rive closed-form expressions for the ergodic capacity and the outage probability that

unify almost all turbulence/fading linear distributions discovered until present while

accounting for heterodyne and intensity modulation/direct detection (IM/DD) tech-

niques. The originality of this work relies on the consolidation of two generalized

channel models for the FSO and RF links. Furthermore, the derived closed-form

expressions, all in terms of Fox-H function (FHF) and bivariate FHF, are exact and

accurate since no approximations were employed. Moreover, we extend our analysis to

a mixed FSO/RF design where the co-channel interference (CCI) at the mobile user is

presumed. In this system model, we derive closed-form expressions of the end-to-end

performance metrics, i.e., the outage probability, the average bit-error rate (BER),
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and the ergodic capacity, all in terms of bivariate FHF. The completeness of our work

is emphasized through the investigation of fixed-gain and channel-state information

(CSI)-assisted relaying schemes and the association of both heterodyne and IM/DD

detection techniques. Motivated by the obtained results, we conduct a further study

to investigate the effect of spatial diversity on the system performance by considering

multi-aperture/multiuser system, where we also study the large scale regime. The

spacial diversity resulting from the use of the maximum ratio transmission (MRT) at

the multi-aperture FSO link and the user scheduling for the multiuser RF link further

enhanced the performance by mitigating the effects of the turbulence, the pointing

errors, and the fading in the mixed FSO/RF system.
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Chapter 1

Introduction

1.1 Background

The proliferation of wireless services and devices marks the most changing phenom-

ena in the history of technology. The exponential growth of mobile users in the very

recent years jointly with the high data throughput demand present a challenging tasks

for the existing architecture of wireless communications where the cellular backhaul is

required to provide a reliable link with high-speed data services [1]. More specifically,

cellular backhaul link consists of base stations, radio network controller, and base

station controllers [1], [2].Furthermore, the cellular backhaul is the most costly com-

ponent in the network architecture with almost half of the total network deployment

cost [1]. Thus, it is an urgent need and a key enabler for the next generation of wire-

less communication to reduce the cellular backhaul deployment cost while offering a

high throughput and high-speed data services [2].

The majority of traditional cellular backhaul networks nowadays relies on copper

mediums which can be explained by the fact that operators try to maintain the

existing architecture to save the cost of deployment of a new architecture [2]. Optical

fiber-based cellular backhaul has been rarely used in the current network architecture

due to the high cost of initial investment to substitute the copper links by its optical

fiber counterparts especially over deep oceans and difficult lands [2]. Recently, a

new wireless-based cellular backhaul, free-space optics (FSO), has been introduced

as a strong candidate for the next generation cellular networks to provide high data

throughput while being a cost-effective architecture [3–9].

Free-space optics refers to the transmission of laser beams through optical car-

riers, i.e., infrared (IR) and ultraviolet (UV) bands [10]. Since FSO transmission

requires a line-of-sight between the optical transmitter and the optical receiver, it as-
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sesses high security and immunity to interference at the unlicensed spectrum (beyond

300 Thz) compared to traditional radio frequency (RF) transmission [10]. Based on

narrow laser beams transmission, FSO technology allows high degrees of frequency

reuse in unregulated spectrum. Another attractive feature of FSO technology is its

cost-effectiveness from the fact that its deployment does not require any regulation

of licensing fees from the frequency government agencies [10]. Furthermore, wireless

property of the FSO link makes its deployment easy conversely to copper or opti-

cal fibers based links that require more time for their implementation [4]. FSO is

considered as a revolutionary technology from its capability of enabling a wireless

end-to-end cellular transmission [5].

Contrary to RF transmission, FSO link provides a very high data rates and a

strong immunity to interference in the Terahertz bandwidth among others [7], [8], [11].

However, although all the advantages that FSO technology presents, FSO trans-

mission is inhibited by the poor link reliability especially in long distances due to

atmospheric turbulence-induced fading and its high sensitivity to weather condi-

tions [12–15]. More specifically, rain, fog and temperature fluctuations directly affect

FSO transmission and result a less reliable link, and consequently, a severe perfor-

mance degradation. In addition, beam deviation from its original path caused by

natural disasters results a further performance deterioration of the FSO link [16].

This misalignment is widely refereed in the literature as pointing errors [16]. These

main weaknesses of the FSO link, i.e., atmospheric turbulence-induced fading and

pointing errors, severely affect the FSO link’s quality [10].

Th atmospheric turbulence-induced fading channel modeling is widely investigated

in the literature [15], [17], where lognormal and Gamma-Gamma are presented as the

most common distributions for the FSO link [15]. The lognormal distribution is

an effective channel model only under weak turbulence conditions. However, the

Gamma-Gamma model is suitable for small and large scale atmospheric fluctuations.

Recently, Navas et al [18], derived a new generalized statistical model for wireless

optical communications, i.e., the Málaga-M distribution, that unifies almost all the

existing FSO channel models in the literature discovered so far. The Málaga-M
statistical distribution is a versatile model with its ability to reflect a wide range of

optical fluctuations and offers an attractive mathematical tractability for performance

analysis [18], [19].
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1.2 Mixed FSO/RF in the Literature

The short distance coverage, the turbulence-induced fading and the pointing errors

can seriously cause FSO link outage and failure. In an attempt to overpass all listed

constraints, relay-assisted mixed FSO/RF communication system, where one hop

operates over FSO link whether the other hop experiences RF transmission, has

gained a prominent interest in the very recent few years [20–23]. Mixed FSO/RF

relay system is an efficient solution to broaden the FSO coverage, to improve the

system performance when the FSO link becomes inoperative [24], [25] and to fill the

gap connectivity between the cellular backhaul (FSO) and the RF access network.

Many attempts have been made to study the overall performance of mixed FSO/RF

relay systems assuming variety of FSO and RF channel distributions and under both

heterodyne and intensity modulation/direct detection (IM/DD) techniques employing

either decode-and-forward (DF) or amplify-and-forward (AF) relaying schemes [24],

[25]. Interestingly, fixed-gain and channel-state information (CSI) relaying schemes

have been widely considered in the mixed FSO/RF research line. All previous works in

this field always assume restrictive turbulence and fading channel models [20–25]. For

example, Gamma-Gamma and Nakagami-m are the most considered distributions for

the FSO and RF links, respectively, on relay-assisted mixed FSO/RF systems [24], [25]

(and references therein).

1.3 Contributions

The main contributions of this work compared to existing efforts in the literature can

be summarized as follows:

• We were able to provide closed-form expressions of some performance measures

(outage probability and ergodic capacity) of mixed FSO/RF under the most

generalized FSO and RF channel models, i.e., Málaga-M and shadowed κ-µ

fading, respectively, under both heterodyne and IM/DD detection techniques.

The performance analysis is valid for any restrictive distribution of the Málaga-

M and shadowed κ-µ fading. None of the existing works have assumed such a

generalized distributions to study the systems’s end-to-end performance. The

majority of the attempts in this research line have considered Gamma-Gamma

for the FSO link and either Nakagami-m or Rayleigh distributions for the RF

link.
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• Assuming a practical wireless communication scenario, where the co-channel

interference (CCI) is presumed at the RF user and the RF channel is hampered

not only by small scale variations, i.e., fading, but also by large scale variations,

i.e., shadowing, we have elaborated a complete and a unified mathematical for-

mulation of the outage probability, the average bit-error rate (BER), and the

ergodic capacity for interference-limited mixed FSO/RF systems experiencing

Málaga-M and generalized-K distributions under both heterodyne and detec-

tion techniques and assuming fixed-gain and CSI-assisted relaying schemes, all

in terms of bivariate Fox’s H function (FHF).

• Motivated by the promises of MIMO systems in the traditional RF wireless

communication networks, we emphasize the utility of spatial diversity resulted

from MIMO setups to reduce the turbulence-induced fading and to improve the

FSO link reliability. Firstly, we provide some interesting results of the ergodic

capacity and the average BER in finite-count multi-aperture/multiuser network.

Driven by the obtained results, we investigate the system performance analysis

in large scale apertures and users.

1.4 Report Outline

The remainder of this thesis is organized as follows: Chapter 2 presents the end-to-end

ergodic capacity and outage probability analysis of amplify-and-forward (AF) CSI-

assisted relay mixed Málaga/shadowed κ-µ fading under both heterodyne and IM/DD

techniques in terms of FHF and bivariate FHF. Some asymptotic results are presented

in high SNR regime as an alternative of the cumbersome closed-form expressions. In

Chapter 3, we investigate the CCI and the composite fading shadowing effects on

the outage probability, the average BER, and the ergodic capacity of mixed FSO/RF

systems under both detection techniques and assuming the two relaying schemes, i.e.,

fixed-gain and CSI-assisted relaying. Motivated by the results obtained in Chapters

2 and 3, we derive in Chapter 4 the ergodic capacity and the average BER of multi-

apertures/multiuser network where the maximum ratio transmission (MRT) scheme

is employed at the FSO link and the opportunistic scheduling scheme is applied in the

RF link. Further, some large-scale analysis has been presented. Finally, we provide

conclusion in Chapter 5.
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Chapter 2

Relay-Assisted Mixed FSO/RF

Systems over Málaga-M and κ-µ

Shadowed Fading Channels

2.1 Introduction

Recently, free-space optical (FSO) communications have gained a significant atten-

tion due to their advantages of higher bandwidth in unlicensed spectrum and higher

throughput compared to their RF counterparts [26]. Hence, the gathering of both

FSO and RF technologies arises as a promising solution for securing connectivity be-

tween the RF access network and the fiber-optic-based backbone network. As such,

there has been prominent interest in mixed FSO/RF systems where RF transmission

is used at one hop and FSO transmission at the other [16], [25]. Most contributions

within this research line consider restrictive irradiance and channel gain probability

density function (PDF) models for the FSO and RF links, respectively. The most

commonly utilized models for the irradiance in FSO links are the lognormal and the

Gamma-Gamma (G-G) [16], [25]. Recently, a new generalized statistical model, the

Málaga-M distribution, was proposed in [18] to model the irradiance fluctuation of

an unbounded optical wavefront (plane or spherical waves) propagating through a

turbulent medium under all irradiance conditions in homogeneous and isotropic tur-

bulence. The Málaga-M distribution is a generalized distribution that unifies most

statistical models proposed so far with its ability to better reflect a wider range of

turbulence conditions [18], [27]. It can be described also as a mixture of Generalized-

This work has been accepted for publication in IEEE Wireless Communications Letters
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K distribution and a discrete Binomial distribution [19]. On the RF side, previous

works typically assume either Rayleigh or Nakagami-m fading [24], [25], thereby lack-

ing the flexibility to account for disparate signal propagation mechanisms as those

characterized in 5G communications which will accommodate a wide range of usage

scenarios with diverse link requirements. To bridge this gap in the literature, the

κ-µ shadowed fading model, recently derived in [28], is an attractive proposition.

In addition to presenting an excellent fit to the fading observed in a range of real-

world applications (e.g. device-to-device, and body-centric fading channels [29]), the

κ-µ shadowed fading encompasses several RF channel models such as Nakagami-m,

Rayleigh, Rice, κ-µ and shadowed Rician fading distributions. This new channel fad-

ing model offers far better and much more flexible representations of practical fading

LOS (line of sight), NLOS (non-LOS), and shadowed channels than the Rayleigh and

Nakagami-m distributions. Under the assumption of AF relaying and taking into

account the effect of pointing errors while considering both heterodyne and intensity

modulation/direct detection techniques, we derive closed-form expressions for ergodic

capacity and outage probability of mixed RF/FSO systems. We further pursue high

signal-to-noise ratio (SNR) analysis to derive the diversity order.

2.2 Channel and System Models

We consider a relay-assisted mixed FSO/RF transmission composed of both Málaga-

M with pointing errors and κ-µ shadowed fading environments. The source com-

municates with the destination through an intermediate relay, able to activate both

heterodyne and IM/DD detection techniques at the reception of the optical beam.

The FSO (S-R) link irradiance is assumed to follow a Málaga-M distribution

with pointing errors impairments for which the PDF of the irradiance, I, is given

by [27, Eq.(5)]

fI(x) =
ξ2A

xΓ(α)

β∑
k=1

bk
Γ(k)

G3,0
1,3

[
αβ

gβ + Ω

x

A0

∣∣∣∣∣ ξ2+ 1

ξ2, α, k

]
, (2.1)

where ξ is the ratio between the equivalent beam radius and the pointing error dis-

placement standard deviation (i.e., jitter) at the relay (for negligible pointing errors

ξ → ∞), A0 defines the pointing loss [16], A = α
α
2 [gβ/(gβ + Ω)]β+α

2 g−1−α
2 and

bk=
(
β−1
k−1

)
(gβ+ Ω)1− k

2 [(gβ +Ω)/αβ]
α+k

2 (Ω/g)k−1 (α/β)
k
2 , where α, β, g and Ω are the

fading parameters related to the atmospheric turbulence conditions [18], [27]. More-

over in (2.1), Gm,n
p,q [·] and Γ(·) stand for the Meijer-G function [30, Eq.(9.301)] and
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the incomplete gamma function [30, Eq.(8.310.1)], respectively.

It is worth highlighting that the M distribution unifies most of the proposed

statistical models characterizing the optical irradiance in homogeneous and isotropic

turbulence [18]. Hence both G-G and K models are special cases of the Málaga-M
distribution, where they mathematically derives from (2.1) by setting (g = 0, Ω = 1)

and (g 6= 0, Ω = 0 or β = 1), respectively [18, Table 1].

The RF (R-D) link, experiences the κ-µ shadowed fading with non-negative real

shape parameters κ, µ and m, for which the PDF of instantaneous SNR, γ2, is given

by [28, Eq.(4)]

fγ2(x) =
µµmm(1 + κ)µ

Γ(µ)γ̄2(µκ+m)m

(
x

γ̄2

)µ−1

e
−µ(1+κ)x

γ̄2 1F1

(
m,µ;

µ2κ(1 + κ)

µκ+m

x

γ̄2

)
, (2.2)

where 1F1(·) is the confluent hypergeometric function [30, Eq.(9.210.1)] and γ̄2 =

E[γ2]. This fading model jointly includes large-scale and small-scale propagation ef-

fects, by considering that only the dominant components (DSCs) are affected by

Nakagami-m distributed shadowing [28]. The shadowed κ-µ distribution is an ex-

tremely versatile fading model that includes as special cases nearly all linear fading

models pertaining to LOS and NLOS scenarios, such as κ-µ (m→∞), Nakagami-m

(µ = m and κ→ 0), Rayleigh (µ = m = 1 and κ→ 0 ), and Rice (µ = 1, κ = K and

m→∞), to name a few [28, Table I].

Assuming AF relaying with channel state information (CSI), then the end-to end

SNR can be expressed as [25, Eq.(7)]

γ =
γ1γ2

γ1 + γ2 + 1
, (2.3)

where γ1 = (A0h(g + Ω))−rµrI
r is the instantaneous SNR of the FSO link (S−R)

with r being the parameter that describes the detection technique at the relay (i.e.,

r = 1 is associated with heterodyne detection and r = 2 is associated with IM/DD)

and, µr refers to the electrical SNR of the FSO hop [27] and h = ξ2/(ξ2 + 1). In

particular, for r = 1, µ1 = µheterodyne = E[γ1] = γ̄1 and for r = 2, µ2 = µIM/DD =

µ1αξ
2(ξ2 + 1)−2(ξ2 + 2)(g + Ω)/((α + 1)[2g(g + 2Ω) + Ω2(1 + 1/β)]) [27, Eq.(8)].

