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Préface
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structure de la présente these suit la structure standard des théses par articles de ’'INRS-ETE. La
premiére partie de la thése comporte une synthése générale des travaux effectués. Cette synthése
a pour objectif de survoler la méthodologie adoptée et les principaux résultats obtenus au cours
de la these. La deuxiéme partie contient quatre articles comme des chapitres, publiés (3) et

soumis (1) a des revues internationales.
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Résumeé

L’estimation adéquate des phénoménes hydrologiques extrémes est primordiale en raison
des risques importants associés a une compréhension insuffisante de ces phénomeénes. Cette
estimation est obtenue avec une analyse fréquentielle hydrologique pour un site jaugé. Toutefois,
pour diverses raisons, on est souvent ameneé a produire des estimations dans des sites non jaugés.
Dans cette situation, on fait appel a une procédure de régionalisation. Elle comporte deux
principales étapes, la délimitation des régions hydrologiquement homogénes et 1’estimation
régionale. Les approches de régionalisation disponibles dans la littérature présentent certaines
contraintes et limitations. Par exemple, les approches traditionnelles de délimitation des régions
non contigués ou voisinages sont basées sur des mesures non robustes, et les modéles
d’estimation régionale ne sont pas flexibles et avec des performances pas nécessairement
optimales.

Dans cette these, nous proposons de nouvelles approches robustes, flexibles et optimales
pour les deux étapes de 1’analyse régionale des crues. Ces nouvelles approches sont mises au
point en introduisant des nouvelles notions et quantités statistiques dans les approches classiques
couramment utilisées dans la littérature. Par construction, les approches traditionnelles
représentent des cas spéciaux de ces nouvelles approches.

En ce qui concerne la délimitation des régions homogenes, nous proposons deux
nouvelles méthodes basées sur les fonctions de profondeur. Ces fonctions évaluent la
dissimilarité entre le site cible et les sites jaugés d’une région. Les résultats issus de ces nouvelles
méthodes sont indépendants des échelles et des distributions des variables physiographiques, ce

qui n’est pas le cas des méthodes traditionnelles. En plus, nous montrons que les méthodes
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proposées conduisent a des régions plus homogenes, et produisent des estimations des quantiles
moins biaisées que celles obtenues par les approches traditionnelles.

En ce qui concerne I’estimation régionale, nous proposons deux modéles régionaux
flexibles et optimaux. Ces deux mode¢les sont fondés respectivement sur le modéle d’indice de
crue et le modéle de régression multiple. En y incluant les fonctions de profondeur, les modeles
proposés sont plus représentatifs des phénomenes hydrologiques. La flexibilité de ces modéles
est obtenue en introduisant les fonctions de poids dans I’estimation de leurs parametres. Cette
flexibilité a permis également d’optimiser la performance des modéles. Nous montrons que pour
I’estimation des quantiles des crues, ces nouveaux modeles surpassent trés nettement les
approches traditionnelles. Ce résultat est d’autant plus vrai lorsque les périodes de retour
deviennent importantes.

Mots-clés : Analyse fréquentielle régionale, fonctions de profondeur, fonctions de poids,
algorithme d’optimisation, région d’influence, classification hiérarchique, analyse canonique des
corrélations, indice de crue, modéle de régression multiple, quantile, période de retour, sites non-

jauges.
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CHAPITRE 1 : SYNTHESE






1. Introduction

L’eau, une des plus importantes ressources naturelles, doit étre protégée de maniere a
garantir de facon durable un équilibre entre les besoins et son utilisation. Le développement
durable des activités humaines s’appuie, en particulier, sur une gestion intégrée des eaux. Une
gestion efficace et durable des eaux ne se limite pas a garantir une quantité et une qualité
suffisantes pour les demandes humaines (eau potable, industrielle, irrigation) et pour les besoins
des milieux naturels; mais également, cette gestion doit prendre en compte la manifestation des
événements extrémes, tels que les étiages et les crues.

Pour protéger la population avec leurs habitations des événements extrémes, plusieurs
mesures peuvent étre prises. A titre d’exemple, des ouvrages hydrauliques (barrages, digues,
ponts) peuvent étre construits et des plans de préventions des risques peuvent étre établis. Le
dimensionnement des ouvrages hydrauliques, 1’établissement des plans de prévention sont fondés
sur les prévisions des débits d’une riviere ainsi que sur 1’estimation de 1’amplitude et la fréquence
de debits extrémes.

L’analyse fréquentielle (AF) des variables hydrologiques est une approche couramment
utilisée pour obtenir des estimations des événements extrémes. Quand 1’information
hydrologique est disponible au site d’intérét et est de bonne qualité, I’AF peut étre envisagée et
peut donner des résultats efficaces. Dans ce cas on parle de I’AF locale. L’objectif principal de
I’AF des variables hydrologiques est de relier ’amplitude des événements extrémes a leur

fréquence d’occurrence a travers des distributions statistiques [Khaliq et al., 2005; Naulet et al.,



2005]. Dans le cadre de cette thése, on s’intéresse particuliérement a 1’estimation de 1’amplitude
des crues, comme variables hydrologiques extrémes.

On dispose de trois différents modeles d’AF permettant d’effectuer 1’estimation des
amplitudes de crue [Cunnane, 1987]. Ces modeéles sont basés sur: (1) des séries de débits
maximums annuels (DMA), (2) des séries de dépassements (séries partielles) et (3) des séries
temporelles a haute fréquence. Dans le cadre de ce travail nous intéressons aux méthodes
d’estimation basées sur 1’utilisation des DMA. Dans ce cas, on considére une crue par année
hydrologique correspondant a la valeur maximale du débit (pointe de crue). Les DMA constitue
une variable aléatoire, notée X, ayant une fonction de distribution F ainsi qu’une fonction de
densité de probabilité f. Selon cette approche, I’amplitude du débit de la crue Qr associée a une
période de retour T, qui correspond a une probabilité de non-dépassement prédéfinie t, est donnée

par :
Q =F7(t)= Fl(l—%j (1)

avec F}() est la fonction de répartition inverse (ou fonction quantile) de la variable aléatoire X.
De manicere générale, I’AF des crues consiste a ajuster une distribution F en utilisant les
mesures de DMA disponibles au site d’intérét. Plusieurs distributions ont été proposées pour
I’analyse locale des crues, comme la loi log-normale (LN); la distribution des valeurs extrémes
généralisée (GEV) et la loi log-Pearson type 3 (LP3). Notons qu’une crue de période de retour de
T années correspond au débit de la crue qui est dépassée en moyenne une fois toutes les T années.
En raison des grandes étendues territoriales et du colt associé¢ a I’installation et au

maintien de stations de mesure, il arrive fréquemment qu’on doit produire des estimations de Qt



dans des sites non jaugés ou I’on ne dispose pas d’information hydrologique. Pour tenter de
contrer ce probléme, les approches de régionalisation sont nécessaires et utilisées afin de
transférer 1’information disponible dans les sites jaugés vers le site cible non jaugé ou
partiellement jaugeé [e.g., Burn, 1990; Dalrymple, 1960]. De maniere générale, la détermination
des régions hydrologiquement homogeénes et 1’estimation régionale sont les deux étapes
principales pour effectuer une AF régionale (AFR).

Le but de la détermination des régions homogenes (DRH) est de regrouper les sites ayant
un comportement semblable [Chebana et Ouarda, 2008]. Plus précisément, cette homogénéité
doit tenir compte des caractéristiques physiographiques, hydrologiques et météorologiques des
bassins versants. Les régions homogénes peuvent étre géographiqguement contigués,
géographiquement non contigués ou de type voisinage [Ouarda et al., 2001]. Toutefois, les
régions non contigués et de type voisinage sont recommandées dans la littérature hydrologique
pour les estimations des crues [GREHYS, 1996]. Pour définir les régions non contigués, la
classification ascendante hiérarchique (CAH) est la principale approche utilisée en AFR [Hosking
et Wallis, 1997]. Par ailleurs, pour les régions de type voisinage, Burn [1990] a proposé une
approche nommée région d'influence (ROI) ou une distance euclidienne a été utilisée pour
mesurer la similarité entre le site cible et les sites jaugés. Cavadias [1990] a proposé une
deuxiéme approche de type voisinage en utilisant I’analyse canonique de corrélations (ACC). Les
trois approches CAH, ROl et ACC couramment utilisées dans la littérature en AFR et
considérées dans cette thése sont presentées brievement dans la section suivante.

L’estimation régionale (ER), deuxiéme étape d’une AFR, fait référence au transfert

d’information des sites jaugés vers un site cible non jaugé ou partiellement jaugé, a I’intérieur
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d’une méme région homogene. De nombreuses procédures et techniques d’estimation régionale
des quantiles des crues ont été proposées et appliquées dans plusieurs régions du monde [Burn,
1990; Chebana et Ouarda, 2008; Ouarda et al., 2001]. A titre d’exemple, Chokmani et Ouarda
[2004] ont proposé une approche basée sur le krigeage ordinaire pour interpoler les quantiles de
crue dans ’espace physiographique créé a I’aide de ’ACC. Shu et Burn [2004] ont introduit les
résecaux de neurones artificiels (RNA) dans le modé¢le d’estimation régionale. Par la suite, la
logique floue et les RNA sont également utilisées dans plusieurs modeles régionaux des crues (p.
ex., Shu et Ouarda [2007; 2008]). Pour une présentation récente et compléte des variantes et des
combinaisons de ces mode¢les, ainsi que d’autres modéles, le lecteur est invité a consulter Ouarda
[2013]. Notons que malgré les nombreux mod¢les d’estimation régionale qui existent, les deux
modeles indice de crue et régression régionale sont les plus couramment utilisés dans la
littérature hydrologique [e.g., Haddad et Rahman, 2012; Hosking et Wallis, 1997]. GREHYS
[1996] comparent ces deux modeles régionaux. Cette comparaison indique que généralement, il
n’est pas possible de déterminer le meilleur (absolu) modele d’estimation. Toutefois, pour une
région caractérisée par un degré d’homogénéité élevé, le modéle d’indice de crue est préfére,
sinon un modéle de régression régionale peut représenter une meilleure alternative. Dans le
modele de la régression régionale des quantiles [Benson, 1962], on suppose une relation log-
linéaire entre les quantiles des crues (comme variable dépendante) et les variables
physiographiques et climatologiques (comme variables explicatives) des différents sites d’une
région. Ce modele est simple, rapide et permet d’utiliser différentes distributions pour les
différents sites. Tandis qu’avec le modele d’indice de crue [Dalrymple, 1960], on fait I’hypothése

que les données de pointes de crues aux différents sites d’une région homogeéne suivent la méme
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distribution statistique a un facteur d’échelle prés. Une description détaillée de ces deux modeles
(c.-a-d. indice de crue et régression régionale) utilisés dans cette thése se trouve dans la section
suivante.

La présente synthese est organisée comme suit. La section 2 présente une bréve revue de
littérature sur les méthodes de régionalisation couramment utilisées dans les études
hydrologiques. La section 3 présente la problématique, les objectifs et 1’originalité du projet de
recherche. Les outils statistiques utilisés pour realiser les objectifs de la thése sont présentés dans
la section 4. La section 5 présente la méthodologie adoptée dans la these. Les principaux résultats
obtenus sont présentés dans la section 6. Enfin, la conclusion et les perspectives de recherche sont

présentées dans la section 7.

2. Méthodes traditionnelles de régionalisations

Cette section contient la formulation des méthodes de régionalisation des débits de crue
couramment utilisées dans la littérature hydrologique. Elle est divisée en deux sous-sections
selon les deux étapes de I’AFR. La premiere est consacrée a la description des méthodes utilisées
pour déterminer les régions homogenes. La deuxieme montre les techniques utilisées pour

produire une estimation régionale pour des sites non-jaugés.
2.1. Méthodes de determination des regions homogeénes

Le but principal de la DRH est de regrouper les sites ayant un comportement

hydrologique similaire. La DRH est donc trés importante, puisqu'elle pourra avoir des



répercussions significatives sur les phases subséquentes de la régionalisation. Tout d'abord,

I’ACC et la méthode des ROI seront présentées, puis suivra la CAH.
2.1.1. Analyse canonique de corrélation (ACC)

L’ACC est une méthode d'analyse statistique multivariée qui permet de décrire la relation
de dépendance existant entre deux ensembles de variables aléatoires. Une description générale de

cette méthode peut étre trouvee dans Ouarda et al. [2001] dans le contexte d’AFR.