2.3 Exact Performance Analysis

In this section, a new mathematical framework investigating the average capacity and

the outage probability of the mixed FSO/RF transmission composed of both Málaga-

7



M with pointing errors and shadowed κ-µ fading environments and accounting for

both detection techniques is presented. To the best of the author’s knowledge, there

are few works that consider these metrics of mixed FSO/RF systems, yet mostly

considering the mixed G-G/Nakagami-m fading ( [24], [25] and references therein).

This work completes and extends the efforts of [24], [25] by unifying the ergodic

capacity and the outage probability analysis for any turbulence/fading model under

both types of detection techniques.

2.3.1 Ergodic Capacity

Hereafter, we provide capacity formulas for the considered system by using the com-

plementary moment generation function CMGF-based approach [31].

Form [31], the ergodic capacity can be computed as

C
∆
=
E[ln(1 + γ)]

2ln(2)
=

1

2ln(2)

∫ ∞
0

se−sM (c)
γ1

(s)M (c)
γ2

(s)ds, (2.4)

where M
(c)
X (s) =

∫∞
0
e−sxF

(c)
X (x)dx stands for the CMGF with F

(c)
X (x) denoting the

complementary cumulative distribution function (CCDF) of X.

The ergodic capacity of mixed Málaga-M/κ-µ shadowed fading FSO transmission

system under heterodyne and IM/DD detection techniques with pointing errors taken

into account is given for

• Integer m, µ, with m > µ as

C =
ξ2Arµr

2 ln(2)Γ(α)Br

β∑
k=1

bk
Γ(k)

m∑
l=1

χl
Γ(m)

T (θ2, l,m), (2.5)

where B = αβh(g + Ω)/[(gβ + Ω)], and,

χl =

{(
m
l

)
θl2 −

(
m−µ
l

)
θl1 for 1 6 l 6 m− µ,(

m
l

)
θl2 for l > m− µ,

with θ1 = γ̄2

µ(1+κ)
, and, θ2 = γ̄2(µκ+m)

µm(1+κ)
.
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Moreover in (2.5),

T (x, y, z) = H0,1,1,4,1,1
1,0,4,3,1,1


µr
Br

x

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

(−y, 1, 1)
−

(σ,Σ)

(φ,Φ)

(1− z, 1)

(0, 1)


(2.6)

where H[ ·· ] denotes the Fox-H function (FHF) of two variables [32, Eq.(1.1)] also

known as the bivariate FHF whose Mathematica implementation may be found in

[33, Table I], whereby (σ,Σ) = (1−r, r), (1−ξ2−r, r), (1−α−r, r), (1−k−r, r) and

(φ,Φ) = (0, 1), (−ξ2 − r, r), (−r, r). Moreover, it becomes for

• Integer m, µ, with m < µ as:

C =
ξ2Arµr

2 ln(2)Γ(α)Br

β∑
k=1

bk
Γ(k)

m∑
p=0

µ−m∑
q=0

(p,q) 6=(0,0)

(
m

p

)(
µ−m
q

)

θp2θ
q
1

(
µ−m∑
i=1

∆1i

Γ(µ−m−i+1)
T (θ1, q + p,µ−m−i+1)

−
m∑
i=1

∆2i

Γ(m− i+ 1)
T (θ2, q + p,m− i+ 1)

)
, (2.7)

where ∆1i = (−1)m
(
m+i−2
i−1

) (
m

µκ+m

)m(
µκ

µκ+m

)−m−i+1

and ∆2i = (−1)i−1
(
µ−m+i−2

i−1

) (
m

µκ+m

)i−1(
µκ

µκ+m

)m−µ−i+1

.

Proof. Capitalizing on (2.4) and recalling the fact that the FSO link’s CMGFM
(c)
γ1 (s) =

L(F
(c)
γ1 (x)) where L denotes the Laplace transform operator with the FSO link’s

CCDF obtained as

F (c)
γ1

(x) = F
(c)
I

(
A0h(g + Ω)

(
x

µr

) 1
r

)
(a)
=

ξ2A

Γ(α)

β∑
k=1

bk
Γ(k)

G4,0
2,4

[
B

(
x

µr

) 1
r

∣∣∣∣∣ ξ2 + 1, 1

0, ξ2, α, k

]
, (2.8)

where (a) follows from integrating (2.1) using [30]. Then, expressing the Meijer-G

function in (2.8) in terms of Fox-H function by means of [34, Eq.(1.111)] and resorting
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to [34, Eq.(2.19)] with some additional manipulations using [34, Eqs.(1.58),(1.59) and

(1.60)] yield

M (c)
γ1

(s) =
ξ2Arµr
Γ(α)Br

β∑
k=1

bk
Γ(k)

H1,4
4,3

[
µr
Br

s

∣∣∣∣∣ (σ,Σ)

(φ,Φ)

]
, (2.9)

where Hm,n
p,q [·] is the Fox-H function [34, Eq.(1.2)].

On the RF side, the CMGF of γ2 under shadowed κ-µ fading is given by

M (c)
γ2

(s) =
1−Mγ2(s)

s

(a)
=

1

s

(
1− (θ1s+ 1)m−µ

(θ2s+ 1)m

)
, (2.10)

where (a) follows from the recent result in [28, Eq.(5)]. By assuming integer-valued

m and µ, the RF link’s CMGF can be rewritten after resorting to the transformation

Γ(α)(1 + z)−α = H1,1
1,1[z| (1−α,1)

(0,1)
] in [34, Eq.(1.43)] as

• For µ 6 m

M (c)
γ2

(s)
(a)
=

m∑
l=1

χls
l−1

Γ(m)
H1,1

1,1

[
θ2s

∣∣∣∣∣ (1−m, 1)

(0, 1)

]
. (2.11)

• For m < µ

M (c)
γ2

(s)
(b)
=

m∑
p=0

µ−m∑
q=0

(p,q)6=(0,0)

(
m

p

)(
µ−m
q

)
θp2θ

q
1s
p+q−1

(
µ−m∑
i=1

∆1i

Γ(µ−m−i+1)
H1,1

1,1

[
θ1s

∣∣∣∣∣ (m+ i− µ, 1)

(0, 1)

]

−
m∑
i=1

∆2i

Γ(m−i+1)
H1,1

1,1

[
θ2s

∣∣∣∣∣ (i−m, 1)

(0, 1)

])
, (2.12)

where (a) and (b) follow after applying the binomial expansion and the partial fraction

decomposition [35, Eq.(27)], respectively. Plugging (2.9), (2.11) and (2.12) into (2.4),

respectively, yield the exact ergodic capacity expressions as shown in (2.5) and (2.7)

after applying [32, Eq.(2.2)] with some algebraic manipulations.

2.3.2 Outage Probability

The quality of service (QoS) of the considered mixed FSO/RF system is ensured by

keeping the instantaneous end-to-end SNR, γ, above a threshold γth. The probability

of outage in the mixed FSO/RF relaying setup is expressed as

Pout = Pr[γ < γth] = Pr

[
γ1γ2

γ1 + γ2 + 1
< γth

]
. (2.13)

10



Marginalization over γ1 and making the change u = 1 + γ/γth yield

Pout(γth)=1−γth
∫ ∞

1

F (c)
γ2

(
γth +

1+γth
u−1

)
fγ1(uγth)du, (2.14)

where F
(c)
γ2 is the CCDF of γ2 and fγ1 is the PDF of the first link SNR obtained from

deriving (2.8) with respect to x as

fγ1(x) =
ξ2ABr

Γ(α)µr

β∑
k=1

bk
Γ(k)

H3,0
1,3

[
Brx

µr

∣∣∣∣∣ (ξ2 + 1− r, r)
(ξ2 − r, r), (α− r, r), (k − r, r)

]
. (2.15)

Plugging (2.15) and the RF link’s CCDF expression for integer m, µ, with m > µ

recently derived in [35, Eq.(10)] into the above integral and making a Taylor expansion

of exponential and power terms, we infer that

Pout(γth) = 1− ξ2ABrγthe
− γth
θ2

Γ(α)µr

β∑
k=1

m−µ∑
i=0

m−i−1∑
j=0

j∑
p=0

(
j
p

)
bkΥi

j!Γ(k)θj2
γj−pth (γth + 1)p × I, (2.16)

with the term I given by

I =
∞∑
q=0

∞∑
l=0

(−1)q(p+ q)l
q!l!θq2

(γth + 1)q

∫ ∞
1

u−p−q−lH3,0
1,3

[
Brγth
µr

u

∣∣∣∣∣ (ξ2+1−r, r)
(ξ2−r, r), (α−r, r), (k−r, r)

]
du. (2.17)

Substituting (2.3) into (2.16) after resorting to [34, Eq.(2.54)], yield the outage prob-

ability of mixed FSO/RF in Málaga-M/κ-µ shadowed fading (µ 6 m ) environments

with pointing errors under both detection techniques as

Pout(γth) = 1− ξ2ABrγth

Γ(α)e
γth
θ2 µr

β∑
k=1

bk
Γ(k)

m−µ∑
i=0

m−i−1∑
j=0

Υi Ξ(θ2), (2.18)

where Υi =
(
m−µ
i

) (
m

µκ+m

)i(
µκ

µκ+m

)m−µ−i
, and,

Ξ(x) =

j∑
p=0

∞∑
q=0

∞∑
l=0

(−1)q(p+ q)l
(
j
p

)
Υiγ

j−p
th

j!q!l!xj+q(γth + 1)−p−q
H4,0

2,4

[
Brγth
µr

∣∣∣∣∣ (σ1,Σ1)

(φ1,Φ1)

]
, (2.19)

with (a)n stands for the Pochhammer symbol [30], and (σ1,Σ1) = (ξ2+1−r, r), (l+p+q,1)
and (φ1,Φ1) = (l+p+q−1,1), (ξ2−r, r), (α−r, r), (k−r, r).

Similar to (2.18), the outage probability of the considered mixed FSO Málaga/RF
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shadowed κ-µ fading with m < µ is obtained by resorting to [35, Eq.(9)] as

Pout(γth) = 1− ξ2ABrγth
Γ(α)µr

β∑
k=1

bk
Γ(k)

(
e
− γth
θ1

µ−m∑
i=1

µ−m−i∑
j=0

∆1iΞ(θ1)+e
− γth
θ2

m∑
i=1

m−i∑
j=0

∆2iΞ(θ2)

)
.

(2.20)

2.4 Asymptotic Analysis

To gain more insights into the effect of turbulence/fading parameters on both the

ergodic capacity and the outage probability, we study hereafter their asymptotic

behaviors. To this end we invoke asymptotic expansions of The Fox-H function [36,

Theorems 1.7 and 1.11] and the Mellin-Barnes integrals involving the bivariate Fox-H

function [34, Eq.(2.56)].

2.4.1 Asymptotic Ergodic Capacity

High RF link’s SNR: Based on (2.5), the asymptotic behavior of the ergodic

capacity is derived for γ̄2 → +∞ as

C∞ =
ξ2Arµr

2 ln(2)Γ(α)Br

β∑
k=1

m∑
l=1

bkχl
Γ(k)

(
θ−1−l

2

Γ(m)
H2,5

5,4

[
µr
Brθ2

∣∣∣∣∣ (−l, 1), (σ,Σ)

(m− 1− l, 1), (φ,Φ)

]

+θ−m2 H1,5
5,3

[
µr
Br

∣∣∣∣∣ (m− l, 1), (σ,Σ)

(φ,Φ)

])
. (2.21)

Proof. See Appendix A.

High FSO link’s SNR: The asymptotic behavior when µr → +∞ is inferred by

computing the residue of the integrand of the bivariate FHF in (2.5) at the highest

pole, i.e., −1, as

C∞ =
A

2 ln(2)Γ(m)

β∑
k=1

m∑
l=1

G1,2
2,1

[
θ2

∣∣∣∣∣ 1−m, 1− l
0

]
. (2.22)

Notice that the ergodic capacity asymptotic behavior when m < µ is assessed using

the same approach.
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Fig. 2.1: Ergodic Capacity of relay-assisted mixed Málaga/κ-µ shadowed fading with
heterodyne detection.

2.4.2 Asymptotic Outage Probability

At high SNR values, the outage probability of the mixed FSO/RF relaying system

can be expressed as Pout ' (GcSNR)−Gd , where Gc and Gd denote the coding gain

and the diversity order of the system, respectively. Hence, as µr → +∞ while keeping

the low-order terms in (2.19), i.e., q + l < 1, and then applying [36, Eq.(1.8.5)] yield

the asymptotic CDF when m > µ as

P∞out =1− ξ
2Ae

− γth
θ2

Γ(α)

β∑
k=1

bk
Γ(k)

m−µ∑
i=0

m−i−1∑
j=0

j∑
p=0

(
j
p

)
Υiγ

j−p
th θ−j2

j!(γth + 1)−p

4∑
t=1

1

Φ1t

∏4
s=1
s6=t

Γ(φ1s − φ1t
Φ1s

Φ1t
)∏2

s=1 Γ(σ1s − φ1t
Σ1s

Φ1t
)

(
Brγth
µr

) φ1t
Φ1t

+1

. (2.23)
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Fig. 2.2: Ergodic Capacity of relay-assisted mixed Málaga/Nakagami-m fading with
heterodyne detection.

Compared to (2.19) which is expressed in terms of Fox-H function, (2.23) includes only

finite summations of elementary functions. The diversity gain of the studied system

over atmospheric turbulence conditions is inferred after applying e
− γth
θ2 ≈

γ̄2>>1
1 − γth

θ2

to (2.23) as Gd = min{µ, ξ2

r
, α
r
, β
r
}.

Special case: setting m = µ, κ → 0, g = 0 and Ω = 1 in (2.23) yield P∞out for

mixed G-G/Nakagami-m as

P∞out =1− ξ
2e
−mγth

γ̄2

Γ(α)Γ(β)

m−1∑
j=0

j∑
p=0

4∑
t=1

(
j
p

)
mjγ−pth (αβh)

r(
φ1t
Φ1t

+1)

j!Φ1t(γth + 1)−p∏4
s=1
s 6=t

Γ(φ1s − φ1t
Φ1s

Φ1t
)∏2

s=1 Γ(σ1s − φ1t
Σ1s

Φ1t
)

(
γth
µr

) φ1t
Φ1t

+1(
γth
γ̄2

)j
, (2.24)

thereby inferring [25, Eq.(29)], i.e., Gd = min{m, ξ2

r
, α
r
, β
r
}.

Similar to (2.23) while considering (2.20), the asymptotic outage probability can

14



κ
2 4 6 8 10 12 14 16 18 20

E
rg
o
d
ic

C
a
p
a
ci
ty

[b
p
s/
H
z]

0.44

0.445

0.45

0.455

0.46

0.465

0.47

0.475

0.48

µ=6
µ=4 (Nakagami-m)
µ=3
µ=2
µ=1 (Shadowed Rician)

Fig. 2.3: Ergodic Capacity versus κ for m = 4. Setup: α = 5, β = 2, g = 0.17, ξ =
1.1, µ1 = 30 dB and γ̄2 = 0 dB.

be derived in closed form when m < µ.

2.5 Numerical Results

Fig.2.1 investigates the impacts of the turbulence-induced fading and pointing errors

on the system performance when the RF link is subject to Rician shadowed fading

distribution (κ = 5, µ = 1, m = 2). As expected, the ergodic capacity deteriorates

by decreasing the pointing error displacement standard deviation, i.e., for smaller

ξ, or decreasing the turbulence fading parameter, i.e., smaller α and β, where we

associate the strong turbulence to (α, β) = (2.29, 2) and the moderate turbulence to

(α, β) = (4.2, 3). At high SNR, the asymptotic expansion match very well its exact

counterpart, which confirms the validity of our mathematical analysis for different

parameter settings.