Soient X =(X;,., X, X, ); X_:(Xil’”.,X_N)' et Y — (Y, Y Y,): Y':(Yil""YiN)'leS

1 1 I
deux matrices contiennent respectivement les r et les s variables physio-météorologiques et
hydrologiques des N bassins versants. La matrice de covariance entre X et Y, sous forme de blocs,

est donnée par :

v
Y =cov = 2
Y DINVEED ¥

L’ACC consiste en la détermination de deux ensembles de combinaisons linéaires V et W,
respectivement pour X et Y. Ces combinaisons sont appelées variables canoniques, et sont

données par:

V =aX
3)
W =Db'Y
. . ,: - a'Z,,b :
ou a et b sont choisis de telle sorte qu’ils maximisent p = sous la contrainte que
Ja' Z.ab' 5,b

Var (V) =Var(W)=1.



Soient W™ =(W,",..,W") et V"=(V,",..,V]") respectivement les deux vecteurs des
variables canoniques hydrologiques et physio-météorologiques d’un site m (m =1.., N), avec p
est le rang de la matrice X,,. Notons que pour un site cible non jaugé | la variable canonique

physio-météorologique V' du site | est connue tandis que sa variable hydrologique W' est
: W N .
inconnue. En supposant que le vecteur v est 2p-normalement distribué, le voisinage

hydrologique pour le site cible | en utilisant la méthode ACC, pour un niveau de confiance de
100(1-a)%, est donné par :

-1

{site ke{l.,N};df (Wk’AV'):(Wk _AV')’(|p —A’A) (Wk _Av')<;(§,p} 4)

ou I estla matrice identite de dimension p, A =diag(4,,...,4,) avec 4 =cor(V;,W,),i=1..., p,
Vi=(V V) et Wo=(WELL W), d? est la distance de Mahalanobis, etz est le (1-0)

quantile associé a la distribution du Chi-2 avec p degrés de liberté.

Le voisinage (4) d'un site cible, en utilisant la méthode ACC, décrit l'intérieur d'une
région ellipsoidale de coefficient «. La valeur de ce dernier a peut varier entre [0,1], dont la
valeur a = 0 implique I’inclusion de tout I'espace hydrologique et & = 1 seulement un point de
I'espace. La valeur de a doit étre telle que I'ellipse peut contenir le plus des sites similaires, mais
aussi éviter de considérer les sites ayant une faible similarité hydrologique. La valeur optimale de
a est calculée en optimisant un critére qui quantifie I’erreur du modéle [Ouarda et al., 2001] (p.

ex., le biais relatif ‘RB’, I’erreur relative quadratique moyenne ‘RRMSE”).



2.1.2. Région d’influence (ROI)

Cette méthode de détermination des régions homogénes a été proposée pour la
régionalisation des crues dans les années 80 [Acreman et Sinclair, 1986]. Burn [1990] a désigné
I’application de cette méthode par le terme « région d'influence (ROI) ». Dans cette méthode,
comme dans la méthode d’ACC, chaque site peut étre considéré comme le centre d'une région
formée des sites dont les caractéristiques de crue du basin sont similaires.

Pour identifier le voisinage d’un site cible (non-jaugé), Burn [1990] utilise une distance
euclidienne dans un espace multidimensionnel, dont les axes sont les variables physio-

météorologique des bassins. Plus formellement, soit N le nombre total des sites jaugés dans la

région et X”‘=(X1”‘,..,Xr’“) le vecteur qui contient les r variables physio-météorologiques

(attributs) du site m (m =1, N). Le voisinage hydrologique pour un site cible I en utilisant la

méthode ROI est donné par :

{site kefl.,N}; D(X", x'):{i(xsk —xs')zT2 35} (5)

s=1

ou D est la distance euclidienne et & est un seuil choisi. Généralement, une standardisation de la
matrice X qui contient les N vecteurs des variables physio-météorologiques est nécessaire afin
d’enlever ’effet des unités de ces variables. La valeur de & représente un compromis entre la
quantité d'information (nombre de sites voisins) et I'hnomogénéité hydrologique du voisinage.
Zrinji et Burn [1994] proposent un test d'homogénéité pour déterminer le nombre optimal de sites

voisins dans la ROI.
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2.1.3. Classification ascendante hiérarchique (CAH)

Geénéralement la CAH est utilisée pour constituer des groupes d'individus similaires sur la
base de leur description par un ensemble de variables quantitatives. Elle consiste a agréger
progressivement les individus selon leur ressemblance, mesurée a l'aide d'un indice de similarité
ou de dissimilarité. L'algorithme commence par rassembler les couples d'individus qui se
ressemblent le plus, puis a agréger progressivement les autres individus ou groupes d'individus en
fonction de leur ressemblance, jusqu'a ce que la totalité des individus ne forme plus qu'un seul
groupe. La CAH produit un dendrogramme (arbre binaire de classification), dont sa racine
correspond a la classe regroupant I'ensemble des individus.

Il existe de nombreuses mesures de ressemblances (similarités ou dissimilarités), et
plusieurs méthodes pour recalculer la ressemblance lorsque l'algorithme forme des groupes
(criteres d'agrégations). Toutefois, la méthode de Ward [1963] est la plus couramment employée
en AFR. Elle utilise la distance euclidienne pour calculer la similarité entre les sites et 1’inertie
(variance) comme critére d’agrégation. Cette méthode est utilisée dans cette thése, car elle tend a
découper une région non homogene en des sous-régions homogeénes et de tailles équilibrées, ce

qui est approprié en AFR [Hosking et Wallis, 1997].
2.2. Méthodes d’estimation régionale

Dans cette section les deux approches de modélisation régionale couramment utilisées en

AFR sont présentées, a savoir le modéle de I'indice de crue et celui de la régression log-linéaire.
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2.2.1. Indice de crue

La méthode de I'indice de crue (index-flood) a été introduite par Dalrymple [1960]. Cette
méthode fait ’hypothése que dans une région homogeéne, toutes les données locales normees par
un indicateur position centrale (e.g. moyenne, médiane) ont la méme distribution, ce qui permet
de définir une distribution régionale.

Plus formellement, dans une région homogene, en utilisant le modele de I’indice de crue,

le quantile de crue correspond & une probabilité de non-dépassement t (i.e. période de retour
T =1/(1-t)) est estimé par :

Q(t)=p0 (6%) ;0<t<leto=(6f,..60) (6)
ou | est I’indice du site cible, g est la quantité indice de crue (indicateur de position centrale),
g (.)=F7(t,.) est la courbe de croissance (inverse de la fonction de répartition) et 6% est le

vecteur de parameétres régionaux a S composantes. Le nombre de composantes S est généralement
égal a 2 ou 3 puisque la majorité des distributions utilisées en AFR ont 2 ou 3 parameétres (p. ex.
paramétres de position et d’échelle pour la distribution LN; parametres de position, d’échelle et

de forme pour la distribution GEV).

L'estimation des quantiles de crue pour un site cible I nécessite la sélection de q,(.) et
I’estimation de g, et de % . Pour sélectionner g, () le diagramme des L-moments régionaux est

utilisé [Vogel et al., 1993]. Cependant, l'indice de crue g est généralement estimé par une

régression sur les variables physio-météorologiques [Grover et al., 2002]. Finalement, les
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parametres régionaux sont estimés par des combinaisons linéaires des parametres des

distributions locales normées. En effet, le s*™ paramétre régional est estimé par :

.
o => wd, s=1..S (7
h=1

ou ésh est le s°™ paramétre obtenu & partir de la distribution locale du site h, @, est le poids

associé au site h pour h=1..,N" et N’ est le nombre total des sites dans la région homogéne.
Notons que tous les sites de la région homogéne ont la méme distribution locale, et cette derniére
est identique a celle associée a qt‘l(.). Dans la litterature, trois differents types de poids ), ont
¢été proposés pour I’estimation des paramétres régionaux. En effet, Hosking et Wallis [1997] ont
proposé le poids proportionnel défini par (désignée par “PW-index-flood") :

o =" h=1. N’ ©)
n

avec n, est la longueur d’enregistrement du site h et n=n+..+n est la longueur totale
d’enregistrement. Si la région n'est pas parfaitement homogene, il est possible que le poids
proportionnel (8) conduit a surestimer ou a sous-estimer le vecteur des parametres régionaux. Par
conséquent, le poids uniforme (UW-index-flood) est proposé comme une alternative [Jin et
Stedinger, 1989; Minghui et Stedinger, 1989]. Dans le cas de UW-index-flood, le vecteur des

parametres régionaux est égal a la moyenne simple des vecteurs des parametres locaux :
w,=—; h=1..,N’ 9)

Un autre choix qui réduit les poids attribués a des sites ayant une longue période

d’enregistrement a été proposé par Stedinger et al. [1992], noté RW-index-flood :
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_ nR/(n, +R)

_hinhR/(nﬁR)

o, . h=1.,N’ (10)

ou R est une constante positive généralement considérée comme R =~ 25. Toutefois, la valeur
optimale de R dépend de I'hétérogénéité de la région et de la taille de 1’échantillon. Il est
intéressant d'utiliser ce poids dans les régions ou certains sites ont des enregistrements beaucoup

plus longs que les autres

2.2.2. Méthode de régression régionale

La méthode de la régression régionale permet d'établir une relation directe entre un

quantile de crue Qr correspondant a une période de retour T et les r variables explicatives physio-
météorologique X,,..., X, des bassins versants. Cette méthode a I'avantage d'étre simple, rapide
et de permettre d'utiliser des différentes distributions dans chacun des sites d'une méme région.

De plus, la méthode n'est pas sensible a I'nétérogénéité qui peut exister dans la région considérée.

En pratique, le modéle s’exprime sous la forme de puissance suivante [Pandey et Nguyen, 1999] :
Q =B XAXS . Xe (12)
ou B, B,,.... 5. sont des parametres a estimer et e est I’erreur du modeéle. L'estimation de cette

fonction non linéaire est généralement effectuée en utilisant une transformation logarithmique de

fagon & obtenir le modele classique de régression linéaire multiple (RM) suivant :
log(Q; ) =4+ B log(X,)+..+ B log(X,)+e (12)
En supposant une telle relation régionale, il est alors possible d'estimer les parameétres du

modele et de faire le choix des variables explicatives. Les paramétres du modéle de RM (12) sont
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généralement estimés par la méthode de moindres carrés ordinaires (MCO) [Thomas et Benson,
1970]. Cette estimation est faite en supposant que I'erreur résiduelle associée aux observations
individuelles doit étre indépendant et de variance constante égalea I :

E(¢)=0 et Var(e)=T (13)

Soit X =[1 X,,... X,] et Y =[QT,,..,QT,] les deux matrices contiennent les r variables
physio-météorologiques et les s variables hydrologiques des N bassins versants. Le vecteur des

parametres B =(/,,.... B,) peut étre estimé par :

4 =argmin (logY —logX ﬁ)' Q(logY —logX 3)
’ (14)

= ((log X)'Qlog X )" (log X)'Qlog Y

1 si le site i appartient au voisinage (région) du site cible |

ou Q=diag(w,,...,w, ) avec W, = )
g( 1 N) I {O Slnon

La matrice I est estimée par :

o (IogY ~log X,B)’ (IogY ~log Xﬂ)
- N-r-1

(15)

3. Problematiques et objectifs de recherche

Selon les différentes combinaisons des méthodes de DRH et les techniques d’ER,
différentes méthodologies de régionalisations des debits de crue sont obtenues. Ces méthodes de
régionalisations ont des limitations et des contraintes. En effet, les méthodes de DRH ont un ou
plusieurs des désavantages suivants : (1) elles ne sont pas invariantes pour les transformations

affines, p. ex. ROI et CAH, donc leurs résultats dependent des échelles des attributs, (2) elles ne
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sont pas robustes vis-a-vis des données aberrantes, p. ex. ROl et ACC [Neykov et al., 2007], donc
les régions obtenues sont affectées par quelques sites particuliers, p. ex. sites ayant petit ou grand
bassin versant, (3) elles reposent sur I’intervention de 1’utilisateur pour la sélection des nombres
des régions homogenes, p. ex. CAH, donc leurs résultats reposent sur I’intervention de
’utilisateur, et (4) elles supposent la normalité des attributs, p. ex. ACC et CAH [Leclerc et
Ouarda, 2007], donc leurs applications dépendent de la validation des hypotheses. En plus, les
méthodes d’ER ne tiennent pas compte, de facon appropriée, de la similarité hydrologique entre
les sites jaugés et le site cible, donc les sites jaugés ont la méme contribution dans 1’estimation
régionale. De plus, ces méthodes ne sont pas nécessairement flexibles ou/et optimales, donc ces
méthodes ne sont pas capables a s’adapter a des différentes situations.

Le principal objectif de cette recherche est de développer des méthodes de régionalisation
basée sur les fonctions de profondeur. On vise a proposer des méthodes représentatives, robustes,
flexibles, invariantes par transformation affine, qui prennent en compte de facon appropriée la
similarité hydrologique entre le site cible et les sites jaugés, avec des performances optimales et
n’exigent pas d’intervention de [’utilisateur. Tous ces avantages peuvent étre atteints
principalement a cause des bonnes propriétés des fonctions de profondeur couplée avec les
fonctions de poids et les algorithmes d’optimisation (voir sections 4 et 5). En termes
d’application, on considére des débits de crue. Afin d’atteindre 1’objectif principal, ce dernier se
décompose en quatre objectifs spécifiques qui sont les suivants :

A. Proposer une nouvelle approche robuste et invariante pour identifier les régions de type
voisinage. L’approche proposée est basée sur une nouvelle mesure geomeétrique de

dissimilarité utilisant la fonction de profondeur. L’application de cette nouvelle approche
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de voisinage n’exige pas la normalité des attributs tout en tenant compte de leurs propres
distributions;

B. Similaire a A mais pour les régions de type non contigués ou 1’approche proposée est
basée sur un algorithme iteratif avec des sous-régions homogenes selon leurs valeurs de
profondeur des sites. L’algorithme proposé automatise d’une manicre objective le choix du
nombre de sous-régions homogenes;

C. Proposer un nouveau modele régionale d’indice de crue flexible pour I’estimation
régionale des quantiles de crue. Ce nouveau modéle tient compte de la similarité
hydrologique entre les sites de la région avec leurs profondeurs et utilise un poids optimal
pour obtenir les parameétres de la fonction de croissance;

D. Optimiser la performance du modeéle de la régression régionale des quantiles de crue qui
utilise les profondeurs et automatiser le choix du poids attribué a chaque site jaugé dans

I’estimation du quantile d’un site cible non-jauge.

La Figure 1 montre les liens entre les différentes étapes et approches, ainsi elle résume les

inconvénients des approches classiques et les objectifs de cette these.
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Approches
traditiontielles Désavantages Objectifs de cette thése

(_)«_\ A A
{ \ [ \
-Résultats dépendent del’échelle des attributs

-Exzigent la normalité des attributs —
-Ie sont pas robustes

A) Proposer une approche robuste qui n’exige
aucune hypothése pour identifier le voisinage d’un

site cible
- Mécessite une présélection du nombre des régions
-1V est pas optimale par rapport au critére d homogénéité B) Proposer une approcherobuste, automatique et
-Exige la normalité des attributs optimale par rapport au critére d homogénéité
-7 est pas robuste pour former des régions de type non contigiies
-Me tient pas en considération la cotrélation etla (') Proposer un modéle régional d’'indice de crue
Indice similarité cui existent entre les sites dela région — flexible, optimal et qui tient en considération la
de crue ] -Les poids utilisés ne sont pas optimaux corrélation et la similarité entre les sites dela
- est pas flexible région

-Repose sur Uintervention del utilisateur
-Me tient pas en considération la similarité entre les sites

jauges et le site cible —

- est pas optimal en terme d erreur destimation

D) Proposer unmodéle de RV objectif, optimal
et qui tient en considération la similarité entre les
sites jangés et le site cible

Figure 1. Approches traditionnelles en AFR et leurs inconvénients, ainsi que les objectifs de cette recherche.

Les sujets traités dans le cadre de cette these sont tous nouveaux en AFR des variables
hydrologiques. En effet, les deux approches de délimitations des régions homogeénes proposées
sont robustes et basées sur la notion statistique de la fonction de profondeur. Malgré leur
disponibilité en statistique, les fonctions de profondeurs n’ont jamais été introduites dans 1’étape
de délimitation des régions homogénes en AFR. D’autre part, les deux modéles d’estimation
régionale proposes prennent en considération la similarité entre les sites jaugés et le site cible de

la région, et produisent des performances optimales tout en évitant I’intervention de 1’utilisateur.
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4. Outils statistiques

Cette section présente d’abord les notions et les outils statistiques utilisés dans cette these,
incluant les fonctions de profondeur et les fonctions de poids, pour introduire la robustesse,

I’invariance, la flexibilité, la similarité et I’optimalité dans les deux étapes d’ AFR.
4.1. Fonctions de profondeur

Ordonner une série de données est une opération trés utile en statistique. Cela permet
entre autres d'établir les quantiles, les mesures de localisation ou de dispersion comme I'étendue,
les moyennes tronquées et les points médians. Ordonner des données devient plus difficile
lorsque 1'on passe en dimension supérieure a 1. C’est pour cette raison que les fonctions de
profondeur ont été introduites en statistique dans les années 70 et ont par la suite connu un

important développement et une trés grande variété d’applications.
Si F est une distribution sur R° (d >1), alors une fonction de profondeur par rapport a la

distribution F est une fonction D, :RY — %R qui a tendance a prendre de grandes valeurs si son

argument est pres du "centre” de la distribution et a prendre de petites valeurs sinon [Tukey,
1975]. Selon Zuo et Serfling [2000], une fonction de profondeur devrait posséder quatre
propriétés désirables :
i. Invariance par transformation affine : la profondeur d’un point xe%R‘ne doit pas
dépendre du systéme de coordonnées ou bien des échelles des mesures;
ii.  Maximalité au centre : si F est une distribution qui posséde un centre unique, alors D

doit atteindre sa valeur maximale en ce centre;
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iii.  Monotonie a partir d'un point de profondeur maximale : si D atteint son maximum en
xeR’et si x, s'‘éloigne de x sur une demi-droite dans n‘importe quelle direction, alors
D: (X, ) doit étre non-croissante sur cette demi-droite;

iv.  Valeur nulle atteinte a I'infini : D doit tendre vers 0 lorsque ||| — oo.

Dans le cadre d’AFR, le caractére multivarié se présente dans plusieurs situations, comme
par exemple, des vecteurs qui contiennent les p attributs des sites de la région, des quantiles de
différentes périodes de retour (QTy,..,QTs), ou des vecteurs des parameétres des distributions
ajustées pour chacun des sites. Les propriétés de ces fonctions contribuent a surmonter les
limitations et les contraintes des méthodes classiques de régionalisation des débits de crues. Par
exemple, (i) est utile pour éliminer I'effet d'échelle dans les deux étapes de régionalisation. En
plus, si on suppose que le centre, ou la fonction de profondeur est maximale, représente le site
cible, la propriété (ii) est donc utile pour ordonner les sites jaugés selon leur similarité avec ce
site cible. Enfin, la contribution des sites diminue et s’annule en I’éloignant du site cible grace
aux propriétés (iii) et (iv). Une description détaillée de la facon dont les fonctions profondeurs
sont utilisées dans cette these est présentée dans la section 5.

Plusieurs fonctions de profondeur ont été présentées dans la littérature. Dans les travaux
de cette these, trois fonctions de profondeur sont utilisées. En effet, la fonction de profondeur
Simpliciale ‘SD’ [Liu, 1990] est utilisée pour identifier les régions de type voisinage (objectif A).
Cette fonction est utilisée car elle peut étre transformée comme une mesure de dissimilarité (voir
chapitre 2). La profondeur Spatiale ‘SPD’ est utilisée quant a elle pour identifier les régions de

type non contigués (objectif B). Cette fonction ne prend pas la valeur 0, donc elle est utile pour
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classer les sites dans des régions homogenes (voir chapitre 3). Finalement, pour les deux modeles
d’estimation régionale proposés (objectifs C et D), la fonction de Mahalanobis ‘MHD’
[Mahalanobis, 1936] est utilisée. Cette fonction est utilisée car elle tient compte de la variabilité

des données des différents sites a travers la matrice de dispersion (voir chapitres 4 et 5).
4.2. Fonctions de poids

Une fonction de poids est un outil mathématique utilisé lors d’une estimation pour mieux
controler 1"'influence des données (des observations, des sites, des parametres) sur le résultat.
Ainsi les méthodes proposées sont flexibles et peuvent étre optimisées. Dans cette these, deux
classes des fonctions de poids, Gompertz [Gompertz, 1825] et logistique [Verhulst, 1838], sont

introduites dans I’étape d’estimation régionale.

La fonction de Gompertz ¢ est donnée par :
9s(x) =cexp{-ae ™} ab,c>0;xeR (16)
avec c est la limite supérieure, a et b sont deux coefficients qui permettent respectivement de
translater et de modifier la forme de la courbe. La fonction logistique, notée par ¢y, » €st

donnée par :

_c
1+ae™

Phogistic (X) a, b: c>0;xeR (17)

Les coefficients a, b et ¢ jouent les mémes roles que dans ¢y .

Les deux classes des fonctions @ et @y, ONt une forme sigmoidale (en S) avec trois

phases. Cette forme est utile pour surmonter les limitations des méthodes d’estimation régionale

couramment utilisées en hydrologie. En effet, les trois phases permettent d’inclure
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progressivement les sites jaugés dans une région homogene pour estimer les variables
hydrologiques d’un site cible. La phase de démarrage (proche de zéro) est utile pour pondérer les
sites jaugés qui ont une faible contribution dans 1’estimation, c.-a-d. les sites qui sont un peu
similaires au site cible. L’inverse est valable pour la phase finale (proche de 1). Entre ces deux
phases, les fonctions de poids ont une phase de croissance qui peut étre utile pour pondérer les

sites dont la similarité est ‘intermédiaire’ avec le site cible.
4.3. Algorithme d’optimisation

Par construction, les modéles proposés pour I’estimation des variables hydrologiques d’un
site cible dépendent de plusieurs facteurs et en particulier de la fonction de poids ¢. Par
conséquent, la performance de ces modéles dépend du choix de ¢. Pour éviter toute subjectivité
dans le choix de ¢, une étape d’optimisation est introduite. Cette étape automatise le choix des
coefficients de ¢ par rapport a un critére quantifiant la performance de mod¢le d’estimation. La
forme complexe et non explicite des criteres de performance a optimiser (par exemple RB, ou
bien RRMSE) nécessite 1’utilisation des algorithmes d'optimisation d’ordre zéro [Torczon, 2000].
Ces algorithmes sont appropriés lorsque la fonction objective n'est pas différentiable ou le
gradient n’est pas disponible et ont 1’avantage d’étre robustes, simples en termes de
programmation, et utiles pour résoudre des problémes d'optimisation non linéaire avec ou sans
contraintes. Ces algorithmes sont décrits dans les articles associés et présentés dans la partie 2 de

la thése.
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5. Approches et modeles proposés

Dans cette section on présente les nouvelles approches de régionalisations proposées. Elle
est divisée en deux sous-sections selon les deux étapes de I’AFR. La premiére est consacrée a la
description des méthodes proposées pour déterminer les régions homogénes. La deuxieme montre

les techniques proposées pour produire une estimation régionale dans des sites non jaugés.
5.1. Détermination des régions homogénes

Dans cette section, deux approches robustes pour déterminer les régions homogénes sont
présentées. Ces deux approches permettent respectivement de définir des régions de type
voisinages et de type non contigués.

5.1.1. Identification des voisinages en utilisant les fonctions de profondeur

Les principales méthodes disponibles pour identifier le voisinage hydrologique pour un
site cible sont basées sur des distances. Plus précisément, I’ACC est basée sur la distance de
Mahalanobis, tandis que la ROI est basée sur la distance Euclidienne. Les résultats de ces deux
méthodes peuvent étre affectés par différents facteurs, y compris la distribution et 1’échelle des
variables physio-météorologiques [Leclerc et Ouarda, 2007; Lin et Chen, 2006] et la présence de
valeurs aberrantes [Neykov et al., 2007]. Afin de réduire ou éliminer I'impact négatif de ces
¢léments, une nouvelle méthode pour identifier le voisinage hydrologique d’un site cible basé sur
la fonction de profondeur est présentée dans cette section.

La profondeur simpliciale de xeR? est définie comme étant la probabilité que x
appartient a un simplexe, dont les sommets, sont d+1 variables aléatoires indépendantes [Liu,

1990]. En suivant le méme raisonnement, on définit la ‘similarité simpliciale’ entre deux points X
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et y comme étant la probabilité que ces deux points appartiennent a un méme simplexe. Plus
formellement, soit x et y dans R (d=>1) et F une fonction de répartition, la similarité

simpliciale entre x et y par rapport a F est définie par [LOpez et Romo, 2010] :

SS(X, Y, F)=P(X,yeS[X;, Xy.y]) (18)
avec X,,..., Xy, sont des observations indépendantes de F etS[X,,..., X ,;] est un simplexe de

sommets X,,..., Xg,,. La version empirique de cette fonction est notée par SS, (x,y).