Fig.2.2 illustrates the impacts of the fading parameter m on the system perfor-

mance when the FSO link is subject to Málaga-M (α = 2.296, β = 2, g = 0.17,

Ω = 0.71, and ξ = 15.1). The result is in perfect agreement with what observed
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in [24], where the performance increases when the fading is less severe, i.e, higher

m. It can be seen also that the asymptotic ergodic capacity in high SNR region at

the FSO link in (2.22) is a very good approximation and it presents an attractive

alternative to the cumbersome expression of (2.5).

Fig.2.3 plots the ergodic capacity of mixed FSO/RF relay systems over Málaga-

M/shadowed κ-µ fading channels versus κ. We observe that larger κ improves the

ergodic capacity when m > µ. However, when m < µ, increasing the parameter κ

is detrimental for capacity. When m = µ the shadowed κ-µ distribution boils down

to the Nakagami-m distribution, [35], whence the ergodic capacity’s independency

of κ. Fig.2.3 also shows that increasing µ, which denotes the number of multipath

clusters [28], reduces the fading severity of the small-scale propagation effects thereby

improving the ergodic capacity.

Fig.2.4 depicts the outage probability of mixed FSO/RF relay systems in Málaga-

M and shadowed κ-µ fading channels for both heterodyne and IM/DD detection at

the relay. Throughout our numerical experiments, we found out that regardless of
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Fig. 2.4: Outage Probability of relay-assisted mixed Málaga/κ-µ shadowed fading for
ξ = 1.1.
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the average SNRs and turbulence/fading settings, accurate analytical curves can be

obtained by truncating the infinite sums at q = 50 and l = 5 terms. In the legend,

please note that we have identified some particular turbulence and fading distribution

cases that simply stem from the general Málaga amd κ-µ shadowed fading scenarios,

respectively. The exact match with Monte-Carlo simulation results confirms the pre-

cision of the theoretical analysis of section 2.4. Moreover, we notice that the exact

and asymptotic expansions (2.23) agree very well at high SNRs.

2.6 Summary

We have presented a unified analytical framework for relay-assisted mixed FSO/RF

systems that remarkably accommodates generic turbulence/fading models including

Málaga-M with pointing errors and shadowed κ-µ distribution that account for shad-

owed LOS and NLOS scenarios. The results demonstrate the unification of various

FSO turbulent/RF fading scenarios into a single closed-form expression for the er-

godic capacity and the outage probability while accounting for both IM/DD and

heterodyne detection techniques at the relay.
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Chapter 3

Interference-Limited Mixed

Málaga-M and Generalized-K
Dual-Hop FSO/RF Systems

3.1 Introduction

The performance of mixed FSO/RF relaying networks was investigated in [20, 22–

25,37] assuming restrictive irradiance probability density function (PDF) models for

the FSO link and restrictive statistical characterization for the RF link. For in-

stance, on the RF side, previous works typically assume either Nakagami-m [24, 25]

or Rayleigh [37, 38] fading, thereby lacking the flexibility to account for disparate

signal propagation mechanisms as those characterized in 5G communications which

will accommodate a wide range of usage scenarios with diverse link requirements. In

fact, in 5G communications design, the combined effect of small-scale and shadowed

fading needs to be properly addressed. Shadowing, which is due to obstacles in the

local environment or human body (user equipments) movements, can impact link per-

formance by causing fluctuations in the received signal. For example, the shadowing

effect comes to prominence in millimeter wave (mmWave) communications due to

the higher carrier frequency. In this respect, the generalized-K (GK) model was pro-

posed by combining Nakagami-m multipath fading and Gamma-Gamma distributed

shadowing [39,40].

Results from this work has been accepted for publication in 28th Annual IEEE International
Symposium on Personal, Indoor and Mobile Radio Communications (PIMRC).
The entire work conducted in this chapter is in preparation for submission in IEEE Transactions on
Wireless Communications.
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While FSO transmissions are robust to RF interference, mixed FSO/RF sys-

tems are inherently vulnerable to the harmful effect of co-channel interference (CCI)

through the RF link (cf. [31] and references therein). Previous contributions per-

taining to FSO relay-assisted communications [20,22–25,37] relied on the absence of

CCI. Recently, the recognition of the interference-limited nature of emerging commu-

nication systems has motivated [41] to account for CCI in mixed decode-and-forward

RF/FSO systems performance analysis. Besides ignoring the shadowing effect on

the RF link, [41] assumes restrictive Gamma-Gamma model on the FSO link. In

this chapter, motivated by the aforementioned challenges, we assess the impact of

RF CCI on the performance of dual-hop AF mixed FSO/RF system operating over

Málaga-M and composite fading shadowing generalized-K (GK) channels, respec-

tively. Assuming fixed-gain relaying as well as CSI-assisted relaying and taking into

account the effect of pointing errors while considering both heterodyne and IM/DD

detection techniques, we present a comprehensive performance analysis by exploiting

seminal results form the H-transform theory [34,36].

3.2 Channel and System Models

We consider a downlink of an AF half-duplex relay network featuring a mixed FSO/RF

communication. We assume that the optical source communicates with the destina-

tion in a dual-hop fashion through a multiple antenna AF relay using an orthogonal

multiple access scheme within the cell so that a single user per cell is supported in any

given spectral resource slot (time slot, frequency slot, code slot, etc.). We assume that

the destination (user) is subject to inter-cell interference brought by L co-channel RF

sources in the network (See Fig.3.1).

The optical channel follows a Málaga-M distribution for which the CCDF of the

instantaneous SNR γ1 in the presence of pointing errors is given by (2.8).

The RF (R-D) and (I-D) links experience the Generalized-K distribution, for which

the instantaneous SNR, γXD, X ∈ (R, I), follows a generalized-K statistical model

for which its probability density function (PDF) is given by [39, Eq.(5)]

fγXD(x) =
2
(
mXκX
γ̄XD

)κX+δXmX
2

x
κX+δXmX

2
−1

Γ(δXmX)Γ(κX)
KκX−δXmX

(
2

√
κXmXx

γ̄XD

)
, (3.1)

where X ∈ {R, I} and Kν(·) stands for the Bessel function of second order [30,

Eq.(8.407.1)]. Moreover, mX > 0.5 and κX > 0 denote the multipath fading and
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Source Relay
FSO Link RF Links

D

L Interferences

.

.

.

N  antennas

Fig. 3.1: Two-hop interfere-limited mixed FSO/RF AF relay network.

shadowing severity of the X-Dth channel coefficient, respectively. Moreover, δX =

{N,L} for X ∈ {R, I} follows form the conservation property under the summation

of N and L i.i.d generalized-K random variables. Using [30, Eq.(9.34.3)], the PDF of

the generalized-K distribution can be represented in terms of the Meijer’s G function

as in (3.2)

fγXD(x)=

mXκX
γ̄XD

Γ(δXmX)Γ(κX)
G2,0

0,2

[
κXmX

γ̄XD
x

∣∣∣∣∣ −
δXmX−1,κX−1

]
. (3.2)

The CDF of the signal-to-interference-ratio (SIR) γ2 = γRD/γID under generalized-K
fading can be derived from a recent result in [40, Lemma 1] as

Fγ2(x) = 1− 1

Γ(Nm)Γ(κ)Γ(LmI)Γ(κI)
G3,2

3,3

[
κm

κImI γ̄2

x

∣∣∣∣∣1− κI , 1− LmI , 1

0, κ,Nm

]
, (3.3)

where γ̄2 = γ̄RD/γ̄ID is the average SIR of the RF link where, for consistency, we have

dropped the subscript R from the parameters mR and κR.

It may be useful to notice that (3.3) includes the distribution of the SIR under

Nakagami-m fading when (κX →∞) by means of

lim
b1→+∞

1

Γ(b1)
Gm,n
p,q

[
b1z

∣∣∣∣∣ a1, . . . , ap
b1, . . . , bq

]
= Gm−1,n

p,q−1

[
z

∣∣∣∣∣ a1, . . . , ap
b2, . . . , bq

]
. (3.4)

With fixed-gain relaying scheme, the end-to-end SINR can derived under the as-
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sumption of negligible saturation as [42, Eq.(2)]

γ =
γ1γ2

γ2 + C
, (3.5)

where C stands for the fixed gain of the relay.

The end-to-end SNR with CSI-assisted relaying scheme is given in (2.3).

3.3 End-to-End Statistics

3.3.1 Fixed-gain Relaying

3.3.1.1 Cumulative Distribution Function

The CDF of the end-to-end SNR of interference-limited dual-hop FSO/ RF systems

using fixed-gain relays in Málaga-M/GK fading under both heterodyne detection and

IM/DD is given by

Fγ(x) =
ξ2AκmC

Γ(α)Γ(Nm)Γ(κ)Γ(LmI)Γ(κI)κImI γ̄2

β∑
k=1

bk
Γ(k)

H0,1:0,3:4,3
1,0:3,2:4,5


µr
Brx
κmC
κImI γ̄2

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

(0, 1, 1)

−
(1− ξ2, r), (1− α, r), (1− k, r)

(0, 1), (−ξ2, r)

(−1, 1), (−κI , 1), (−LmI , 1), (0, 1)

(−1, 1), (−1, 1), (κ− 1), (Nm− 1), (0, 1)


. (3.6)

Proof. See Appendix B.
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3.3.1.2 Probability Distribution Function

The PDF of γ may be obtained by taking the derivative of (3.6) as

fγ(x) =
−ξ2AκmCx−1

Γ(α)Γ(Nm)Γ(κ)Γ(LmI)Γ(κI)κImI γ̄2

β∑
k=1

bk
Γ(k)

H0,1:0,3:4,3
1,0:3,2:4,5


µr
Brx
κmC
κImI γ̄2

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

(0, 1, 1)

−
(1− ξ2, r), (1− α, r), (1− k, r)

(1, 1), (−ξ2, r)

(−1, 1), (−κI , 1), (−LmI , 1), (0, 1)

(−1, 1), (−1, 1), (κ− 1), (Nm− 1), (0, 1)


. (3.7)

Proof. The PDF of the end-to-end SNR in mixed Málaga-M/GK is obtained after

differentiation of the Mellin-Barnes integral form of (3.6) over x using dx−s

dx
= −sx−s−1

with Γ(s+ 1) = sΓ(s).

3.3.2 CSI-assisted Relaying

CDF

Due to the intractability of the end-to-end signalto-interference-and-noise ratio (SINR)

in (2.3), we resort to an upper bound given by [38, Eq.(20)] as γ = min(γ1, γ2) >

γ1γ2/(γ1 +γ2 + 1), whose CDF can be expressed as Fγ(x) = 1−F (c)
γ1 (x)F

(c)
γ2 (x), where

F
(c)
γ1 and F

(c)
γ2 stand for the complementary CDF of γ1 and γ2, respectively. Hence,

using (2.8) and (3.3), the CDF of dual-hop FSO/RF systems employing CSI-assisted

relay can be obtained as

Fγ(x) = 1− ξ2A

Γ(α)Γ(Nm)Γ(κ)Γ(LmI)Γ(κI)

β∑
k=1

bk
Γ(k)

G4,0
2,4

[
B

(
x

µr

)1
r

∣∣∣∣∣ ξ2+1, 1

0, ξ2, α, k

]
G3,2

3,3

[
κmx

κImI γ̄2

∣∣∣∣∣1− κI , 1− LmI ,1

0, κ,Nm

]
. (3.8)
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3.4 Performance Analysis of Fixed-gain Relaying

3.4.1 Outage Probability

Proposition 1. The outage probability of a communication system is a performance

measure that defines the probability that the end-to-end SINR, γ, falls below a pre-

determined threshold γth. More specifically, the outage probability of interference-

limited mixed FSO/RF system operating under both heterodyne and IM/DD tech-

niques can be easily obtained from (3.6) as

Pout = Fγ(γth). (3.9)

Corollary 1 (Asymptotic Outage Probability). At high normalized average SNR in

the FSO link ( µr
γth
→ +∞), the outage probability of the system under consideration

can be rewritten as a sum of single FHF and Meijer’s G functions instead of a bivariate

FHF as

P∞out =
ξ2AκmC

Γ(α)Γ(Nm)Γ(κ)Γ(LmI)Γ(κI)κImI γ̄2

β∑
k=1

bk
Γ(k)[

Γ(α− ξ2)Γ(k − ξ2)

rΓ(1− ξ2

r
)

(
Brγth
µr

) ξ2

r

G4,4
5,5

[
κmC

κImI γ̄2

∣∣∣∣∣ −κI ,−LmI ,−1, ξ
2

r
, 0

κ− 1, Nm− 1,−1,−1, 0

]

+
Γ(ξ2 − α)Γ(k − α)

rΓ(1− α
r
)Γ(1 + ξ2 − α)

(
Brγth
µr

)α
r

G4,4
5,5

[
κmC

κImI γ̄2

∣∣∣∣∣ −κI ,−LmI ,−1, α
r
, 0

κ− 1, Nm− 1,−1,−1, 0

]

+
Γ(ξ2 − k)Γ(α− k)

rΓ(1− k
r
)Γ(1 + ξ2 − k)

(
Brγth
µr

) k
r

G4,4
5,5

[
κmC

κImI γ̄2

∣∣∣∣∣ −κI ,−LmI ,−1, k
r
, 0

κ− 1, Nm− 1,−1,−1, 0

]

+
Brγth
µr

H7,3
6,8

[
κmCBrγth
κImI γ̄2µr∣∣∣∣∣ (−κI , 1), (−LmI , 1), (−1, 1), (0, 1), (1 + ξ2 − r, r), (0, 1)

(ξ2 − r, r), (α− r, r), (k − r, r), (κ− 1, 1), (Nm− 1, 1), (−1, 1), (−1, 1), (0, 1)

]]
.

(3.10)

Proof. (3.10)is assessed by following the same steps in Appendix A.

Corollary 2. At high SNR values, the outage probability of the mixed FSO/RF

relaying system can be expressed as P∞out = (cSINR)−d, where c and d denote the

coding gain and the diversity order of the system, respectively. When γ̄2 → +∞,
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then by applying [36, Theorem 1.11] to (3.10) while only keeping the dominant term,

it follows that, for a fixed CCI power, the diversity order of mixed FSO/RF systems

with pointing errors over Málaga- M/GK fading conditions is shown to be given by

d = min

{
Nm, κ,

ξ2

r
,
α

r
,
k

r

}
. (3.11)

In particular, for Nakgami-m fading (κ→ +∞) d = min
{
Nm, ξ

2

r
, α
r
, k
r

}
, while it be-

comes d = min
{
Nm, ξ

2

r
, α
r
, β
r

}
for mixed FSO/RF under Gamma-Gamma turbulence-

induced fading.

3.4.2 Average Bit-Error Rate

The average BER of a variety of modulation schemes may be written as [43, Eq.(19)]

P e =
δ

2Γ(p)

n∑
j=1

∫ ∞
0

Γ(p, qjx)fγ(x)dx, (3.12)

where Γ(·, ·) stands for the incomplete Gamma function [30, Eq.(8.350.2)] and the

parameters δ, n, p and qj account for different modulations schemes (See [43, Table

I]).