La similarité simpliciale est symétrique, robuste, affine invariante, nulle a I’infini, et tient
en compte la géométrie des données [Zuo et Serfling, 2000]. Ces propriétés peuvent réduire ou
éliminer les inconvénients des méthodes traditionnelles de détermination de voisinage
hydrologique. Afin d’étre compatible avec les méthodes traditionnelles de voisinage
hydrologique (ACC et ROI), la similarité simpliciale devrait étre transformée en une mesure de
dissimilarité. Ainsi, une fonction logarithmique est appliquée, et la mesure de dissimilitude
suivante est utilisée pour définir le voisinage d'un site cible en utilisant I'approche de voisinage

basée sur la quantité :
DSS, (x,y)=-log(SS, (x,y)) (19)

Supposons que N est le nombre des sites jaugés dans une région, le voisinage d'un site

cible I en utilisant la méthode de voisinage basé sur DSS est défini comme :
{siteke{l,..,N};DSSN(Uk,U')Sz—} (20)
avec U* est le vecteur des caractéristiques physio-météorologiques d’un site k et 7 est une valeur

seuil.
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Dans cette thése, pour définir le vecteur U, espace physio-météorologique et 1’espace
canonique physio-météorologique sont utilisés. Donc, si U* = X* :(Xl",.., er) le vecteur de r

variables physio-météorologiques du site k tel que dans (5), la méthode de voisinage basée sur

DSS est notée par ROI-Depth et si U* =V* :(vlk,...,vpk )' les p variables canoniques physio-

météorologiques du site k tels que dans (4), la méthode de voisinage basée sur DSS est notée par
ACC-Depth.

Plus de détails concernant la détermination des voisinages en utilisant les fonctions de
profondeurs sont présentés dans le chapitre 2 qui correspond a I’article Wazneh et al., [2014a].
5.1.2. Classification ascendante hiérarchique robuste pour AFR en utilisant les

fonctions de profondeur

La CAH est utilisée en AFR pour décomposer une région non homogene en K sous-
régions homogeénes fixes. Les sites de ces sous-régions homogenes sont généralement
géographiquement non contigués. En AFR, la CAH souffre de deux principaux inconvénients.
Tout d'abord, elle est basée sur des distances et utilisent des statistiques non robustes ce qui
conduit a des résultats sensibles aux valeurs aberrantes [llorme et Griffis, 2013; Jornsten, 2004].
D'autre part, elle nécessite une présélection du nombre de sous-régions homogeéne K, ce qui rend
I'étape de délimitation subjective et dépend du choix de l'utilisateur. Afin de réduire ou éliminer
I'impact négatif de ces éléments, une nouvelle approche de classification basée sur la profondeur
spatiale est présentée dans cette thése. Cette approche est notée par ‘D-clustering’ dans le reste de
ce document. La profondeur spatiale est utilisée dans cette approche pour deux raisons.
Premierement, cette fonction de profondeur ne prend pas la valeur zéro, donc elle est utile pour
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classifier les sites dans des sous-régions. Deuxiemement, cette fonction est simple en terme de
calcul en grande dimension comme dans le cas des variables de classification.
Pour trouver les K sous-régions homogénes en utilisant I’approche D-clustering, les trois
étapes suivantes sont utilisées :
- Initialisation : Utiliser une méthode traditionnelle de classification, comme la CAH, pour
former les K sous-régions initiales et comme valeur initiale on prend K=2;
- Modification : Modifier la position initiale des sites dans les sous-régions en utilisant la
fonction de profondeur;
- Homogénéité : Tester I'homogénéité des sous-régions obtenues apres I'étape de
modification. Si les sous-régions obtenues ne sont pas homogenes, revenez a l'étape
d’initialisation avec K = K +1.

Supposons que N est le nombre total des sites dans la région,

Ym:(Yl', ..... ,Yn:),mzl,..,N; est le vecteur de longueur ny qui contient les données

hydrologiques de site m et X" =(X1m,..., Xr”‘) est le vecteur qui contient les r attributs du site m

c.-a-d. les variables de classification telles que les coordonnées géographiques ou la superficie du
bassin versant. La premiére étape de la procédure consiste a utiliser une méthode classique de
CAH (par exemple, la méthode de Ward) pour former les sous-régions initiales. Par construction,

I'approche D-clustering doit commencer par K=2 sous-régions initiales. Les sous-régions initiales

ne sont pas nécessairement homogénes. Soit i(k) I'ensemble qui contient les identifiants des sites

de la sous-région k, k=1.,K; c.-a-d. i(k)={sitemesous-régionk;m=1.,N}, et I(k)
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I'ensemble qui contient les attributs des sites de sous-région k c.-a-d.
I(k)={X";mei(k);m=1.,N|.

Dans la seconde étape de I'approche D-clustering, nous vérifions et modifions les sous-
régions initiales obtenues dans la premiere étape. En effet, dans cette étape, chaque site dans

I'ensemble de données doit étre affecté a la sous-région qui maximise sa profondeur [JOrnsten,

2004]. Pour ce faire, dans cette étude la profondeur spatiale est utilisée. Plus précisément, la

profondeur spatiale de chaque vecteur d’attributs, X™; mei(k), est calculée par rapport a la
sous-région initiale 1 (k) a laquelle il appartient. Dans le cadre de cette these, la profondeur de
X™ par rapport a I(k) est appelée profondeur ‘intra Sous-région’ et notée par

D" = SPD(X"“, | (k)) Notons que D' quantifie la centralité du site m par rapport & sa propre
sous-région. Ensuite, on calcule la profondeur ‘inter sous-région’ du site m, définie comme étant
la profondeur maximale de X™ par rapport aux sous-régions a laquelle il n'appartient pas

D = Q%[SPD(Xm, I (y))} Ainsi, un site m est bien classé dans sa sous-région k si D" > DP.
y=l..,
y=k

Par conséquent, pour chaque site m on définit la profondeur ‘déviance’ DeD, = D" — DP comme
étant la différence entre DY et D°. Comme résultat, dans la seconde étape de I’approche D-
clustering, chaque site m est réaffecté a la sous-région qui maximise son DeD, . Un site m est

bien classé dans une sous-région si DeDy, est positif, un DeDy, proche de 0 signifie que le site m
se situe entre deux sous-régions et une valeur négative de DeD, signifie que le site m est mal

placé et doit changer sa sous-région.
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Apres la modification de la position initiale des sites en fonction de leurs valeurs de DeD,
dans la derniere étape de I'approche D-clustering, nous testons I'nomogénéité des sous-régions
formées. Pour cette raison, de nombreux tests ont été proposés dans la littérature hydrologique
[e.g., Hosking et Wallis, 1997; Lu et Stedinger, 1992; Viglione et al., 2007a]. Dans cette thése, la
mesure H de Hosking et Wallis est utilisée pour tester et estimer le degré d'hétérogénéité dans les
sous-régions. L’expression du H est donnée au chapitre 3. Si les sous-régions obtenues ne sont
pas homogénes, nous répétons les deux premicres étapes de I’approche en augmentant K a K+1.

Une description plus détaillée de cette approche est présentée au chapitre 3 qui correspond

a l’article Wazneh et al., [2014b].
5.2. Approches flexibles et optimales pour ’estimation régionale

Dans cette section, deux approches flexibles et optimales pour I’estimation régionale sont
présentées. Ces deux approches sont basées sur le modele de 1’indice de crue et celui de la

régression multiple qui sont deux modéles d’estimation régionale couramment utilisés en AFR.
5.2.1. Modéele d’indice de crue optimal basé sur les fonctions de profondeur

Le modéle d’indice de crue (6) est utilisé pour estimer I’amplitude de crue dans des sites
non jaugés ou on ne dispose pas des informations hydrologiques. La performance de ce modeéle
dépend de plusieurs facteurs, en particulier I’estimation de vecteur des parametres régionaux.
Généralement, le vecteur des parameétres régionaux est estimé par des combinaisons linéaires
ponderées des parameétres des sites jauges (7), c.-a-d. des parametres locaux.

Tel que indique ci-dessus, pour ce modele, trois types de poids ont été proposés dans la

litterature hydrologique, a savoir PW (8), UW (9) et RW (10). Ces poids sont basés uniquement
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sur les longueurs d'enregistrements, et ils ne contiennent aucune mesure objective de similarite.
Ces poids ne prennent pas en considération suffisamment d’informations contenues dans les
séries, telle que la redondance qui peut exister entre les sites, la similarité et la corrélation entre
les sites jaugés de la région, et la similarité entre les sites jaugés et le site cible. En plus, en
termes de performance du modele, ces poids ne conduisent pas nécessairement a des résultats
optimaux.

Dans ce travail, on propose un nouveau schéma de poids qui contribue a surmonter les
problématiques mentionnées des pondérations classiques et permet de maximiser la performance
du mode¢le d’indice de crue. L'approche proposée est basée principalement sur l'utilisation des
fonctions de profondeur et elle est appelée DW-index-flood. Le modele vise d'abord a généraliser
le modé¢le d’indice de crue classique en termes de représentativité et de flexibilité. En plus, la
performance du modele proposeé est optimisée par rapport a la fonction de poids. Notons que dans

DWe-index-flood, on utilise une nouvelle procédure itérative pour estimer le vecteur des
N 7 - - R . s - .

paramétres régionaux de la courbe de croissance 6" (7) mais la quantité indice de crue 4, est

estimée par les approches traditionnelles (approche de régression ou spatiale). Le modele proposé

pour estimer oF (7) est composé d'un certain nombre d'ingrédients. En premier lieu, une fonction

de profondeur est utilisée pour introduire et/ou eévaluer la similarité hydrologique. En introduisant

une fonction de poids, le modéle devient plus général. Afin d’améliorer ’estimateur de & R une
procédure itérative est considérée. Enfin, un algorithme d'optimisation est utilisé afin d'obtenir la
fonction de poids optimale selon un critere de performance du modele. Notez que dans cette

étude, la similarité hydrologique est évaluée en comparant les valeurs des paramétres de la
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distribution ajustée pour chaque site jaugé (par exemple position, échelle et forme dans le cas de
distribution GEV).

Dans le DW-index-flood, les poids ne sont pas liés seulement et directement aux
longueurs d'enregistrements comme dans le cas de (8), (9) et (10). lls sont definis grace a une

fonction de profondeur et une fonction de poids croissante et continue. En effet, la profondeur de

Mahalanobis de chaque vecteur des paramétres locaux 6" =(élh,...,ésh) d’un site h, est

calculée par rapport a I'ensemble ®:{6?1,..,¢9“,..,0N'}formé par les N’ vecteurs des paramétres

locaux des sites jaugés de la sous-région homogéne. Ainsi, la profondeur de chaque site h par

rapport a ® est notée par MHD(@“;@). Ces valeurs de profondeur sont obtenues en supposant

que le centre de I’ensemble ® (c.-a-d. le point plus profond) est le vecteur des parameétres
régionaux @7 . Pour améliorer la précision de I’estimation de 6", I'approche proposée utilise

une procédure itérative ou a chaque itération les poids sont mise a jour par rapport a OF estimé a
I'itération précédente. Notons que dans ce travail, la fonction de profondeur de Mahalanobis est
utilisée pour ses propriétés adéquates. Par exemple, cette fonction tient compte de la variabilité
des données des différents sites a travers la matrice de dispersion et ainsi permettant de
considérer des sous-régions ayant une large corrélation croisée entre les sites, ce qui n'est pas le
cas du modele traditionnel.

Afin de contréler et amplifier les valeurs de profondeur, une fonction de poids ¢ continue

et croissante est appliquée sur les valeurs de profondeur. Cela permet a l'utilisateur, par exemple,

sur la base d'autres informations disponibles ou d'expérience précédente, d’augmenter ou de
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réduire le poids attribué a chaque site en respectant 1’ordre des sites, puisque la fonction de poids
est croissante. Cette fonction de poids rend le modéle d’indice de crue plus flexible et général. En
outre, la fonction de poids est utile, car la fonction de profondeur permet uniqguement d’ordonner
les sites, mais puisque les valeurs de profondeur sont trés proches, donc ces valeurs sont
incapables de quantifier les contributions des sites jaugées dans [’estimation régionale.
Formellement, le poids DW proposé pour 1’estimation des paramétres régionaux (7) est donc
défini par :
@, =¢| MHD(0"0) | h=1..,N' (21)

Dans le contexte de ce travail, les deux fonctions de poids Gompertz (16) et logistique (17) ont
été utilisées.

Pour plus de détails concernant la méthode d’estimation de la courbe de croissance dans le
modele DW-index-flood ainsi que 1’algorithme et la procédure itérative utilisée pour estimer le
vecteur des parametres régionaux, le lecteur est invité a consulté le chapitre 4 ou ’article associé
de Wazneh et al.[2013a].