Proposition 2. The average BER of interference-limited mixed Málaga-M/GK FSO

transmission system operating under both IM/DD and heterodyne detection with

pointing errors taken into account is given by

P e=
ξ2AδκmC

2Γ(α)Γ(p)Γ(Nm)Γ(κ)Γ(LmI)Γ(κI)κImI γ̄2

n∑
j=1

β∑
k=1

bk
Γ(k)

H0,1:1,3:4,3
1,0:3,3:4,5


µrqj
Br

κmC
κImI γ̄2

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

(0, 1, 1)

−
(1− ξ2, r), (1− α, r), (1− k, r)

(p, 1), (0, 1), (−ξ2, r)

(−1, 1), (−κI , 1), (−LmI , 1), (0, 1)

(−1, 1), (−1, 1), (κ− 1), (Nm− 1), (0, 1)


. (3.13)

Proof. See Appendix C.

Corollary 3. It should be mentioned that, substituting g = 0, Ω = 1 and, r = 1

into (3.13) yields the BER for dual-hop FSO/RF systems where the RF link and the
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FSO link respectively experience GK and Gamma-Gamma fading under heterodyne

detection given as

P e=
ξ2AδκmC

2Γ(α)Γ(p)Γ(Nm)Γ(κ)Γ(LmI)Γ(κI)κImI γ̄2

n∑
j=1

β∑
k=1

bk
Γ(k)

G1,0:1,3:4,3
1,0:3,3:4,5

[
µ1qj
B

;
κmC

κImI γ̄2

∣∣∣∣∣ 1

−

∣∣∣∣∣1−ξ2, 1−α, 1−β
p, 0,−ξ2

∣∣∣∣∣ −1,−κI ,−LmI , 0

−1,−1, κ− 1, Nm− 1, 0

]
,(3.14)

where G[·, ·] denotes the generalized bivariate Meijer’s function [30].

Corollary 4. At high SNR regime (i.e. µr → ∞), the asymptotic average BER in

interference-limited mixed FSO/RF is given by

P
∞
e ∼

µr→∞

ξ2AδκmC

2Γ(α)Γ(p)Γ(Nm)Γ(κ)Γ(LmI)Γ(κI)κImI γ̄2

n∑
j=1

β∑
k=1

bk
Γ(k)[

Γ(α− ξ2)Γ(k − ξ2)Γ(p+ ξ2

r
)

rΓ(1− ξ2

r
)

(
Br

µrqj

) ξ2

r

G4,4
5,5

[
κmC

κImI γ̄2

∣∣∣∣∣ −κI ,−LmI ,−1, ξ
2

r
, 0

κ− 1, Nm− 1,−1,−1, 0

]

+
Γ(ξ2 − α)Γ(k − α)Γ(p+ α

r
)

rΓ(1− α
r
)Γ(1 + ξ2 − α)

(
Br

µrqj

)α
r

G4,4
5,5

[
κmC

κImI γ̄2

∣∣∣∣∣ −κI ,−LmI ,−1, α
r
, 0

κ− 1, Nm− 1,−1,−1, 0

]

+
Γ(ξ2 − k)Γ(α− k)Γ(p+ k

r
)

rΓ(1− k
r
)Γ(1 + ξ2 − k)

(
Br

µrqj

) k
r

G4,4
5,5

[
κmC

κImI γ̄2

∣∣∣∣∣ −κI ,−LmI ,−1, k
r
, 0

κ− 1, Nm− 1,−1,−1, 0

]

+
Br

µrqj
H7,4

7,8

[
κmCBr

κImI γ̄2µrqj∣∣∣∣∣ (−κI , 1), (−LmI , 1), (−1, 1), (−p, 1), (0, 1), (1 + ξ2 − r, r), (0, 1)

(ξ2 − r, r), (α− r, r), (k − r, r), (κ− 1, 1), (Nm− 1, 1), (−1, 1), (−1, 1), (0, 1)

]]
.

(3.15)

3.4.3 Ergodic Capacity

The ergodic capacity of mixed FSO/RF communication system can be bounded by

C =
1

2
E [ln2(1 + γ)] =

1

2 ln(2)

∫ ∞
0

ln(1 + x)fγ(x)dx, (3.16)

where the factor 1
2

penalty in the multiplexing gain comes from the fact that the

communication takes place over two time slots ( i.e., half-duplex protocol).

Proposition 3. The ergodic capacity of mixed Málaga-M/GK FSO transmission
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system with interference under both detection techniques with pointing errors taken

into account is obtained as

C=
ξ2AκmC

2 ln(2)Γ(α)Γ(Nm)Γ(κ)Γ(LmI)Γ(κI)κImI γ̄2

β∑
k=1

bk
Γ(k)

H0,1:1,4:4,3
1,0:4,3:4,5


µr
Br

κmC
κImI γ̄2

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

(0, 1, 1)

−
(1− ξ2, r), (1− α, r), (1− k, r), (1, 1)

(0, 1), (1, 1), (−ξ2, r)

(−1, 1), (−κI , 1), (−LmI , 1), (0, 1)

(−1, 1), (−1, 1), (κ− 1), (Nm− 1), (0, 1)


. (3.17)

Proof. Plugging (3.7) into (3.16) after applying the identity ln(1 + x) = G1,2
2,2[x| 1,1

1,0
]

yield the result after resorting to [32, Eq.(1.1)] and [30, Eq.(7.811.4)] along some

additional algebraic manipulations.

Corollary 5. In the special case when κX → ∞ and r = 1, (3.17) reduces to

the ergodic capacity of a dual-hop Gamma-Gamma/Nakagami-m FSO transmission

system under heterodyne detection given by

C=
ξ2

2 ln(2)Γ(Nm)Γ(LmI)Γ(α)Γ(β)

G1,0:1,4:3,2
1,0:4,3:3,4

[
µ1

αβh
;
mC

mI γ̄2

∣∣∣∣∣ 1

−

∣∣∣∣∣1−ξ2, 1−α, 1−β, 1
0, 1,−ξ2

∣∣∣∣∣0, 1−LmI , 1

0, 0, Nm, 1

]
. (3.18)

3.5 Performance Analysis of CSI-assisted Relaying

3.5.1 Outage Probability

Based on (3.8), and resorting to the outage probability of CSI-assisted mixed Málaga-

M turbulent/GK systems can be lower bounded by

Pout = 1− ξ2A

Γ(α)Γ(Nm)Γ(κ)Γ(LmI)Γ(κI)

β∑
k=1

bk
Γ(k)

G0,0:4,0:3,2
0,0:2,4:3,3

[
B

(
γth
µr

)1
r

;
κmγth
κImI γ̄2

∣∣∣∣∣ −−
∣∣∣∣∣ξ2 + 1, 1

0, ξ2, α, k

∣∣∣∣∣1− κI , 1− LmI , 1

0, κ,Nm

]
.(3.19)
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Corollary 6 (Asymptotic outage probability). At high average normalized SINR
µr
γth

= γ̄2

γth
→ +∞ can be rewritten by applying the asymptotic expansion of the

Meijer-G function to (2.8) and (3.3) in (3.8) as

P∞out =
ξ2A

Γ(α)Γ(Nm)Γ(κ)Γ(LmI)Γ(κI)

β∑
k=1

bk
Γ(k)

5∑
j=1

ζj

(
γth
γ̄

)Φj

, (3.20)

where

ζ1 = −Γ(Nm− κ)Γ(κI + κ)Γ(LmI + κ)

κ

(
mκ

mIκI

)κ
,

ζ2 = −Γ(κNm)Γ(κI+Nm)Γ(LmI+Nm)

Nm

(
mκ

mIκI

)Nm
,

ζ3 = −Γ(α− ξ2)Γ(k − ξ2)

ξ2
Bξ2

,

ζ4 = − Γ(k − α)

α(ξ2 − α)
Bα,

ζ5 = − Γ(α− k)

k(ξ2 − k)
Bk, (3.21)

and, Φ = {κ,Nm, ξ2

r
, α
r
, k
r
}, and γ̄ = µr = γ̄2.

Furthermore, the diversity gain follows from (3.20) as

d = min

{
κ,Nm,

ξ2

r
,
α

r
,
k

r

}
. (3.22)

This result proves that the performance of the dual-hop mixed FSO/RF system is

depending on the weaker link between the FSO and RF links. For strong turbulence

and/or pointing errors at the FSO link, and large values of shadowing and multipath

and antennas number at the RF link, the performance of the first hop (FSO link)

will dominate the end-to-end performance of the system. Furthermore, the effect of

the RF parameters (either the shadowing, multipath or antenna’s number) will be

extremely negligible.

3.5.2 Average Bit-Error Rate

Proposition 4. The average BER of mixed FSO/RF CSI-assited relaying system un-

der Málaga-M turbulent/GK fading channels with interference and under heterodyne
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and IM/DD detection techniques is obtained as

Pe=
δn

2
− ξ2Arδ

2Γ(p)Γ(α)Γ(Nm)Γ(κ)Γ(LmI)Γ(κI)

n∑
j=1

β∑
k=1

bk
Γ(k)

H0,1:4,0:3,2
1,0:2,4:3,3


Br

µrqj
κm

κImI γ̄2qj

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

(1− p, 1, 1)
−

(ξ2+1,r), (1, r)

(0, r), (ξ2, r), (α, r), (k, r)

(1−κI , 1), (1−LmI , 1), (1, 1)

(0, 1), (κ, 1), (Nm, 1)


. (3.23)

Proof. Substituting (2.3) and (3.3) into (3.12), and resorting to [34, Eq.(1.59)] and [32,

Eq.(2.2)] yield the result after some manipulations.

Corollary 7. The average BER of interference-limited mixed Málaga-M/GK system

can be asymptotically expressed at high SINR of the FSO and RF links as

Pe
∞ ≈
µr,γ̄2>>1

δξ2A
∑n

i=1

∑β
k=1

∑5
j=1

bk
Γ(k)

ζj(qiµr)
−ΦjΓ(p+Φj)

2Γ(α)Γ(p)Γ(Nm)Γ(κ)Γ(LmI)Γ(κI)
, (3.24)

3.5.3 Ergodic Capacity

Proposition 5. The ergodic capacity of mixed FSO/RF CSI-assisted relaying system

with interference in Málaga-M/GK fading channels under both detection techniques

is obtained as

C =
ξ2ArµrB

−r

2 ln(2)Γ(α)Γ(Nm)Γ(κ)Γ(LmI)Γ(κI)

β∑
k=1

bk
Γ(k)

H0,1:1,4:3,3
1,0:4,3:3,4


µr
Br

κImI γ̄2

κm

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

(0, 1, 1)

−
(1− r, r), (1− ξ2− r,r),(1−α− r,r),(1−k− r,r)

(0, 1), (−ξ2 − r, r), (−r, r)
(1, 1), (1− κ, 1), (1−Nm, 1)

(1, 1), (κI , 1), (LmI , 1), (0, 1)


. (3.25)

Proof. See Appendix D.

Corollary 8. When r = 1, κX →∞, (3.25) reduces to the ergodic capacity of mixed

FSO/RF systems with heterodyne detection in Málaga/Nakagami-m fading channels
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Fig. 3.2: Outage Probability of interference-limited fixed-gain AF mixed FSO/RF
under different turbulence and pointing errors severities and detection techniques r.

as given by

C =
ξ2Aµ1

2 ln(2)BΓ(α)Γ(Nm)Γ(LmI)B

β∑
k=1

bk
Γ(k)

G1,0:1,4:2,2
1,0:4,3:2,3

[
µ1

B
;
mI γ̄2

m

∣∣∣∣∣ 1

−

∣∣∣∣∣0,−ξ2,−α,−k
0,−ξ2−1,−1

∣∣∣∣∣1, 1−Nm1, LmI , 0

]
. (3.26)

3.6 Numerical Results

In order to prove the correctness of our analytical results, we compare the closed-

form expressions against Monte-carlo simulations. Specifically, we demonstrate the

performance of interference-limited mixed FSO/RF AF system for different turbu-

lence, fading, interference, and shadowing severities. Moreover, we investigate the

impact of pointing errors and detection technique on the overall system performance.
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Fig. 3.3: Average BER of interference-limited fixed-gain AF mixed FSO/RF under
different pointing errors and fading severities.

3.6.1 Fixed-gain Relaying

In this section, the fixed gain of the relay is equal to C = 1.7. We present two different

turbulence severities (α = 2.4, β = 2) and (α = 5.4, β = 4) for strong and moderate

turbulence, respectively. Furthermore, we assume the following values for pointing

errors where it is considered strong for ξ = 1.1 and weak of ξ = 6.8.

Fig.3.2 illustrates the outage probability of fixed-gain AF mixed FSO/RF systems

versus the normalized average SNR of the FSO link. From Fig.3.2, we observe a per-

fect agreement between the analytical results in(3.9) and their Monte-carlo simulated

counterparts. Moreover, it can be noticed that the asymptotic results in (3.10) are

very tight approximation especially at high SNR regime. Other outcome is that the

heterodyne detection outperforms the IM/DD (a similar behavior seen in [27]) since it

overcomes better the turbulence and pointing errors effects which is assessed by com-

plicated coherent receivers. Obviously, the end-to-end performance of interference-

limited mixed FSO/RF system is improved under moderate turbulence and weak

pointing errors.

In Fig.3.3, The average BER for strong and no pointing errors (ξ → +∞) scenarios
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Fig. 3.4: Average BER of an interference-limited fixed-gain mixed FSO/RF network
in strong turbulence conditions for different values of κ and antenna number at the
relay N .

with different faded RF channel is demonstrated for BSPK and 16-PSK modulation

schemes. We highlight again the perfect match between the Monte-carlo simulated

results and analytical expression derived in (3.13). The asymptotic result for the

average BER in (3.14) is also a very tight approximation when µr → +∞. It can

be noticed from Fig.3.3 that the fading severity in the RF channel is detrimental

for the system performance where a severely faded channel ,i.e., m = 0.5, leads to

a deterioration of the overall performance. Under the same RF link (equal m), the

system with no pointing errors, i.e., ξ → +∞, at the FSO link provides a better per-

formance than its counterpart with strong pointing errors, i.e., ξ = 1.1. Expectedly,

BPSK binary modulation outperforms 16-PSK modulation scheme independently of

the pointing errors/fading severities.

In Fig.3.4, The average BER under BPSK binary modulation scheme for varying

RF shadowing severity κ and relay’s antennas number N is presented. It can be

noticed that, expect for κ = 0.6, all curves have the same slopes thereby inferring

that they have the same diversity order. This is due to the fact that the system

diversity order is dependent on d = min
{
Nm, κ, ξ

2

r
, α
r
, k
r

}
. For the two curves when
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Fig. 3.5: Ergodic Capacity of interference-limited fixed-gain AF mixed FSO/RF for
different turbulence severities and detection techniques.

κ = 0.6, they have the same slope revealing equal diversity order d = κ = 0.6. Fig.3.4

also shows that the asymptotic expansion in (3.15) agree very well with the simulation

results, hence corroborating its usefulness. The impact of the relay antennas number

N on the system BER is investigated in Fig.3.4 under several shadowing conditions.

As discussed in Corollary 4, spacial diversity resulted from employing higher antennas

number N at the relay enhances the overall performance of the system.

The validity of the ergodic capacity’s closed-form expression in (3.17) is assessed in

Fig.3.5 by Monte-carlo simulations. An expected behavior is observed where moderate

turbulence scenario presents a better overall performance of the system independently

from the applied detection technique at the relay (either IM/DD or heterodyne detec-

tion). In addition, it can be noticed that the degradation of the system performance

due to strong turbulence is greater when the IM/DD detection technique is employed.

3.6.2 CSI-assisted Relaying

Fig.3.6 depicts the outage probability under different turbulence conditions at the RF

link and interferences at the mobile user. Clearly, the asymptotic expression for the
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Fig. 3.6: Outage probability of interference-limited CSI-assisted mixed FSO/RF un-
der different turbulence conditions and interference L.

outage probability is close to the analytical results at high SINR regime. As expected

increasing L deteriorates the system performance, by increasing the outage probabil-

ity, while the diversity gain remains unchanged. The figure also demonstrates that

the degradation resulted from strong turbulence is much higher when L = 1 than for

L = 3. Fig.3.7 depicts the average BER of mixed FSO/RF relay systems in Málaga-

M and GK fading channels for different M-PSK and M-QAM modulations. A perfect

match between the Monte-carlo curves and their analytical counterparts from (3.23)

proves the accuracy of our mathematical framework. Moreover, for the asymptotic

analysis, it is observed form Fig. 3.7 that at high SNR regime, the asymptotic expres-

sion of the average BER in (3.24) is an accurate approximation for (3.23). Expectedly,

under similar turbulence and fading conditions, 16-QAM modulation secures a bet-

ter performance than 16-PSK modulation. Fig.3.8 illustrates the effect of shadowing

severity and co-channel interference on the ergodic capacity in CSI-assisted relaying.

The Monte-carlo simulations are in perfect agreement with the analytical expression.

A general observation is that shadowing degrades the system’s overall performance.

Furthermore, more interference (i.e., higher L) at the destination results a lower ca-

pacity. A similar behavior has been noticed in [31].
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3.7 Summary

In this chapter, we have studied the performance of relay-assisted mixed FSO/RF net-

work with RF interference and two different detection techniques. The H-transform

theory is involved into a unified performance analysis framework featuring closed-from

expressions for the outage probability, the average BER and the channel capacity as-

suming Málaga-M/composite fading/shadowing GK channel models for the FSO/RF

links while taking into account pointing errors. Results show that the system diversity

order is related to the the minimum value of the atmospheric turbulence, small-scale

fading, shadowing and pointing error parameters.
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Chapter 4

Mixed Multi-Aperture Multiuser

FSO/RF Interference-Limited AF

Relay Systems over Málaga

M-Turbulence Channels with

Pointing Errors

4.1 Introduction

Aiming to further increase the mixed FSO/RF system capacity and reliability, an-

other line of work dedicated to multiuser relay-assisted networks with multi-aperture

FSO communications has been longing for understanding such systems [38, 44]. In

this context, the Málaga M-distribution was only considered in [38] with Rayleigh

distributed user links.

In this chapter, we consider a mixed multi-aperture multiuser FSO/RF system

where the FSO and RF links, respectively, experience Málaga M and Nakagami-m

fading. We further take into account the effect of co-channel interference and pointing

errors which might be detrimental in RF and FSO links, respectively. This chapter

quantifies accurately the capacity of mixed FSO/RF AF relay-assisted networks with

opportunistic scheduling among users and transmit selection at the source’s apertures.

Under the assumption of transmit aperture selection at the source and oppor-

Results from this work have been accepted for publication in IEEE SPAWC 2017.
The entire work conducted in this chapter is in preparation for submission in IEEE Transactions on
Wireless Communications.
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tunistic scheduling at the destination, we derive the exact expression for the ergodic

capacity and the average BER in terms of bivariate Meijer’s-G function. Additionally,

resorting to extreme value theory, we derive closed-form expressions for the asymp-

totic ergodic capacity and the average BER, all in terms of Meijer’s G and elementary

functions, whenever the number of apertures at the source and/or users grows large.

Finally, we capitalize on these results to investigate the effect of pointing errors on

the system performance.

4.2 System Model

We consider a mixed FSO/RF relay system where a multi-aperture source S com-

municates with multiple users (Dk, k = 1, . . . , K) via a relay R. It is assumed that

L RF co-channel interferers impinge on each user Dk (cf Fig. 4.1). The FSO and

RF links are assumed to follow the M and Nakagami-m distributions, respectively.

Assume that the source is equipped with M FSO apertures, then the PDF of the

m-th aperture irradiance Im,m = 1, . . . ,M is given by [18]

fIm(x) =
A

Γ(α)

β∑
k=1

bk
Γ(k)

x
α+k

2
−1Kα−k

(
2

√
αβx

gβ + Ω

)
, (4.1)

where g = 2b0(1− ρ) with 2b0 is the average power of the LOS term and ρ represents

the amount of scattering power coupled to the LOS component (0 6 ρ 6 1). Please

note that all the parameters involved in (4.1) are described explicitly in below (2.1).

The instantaneous SNR of the m-th FSO link is γ̄1Im, where γ̄1 is the average

electrical SNR of the FSO link. With transmit selection at the source, the aperture

with the highest received channel gain is selected among the M available apertures

at the optical transmitter. As a result, the SNR of the selected aperture is given by

γFSO = γ̄1 max
m=1,...,M

(Im). (4.2)

The average SNR of the RF link is γ̄RD. Moreover, the instantaneous SNR is

given by γRDk = γ̄RD|hk|2, k = 1, . . . , K, where hk is the channel fading gain between

the relay R and the k-th user. Under the assumption of Nakagami-m distribution, we

have |hk|2 ∼ g(m1, 1/m1), where g(m,Ω/m) is the Gamma distribution with shape

and scale parameters m and Ω, respectively. The PDF of the SNR is given by

fγRDk (x) =
mm1

1

γ̄m1
RDΓ(m1)

xm1−1e
− m1
γ̄RD

x
. (4.3)
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Fig. 4.1: Two-hop multiuser mixed FSO/RF AF relay network. Each RF user is
affected by co-channel interference.

On the other hand, the interference-noise-ratio (INR) of the RF link between an in-

terferer Il, l = 1, . . . , L and the destination userDk is given by γIl,Dk
d∼ g(m2, γ̄ID/m2),

where γ̄ID is the average INR, and m2 is the Nakagami parameter of the Il−Dk link.

It is known that the sum of L i.i.d Gamma random variables (RVs) with shape pa-

rameter % and scale parameter δ, is also a Gamma RV with parameters L% and δ. By

defining γI,D
∆
=

L∑
l=1

γIl,D as the overall INR, the PDF of γI,Dk can be written as

fγI,Dk (x) =
mLm2

2

γ̄Lm2
ID Γ(Lm2)

xLm2−1e
− m2
γ̄ID

x
. (4.4)

With opportunistic scheduling at the relay, the user with the largest signal-to-

interference-ratio (SIR) is selected. The SIR of the RF link under consideration can

be written as

γRF = γ̄2 max
k=1,...,K

(
γRDk
γI,Dk

)
, (4.5)
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where γ̄2 = γ̄RD
γ̄ID

is the average SIR of the RF link.

Under the assumption of variable-gain relaying, the SINR of the mixed FSO/RF

link can be written as [24, Eq.(28)]

γFSO,RF =
γFSOγRF

γFSO + γRF + 1
. (4.6)

Next we define the ergodic capacity of the multiuser multi-aperture mixed FSO/RF

AF relay system as

C
∆
=

1

2 ln(2)
E[ln(1 + γFSO,RF )],

(a)
=

1

2 ln(2)

∫ ∞
0

se−sM
(c)

γFSO
(s)M

(c)

γRF
(s)ds, (4.7)

Capitalizing on (4.7), we will analyze the ergodic capacity of the mixed FSO/RF

AF system with interference in detail in Sections 4.3 and 4.4.

4.3 Exact Analysis of the Capacity with Finite-

Count Apertures and Users

According to (4.7), the exact capacity analysis amounts to studying the CMGF of

the SINR in each hop independently. As a result, the analysis will be simplified as

shown subsequently.

Lemma 1. Let γFSOm = γ̄1Im, m = 1, . . . ,M be the instantaneous SNR of m-th

FSO link following the M-distribution under heterodyne detection [27]. Then the

CMGF of γFSO = max
m=1,...,M

(γFSOm ) is obtained as

M
(c)

γFSO
(s) =

M∑
t=1

∑
Υ

Θt

s
δt
2

+1
G1,2

2,1

[
γ̄1(µβ + Ω)s

t2αβ

∣∣∣∣∣ 1, 1
2

δt
2

+ 1

]
, (4.8)

where
∑

Υ =
∑

Υt,β

∑
Υ
tp,α−tp+1

2

∑
Υ
tpq,α+tp−tpq−

1
2

, with Υz,l = {(z1, . . . , zl) : zi > 0,
∑l

i=1 zi =

z}; Θt is given in (4.9); and δt =
∑α+tp−tpq− 3

2

l=0 ltpql+1
.

Proof. From (4.1) and using [30, Eq 8.468], the PDF of the m-th FSO link Im can be
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Θt =

∏α+t−tp− 1
2

r=1

(
2

3
2−tpqAatpq

√
π(α−tp− 3

2
+tpq )!gβ+Ω

α+tp−tpqr +1

2

(4αβ)
α+t−tpqr +1

2 (α−tp+ 1
2
−tpq )!(tpq−1)!(tpqr−1)!

)tpqr (
M
t

)
(−1)t+1t!tp!tpq !∑β

i=1 ti!
∑α−t+ 3

2
j=1 tpj !

∑α+t−tp− 1
2

k=1 tpqk !
√
πγ̄

δt
2

1

.

(4.9)

written as

fIm(x) = A
√
π

β∑
k=1

α−k+1
2∑

j=0

bk
Γ(k)

(α− k − 1
2
+ j)!x

α+k
2
−5

4
−j

2e
−2
√

αβx
(gβ+Ω)(

4
√

αβ
(gβ+Ω)

)j+ 1
2

(α− k − 1
2
− j)!j!

. (4.10)

Therefore, its CCDF is obtained by resorting to the identity [30, Eq 3.351.2] as

F
(c)
Im

(x) =A
√
π

β∑
k=1

α−k+ 1
2∑

j=0

bk
Γ(k)

(α− k − 1
2

+ j)!(
4
√

αβ
(gβ+Ω)

)j+1
2

(α−k − 1
2
−j)!j!

Γ

(
α + k − j, 2

√
αβx

(gβ+ Ω)

)
, (4.11)

where Γ(·, ·) is the upper incomplete Gamma function [30, Eq.(8.350.2)]. By substi-

tuting the incomplete Gamma function in (4.11) by its series expansion in [30, Eq

8.352.1] and applying the multinomial expansion, the CCDF of γFSO = γ̄1 max
m=1,...,M

(Im)

is obtained as

F
(c)

γFSO
(x) =

√
π

M∑
t=1

∑
Υ

Θtx
δt
2 exp

(
−2t

√
αβ

γ̄1(µβ + Ω)
x

)
. (4.12)

The CMGF of γFSO is obtained after applying the Laplace transform to (4.12) and

resorting to [30, Eq.3.462.1], thereby leading to (4.8) after some manipulations.

Lemma 2. Let the instantaneous SIR of the k-th RF link be γRFk = γ̄2

(
γRDk
γI,Dk

)
, k =

1, . . . , K, as the ratio of two Gamma-distributed RVs. The CMGF of γRF = max
k=1,...,K

(γRFk )
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is given by

M
(c)

γRF
(s)=

∆−1∑
q=0

φqΨ

(
q + 1, q+2−∆,

γ̄2m2s

m1

)
−

K∑
r=1

∑
Υr,Lm2−1

ϕr

Ψ

(
δr + 2− r(m1 − 1), δr + ∆ + r(1−m1) + 1,

γ̄2m2s

m1

)
, (4.13)

where ∆ = K(Lm2+m1−1); φq =
(

∆
q

)
m1

m2
Γ(q+1)γ̄2; Ψ(a, b, x) is the Triconomi confluent

Hypergeometric function [30, Eq.9.211.1]; and

ϕr =
(Kr )m1r!

∏Lm2−2
p=0

(
(1−Lm2)p(−1)p

(1+m1)p

)rp+1
γ̄2Γ(δr+∆+1)

m2(m1B(Lm2,m1))r
∏Lm2−1
m=1 rm!

.

Proof. Let rk =
γRDk
γI,Dk

, k = 1, . . . , K, then from (4.3) and (4.4) and resorting to [30,

Eq.1.194.1], the CCDF of rk follows as

Frk(x) =

(
m1x
m2

)m1

2F1

(
Lm2+m1,m1;m1+1;−m1x

m2

)
m1B(Lm2,m1)

(a)
=

(
1+m1x

m2

)1−Lm2−m1

m1B(Lm2,m1)

Lm2−1∑
p=0

(1− Lm2)p(−1)p

(1 +m1)p

(
m1x
m2

m1x
m2

+1

)p+m1

,

(4.14)

where B(a, b) and 2F1(a, b; c;x) denote the incomplete Beta function and the Gauss

Hypergeometric function [30, Eq. 9.100.1], respectively, and (a) follows from sub-

stituting the Gauss Hypergeometric function by its finite series expansion [30]. The

CCDF of γRF = γ̄2 max
k=1,...,K

(rk) is then obtained as

F
(c)

γRF
(x)

(b)
=

∆−1∑
q=0

(
∆

q

)(
m1x

m2γ̄2

)q (
1 +

m1x

m2γ̄2

)−∆

−
K∑
r=1

∑
Υr,Lm2−1

ϕrm1

(
m1x
m2̄γ2

)δr+∆+r(1−Lm2)

m2γ̄2Γ (δr + ∆ + 1)
(
1+m1x

m2γ̄2

)∆ , (4.15)

where (b) follows from applying the multinomial expansion [30, Eq.(1.111.1)]. The

CMGF of γRF is obtained after applying the Laplace transform to (4.15) and resorting

to [30, Eq. 9.211.1], thereby leading to (4.13) after some manipulations.

Proposition 6 (Closed-form expression of C). The ergodic capacity for arbitrary

M and K in mixed FSO/RF AF systems with interference is obtained as in (4.16),

where Gp,q,r,s,t
A,[C,E],B,[D,F ](·, ·) stands for the bivariate generalized Meijer-G function [45].
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C =
1

2 ln(2)

M∑
t=1

∑
Υ

Θt

[
∆−1∑
q=0

φq
Γ(q + 1)Γ(∆)

G1,1,2,2,1
1,[1,2],0,[2,1]

[̄
γ1(µβ + Ω)

t2αβ
,
γ̄2m2

m1

∣∣∣∣∣ 1− δt
2

;1,1
2
;−q

δt
2

+1; 0,∆−q − 1

]

−
K∑
r=1

∑
Υr,Lm2−1

ϕr
Γ(δr + 2− r(m1 − 1))Γ(2−∆)

G1,1,2,2,1
1,[1,2],0,[2,1]

[̄
γ1(µβ + Ω)

t2αβ
,
γ̄2m2

m1

∣∣∣∣∣ 1− δt
2

; 1, 1
2
; r(1−m1)− δr − 1

δt
2

+ 1; 0,−δr −∆− r(1−m1)

]]
. (4.16)

Proof. Plugging (4.8) and (4.13) into (4.7) reveals that the computation of C requires

the resolution of integrals of the form

I =

∫ ∞
0

xpe−xGp,q
m,n

(
yx

∣∣∣∣∣ (a)

(b)

)
Ψ(a1, b1, zx)dx. (4.17)

By resorting to the following identity

Ψ(a, b, x) =
1

Γ(a)Γ(a− b+ 1)
G2,1

1,2

[
x

∣∣∣∣∣ 1− a
0, 1− b

]
, (4.18)

(4.7) can be evaluated by means of the bivariate generalized Meijer-G function, as can

be seen from a more general integral formula due to [46, Eq.(2.1)], thereby leading to

(4.16) after some manipulations.

4.4 Large-Scale Analysis of the Capacity

In this section, the ergodic capacity of the mixed FSO/RF relay network with massive

aperture selection and/or user scheduling is considered. Thereby, by using extreme

value theory, the asymptotic CMGF expressions are derived, for the case in which

the numbers of apertures and users grow without bound. The new computed CMGF

expressions of the two hops are given by the following lemmas.