5.2.2. Modele de régression optimal base sur les fonctions profondeurs

Le modele de RM (12) est généralement utilisé pour estimer les variables hydrologiques
dans des sites non jaugés ou on ne dispose pas des informations hydrologiques. Un élément clé
de ce modé¢le est I’estimation de son vecteur des paramétres f (14). L’estimateur des MCO de S,
utilisé dans I’approche classique (14), fait face & deux désavantages. Premiérement, il ne tient pas
en considération la similarité qui peut exister entre le site cible et les sites jaugés de son

voisinage, puisque tous les sites jaugés du voisinage ont la méme contribution dans I’estimation.
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Deuxiéemement, les résultats issus de cet estimateur ne sont pas nécessairement optimaux. Afin de
réduire ou éliminer I'impact négatif de ces désavantages, une nouvelle approche itérative pour
estimer le vecteur des paramétres £, ainsi que pour estimer les variables hydrologiques d’un site
cible, est proposée. Cette approche est notée par DBRM (Depth-Based Regression Multiple).

En bref, ’approche DBRM est basée sur les éléments suivants. Une fonction de
profondeur est introduite pour ordonner les sites en se basant sur la similarité hydrologique entre
le site cible et les sites jaugés. Une fonction de poids ¢ est employée afin d’amplifier et controler
les valeurs de profondeur ainsi que pour rendre le modele flexible et général. Afin d’améliorer la
précision d'estimation, une procédure itérative est considérée. Enfin, un algorithme d'optimisation
est utilisé afin d'automatiser objectivement le choix de la fonction de poids.

Plus précisément, en utilisant DBRM le vecteur des paramétres /S est estimé

itérativement par la méthode de moindres carrés pondérés (MCP) :

Buroy =((109 X)' D, 10g X ) (10 X) "2y, 109 Y (22)

Le point crucial dans cette méthode est la définition non usuelle de la pondération. La matrice de
pondération Q utilisée dans cette méthode est calculée en appliquant la fonction de poids ¢ sur

les valeurs de profondeur des variables hydrologiques :
Qo =diag(@(MHD(Y;;Y)), ..., o(MHD(Y,;;Y))) (23)
ouyY= {Yl, ...,YN} est I’ensemble formé par les variables hydrologiques du N sites du voisinage,

MHD(Y;;Y) est la profondeur de Mahalanobis appliquée aux variables hydrologiques du site i.

La profondeur de Mahalanobis est utilisée dans cette approche car elle prend en compte de la

variabilité des données hydrologiques des différents sites a travers la matrice de dispersion, donc
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cette profondeur rend le modele applicable dans des régions ayant une large corrélation croisee
entre les sites.

L’estimateur de B (22) dépend en particulier du choix de la fonction de poids ¢. Afin
d’automatiser objectivement le choix de ¢, un algorithme d’optimisation est utilis¢ dans DBRM.
Comme fonction objective de 1’optimisation, les critéres de performance du modele sont
considérés, par exemple RB ou RRMSE. L’algorithme complet de 1’approche DBRM est

présenté dans le chapitre 5 ou I’article associé [Wazneh et al., 2013b].

6. Applications et principaux résultats

Dans cette section on présente les cas d’étude et les résultats d’application des approches

proposées et présentées dans la section précédente.

6.1. Identification des voisinages hydrologique avec fonction de profondeur

L’approche d’identification des voisinages hydrologiques en utilisant les fonctions de
profondeur est appliquée sur un ensemble de 151 sites situés dans la partie sud de la province de
Québec, Canada. Cette approche est appliquée dans deux différents espaces : I'espace
physiographique (ROI-Depth) et I'espace canonique (ACC-Depth). Chaque site dans I'ensemble
de données a plus de 15 années d'observations et ses séries des crues maximums annuelles
historiques sont homogeénes, stationnaires et indépendantes. Les superficies des bassins versants
drainés par ces stations variaient entre 200 km? et 100 000 km?. Plus d’informations sur ces
stations, comme la localisation géographique, sont présentées au chapitre 2.

La sélection des variables physio-météorologiques est basée sur 1’étude de Chokmani et

Ouarda [2004]. Les variables sélectionnées sont : la superficie du bassin versant (AREA), la
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pente moyenne du bassin versant (MBS), la fraction de la superficie couverte par des lacs (FAL),
les précipitations annuelles moyennes totales (AMP), le nombre moyen des jours de plus de 0 C
(AMD).

Un des objectifs de cette application est d’évaluer et de comparer la performance des
approches traditionnelles et celles proposées pour identifier le voisinage d’un site cible. Puisque
I’étape de DRH affecte les résultats d’estimation, deux catégories de critéres de performance sont
utilisées pour cette application: i) les criteres qui permettent d'évaluer les approches
d’identification des régions homogenes et ii) les criteres qui permettent d'évaluer les modeles
d'estimation régionale.

Pour évaluer et comparer les voisinages, la mesure d'hétérogénéité H [Hosking et Wallis,
1993] est utilisée. Cette mesure est basée sur les L-moments. Comme mentionné dans Hosking et
Wallis [1997], H quantifie le degré d'hétérogénéité d’une région. Par conséquent, la meilleure
approche est celle qui identifie des régions avec de faibles valeurs de H. Dans cette thése, pour
déterminer la meilleure approche, chaque site | dans la région est considéré comme un site cible
en le retirant temporairement de la région pour ensuite identifier son voisinage en utilisant les
différentes approches. Ensuite, a travers tous les sites de la région, on calcule la fréquence de H
dans des intervalles prédéfinis. Les résultats correspondants sont résumés dans le Tableau 1. Ce
tableau montre que la plupart des voisinages obtenus par la méthode ROI sont ‘hétérogenes’. Ce
constat 1’est moins avec ACC. Cependant, plus de la moitié des voisinages obtenus par les
méthodes basées sur la fonction de profondeur, ACC-Depth ou ROI-Depth, sont ‘homogénes’ ou

‘possiblement homogénes’. D’une maniére génerale, ce tableau montre que les voisinages
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obtenus par les méthodes basées sur la fonction de profondeur sont plus homogeénes que ceux

obtenus par les méthodes traditionnelles.

Tableau 1. Fréquence de H dans les différents intervalles avec les différentes approches de délimitation

Méthode de délimitation

Intervalles ACC ROI ggp(t:h [?e%lth
H<1 ‘Homogene’ 31 2 56 43
1<H<2 ‘Possiblement homogéne’ 16 6 22 34
H>2 ‘Hétérogeéne’ 104 143 73 74

En terme d’estimation, la meilleure approche de voisinage est celle qui minimise 1’erreur

de prédiction de Q(T), le quantile de crue correspond a une période de retour T, a travers tous

les sites de la région. Pour quantifier cette erreur, la procédure de ré-échantillonnage jackknife est
utilisée [Chernick, 2012]. Les résultats de cette procédure, en termes d’erreurs d’estimation des
quantiles de période de retour 10 et 100 ans sont résumés dans le Tableau 2. Notons que la
méthode d’estimation RM a été utilisée pour les différentes méthodes de voisinage. Ce tableau
montre que, dans les deux différents espaces, les méthodes de voisinage basées sur la fonction de
profondeur conduisent a des estimations plus efficaces que ceux obtenus a I'aide des méthodes
traditionnelles. Cela est en partie dii au degré d’hétérogénéité des voisinages identifié par ces
méthodes (Tableau 1). Pour le critere RRMSE, I'amélioration est plus importante en utilisant
ROI-Depth que ACC-Depth. Ce résultat est expliqué par le fait que certaines informations sont
perdues par la procédure de réduction de dimension ACC. Ceci n'est pas le cas de ROI-Depth ou

la dissimilarité simpliciale est appliquée aux variables physio-météorologique originales.
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Tableau 2. Résultats d'estimation des quantiles avec les différentes approches de délimitation.

Méthode de

délimitation QS10 QS100
RRMSE(%) RB(%) RRMSE(%) RB(%)
. ACC 44.62 -7.54 51.84 -8.14

Approches classiques
ROI 43.10 -2.13 49.09 -5.13
Approches basée sur la fonction ~ ACC-Depth 37.42 -2.74 43.87 5.35
de profondeur ROI-Depth 34.50 -5.07 41.92 -6.50

Les meilleurs résultats sont en caractéres gras.

Afin de visualiser le voisinage d'un site cible en utilisant les difféerentes méthodes de
voisinage, on suppose que le site numéro 97 soit un site cible (c.a.d. les variables hydrologiques
de ce site sont inconnues) et il doit étre estimé en utilisant les 150 sites jaugés. Ce site est
sélectionné puisque ces voisinages définis par les approches classiques sont tres hétérogenes. La
Figure 2 illustre les voisinages obtenus par I'ACC et I’ACC-Depth. Les voisinages pour le site
cible 97 en utilisant ROI et ROI-Depth ne sont pas illustrés sur cette figure puisque ces deux
méthodes sont calculées sur un espace de dimension 5 (nombre des variables physio-
météorologiques). On remarque que le voisinage obtenu par 1’approche ACC contient des sites
qui sont loins du site cible dans 1’espace hydro-physiographique (Figure 2a), tel que le cas des

sites 1, 4, 109, 120 et 122. Ces sites sont en plus géographiquement loins du site cible (Figure 3).
- W . . . :
En testant la normalité du vecteur {V ] qui contient les variables canoniques hydro-

physiographiques, on trouve que I’hypothese nulle de normalité est rejetée. Donc, 1'hypothese de
base derriere I'approche ACC n'est pas respectée dans cette étude, ce qui pourrait expliquer
l'inclusion de certains sites ‘loins’ dans le voisinage d’un site cible. Toutefois, ces sites ne sont

pas inclus dans le voisinage obtenu par 1’approche ACC-Depth (Figure 2c). En effet, en utilisant
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I’approche ACC-Depth, le voisinage est formé sans aucune hypothése sur les variables d’origines

et/ou canoniques, ce qui explique la supériorité¢ de cette approche dans 1’étape d’estimation. En

plus, nous observons que le voisinage formé par I’ACC traditionnelle décrit l'intérieur d'une

région elliptiqgue (Figure 2b). Cependant, pour 1’ACC-Depth, le voisinage a une forme

triangulaire (Figure 2d), ce qui est plus flexible en termes des angles et d’arrétes. Cela est di a la

forme triangulaire des simplexes qui definissent la similarité simpliciale utilisée dans cette
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Figure 2. Le voisinage du site cible 97en utilisant (a) ACC dans I’espace canonique (V1, W1) (b) ACC dans I’espace
canonique (W1, W2). (c) ACC-Depth dans I’espace canonique (V1, W1) et (d) ACC-Depth dans 1’espace canonique

(V1, V2).
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Dans ce paragraphe, la sensibilité des approches proposées pour une transformation affine
est etudiée. Plus précisement, le voisinage du site cible 97 est déterminé par les deux approches
ROI et ROI-Depth en utilisant (a) les variables physio-météorologiques originales et (b) une
version normalisée de ces variables. La Figure 3 illustre les résultats obtenus de cette application.
On remarque qu’en utilisant la méthode ROI-Depth (Figure 3a), le méme voisinage est obtenu en
utilisant les variables originales ou les variables transformées. Ceci est d au fait que la similarité
simpliciale utilisée dans cette approche est affine invariante. Toutefois, pour la méthode ROI, le
voisinage change en fonction de la transformation utilisée (Figure 3b et 3c). Les mémes résultats
sont obtenus en comparant le voisinage obtenu par ACC et celui par ACC-Depth (voir chapitre
2). Par conséquent, I'approche de voisinage basée sur la fonction de profondeur a I'avantage d'étre
invariante pour une transformation affine, ceci n’est pas le cas des approches traditionnelles.

En conclusion, les résultats ci-dessus montrent que I’approche d’identification de
voisinage basée sur les fonctions de profondeur conduit a des estimations plus efficaces, en
termes de RRMSE, que celles obtenues en utilisant les méthodes traditionnelles de voisinage.
L’approche proposée rend 1'é¢tape de DRH affine invariante et ne nécessite aucune hypothese sur
les variables d’attributs. En plus, elle conduit a des voisinages plus homogeénes que ceux obtenus

a l'aide des approches traditionnelles.
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Figure 3. Localisation géographique du voisinage du site cible 97 obtenue par I’approche (a) ROI-Depth en utilisant
les variables physiographiques originales ou normalisées (b) ROI en utilisant les variables normalisées et (c) ROI en

utilisant les variables originales.
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6.2. Classification robuste pour AFR en utilisant les fonctions profondeurs

L'approche D-clustering est appliquée a un ensemble de sites situés au nord-ouest de
I'ltalie. Ensuite, elle est comparée a celle obtenue en utilisant la méthode de Ward, une méthode
classique de CAH. Les débits maximums annuels de 47 sites jauges sont disponibles avec des
longueurs d'enregistrements (années d’observation) variant entre 6 et 65 ans. Neuf de ces sites
jaugés ont une longueur d'enregistrement moins de 15 ans et ils ne sont pas considérés dans cette
étude. Les surfaces des bassins versants drainés par ces stations variaient entre 22 km? et
8024 km? avec des précipitations annuelles moyennes entre 501 et 2380 mm.