Lemma 3. As the number of apertures M at the FSO link grows large, the CMGF

expression of γFSO can be written as

M
(c)

γFSO
(s) =

1

s

(
1− e−γ̄1(bM−cM )s

)
, (4.19)
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where bM and cM are constants given by

F
(c)
Im

(bM) =
1

M
, and cM =

F
(c)
Im

(bM)

fIm(bM)
, (4.20)

with F
(c)
Im

and fIm given in (4.11) and (4.1), respectively.

Proof. We denote by the growth function gIm(x) =
F

(c)
Im

(x)

fIm (x)
. Then, by resorting to the

Hospital’s rule, it follows that

lim
x→∞

gIm(x) = lim
x→∞

(
−1−

f ′Im(x)(F
(c)
Im

(x))

f 2
Im

(x)

)
,

(a)
= −1− lim

x→∞

d(F
(c)
Im

)

d
(
f2
Im

(x)

f ′Im (x)

) ,
(b)
= −1− (−1) = 0, (4.21)

where in (a), f ′Im is the derivative of fIm given by

f ′Im(x) =
A

Γ(α)

β∑
k=1

(
bk

Γ(k)
(k − 1)x

α+k
2
−2Kα−k

(
2

√
αβx

(gβ + Ω)

)

− bk
Γ(k)

√
αβ

(gβ + Ω)
x
α+k

2
− 3

2Kα−k−1

(
2

√
αβx

(gβ + Ω)

))
, (4.22)

and (b) follows from several mathematical manipulations. Accordingly, Im belongs to

the maximum domain of attractionMDA of Gumbel distribution. As a result, for a

massive apertures selection at th source, the CDF of the FSO link can be written as

lim
M→∞

FγFSO(x) = exp

[
− exp

(
−x− γ̄1bM

γ̄1cM

)]
. (4.23)

Note that bM and cM are easily numerically evaluated.

The Laplace transform of the CCDF of γFSO yields its CMGF given by

M
(c)

γFSO
(s)=

∫ ∞
0

e−sx
(

1−e−e
−x−γ̄1bM

γ̄1cM

)
dx,

(a)
=cM γ̄1

[∫ 4
ζ

0

tscM γ̄1−1
(
1− e−ζt

)
dt+

∫ 1

4
ζ

tscM γ̄1−1dt

]
,

(4.24)

43



where (a) follows from letting t = e
− x
cM γ̄1 and defining ζ = e

bM
cM . We can easily see

that the limit of the first term on (4.24) becomes vanishingly small as lim
M→∞

4
ζ
≈ 0. As

a result, the integral of the second term can be evaluated easily as shown in (4.19).

Lemma 4. As the number of users K at the RF link grows large, the CMGF of

γRF = γ̄2 max
k=1,...,K

(rk) is obtained as

M
(c)

γRF
(s) =

1

s

1− e
−γ̄2

(
m2
m1

(
K

B(Lm2,m1)Lm2

) 1
Lm2 −1

)
s

 (4.25)

Proof. From (4.14), applying the transformation 2F1(a, b; b+ 1;x) = bx−bBx(b, 1− a)

and the Hospitals’ rule yield

lim
x→∞

1− Frn(x)

1− Frn(tx)
=
t−m1(1 + tx)Lm2+m1

(1 + x)Lm2+m1
= tLm2, (4.26)

which implies that FγRF (x) lies in theMDA of the Fréchet distribution [47, Theorem

11.5.2]. As a result, the CDF of the RF link can be written as

lim
K→∞

FγRF (x) = exp

[
−
(

x

γ̄2aK

)−Lm2
]
, x > 0, (4.27)

where F
(c)
rk (aK) = 1

K
= m2

m1

(
K

B(Lm2,m1)Lm2

) 1
Lm2−1, obtained after applying 2F1 (a, b, c, x) =

(1−x)c−a−b2F1 (c− a, c− b, c, x) to (4.14) and resorting to the Gauss hypergeometric

asymptotic expansion.

Finally, applying the Laplace transform to (4.27) and following the same steps as in

(4.24), we obtain the CMGF expression of the RF link as the number of user K grows

without bound as shown in (4.25).

Proposition 7 (Capacity for large M and K). For massive FSO apertures selec-

tion and user scheduling, the ergodic capacity of mixed FSO/RF AF system with

interference is given by

C =
1

2 ln(2)
ln

(1 + γ̄1(bM − cM))

(
1 + γ̄2

(
m2

m1

(
K

B(Lm2,m1)Lm2

) 1
Lm2 − 1

))
1 + γ̄1(bM − cM) + γ̄2

(
m2

m1

(
K

B(Lm2,m1)Lm2

) 1
Lm2 − 1

)
 .
(4.28)
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Proof. The result follows after plugging (4.19) and (4.25) into (4.7) and resorting

to [30, Eq 3.421.4].

Proposition 8 (Capacity for fixed M and large K). The ergodic capacity for finite-

count apertures and a massive user scheduling in mixed FSO/RF AF relay system

with interference is obtained as in (4.29).

C =
1

2 ln(2)

M∑
t=1

∑
Υ

Θt

(
G1,3

3,1

[
γ̄1(µβ + Ω)

t2αβ

∣∣∣∣∣ δt
2

+ 1, 1, 1
2

δt
2

+ 1

]

− (1+ aK γ̄2)
δt
2 G1,3

3,1

[
γ̄1(µβ + Ω)

t2αβ (1 + aK γ̄2)

∣∣∣∣∣ δt
2

+ 1, 1, 1
2

δt
2

+1

])
. (4.29)

Proof. The result follows after plugging (4.8) and (4.25) into (4.7) and resorting

to [30, Eq.7.813.1].

4.5 Average Bit-Error Rate Analysis

The average BER Pb of a variety of binary modulations can be written in terms of

the end-to-end SINR’s CDF as [24, Eq.(21)]

Pb =
ba

2Γ(a)

∫ ∞
0

xa−1e−bxFγFSO,RF (x)dx, (4.30)

where a and b are parameters that change for different modulation schemes (Refer

to Table 4.1). The CDF of the end-to-end SINR is computed using the upper bound

min(γFSO, γRF ) > γFSOγRF/(γFSO + γRF + 1) and the independence between γFSO

and γRF as [24, Eq.(31)]

FγFSO,RF (x) = 1− F (c)

γFSO
(x)F

(c)

γRF
(x) (4.31)

Proposition 9. (Exact Analysis of the Average BER)The average BER for arbitrary

M andK in mixed FSO/RF AF relay system with interference is obtained as in (4.32).

Proof. Substituting (4.12) and (4.15) into (4.30) and applying the multinomial ex-

pansion [30, Eq.(1.111.1)] and [30, Eq.(3.462.1)] yields the closed-form expression of

the average BER in (4.32) after some manipulations.
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Tab. 4.1: BER Parameters for Binary Modulations

Modulation a b

Coherent Binary Pase Shift Keying (CBPSK) 0.5 1

Coherent Binary Frequency Shift Keying (CBFSK) 0.5 0.5

Differential Binary Phase Shift Keying (DBPSK) 1 1

Non-Coherent Binary Frequency Shift Keying (NCFSK)1 0.5

P b =
1

2
− 1

2Γ(a)

M∑
t=1

∑
Υ

Θt

(
∆−1∑
q=0

∆∑
m=0

(
∆
q

)(
∆
m

) ( m1

m2γ̄2

)q−m
bm−q−

δt
2

G2,1
1,2

[
t2αβ

bγ̄1(µβ + Ω)

∣∣∣∣∣1−a−q+m−δt
2

0, 1
2

]

−
K∑
r=1

∑
Υr,Lm2−1

∆∑
n=0

ϕrm1

(
m1

m2̄γ2

)δr+∆+r(1−Lm2)−n
bn−δr−∆−r(1−Lm2)(

∆
n

)
m2γ̄2Γ (δr + ∆ + 1)

G2,1
1,2

[
t2αβ

bγ̄1(µβ + Ω)

∣∣∣∣∣ 1−a− δr−∆−r(1− Lm2 + n)

0, 1
2

])
(4.32)

Proposition 10 (The average BER for large M and K). The average BER for

massive FSO apertures selection and user scheduling of mixed FSO/RF AF system

with interference for a = 1 is obtained as

Pb =
1

2
− 1

2

(
1−e−4−1/Lm2bγ̄2aK

)
+
b

2
cM γ̄1

(
e
bM
cM

)−cM γ̄1b

Γ

(
cM γ̄1b, e

bM
cM

)
(4.33)

Proof. See Appendix E.

Proposition 11 (The average BER for fixed M and large K). The average BER for

finite-count apertures and large-scale users is given by (4.34).

Proof. By plugging (4.12) and (4.27) into (4.30), we obtain

P b =
1

2
− ba

2Γ(a)

∫ ∞
0

xa−1e−bxF
(c)

γFSO
(x)F

(c)

γRF
(x)dx,

=
1

2
− ba

2Γ(a)

(∫ ∞
0

xa−1e−bxF
(c)

γFSO
(x)dx−

∫ ∞
0

xa−1e−bxF
(c)

γFSO
(x)e−(aKγ̄2

x )
Lm2

dx

)
,

(4.35)

46



P b =
1

2
− 1

2Γ(a)

M∑
t=1

∑
Υ

Θtb
− δt

2

(
G2,1

1,2

[
t2αβ

bγ̄1(µβ + Ω)

∣∣∣∣∣ 1− a− δt
2

0, 1
2

]

−2
√
π

Lm2

H0,1:1,0:0,1
1,0:0,1:1,0

[
4t2αβ

bγ̄1(µβ+Ω)
,

1

bγ̄2aK

∣∣∣∣∣(1− a− δt
2
, 1, 1)

−

∣∣∣∣∣ −(0, 2)

∣∣∣∣∣(1, 1
Lm2

)

−

])
. (4.34)

where, the first integral on the R.H.S of (4.35) is solved by resorting to [30, Eq.(3.462.1)],

however, the second integral on the R.H.S can be derived by means of using [36,

Eqs.(2.1.3) and (2.1.4)] and [32, Eq.(2.2)] with some additional algebraic manipula-

tions.

4.6 Performance Analysis in the Presence of Point-

ing Errors

In this section, we investigate the effect of pointing error due to source-relay misalign-

ment. Therefore, the resulted received irradiance is a product of two independent

random variables, i.e., Ir = ImIp, where Im is the atmospheric-turbulence induced

fading and Ip is the pointing errors impairments characterized by the following PDF

fIp(x) =
ξ2

Aξ
2

0

xξ
2−1, 0 6 x 6 A0, (4.36)

where ξ is the ratio between the equivalent beam radius at the relay and the pointing

error displacement standard deviation (jitter) and A0 is the fraction of the collected

power at radial distance equal to 0.

4.6.1 Ergodic capacity

Capitalizing on the ergodic capacity framework presented in the previous section, we

investigate the effect of pointing errors on the system performance.

To this end, conditioned on Ip, the ergodic capacity in the presence of pointing

errors can be written as

CP =
Ip

2 ln(2)

∫ ∞
0

se−sM
(c)

γFSO
(Ips)M

(c)

γRF
(s)ds. (4.37)
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C =
1

2 ln(2)

M∑
t=1

∑
Υ

Θtξ
2A
− δt

2
0

(
G1,4

4,2

[
γ̄1A0(gβ + Ω)

t2αβ

∣∣∣∣∣ δt
2

+ 1− ξ2, δt
2

+ 1, 1, 1
2

δt
2

+ 1, δt
2
− ξ2

]

− (1 + aK γ̄2)
δt
2 G1,4

4,2

[
γ̄1A0(gβ + Ω)

t2αβ(1 + aK γ̄2)

∣∣∣∣∣ δt
2

+ 1− ξ2, δt
2

+ 1, 1, 1
2

δt
2

+ 1, δt
2
− ξ2

])
. (4.39)

Corollary 9 (Capacity for large M and K with pointing errors). In the presence of

pointing errors, the ergodic capacity when M and K grow large is given by

C =
A0ξ

2

2 ln(2)

(
G1,3

3,3

[
γ̄1(bM − cM)A0

∣∣∣∣∣ −ξ2, 1, 1

1, 0,−ξ2 − 1

]

−G1,3
3,3

[
γ̄1(bM − cM)A0

1 + γ̄2aK

∣∣∣∣∣ −ξ2, 1, 1

1, 0,−ξ2 − 1

])
. (4.38)

Proof. Recall that C = EIp [CP ], then substituting (4.19) and (4.25) into (4.37) yields

the ergodic capacity expression in (4.38) obtained after resorting to ln(1 + x) =

G1,2
2,2[x | 1,1

1,0
], and applying [30, 7.811.2].

Corollary 10 (Capacity for arbitrary M and large K with pointing errors). In the

presence of pointing errors, the ergodic capacity for finite-count FSO apertures and

large K is given by (4.39).

Proof. The result follows from substituting (4.12) and (4.25) into (4.37) and averaging

over the pointing errors distribution in (4.36) using [30, Eq.7.811.2].

In the special case where the FSO link is a single-aperture Gamma-Gamma dis-

tributed channel (i.e., ρ = 1 and Ω = 1), the capacity of the mixed FSO/RF AF

system with interference and pointing errors is reduced to

C =
ξ2

2 ln(2)

α−β−1
2∑

k=0

α+β−k− 3
2∑

p=0

Θk,p

(
G4,1

2,4

[
αβ

γ̄1A0

∣∣∣∣∣ 0, ξ2 + 1

ξ2, 0, p
2
, p

2
+ 1

2

]

−G4,1
2,4

[
αβ (1 + aK γ̄2)

γ̄1A0

∣∣∣∣∣ 0, ξ2 + 1

ξ2, 0, p
2
, p

2
+ 1

2

])
, (4.40)

where Θk,p =
(α−β− 1

2
+k)!(α+β−k− 3

2
)!2

3
2−α−β−k+p

Γ(α)Γ(β)(α−β− 1
2
−k)!k!p!

.
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+ 1− ξ2, 1, 1
2
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]

+
K∑
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∑
Υr,Lm2−1
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ϕrm1

(
m1

m2̄γ2

)δr+∆+r(1−Lm2)−n
bn−a−δr−∆−r(1−Lm2)(

∆
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m2γ̄2Γ (δr + ∆ + 1)

G1,3
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[
A0bγ̄1(µβ + Ω)
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+1−ξ2, 1, 1
2

a+ δr+∆+r(1− Lm2 + n), δt
2
−ξ2

])
(4.42)

4.6.2 Average BER

By exploiting the expressions of the average BER in the previous section, this latter

can be written in the presence of pointing errors as

Pb
P
=

1

2
− ba

2Γ(a)

∫ ∞
0

xa−1e−bxF
(c)

γFSO

(
x

Ip

)
F

(c)

γRF
(x)dx. (4.41)

Corollary 11 (Average BER for arbitrary M and K with pointing errors). In the

presence of pointing errors, the average BER for finite-count FSO apertures and

arbitrary number of users K is given by (4.42).

Proof. Recall that P b = EIp
[
P
P

b

]
, then plugging (4.12) and (4.15) into (4.41) and

averaging over the pointing errors distribution in (4.36) yields the expression in (4.42)

after applying [30, Eq.(7.811.2)] along some manipulations.

Corollary 12 (Average BER for arbitrary M and large K with pointing errors). In

the presence of pointing errors, the average BER for finite-count FSO apertures and

large K is given by (4.43).

Proof. See Appendix F.

4.7 Numerical Results

Here, we provide some numerical examples to illustrate the tightness of the closed-

form expression of the ergodic capacity and average BER for the mixed FSO/RF AF
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(4.43)
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Fig. 4.2: The exact and approximated CDF of (a): γFSO for different values of M ,
and (b): γRF for different values of K.

relay system. The simulation setup is summarized in the caption of each figure.

Fig. 4.2 shows the exact and asymptotic CDFs of the two hops, γFSO and γRF

for different values of M and K, respectively. We observe that the asymptotic dis-

tributions in (4.23) and (4.27) are a good approximations even for small values of M

and K, respectively.

Fig. 4.3(a) depicts the ergodic capacity for large K with fixed and large M using

(4.29) and (4.28), respectively. We observe that the analytical curves approach the

simulated curves for small to moderate values of K, thereby providing an attractive

alternative to the cumbersome expression of the average capacity shown for any K

in (4.16).

When M and K grow large, the obtained curves are in very good match with

their stimulated counterparts showing the accuracy and effectiveness of the new ap-

proximation proposed in (4.28).

Fig. 4.3(b) investigates the effect of the atmospheric turbulence severity ρ on the

system performance. As ρ increases, the atmospheric-turbulence over the FSO link
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Fig. 4.3: Ergodic capacity of mixed FSO/RF systems for different values of (a): M ,
and (b): ρ.
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Fig. 4.4: Ergodic Capacity of mixed FSO/RF system with pointing errors for M = 2
apertures and different values of ξ. Setup: α = 3.5, β = 2, ρ = 0.5, γ̄1 = 30 dB,m1 =
1,m2 = 2, γ̄2 = 10 dB, and L = 5 .

is reduced thereby leading to better performance.

Fig. 4.4 depicts the ergodic capacity of the mixed FSO/RF AF relay system in the

presence of pointing errors using Eq. (4.39) with M = 2. The curves are plotted for

several values of ξ. As expected, increasing ξ, induces better performance, a behavior

also observed in [27] and [38].

Fig.4.5 demonstrates the special case study with single-aperture Gamma-Gamma

distributed FSO link with pointing errors. The same behavior is observed as Fig. 4.4

for different pointing errors severity. Furthermore, as the average SNR of the FSO

link increases enough, the ergodic capacity of the system seems saturated which can

be explained by the fact that the performance is depending on the weaker link (in

this case is RF link) in relaying systems.

The average BER performance for NCFSK and CBPSK modulations with differ-

ent turbulence severity ρ is presented in Fig. 4.6. It is evidently noticed that the

analytical curves match perfectly their simulated counterparts. Moreover, it can be

implied that as the average SNR of the FSO link increases, the performance of the

system in terms of average BER remains the same since it follows the dominant link

performance which is the weaker link (RF link) in the case of dual-hop AF relay
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Fig. 4.5: Ergodic Capacity of mixed FSO/RF relay system with single-aperture
Gamma-Gamma distributed FSO link (Eq.(4.40)). Setup: α = 3.5, β = 2,m1 =
3,m2 = 2, γ̄2 = 10 dB,M = 1, K = 200 and L = 5.
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Fig. 4.6: Average BER of mixed FSO/RF relay system with different binary modu-
lations (Eq.(4.34)). Setup: α = 3.5, β = 2,m1 = 3,m2 = 2, γ̄2 = 10 dB,M = 1, K =
200 and L = 5.
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Fig. 4.7: Average BER of mixed FSO/RF relay system with pointing errors for dif-
ferent binary modulation and ξ (Eq.(4.43)). Setup: M = 2, α = 3.5, β = 2, ρ =
0.5,m1 = 1,m2 = 2, γ̄1 = 30 dB, γ̄2 = 0 dB and L = 2.

system. Furthermore, weaker atmospheric turbulence (higher ρ) guarantee a better

overall system’s performance.

In Fig. 4.7, the average BER versus the users number K for different binary

modulations as well as pointing error’s severity is depicted. As conventional, the

weaker the pointing errors effect is, the better is the performance of mixed FSO/RF

AF relay system. Furthermore, the CBPSK presents the best performance comparing

to other modulations independently of the pointing errors’ severity.

4.8 Summary

In this chapter, we derived closed-form expressions of the ergodic capacity and the

average BER of interference-limited mixed FSO/RF AF relay systems under the as-

sumption of transmit aperture selection at the source and opportunistic scheduling at

the destination. The system operates over mixed Málaga/Nakagami-m distributions.

The large scale analysis reveals simpler and very accurate results thereby providing

an attractive alternative to the cumbersome expression obtained in the case of finite

aperture and user counts. The impact of pointing errors was also investigated. The

accuracy of the derived expressions were unambiguously illustrated numerically.
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Chapter 5

Conclusion

In this work, we introduced a new mathematical framework for the computation of

some performance metrics of AF mixed FSO/RF systems. Throughout this the-

sis, the FSO link is assumed to operate under the generalized statistical model, i.e.,

the Málaga-M distribution, that includes the majority of atmospheric turbulence-

induced fading channels. Furthermore, our study accounts for both detection tech-

niques, i.e., heterodyne and IM/DD. We assumed also a generalized channel model

at the RF link, the κ-µ shadowed fading, that encompasses the most common RF

models such as Nakagami-m and Rice. We were able to derive the exact end-to-end

outage probability and expressions, both in terms of FHF and bivariate FHF, respec-

tively. Then, we emphasize these performance metrics in addition to average BER in

interference-limited AF mixed FSO/RF experiencing Málaga/generalized-K channels

while investigating both fixed and variable-gain relaying schemes. Some interesting

and attractive asymptotic results were provided at high SNR regime as an alternative

of the cumbersome exact close-form expressions. Finally, we examined the MIMO

technology in the context of AF mixed FSO/RF systems. More interestingly, large-

scale analysis, when the number of users and/or apertures goes large, were provided

as an alternative to the finite-counts heavy capacity’s and average BER’s closed-form

expressions.

In this work, due to the complexity of the PDF of the Málaga-M and shadowed

κ-µ fading distributions, some difficulties have been faced during the computation of

some of the key performances measures. For instance, the H-function and the bivariate

FHF are not a built-in functions in MathematicaR© and they are not integrated in any

other software, thus, we were aware of the adjustment of the integration range to

ensure that these functions will converge properly to the exact and accurate results.

Future work will investigate the possibility of including maximum ratio transmit
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(MRT) and user scheduling in mixed multi aperture/multiuser FSO/RF operating

over Málaga-M and shadowed κ-µ fading while assuming co-channel interference at

each user. These advanced system setting incorporates almost the most innovative

features investigated in mixed FSO/RF system so far, namely, multi aperture at the

FSO link, multi user at the RF link, existence of the co-channel interference at the

RF user while accounting for the most generalized distributions discovered for both

FSO and RF links.
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APPENDICES



A Ergodic Capacity at high SNR

Recall the closed-form expression of the capacity for µ 6 m that is given by

C =
ξ2ArµrB

−r

2 ln(2)Γ(α)

β∑
k=1

bk
Γ(k)

m∑
l=1

χl
Γ(m)

T (θ2, l,m), (A.1)

where T (θ2, l,m) can be rewritten as

T (θ2, l,m) = H01:14:11
10:43:11


µr
Br

θ2

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

(−l, 1, 1)
−

(1−r, r), (1−ξ2−r, r), (1−α−r, r), (1−k−r, r)
(0, 1), (−ξ2 − r, r), (−r, r)

(1−m, 1)

(0, 1)


(a)
=

1

4π2i2

∫
C1

∫
C2

Γ(r + rs)Γ(ξ2 + r + rs)Γ(α + r + rs)Γ(−s)
Γ(1 + ξ2 + r + rs)Γ(1 + r + rs)

Γ(k + r + rs)Γ(m+ t)Γ(−t)Γ(1 + l + s+ t)
( µr
Br

)s
θt2dsdt

(b)
=

1

2πi

∫
C1

Γ(r + rs)Γ(ξ2 + r + rs)Γ(α + r + rs)Γ(k + r + rs)Γ(−s)
Γ(1 + ξ2 + r + rs)Γ(1 + r + rs)

G2,1
1,2

[
θ−1

2

∣∣∣∣∣ 1

1 + l + s,m

]( µr
Br

)s
ds, (A.2)

where (a) follows from explicitly expressing the bivariate FHF in its Mellin-Barnes

integral form using [34, Eq.(2.56)] and (b) follows from rewriting all the terms in t as

a Meijer-G function by means of [34, Eq.(1.112)]. Moreover in (A.2), i2 = −1, and

C1 and C2 denote the s and t-planes counters, respectively.

Since γ̄2 → +∞, it follows that θ−1
2 → 0. the Meijer-G function has an asymptotic

series expansion at zero equal to

Gm,n
p,q

[
z

∣∣∣∣∣ a1, . . . , an, . . . , ap
b1, . . . , bm, . . . , bq

]
→

m∑
k=1

∏m
j=1,j 6=k Γ(bj − bk)

∏n
j=1 Γ(1− aj + bk)∏p

j=n+1 Γ(aj − bk)
∏q

j=m+1 Γ(1− bj + bk)
zbk ,(A.3)

with the assumption of p 6 q and z → 0. Applying (A.3) to the Meijer-G in (A.2)
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yields

G2,1
1,2

[
θ−1

2

∣∣∣∣∣ 1

1 + l + s,m

]
(A.4)

=
θ−1
2 →0

Γ(m− 1− l − s)Γ(1 + l + s)θ−1−l−s
2 + Γ(1 + l + s−m)Γ(m)θ−m2 .

Finally, plugging (A.4) into (A.2) and resorting to [34, Eq.(1.2)] complete the proof.
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B End-to-End SNR’s CDF

The CDF of the end-to-end SINR γ with fixed-gain relaying scheme can be derived,

using [42, Eq.(8)], as

Fγ(x) =

∫ ∞
0

Fγ1

(
x

(
C

y
+ 1

))
fγ2(y)dy, (B.1)

where Fγ1 and fγ2 are the FSO link’s CDF and the PDF of RF link, respectively.

More specifically, Fγ1 can be obtained similarly to (2.8) as

Fγ1(x) =
ξ2Ar

Γ(α)

β∑
k=1

bk
Γ(k)

H3,1
2,4

[
Brx

µr

∣∣∣∣∣ (1, r), (ξ2+1, r)

(ξ2, r), (α, r), (k, r), (0, r)

]
, (B.2)

and fγ2 is derived by differentiation over x as

fγ2(x) =
−κm

Γ(Nm)Γ(κ)Γ(LmI)Γ(κI)κImI γ̄2

G3,3
4,4

[
κmx

κImI γ̄2

∣∣∣∣∣ −1,−κI ,−LmI , 0

−1, κ− 1, Nm− 1, 0

]
.

(B.3)

Substituting (B.2) and (B.3) into (B.1) while resorting to the integral representation

of the Fox-H [34, Eq.(1.2)] and Meijer-G [30, Eq.(9.301)]functions yields

Fγ(x) =
−ξ2Arκm

Γ(α)Γ(Nm)Γ(κ)Γ(LmI)Γ(κI)κImI γ̄2

β∑
k=1

bk
Γ(k)

1

4π2i2

∫
C1

∫
C2

Γ(ξ2 + rs)Γ(k + rs)Γ(α + rs)Γ(−rs)
Γ(ξ2 + 1 + rs)Γ(1− rs)

Γ(−1− t)
Γ(1 + t)

×Γ(κ− 1− t)Γ(Nm− 1− t)Γ(1 + κI + t)Γ(1 + LmI + t)Γ(2 + t)

Γ(−t)

×
(
Brx

µr

)−s(
κm

κImI γ̄2

)t ∫ ∞
0

(
1 +

C

y

)−s
ytdy ds dt. (B.4)

Finally, simplifying
∫∞

0

(
1 + C

y

)−s
ytdy to C1+tΓ(−1−t)Γ(1+t+s)

Γ(s)
by means of [30,

Eqs(8.380.3) and (8.384.1)] while utilizing the relations Γ(1− rs) = −rsΓ(−rs) and

sΓ(s) = Γ(1 + s) then [32, Eq.(1.1)], yield directly (3.6).
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C Average BER for Fixed-Gain Relaying

The average BER can be rewritten as

P e
(a)
=

δ

2Γ(p)

−ξ2AκmC

Γ(α)Γ(Nm)Γ(κ)Γ(LmI)Γ(κI)κImI γ̄2

1

4π2i2

n∑
j=1

β∑
k=1

×
∫
C1

∫
C2

bk
Γ(k)

Γ(ξ2 + rs)Γ(k + rs)Γ(α + rs)

Γ(ξ2 + 1 + rs)Γ(s)

Γ2(−1− t)
Γ(1 + t)

×Γ(κ− 1− t)Γ(Nm− 1− t)Γ(1 + κI + t)Γ(1 + LmI + t)Γ(2 + t)

Γ(−t)
Γ(1 + t+ s)

×
(µr
Br

)s( κmC

κImI γ̄2

)t ∫ ∞
0

x−s−1Γ(p, qjx)dx ds dt, (C.1)

where (a) follows after substituting (3.7) into (3.12) by means of [34, Eq.(2.56)]. Using

the identity Γ(a, bx) = G2,0
1,2[bx| 1

0,a
] and [30, Eq.(7.811.4)], we obtain

∫ ∞
0

x−s−1G2,0
1,2

[
qjx

∣∣∣∣∣ 1

0, p

]
dx =

Γ(−s)Γ(p− s)
Γ(1− s)

qsj . (C.2)

Inserting (C.2) into (C.1) along some algebraic manipulations yields (3.13).
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D Ergodic Capacity under CSI-assisted Relaying

Scheme

Form [31], the ergodic capacity can be computed as

C =
1

2 ln(2)

∫ ∞
0

se−sM (c)
γ1

(s)M (c)
γ2

(s)ds, (D.1)

where M
(c)
X (s) =

∫∞
0
e−sxF

(c)
X (x)dx stands for the complementary MGF (CMGF).