Les variables de classification utilisées dans cette application pour délimiter les sous-
régions homogenes sont extraits de I'étude de Viglione et al. [2007b]. Les variables physio-
météorologiques utilisées sont les coordonnées des sites dans le systeme UTM (Xpar €t Yypar) €t
I'élévation moyenne du bassin versants (Hy). Ces variables ont été également sélectionnées dans
une étude précédente sur le méme ensemble de données [Viglione, 2010]. .

L'algorithme de calcul pour I’approche D-clustering départ avec K = 2 sous-régions

initiales. Cependant, les sous-régions obtenues dans ce cas ne sont pas homogenes. Par

conséquent, l'algorithme redémarre avec 3 sous-régions initiales, soit i(1),i(2) et i(3). Dans la
deuxiéme étape de l'approche D-clustering, nous calculons DY, D°et DeD,_ de X", avec

X™ = (Xpas Y

bar ?

H,,)" est le vecteur formé par les valeurs des variables de classification du site

bar ?

me i(k),k =1,2,3. Ensuite, les sites mal placés dans leurs sous-régions (c. a-dire les sites qui

ont une valeur négative de DeD) sont identifiés. Le Tableau 3 montre que dans 1’étape initiale, il

y a 9 sites mal placés. Ces sites sont déplacés vers des sous-régions qui maximisent leurs valeurs
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de DeD (Tableau 3). On teste I'homogéneéité des nouvelles sous-régions obtenues apres le
déplacement de ces 9 sites. Le Tableau 4 présente la mesure de I'nétérogénéité H de ces trois
sous-régions. Les valeurs de H indiquent que ces nouvelles sous-régions peuvent étre considérées
comme homogeénes. Par conséquent, l'algorithme s'arréte a cette itération. La localisation
géographique des sites des sous-régions finales obtenues par I’approche D-clustering est
présentée dans la Figure 4a. Les sites de la sous-région 1 sont situés dans le nord de la région
étudiée. Tandis que les sites des sous-régions 2 et 3 sont situés respectivement a I'ouest et au sud
de la région étudiée.

Par la suite la délimitation des sous-régions homogenes en utilisant la méthode de Ward
est présentée. Le nombre de sous-régions est choisi selon le critére d’hétérogénéité H. Par
conséquent, quatre sous-régions sont identifiees par la méthode de Ward. La localisation
géographique des sites de chaque sous-région est présentée dans la Figure 4b. Nous remarquons
que les sous-régions sont géographiguement contigués. En particulier, la plupart des sites de la
sous-région 1 sont situés dans la région du Val d'Aoste. Les sites de la sous-région 2 sont situés
dans le nord de la région du Piémont. Cependant, les sites de sous-régions 3 et 4 sont situés
respectivement dans le sud et le sud-ouest de la région du Piémont. Les valeurs de H (Tableau 4 )
indiquent que les sous-régions 3 et 4 sont ‘- homogénes * (H <1). Toutefois, les sous-régions 1 et 2

sont ‘ possiblement homogeénes * (1< H < 2).

41



Tableau 3. Sites ayant des valeurs négatives de "DeD". Ces sites sont déplacés de leurs sous-régions initiales en
utilisant I'approche D-clustering.

Numéro de site Sous-région initiale DeD Sous-région finale
6 1 -0.10 3
11 1 -0.12 2
12 1 -0.21 2
14 2 -0.15 3
17 2 -0.13 3
20 2 -0.17 3
23 2 -0.21 3
29 2 -0.15 3
32 2 -0.13 3

Tableau 4. La mesure d’hétérogénéité H obtenue par D-clustering et Ward.

Méthode de délimitation Sous-régions Nombre des sites H
1 14 1.03
D-clustering 2 9 -0.60
3 15 0.01
1 10 1.93
2 7 1.96
Ward
3 13 -0.30
4 8 0.50
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Figure 4. a) Localisation géographique des sites des trois sous-régions homogénes formés en utilisant ’approche D-
clustering. b) Localisation géographique des sites des quatre sous-régions homogénes formés en utilisant la méthode

Ward.
43



Le Tableau 4 montre que la méthode D-clustering conduit a des sous-régions avec des
faibles valeurs de H qui sont les trois homogenes. Ce qui signifie que les sous-régions obtenues
avec D-clustering sont plus homogénes que celles obtenues en utilisant la méthode Ward. En
termes de nombre des sites, les sous-régions obtenues en utilisant D-clustering sont plus adaptees
pour I'estimation régionale que celles obtenues par la méthode de Ward (Tableau 4).

Puisque [I'étape de délimitation des sous-régions homogenes affecte les résultats
d’estimation régionale, la performance de D-clustering et Ward sont comparées en termes
d'estimation des crues. Pour réaliser ces estimations, le modéle d’indice de crue a été utilisé.
Cette comparaison est basée sur le RB et le RRMSE des quantiles de crues pour les probabilités
de nondépassement t = 0.9, 0.99, 0.995 et 0.999. Les résultats liés aux différentes approches de
délimitation sont résumés dans le Tableau 5. Ce tableau montre que I’approche D-clustering
conduit a des estimations plus efficaces en termes de RB et RRMSE que 1’approche de Ward, en
particulier pour la grande valeur de t. Comme indiqué précédemment, les sous-régions obtenues
par ’approche D-clustering sont plus grandes et plus homogéne que celles formées par Ward,

ceci pourrait étre une des raisons de cette amélioration.

Tableau 5. Résultats d'estimation en % des quantiles de crue en utilisant le modéle d’indice de crue avec les
différentes approches de délimitation.

Méthode de 0.9 0.99 0.995 0.999
délimitation
RB RRMSE RB RRMSE RB RRMSE RB RRMSE
Ward 0.21 4.43 0.23 10.70 0.18 12.70 -0.05 17.33
D-clustering -0.78 3.25 0.18 9.05 0.32 9.40 -0.12 11.54

Les meilleurs résultats sont en caractéres gras

En conclusion, les résultats obtenus a partir de 1’application de 1’approche D-clustering

sur un ensemble de sites dans le Nord-Ouest de I'ltalie montrent que I'approche proposée conduit
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a des sous-régions plus homogenes et plus grandes que celles obtenues en utilisant une méthode
traditionnelle CAH de Ward. Les estimations obtenues en utilisant 1’approche D-clustering sont
plus efficaces en termes de RB et RRMSE que celles obtenues avec la méthode de Ward.
L’approche proposée rend 1'étape de DRH plus pratique et ne nécessite pas l'intervention de
l'utilisateur. L'utilisateur n'a qu'a sélectionner un critére, tel que celui de I’hétérogénéité H utilisée

dans cette application, pour obtenir les sous-régions optimales par rapport a ce critere.
6.3. Modéle d’indice de crue optimal basé sur les fonctions profondeurs

L’approche DW-index-flood est appliquée a un ensemble de 50 sites situés dans 1’ile de
Sicile (Italie). Les débits maximums annuels mesurés par SIRI (Sisteme Informative Regionale
Idrologico) sont disponibles avec des longueurs d'enregistrements variant entre 10 et 65 ans. Les
conditions d'application de I’AF, c'est-a-dire I'hnomogeénéité, la stationnarité et I'indépendance, ont
été testées sur les données historiques de ces stations dans plusieurs études [Cannarozzo et al.,
2009; Noto et La Loggia, 2009]. Les superficies des bassins versants variaient entre10 km? et
2000 km?. La région d’étude a été divisée en trois sous-régions homogénes [Wazneh et al.,
2013a)]. Les emplacements géographiques des sites de ces sous-régions sont représentés sur la

Figure 5.
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Figure 5. Localisation géographique des sites étudiés dans I’ile de Sicile.

Dans cette section 1’approche d’estimation régionale DW-index-flood est appliquée aux
trois sous-régions homogénes situées dans 1’ile de Sicile (Figure 5). Ensuite, les résultats de cette
application sont comparés a ceux obtenus par les approches traditionnelles (PW (8), UW (9) et
RW (10)) utilisées dans la littérature hydrologique.

L’application de I1’approche DW-index-flood nécessite la détermination des courbes de
croissance pour ces sous-régions. Dans cette étude, quatre distributions de probabilités
fréguemment utilisées en AFR sont considérées comme candidates pour les courbes de
croissance, a savoir la distribution des valeurs extrémes généralisée (GEV), la loi de Pearson type
3 (PE3J), la loi logistique généralisée (GLO), et la loi de Pareto généralisée (GPD). Pour
sélectionner la distribution appropriée pour chaque sous-région, le diagramme des L-moments est
utilisé (voir chapitre 3). Ainsi, la GEV est choisie pour les trois sous-régions. Cette distribution a

trois parameétres &, a et k' (respectivement position, échelle et forme). Selon la notation (7), le

vecteur des parameétres régionaux est g% = (KR,aR,gR) et donc le nombre de composantes S=3.

Tableau 6 montre les résultats de 1’évaluation de la performance des différentes approches

d’estimation. La constante positive R pour I’approche RW-index-flood (10) est fixée a 25,
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comme il a été suggére par Stedinger et al. [1992]. Pour DW-index-flood, la fonction de poids de
Gompertz (16) est utilisée. La fonction de poids optimale est obtenue en utilisant la procédure
proposée dans le chapitre 2 (ou [Wazneh et al., 2013a]). L'optimisation est effectuée par rapport
aux deux criteres RB et RRMSE. Comme prévu et indiqué dans un certain nombre d'études,
I'estimation régionale est généralement plus précise pour des faibles probabilités de non-
dépassement (c.-a-d. petites périodes de retour). Le Tableau 6 montre que le DW-index-flood
avec ¢ optimale conduit a des estimations plus efficaces en termes de RB et RRMSE que celles
obtenues par les autres approches. L'amélioration est plus importante dans la sous-région 3 que
dans les deux autres. En effet, une corrélation croisée significative existe entre les sites de cette
sous-région, ce qui pourrait étre la raison des valeurs élevées du RRMSE des approches
classiques et ainsi de 1’amélioration importante de 1’approche proposée. Donc le DW-index-flood
fonctionne mieux pour les régions avec corrélation croisée entre les sites, ce qui n'est pas le cas
des approches traditionnelles [Hosking et Wallis, 1997-P.8]. Ceci est expliqué par le fait que la
profondeur de Mahalanobis utilisée dans DW-index-flood prend en considération la variabilité a
travers les parameétres locaux des sites. Les mémes résultats sont obtenus en utilisant la fonction

de poids logistique ¢, .., -
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Tableau 6. Résultats d'estimation en% en utilisant le mod¢le d’indice de crue avec les diverses poids.

Probabilité de non-dépassement p

0.9 0.99 0.999 0.9 0.99 0.999 09 0.99 0.999 09 0.99 0.999
uw PW RW DW
1 n n R
a)h:_; a)h:—h h ¢G
N n n,+R
W, =
Z n,R
v N, +R
Sous- RB -08 -1.8 -90 02 -09 -84 -03 -16 -9.2 01 04 0.8
régionl RRMSE 65 25 55.0 6.2 248 533 6.2 251 541 58 238 457
Sous- RB 1.9 10 -0.9 02 -14 -09 1.9 -13 -6.0 01 04 0.7
région2 RRMSE 87 28 475 73 250 467 74 250 46.2 6.9 230 409
Sous- RB 24 55 -21.1 20 63 -228 -32 -55 -194 -03 0.1 0.5
région3 RRMSE 16.6 17 65.7 165 16.1 634 17 158 61.2 13 113 346

Les meilleurs résultats pour chaque sous-région sont en caractére gras.

La fonction de poids optimale pour chaque sous-région, pour I'estimation de g g (), €st

présentée dans la Figure 6. On remarque que pour les deux sous-régions 1 et 2, la fonction de
poids optimale (¢g) a une forme S avec trois phases. Une phase de démarrage qui pondére

faiblement (proche de zéro) les sites jaugés qui ont une faible contribution dans 1’estimation.
L’inverse est valable pour la phase finale (proche de 1). Entre ces deux phases, il y a une phase
de croissance qui représente les sites jaugés avec une contribution ‘intermédiaire’. Par contre, la
fonction de poids optimale de la sous-région 3 a la forme d’une ligne quasi-horizontale. Ce qui
signifie que tous les sites jaugés de cette sous-région ont presque la méme contribution dans

I’estimation de quantile d’un site cible. Ceci est d0 a la forte corrélation positive entre les sites de
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cette sous-région. Donc, en plus d’améliorer la performance du mod¢le, I’approche DW-index-

flood reconnait la corrélation entre les sites a partir de la forme de la fonction de poids.

0BF

DEfF

- Sub-rzg:lon 1
e 0 Sub-region 2
g Sub-region 3

Weight

T L A »
.||i|u.n--n.:n.:n.ll‘ et TE AR R -

1
1] 01 02 03 0.4 05 06 07 08 ng 1
Depth

Figure 6. Fonction de poids optimale pour I’estimation de 0 gq5 () par I’approche DW-index-flood pour les trois

sous-régions et en utilisant @ .

La Figure 7 illustre les différents éléments de 1’application de DW-index-flood a la sous-
région 1. En effet, cette Figure illustre la profondeur et le poids attribués a chaque site jaugé dans
I’estimation de vecteur des parameétres régionaux. On remarque que les sites 14, 20 et 28 sont
situés proches du centre de I'espace des parametres (Figure 7a). Ces sites ont des valeurs élevées
de profondeur et donc ils ont une forte contribution (poids) dans l'estimation de la courbe de

croissance régionale (Figure 7b). Toutefois, I'inverse est vrai pour les sites 8 et 29.

49



0.1 0.2 0.3 0.4 058 0.e 0.7 0.8 0.9

Mahalanobis depth 1

T T T
+* |d sites of sub-region 1

¥ (shape)

Optimal weight funcilon
(Gompertz pa)

0E - [n) 1 Il Il
2 o (scale) 06 04 [ location] o 01 02 03 04 05 068 07 08 08 1

bl Mahalanobis depth

Figure 7. a) La profondeur de Mahalanobis des sites jaugés de la sous-région 1. La taille de cercle qui représente le
site est proportionnelle a sa valeur de profondeur. b) Les pondérations allouées pour chaque site de la sous-région 1
dans I’estimation du vecteur des paramétres régionaux.

Les résultats obtenus a partir de I’application du modéle DW-index flood montrent sa
supériorité en termes de performances. L'étude des trois sous-régions montre une association
entre la corrélation entre les sites d’une sous-région et la forme de la fonction de poids optimale.
L'approche proposee est capable d'identifier la corrélation croisée dans la région et fournit une

amélioration significative des performances.
6.4. Modele de régression optimal basé sur les fonctions profondeurs

L’approche DBRM est appliquée sur trois régions situées dans les états d’Arkansas et du
Texas (Etats-Unis) et dans la partie sud de la province du Québec (Canada). L’ensemble de
données de la région du Québec est composé de 151 sites. Toutefois, celle des régions
d’Arkansas et du Texas contient respectivement 204 et 69 sites. L objectif de cette application est
d’estimer les quantiles de crue pour une période de retour de 10 et 100 ans pour la région du

Québec et pour une période de retour de 10 et 50 ans pour Arkansas et Texas.
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Les résultats de I’application de l'approche d’estimation régionale DBRM sont comparés a
ceux obtenus par I’approche de régression classique (14) et ils sont résumés dans le Tableau 7.
Pour I’approche DBRM, la fonction de poids de Gompertz est utilisée dans cette application.
L'optimisation de 1’approche DBRM est faite par rapport au crittre RRMSE. On remarque que,
pour une région et une méthode données, l'estimation régionale de quantile de crue est plus
précise pour des petites périodes de retour. Le Tableau 7 montre que pour toutes les régions,
DBRM conduit a des estimations plus précises en termes de RB et de RRMSE que celles
obtenues en utilisant I'approche traditionnelle. Les mémes résultats sont obtenus en utilisant la

fonction de poids logistique ¢, ... -

Tableau 7. Résultats d'estimation en% pour les trois régions en utilisant les diverses approches.

Région
Sud Québec Arkansas Texas
Q10 QS100 QS10 QS50 QsS10 QS50
Approche RRMS
d’estimation "B RRMSE  RB E RB RRMSE RB RRMSE RB RRMSE RB RRMSE
RM -7.5 44.6 -8.1 51.8 -7.8 48.1 -9.3 59.5 -1.2 42.3 -7.4 57.4
DBRM -35 387 22 445  -6.0 415 -63 477 -10 368 -60 507

Les meilleurs résultats pour chaque région sont en caractere gras

Afin de visualiser I'influence des sites jaugés dans l'estimation régionale d'un site cible en
utilisant les deux approches traditionnelle et DBRM, supposons que le site numéro 25 du Texas
est un site cible et il doit étre estimé en utilisant les 68 sites jaugés de cette région. La Figure 8
illustre les coefficients de pondération attribués a chaque site dans l'espace canonique

hydrologique (W1, W2). Nous observons qu’avec l'approche classique, la fonction de poids ne
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prend que deux valeurs, 1 a I’intérieur du voisinage et 0 sinon (Figure 8a). Cependant, I'influence
d’un site jaugé dans l'estimation régionale en utilisant DBRM est proportionnelle a la similarité

hydrologique entre ces deux sites. En effet, la fonction de poids prend la forme de cloche dans

I’espace 3D (Figure 8b).
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Figure 8. Les pondérations attribuées aux sites jaugés dans I’estimation de la variable hydrologique du site numéro
25 en utilisant a) le modéle de régression classique, et b) ’approche DBRM.

Le Tableau 8 présente la comparaison entre DBRM et les différentes méthodes d’estimation qui
ont été appliquées dans la région sud Québec, comme I'approche Ensemble RNA-ACC (ERNA-
ACC) [Shu et Quarda, 2007] et I'approche krigeage-ACC [Chokmani et Ouarda, 2004]. Les
résultats montrent généralement la supériorité de I’approche DBRM en termes de RB et RRMSE,
sauf une trés légere différence de 1% dans le RRMSE de QS10 avec ERNA-ACC. Cela pourrait

étre lié aux approximations numériques dans les algorithmes de calcul.
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Tableau 8. Résultats d'estimation en% avec les approches disponibles pour la région du Québec et leurs références.

Qs10 QS100

Approach Reference RB RRMSE RB RRMSE

(%) (%) (%) (%)
Régression non linéaire (RNL) Shu and Ouarda [2008] -9 61 -12 70
RM Tableau7 ci-dessus -7 44 -8 52
Krigeage-ACC Chokmani and Ouarda [2004]  -20 66 -27 86
Adaptive Neuro-Fuzzy Inference Systems (ANFIS) Shu and Ouarda[2008] -8 57 -14 64
Réseaux de Neurones Artificiels (RNA) Shu and Ouarda [2008] -8 53 -10 60
Single RNA-ACC (SRNA-ACC) Shu and Ouarda [2007] -5 38 -4 46
Ensemble RNA (RNA) Shu and Ouarda [2007] -7 44 -10 60
Ensemble RNA-ACC (ERNA-CCA) Shu and Ouarda [2007] -5 37 -6 45
DBRM Tableau7 ci-dessus -3 38 -2 44

Les meilleurs résultats sont en caractére gras

En résumé, les résultats ci-dessus montrent la supériorité de I’approche DBRM en terme

de performance. En effet, cette approche introduit la similarité hydrologique entre le site cible et

les sites jaugés dans 1’estimation de son quantile. Cette approche est flexible, générale et optimale

en terme de performance.
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7. Conclusions générales et perspectives

7.1. Conclusions générales

L’AFR est un outil statistique pour prédire les événements extrémes dans des sites ou on
ne dispose pas d’informations hydrologiques. Cette procédure comporte deux principales étapes,
la délimitation des régions homogenes et 1’estimation régionale. Les méthodes traditionnelles
utilisées pour ces deux étapes souffrent des plusieurs inconvénients et limitations. Durant notre
travail de recherche, nous avons proposé de nouvelles approches dans le cadre de I’AFR des
crues. Notre travail a porté sur le développement de nouvelles approches statistiques dans le but
d’avoir des approches robustes, invariantes aux transformations affines, flexibles et conduisant a
des performances optimales. Ceci correspond a 1’objectif général de la présente thése. Pour
atteindre cet objectif, on a réalisé quatre études qui constitueront les quatre chapitres de la these.
La Figure 9 présente une bréve illustration des quatre chapitres de la thése et montre comment ils
sont reliés entre eux et avec la structure méthodologique de I’AFR. L’ingrédient essentiel et

commun entre toutes ces approches est les fonctions de profondeur.
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Figure 9. Les approches proposées au cours de cette thése et leurs principales propriétés.

Dans un premier temps, nous avons proposé une nouvelle méthode pour identifier le
voisinage d'un site cible. Cette méthode rend I'étape de délimitation robuste, affine invariante et
indépendante de la distribution des variables. La méthode proposée a été appliquée sur un
ensemble des sites de la partie sud de la province de Québec (Canada). Les résultats montrent que
le voisinage d'un site cible obtenu en utilisant la méthode proposée est plus homogéne que ceux
obtenus en utilisant les approches traditionnelles. En plus, la méthode proposée conduit a des
estimations plus efficaces que celles utilisant les méthodes traditionnelles (ROI et ACC).

Ensuite, pour identifier les régions homogénes de type non contigués, nous avons proposé
une nouvelle approche robuste et objective. Les régions homogeénes sont formées en attribuant
chaque site a la région qui maximise sa valeur de profondeur. L'approche proposée rend 1’étape

de délimitation pratique et ne nécessite pas l'intervention subjective de I'utilisateur. L'utilisateur
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n'a qu'a sélectionner un critére pour obtenir les régions homogenes par rapport a ce critere. Les
résultats obtenus a partir d'un ensemble des sites dans le Nord-Ouest de I'ltalie montrent que
I'approche proposée conduit a des régions plus homogenes que celles en utilisant 1’approche
classique de Ward.

Partant du constat que le modéle d’indice de crue utilise 1’information disponible au sein
d’une région de maniére rationnelle, nous avons visé a construire une nouvelle approche utilisant
I’information d’une manic¢re sensée. Ceci a conduit a développer un modéle d’estimation
optimale. Dans ce modele, nous avons introduit la similarité hydrologique entre les bassins d’une
région homogene dans 1’étape d’estimation. Cette nouvelle approche a été appliquée sur les
données des crues de la Sicile, Italie. Nous avons obtenu des estimations meilleures, en termes
d’erreur quadratique moyenne, que celles issues par des approches classiques.

Enfin, nous avons proposé une procédure d’estimation afin d’optimiser la performance du
modele régional de régression des crues. Cette procédure d’estimation a été appliquée sur trois
différentes régions en Amérique du Nord. Les résultats montrent la flexibilité et la généralité de
la procédure proposée. La procédure d’optimisation de I’approche, non seulement améliore la
performance, mais aussi rend 1’approche automatisée et moins subjective quant au choix des

poids.
7.2. Limitations et perspectives

Méme si les approches proposées sont supérieures aux approches traditionnelles en termes

de flexibilité, de représentativité, de généralité, et de I'optimalité, elles aussi peuvent étre
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améliorées. En effet, ces approches sont composées de plusieurs étapes et comprennent plusieurs

outils, donc elles peuvent étre assez lourdes en termes de temps de calcul.

traités.

Dans les travaux effectués, les pluparts des éléments liés aux approches proposées sont
Cependant, d'autres meritent d'étre développés dans des efforts futurs. Par exemple:

Une premiere direction des travaux futurs pourrait étre une étude de sensibilité
approfondie de l'impact de différents facteurs qui peuvent affecter la performance et
I’efficacité des approches proposées. Ces facteurs comprennent le choix de la fonction de
profondeur dans les différentes approches proposées, le choix des variables d’attributs
dans les approches proposées pour I’étape de DRH, la méthode d'estimation des
parametres dans les approches proposées pour 1’étape d’ER.

Une autre direction est d’appliquer les approches proposées a des situations particulieres.
Ces situations comprennent, par exemple, des régions avec corrélation entre les sites et/ou
avec faible niveau d’homogeénéité.

Dans cette these, pour évaluer les méthodes d’ER proposées, les deux critéres
couramment utilisés dans la littérature hydrologique, RB et RRMSE, ont été utilisés. La
précision de ces deux criteres dépend de la qualité des estimations locales (at-site)
réalisées. En outre, pour quantifier le degré d’homogénéité des régions obtenues, 1’indice
H de Hosking et Wallis a été utilisé. Cet indice n’est pas borné et peut prendre des valeurs
négatives. Une perspective sur ce point serait d’approfondir la recherche en proposant des
critéres pour évaluer les méthodes d’estimation qui ne dépendent pas des estimations
locales et ainsi réduire les étapes de 1’étude et les incertitudes de 1’estimation. En plus, il
serait utile de proposer une nouvelle statistique qui quantifie le degré d’homogénéité des
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régions et qui prend des valeurs interprétables, par exemple dans [0, 1]. Ces criteres et
cette statistique doivent étre validés et testés a I’aide d’études par simulations.