The unified CMGF of the first hop’s SNR γ1 under Málaga-M distribution with

pointing errors was shown in (2.9) to be equal to

M (c)
γ1

(s) =
ξ2Arµr
Γ(α)Br

β∑
k=1

bk
Γ(k)

H1,4
4,3[

µr
Br

s

∣∣∣∣∣ (1− r, r), (1− ξ2−r,r),(1−α−r,r),(1−k−r,r)
(0, 1), (−ξ2 − r, r), (−r, r)

]
. (D.2)

Moreover, the Laplace transform of the RF link’s CCDF is derived after resorting

to [30, Eq.(7.813.1)] and [34, Eq.(1.111)] as

M (c)
γ2

(x)=
s−1

Γ(Nm)Γ(κ)Γ(LmI)Γ(κI)
H3,3

3,4

[
κImI γ̄2

κm
s

∣∣∣∣∣(1, 1), (1− κ, 1), (1−Nm, 1)

(1, 1), (κI , 1), (LmI , 1), (0, 1)

]
. (D.3)

Finally, the ergodic capacity expression in (3.25) follows after plugging (D.2) and

(D.3) into (D.1) and applying [32, Eq.(2.2)].
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E Average BER for large M and K

Substituting (4.23) and (4.27) into (4.30) with the assumption of a = 1, we obtain

Pb=
1

2
− b

2

∫ ∞
0

e−bx
(
1− e−e

−x−γ̄1bM
γ̄1cM

)(
1− e−

(
x

γ̄2aK

)−Lm2
)
dx

(a)
=

1

2
− b

2Lm2

×
[∫ 4

ε

0

y
−1− 1

Lm2 e−by
−1/Lm2

(
1−e−e

− y
−1/Lm2−γ̄1bM

γ̄1cM

)(
1− e−εy

)
dy︸ ︷︷ ︸

goes to 0 when ε goes large (i.e., K goes large)

+

∫ ∞
4
ε

y
−1− 1

Lm2 e−by
−1/Lm2

(
1− e−e

− y
−1/Lm2−γ̄1bM

γ̄1cM

)
dy

]
(b)
=

1

2
− b

2

[∫ aKγ̄2

41/Lm2

0

e−bzdz−
∫ aKγ̄2

41/Lm2

0

e−bze−e
− z−γ̄1bM

γ̄1cM dz

]
,

(E.1)

where (a) follows from letting y = x−Lm2 and defining ε = (γ̄2aK)Lm2 , and (b) follows

from letting z = y−1/Lm2 . The second integral on the R.H.S of (b) is obtained by

approximating aK γ̄2/4
1/Lm2 ∼ ∞ when K → ∞. The result in (4.33) follows after

applying [30, Eq.(3.333.2)] with some additional manipulations.
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F Average BER for Fixed M and Large K with

Pointing Errors

The average BER conditioned on Ip for arbitrary M and large K in mixed FSO/RF

AF relay system with interference is written as

P
P

b =
1

2
− 1

2Γ(a)

M∑
t=1

∑
Υt,β

∑
Υ
tp,α−tp+1

2

∑
Υ
tpq,α+tp−tpq−

1
2

Θtb
− δt

2 I
− δt

2
p

×

(
G2,1

1,2

[
t2αβ

Ipbγ̄1(µβ + Ω′)

∣∣∣∣∣1− a− δt
2

0, 1
2

]
− 2
√
π

Lm2

H01,10,01
10,01,10[

4t2αβ

Ipbγ̄1(µβ+Ω′)
,

1

bγ̄2aK

∣∣∣∣∣(1− a− δt
2
, 1, 1)

−

∣∣∣∣∣ −(0, 2)

∣∣∣∣∣(1, 1
Lm2

)

−

])
.

(F.1)

Furthermore, based on the representation of the bivariate H-Fox function in [32,

Eq.(1.1)] in terms of integrals, we can rewrite the bivariate H-Fox in the R.H.S of

(F.1) as

I
− δt

2
p H01,10,10

10,01,01

[
4t2αβ

Ipbγ̄1(µβ+Ω′)
,

1

bγ̄2aK

∣∣∣∣∣(1− a− δt
2
, 1, 1)

−

∣∣∣∣∣ −(0, 2)

∣∣∣∣∣
(1, 1

Lm2
)

−

]
=

I
− δt

2
p

(2πi)2

∫
C1

∫
C2

Γ

(
a+

δt
2

+ s+ t

)
Γ(−2s)Γ

(
t

Lm2

)

×
(

4t2αβ

Ipbγ̄1(µβ+Ω′)

)s(
1

bγ̄2aK

)t
ds dt,

(F.2)

where C1 and C2 are the s-plane and the t-plane contours, respectively. Averaging

(F.2) over pointing errors, the integral may be written as

ξ2

Aξ
2

0 (2πi)2

∫
C1

∫
C2

Γ

(
a+

δt
2

+ s+ t

)
Γ(−2s)Γ

(
t

Lm2

)(
1

bγ̄2aK

)t

×
(

4t2αβ

bγ̄1(µβ+Ω′)

)s ∫ A0

0

x−
δt
2

+ξ2−1−sdx ds dt.

(F.3)

∫ A0

0

x−
δt
2

+ξ2−1−sdx simplifies to
A
ξ2−s− δt2
0

ξ2− δt
2
−s

, and by utilizing the relation (ξ2 − δt
2
−

s)Γ(ξ2 − δt
2
− s) = Γ(1 + ξ2 − δt

2
− s) then [32, Eq.(1.1)], we obtain the desired BER

in (4.43) after applying [30, Eq.(7.811.2)] to the first term of the R.H.S of (F.1) with

some additional algebraic manipulations.
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G Annexe: Récapitulatif des Travaux de mémoire

Résumé

Conduit par la forte demande des hauts débits de données et la croissance exponen-

tielle des dispositifs sans fil, la technologie de la transmission du laser dans l’espace

libre connu sous le nom ’free-space optics’ (FSO) est présentée comme un candidat

fort et fiable pour les réseaux cellulaires mobiles de la prochaine génération. En plus

de sécuriser un débit très élevé et des services de données à grande vitesse, la technolo-

gie FSO est une approche rentable, facile à déployer, et qui offre une forte immunité

aux interférences. En dépit de ces avantages, la transmission du FSO est entravée par

des défaillances et des erreurs de pointage induites par la turbulence atmosphérique.

Ces contraintes ont limité la transmission FSO à des petites distances. Pour élargir

la couverture et assurer la fiabilité du lien FSO pour les réseaux backhaul cellulaires

de nouvelle génération, les systèmes mixtes FSO/RF (radio-fréquence) assistés par

un relais ont suscité un très grand intérêt durant les dernières années. L’objectif

principal de ce travail est d’étudier les performances de bout-en-bout du système

mixte FSO/RF assisté par un relais. Dans ce but, nous avons dérivé des expres-

sions exactes, pour la capacité ergodique et la probabilité de coupure, qui unifient

presque toutes les distributions linéaires du turbulence/évanouissement découvertes
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jusqu’au présent tout en tenant compte des techniques de détection hétérodyne et

modulation d’intensité/détection directe (IM/DD). L’originalité de ce travail repose

sur la consolidation de deux modèles généralisées de canaux sans fil pour les liens

FSO et RF. En outre, les expressions dérivées, en fonction de la fonction Fox-H de

deux variable, sont exactes et précises puisque aucune approximation n’a été utilisée.

En outre, nous présumons l’existence de l’interférence co-canal dans chaque utilisa-

teur RF dans le système mixte FSO/RF . Dans ce modèle de système, nous avons

dérivé des expressions exactes des métriques de performance de bout-en-bout, c’est-

à-dire la probabilité de coupure, le taux d’erreur binaire moyen (BER) et la capacité

ergodique, en termes de FHF de deux variables. L’exhaustivité de notre travail est

soulignée grâce à la considération des mécanismes de relais à gain fixe et à gain vari-

able et à l’association des techniques de détection hétérodyne et IM/DD. Motivé par

les résultats obtenus, nous menons une autre étude pour étudier l’effet de la diversité

spatiale sur la performance du système en considérant un système mixtes FSO/RF

multi-ouverture/multi-utilisateur. En outre, nous avons étudié les performances à

grande échelle d’un tel système. La diversité spatiale résultant de l’utilisation de la

transmission du ratio maximal (MRT) lors de la liaison FSO multi-ouverture et la

planification opportuniste des utilisateurs pour la liaison RF multi-utilisateurs a en-
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core amélioré la performance en atténuant les effets de la turbulence, des erreurs de

pointage et de l’évanouissement dans le systèmes mixtes FSO/RF.

Contexte du travail

La prolifération des services et des dispositifs sans fil marque le phénomènes le plus

bouleversant dans la vie contemporaine. La croissance exponentielle des utilisateurs

mobiles au cours des dernières années conjointement avec la forte demande des hauts

débits de données présentent une tâche difficile pour l’architecture existante de la

communication sans fil où le backhaul cellulaire est requis de fournir un lien fiable

avec des services de données à haute vitesse [1]. Plus précisément, le lien de back-

haul cellulaire se compose de stations de base, de contrôleur de réseau radio et de

contrôleurs de stations de base [1], [2]. En outre, le backhaul cellulaire est le com-

posant le plus coûteux de l’architecture d’un réseau sans fil avec plus de trois quart

du coût de déploiement total du réseau [1]. Ainsi, c’est un besoin urgent et un fac-

teur clé pour la prochaine génération de communication sans fil de réduire le coût de

déploiement du backhaul cellulaire tout en proposant des services de données à haut

débit et de haute vitesse [2].

La majorité des réseaux backhaul cellulaire traditionnels comptent aujourd’hui
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sur des supports de cuivre qui s’expliquent par le fait que les opérateurs tentent

de maintenir l’architecture existante pour économiser le coût du déploiement d’une

nouvelle architecture [2]. Le backhaul cellulaire à fibre optique a été rarement utilisé

dans l’architecture actuelle du réseau en raison du coût élevé de l’investissement

initial pour remplacer les liaisons de cuivre par ses homologues de fibres optiques, en

particulier dans les océans profonds et sur les terrains difficiles [2]. Le point commun

entre le backhaul cellulaire à base cuivre ou de fibres optiques est son caractère câblé.

Récemment, un nouveau système de backhaul cellulaire sans fil, FSO, a été introduit

comme un candidat intéressant pour les réseaux cellulaires de la prochaine génération

afin de fournir un débit de données élevé tout en étant une architecture rentable [3–9].

Le FSO fait référence à la transmission de faisceaux laser à travers des supports

optiques, c’est-à-dire des bandes infrarouges (IR) et ultraviolets (UV) [10]. Étant

donné que la transmission FSO nécessite une ligne de vision directe entre l’émetteur

optique et le récepteur optique, elle garantie une haute sécurité et une grande immu-

nité aux interférences dans le spectre non-régularisé (au-delà de 300 Ghz) par rapport

à la transmission par radio fréquence traditionnelle (RF) [10]. Basé sur la transmis-

sion des faisceaux laser étroits, la technologie FSO permet des vitesses élevées dans le

le spectre non-régularisé. Une autre caractéristique attrayante de la technologie FSO
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est sa rentabilité du fait que son déploiement ne nécessite aucune réglementation ou

licenciement auprès des organismes gouvernementaux [10]. En outre, la propriété sans

fil du lien FSO rend son déploiement facile à l’inverse aux liaisons à base de fibres

optiques ou de cuivre qui nécessitent plus de temps pour leur implémentation [4].

Le FSO est considéré comme une technologie révolutionnaire car elle permet une

transmission cellulaire sans fil de bout-en-bout [5].

Contrairement à la transmission RF, le lien FSO fournit des débits de données très

élevés et une forte immunité aux interférences dans la bande passante Terahertz entre

autres [7], [8], [11]. Cependant, bien que tous les avantages que la technologie FSO

présente, la transmission FSO est inhibée par la faiblesse de la fiabilité de son lien,

en particulier dans des longues distances en raison dela turbulence atmosphérique et

de sa grande sensibilité aux conditions météorologiques [12–15]. Plus précisément,

les fluctuations de la pluie, du brouillard et de la température affectent directement

la transmission FSO et entrâınent un lien moins fiable et, par conséquent, une grave

dégradation des performances. En outre, l’écart du faisceau par rapport à son chemin

d’origine provoqué par des catastrophes naturelles entrâıne une nouvelle détérioration

de la performance du lien FSO [16]. Ce désalignement est largement référencé dans

la littérature comme des erreurs de pointage [16]. Ces principales faiblesses de la
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liaison FSO, à savoir les erreurs de pointage et la turbulence atmosphérique, affectent

gravement la qualité du lien du FSO [10].

La modélisation des canaux de la turbulence atmosphérique a été largement

étudiée dans la littérature [15], [17], où les distributions lognormal et Gamma-Gamma

sont les plus répandues pour caractériser le lien FSO [15]. La distribution lognormal

est un modèle de canal efficace uniquement dans des conditions de turbulence faibles.

Cependant, le modèle Gamma-Gamma convient aux fluctuations atmosphériques à

petite et grande échelle. Récemment, Navas et al [18] ont dérivé un nouveau modèle

statistique généralisé pour les communications optiques sans fil, connu sous le nom

de la distribution Málaga-M, unifie presque tous les modèles de canaux FSO ex-

istants dans la littérature découverte jusqu’au présent. La distribution statistique

Málaga-M est un modèle polyvalent avec sa capacité à refléter une large gamme de

fluctuations optiques et offre une traçabilité mathématique attrayante pour l’analyse

de performance [18], [19].

Les systèmes mixtes FSO/RF dans la littérature

La couverture à courte distance, les erreurs induites par la turbulence et les erreurs

de pointage peuvent causer sérieusement la panne et l’échec du lien FSO. Dans une

70



tentative de dépassement de toutes les contraintes listées, le système mixte de com-

munication FSO/RF assisté par un relais, où un lien fonctionne avec la technologie

FSO, et l’autre lien de transmission est RF, a suscité un vif intérêt pendant les très

récentes années [20–23]. Le système mixte de relais FSO/RF est une solution effi-

cace pour étendre la couverture du FSO, pour améliorer les performances du système

lorsque le lien FSO devient inopérant [24], [25] et pour combler la connectivité entre

le backhaul cellulaire (FSO) Et le réseau d’accès RF. De nombreuses tentatives ont

été faites pour étudier la performance de bout-en-bout des systèmes mixtes FSO/RF

en supposant une variété de distributions de canaux FSO et RF et en utilisant des

techniques de détection hétérodyne et IM/DD [24], [25]. Il est intéressant de noter

que les schémas de relais de gain fixe et variable ont été largement pris en compte

dans la ligne de recherche sur les systèmes mixte FSO/RF. Tout le travail qui a été

réalisé dans ce domaine suppose toujours des modèles restrictifs de turbulences et de

fading [20–25]. Par exemple, Gamma-Gamma et Nakagami- m sont les distributions

les plus considérées pour les liaisons FSO et RF, respectivement, dans les systèmes

mixtes FSO/RF assistés par relais [24], [25].
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Principales Contributions dans cette Mémoire

Les principales contributions de ce travail par rapport aux efforts existants dans la

littérature peuvent être résumées dans les points suivants:

• Nous avons pu fournir une expression mathématique exacte de certaines métriques

de performance (probabilité de coupure et capacité ergodique) du système mixte

FSO/RF dont les modèles des canaux FSO et RF sont les plus généralisés, c’est-

à-dire Málaga-M et shadowed κ-µ fading, respectivement, sous les deux tech-

niques de détection hétérodyne et IM/DD. L’analyse de performance est valable

pour toutes les distributions linéaires de turbulence/évanouissement dérivées

jusqu’au présent. Aucun des travaux existants n’a supposé une telle distribu-

tion généralisée pour étudier les performances de bout-en-bout de ce système.

La majorité des tentatives de cette ligne de recherche ont examiné Gamma-

Gamma pour le lien FSO et les distributions Nakagami-m ou Rayleigh pour le

lien RF.

• En supposant un scénario pratique de communication sans fil, où l’interférence

est présumée chez l’utilisateur RF et le canal RF est gêné non seulement par des

variations à petite échelle, c’est-à-dire par un évanouissement, mais aussi par
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des variations à grande échelle, c’est-à-dire , L’ombrage, nous avons élaboré une

formulation mathématique complète et unifiée de la probabilité de coupure, taux

moyen d’erreur binaire et capacité ergodique pour les systèmes mixtes FSO/RF

avec interférence opérant sous les distributions Málaga-M et generalized-K en

assumant les techniques de détection hétérodyne et IM/DD et en supposant

des schémas de relais à gain fixe et variable, tous en termes de FHF à deux

variables.

• Motivé par les promesses des systèmes MIMO dans les réseaux de communica-

tion sans fil RF traditionnels, nous soulignons l’utilité de la diversité spatiale

résultant des configurations MIMO pour réduire la dégradation de performance

du au turbulence et améliorer la fiabilité du lien FSO. Tout d’abord, nous

avons fourni des résultats intéressants de la capacité ergodique et le taux moyen

d’erreu binaire dans le réseau multi-ouverture/multi-utilisateur. Conduite par

les résultats obtenus, nous analysons la performance du système dont le nombre

des ouvertures et des utilisateurs est à grand échelle.
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