Dans cette thése le vecteur des paramétres B dans le modéle de RM est estimé par la

méthode de moindres carrés pondérés (MCP). Enfin, il serait sans doute intéressant
d’utiliser d’autres méthodes plus sophistiquées, comme la méthode de moindres carres
généralisée ou/et les méthodes robustes pour la régression, pour estimer le vecteur des
parametres. Ces méthodes permettent d’inclure la dépendance qui peut exister entre les
sites de la région et de réduire I’influence des sites aberrants dans I’estimation de vecteur
des parametres. Dans un premier temps, il serait intéressant de considérer une
comparaison entre ces méethodes et celles proposées dans la these. De plus, il est possible
de les améliorer et les rendent plus avantageuses en leur intégrant les fonctions de

profondeur.
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Abstract

Regional frequency analysis (RFA) aims to estimate extreme hydrological events at sites where
little or no hydrological data are available. The delineation of homogeneous regions and the
regional estimation are the two main steps of a RFA procedure. Hydrological neighborhood is
one of the common approaches employed for the delineation step. Traditional methods proposed
for building hydrological neighborhoods are mainly based on a distance metric. These methods
have some limitations. They are not robust against outliers, they are not affine invariant and
require that site characteristics be normally distributed. To overcome these limitations, the
present study aims to propose new robust methods to identify neighborhood of a target site. The
proposed methods are based on the statistical notion of depth function. A data set from the
southern part of the province of Quebec (Canada) is used to compare the proposed methods with
traditional ones. The obtained results indicate that the depth-based methods lead to
neighborhoods which are more homogeneous in terms of H heterogeneity measure, and are more
efficient for quantile estimation in terms of relative bias and relative root mean square error, than
those obtained by the traditional methods.

Keywords: Ungauged basins, Neighborhood, Target site, Regional Frequency Analysis,

Statistical depth function, Canonical Correlation Analysis, Region of Influence.
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1. Introduction

Extreme hydrological events have important and different consequences on human society. These
extreme events are rare and their record lengths are generally short at the desired site.
Consequently, statistical inference is difficult in such sites. To overcome this problem,
information must be transferred from other sites that are hydrologically similar to the target one.
The estimation of extreme events, such as floods, at sites where little or no data are available is
the main aim of regional frequency analysis (RFA). The latter comprises two main steps:
delineation of homogeneous regions and regional estimation [e.g., De Michele and Rooso, 2002;
Ouarda et al., 2008; Zaman et al., 2012].

Homogenous regions can be defined as geographically contiguous regions, geographically
noncontiguous regions, or as hydrological neighborhoods. The wuse of hydrological
neighborhoods was recommended in the literature for different parts of the world. In the
neighborhood category each target site is assumed to have its own region. Two main
neighborhood methods are proposed in the literature: the region of influence (ROI) [Burn, 1990];
and the canonical correlation analysis (CCA) [Ouarda et al., 2001].

Generally, a neighborhood of a target-site is composed of a set of hydrologically similar gauged
sites [Chokmani and Ouarda, 2004]. Therefore, the determination of the neighborhood involves
the computation of a similarity measure between the target site and the gauged ones. To this end,
the available methods in the literature, i.e. ROl and CCA, use a simple distance metric. More
precisely, ROl uses the weighted Euclidian distance within a multidimensional space defined by
the physio-meteorological variables, such as the catchment centroids or the basin area [Burn,

1990; Gaal et al.,, 2008]. However, CCA uses the Mahalanobis distance within the
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multidimensional space defined by the canonical physio-meteorological and hydrological
variables [Ribeiro-Correéa et al., 1995].

The available neighborhood methods suffer from three principal drawbacks. First, they are not
robust against outliers in the data set, i.e. they exhibit a high sensitivity to the presence of very
different sites, and consequently, the neighborhood of a target site can be strongly affected by
some particular sites such as sites with very small or/and large drainage area [Neykov et al.,
2007]. Second, these methods are not affine invariant which make the neighborhood of a target
site depend on the coordinate system, and in particular, on the scales of the site characteristics
[Chebana and Ouarda, 2008]. Third, these traditional methods require the normality of site
characteristics [Leclerc and Ouarda, 2007].

These elements motivate the development of new delineation methods that overcome some of
these drawbacks. These methods developed in the present study are based on the notion of depth
function [Tukey, 1975]. More precisely, to define a neighborhood of a target site, the proposed
methods use a new similarity measure, derived from the statistical depth notion. This similarity
measure has several desirable properties including robustness, affine invariance, and taking into
account the shape of the data set (see section 3 below). To define the space where the proposed
similarity measure is computed, two approaches are used in this study including: the physio-
meteorological space and the canonical space.

Statistical depth functions have been introduced in the estimation step of RFA [Chebana and
Ouarda, 2008; Wazneh et al., 2013a; b]. Recently, Wazneh el al., [2014] introduced the notion of
depth functions in the delineation step of RFA. More precisely, the authors have introduced depth
function in the formation of homogeneous noncontiguous regions (i.e. in the clustering
approach). They showed that the depth-based approach leads to regions which are more

homogeneous and more efficient for flood quantile estimation than those obtained by the
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traditional one. However in the present study, depth functions are introduced in the formation of
hydrological neighborhood, which is the difference between this study and the previously one.
The present paper is structured as follows. Section 2 gathers the different elements of the
background necessary to introduce the proposed neighborhood methods. Section 3 describes the
proposed methods. In section 4, the proposed depth neighborhood methods are applied and
compared to the traditional methods based on a data set from the hydrometric station network of
the province of Quebec (Canada). The last section is devoted to the conclusions of this work.

2. Background

In this section, the background materials required to introduce and apply the identification of
hydrological neighborhoods using statistical depth function are briefly presented. This section
contains a number of basic notions as well as a brief reminder of the multiple regression model
and the traditional neighborhood methods.

2.1. Simplicial depth function

The absence of a natural order to classify multivariate data led to the introduction of the depth
functions (Tukey, 1975). In the present work the simplicial depth function is used. This particular
case of depth functions is used because it can easily be transformed to a similarity measure (see
section 3 c). A detailed description of the way the simplicial depth is used to introduce the
similarity between data sets of different sites and to define the neighborhood of a target site is
presented below in section 3.

The simplicial depth of x e R? is defined as the probability that the point x belongs to a random
simplex whose vertices are a (d+1) independent random variables with distribution F [Liu, 1990].

More formally, the depth of x is defined by:

SD(x,F)=P[xeS[X,,... X41] ] 1)
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where X,..., X,,, are random variables from F and S[Xl,..., Xd+1] is the simplex with vertices
Xise Xy, - The sample version of this depth function consists in computing the proportion of

simplex containing the point x; i.e., given a random sample x,...,x, from F with n > d, the depth

value of x is estimated by:

0,09-(3,,) X 3.0 @

I<h<..<igs<n

. Figure 1 illustrates the way that simplicial depth is computed in the

where 1, (x)= {1 xeA

Oifxe A
two dimensional space. In fact, the depth of the point x is the number of simplex (i.e. triangle in
R?) containing this point divided by the total number of simplex that can be formed using the
data set. Therefore the depth of x in Figure 1 is 3/10.

2.2. Traditional neighborhood methods

A brief description of the two main traditional neighborhood methods is presented herein.

Canonical correlation analysis (CCA)

Let X =(X;,. X, X, ) with X, =(X/,..., X" )’ and Y =(Y,,.Y;,..Y,) with Y, =(Yi1,..,Y.N)’ are

respectively the r physio-meteorological (e.g., basin area, annual mean total precipitation) and the
s hydrological variables (e.g., flood quantiles) of the N gauged sites. CCA provides two sets of
basis vectors highly correlated (called canonical variables), one for X and the other for Y. More
precisely, let V and W be linear combinations of X and Y respectively, i.e.,

V=aX and W =b'Y (3)
Let X be the covariance matrix of the variables X and Y;,and p the correlation between V and

W.The goal of the CCA is to find two vectors a and b maximizing p subject to the constraint that
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W and V must have unit variance. Once the first pair of canonical variables is obtained, other

pairs can be similarly obtained in the uncorrelated directions to the previous.
Let W" :(Wl",...,Wp” )' and V" :(vl”,...,vp” )' be respectively the first canonical hydrological and

physio-meteorological variables of site n (nzl,..,N), where p is the rank of the covariance

w
matrix X. Assume that the vector (VJ is 2p-normally distributed, the hydrological
neighborhood of a target site I, using the CCA method at 100(1-a)% confidence level is given by:

I, —A'A

N e :{site ke{l.,N};d? o (WHAV! ) =(W —Av')'(lp —A'A)’l(vvk —Av')<;5;p}(4)

where | is the pxp identity matrix, A=diag(4,...4,), 4 =corr(V;,W,),i=1..,p with

p

Vi =(V V) and Wo=(W. W), d? s the Mahalanobis distance, and z; , is the (1-o)

quantile associated to the chi-squared distribution with p degrees of freedom. This neighborhood
describes the interior of an ellipsoidal region. For more details concerning CCA application in
RFA, the reader is referred to Ouarda et al. [2001].

Region of influence

The ROI method was introduced by Burn [1990]. As in CCA method, the target-site is
considered as the center of its own neighborhood. The identification of a neighborhood for a
given target-site is based on an Euclidian distance in multidimensional physio-meteorological

space [Tasker et al., 1996].

11"

More formally, suppose that X" :(X” Xr”) be the vector of r physio-meteorological variables

of site n. Let N be the number of gauged sites in the studied region, the neighborhood of an
ungauged site |, i.e. the vector of physio-meteorological variable X' is known, using ROI method

is defined as:
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N;z0| ={ siteke{l,..,N}; D(Xk,X'):{

(xg—xgﬂ 35} (5)

s=1

where D(X K X ') is the Euclidean distance between the target site | and the gauged one k ; and ¢

r

is the threshold value. As the physio-meteorological variable X" :(Xl",.., X") may have
substantially different magnitudes, such as in the case of X=(basin area, mean basin slope, annual
mean total precipitation), a standardization of the matrix X, containing the N vector of physio-
meteorological variables, before calculating the dissimilarity measure defined in (5) is generally
applied.

2.3. Multiple regression model

In RFA, the neighborhood of a target site is used to estimate its flood quantiles. In this study, the
multiple regression (MR) model is used to estimate the flood quantile Q, corresponding to a
return period T. A brief description of the MR model in RFA is presented herein.

The MR model has the advantage to be simple, fast, and not requiring the same distribution for
hydrological data at each site within the region. It is assumed that the relationship between Q; , as
the hydrological variable, and the basin characteristics Aj, Ay, . . A, takes the form [Pandey and

Nguyen, 1999; Tasker et al., 1996]:
log(Q; )=/, + B, 10g(A)+p,log(A,)...+ B log(A)+e (6)
where ,Bz(ﬁo,...., ﬁ,) is the vector of parameters and e is the model error. The vector of

parameters £ can be estimated using the weighted least squares estimation method [Rencher

2002].
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2.4. Performance criteria

An objective of the present work is to assess and compare the performance of neighborhood
methods used in RFA. Since the delineation step affects the results of estimation of flood
quantiles, two categories of performance criteria are used in this study: i) criterion that assess the
neighborhood methods and ii) criteria that assess the estimation results.

To assess and compare the neighborhood methods, the H heterogeneity measure defined bellow
is used. As mentioned in Hosking and Wallis [1997], H quantifies the degree of heterogeneity of
a neighborhood. For a target site |, the heterogeneity measure H; corresponding to its
neighborhood is computed:

(v -4') > w (L, -L,)

~———— such that V, =<\

g Z\Ni

ieN'

H, =

(")

where N' represent the set of sites included in the neighborhood of site I, w; is the sample size at

site i, L, and L, are respectively the L-coefficient of variation of site i and the average one
across all sites in N', and ' and & are the mean and the standard deviation of the simulated

neighborhoods respectively. For more details concerning the way that L., L., 2 and o, are

computed, the reader is referred to Hosking and Wallis [1997]. The best neighborhood method
will be the one that leads to the lowest H, value.

As mentioned above, in the RFA framework, the neighborhood of a target site | is used to

estimate its flood quantiles Q: corresponding to a return period T. Therefore, the best

neighborhood method is the one that minimizes the prediction error of Q, over all sites in the

data set. In this study, to quantify the prediction error, the following criteria are used:
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%é‘,RE(@) with RE(Q}) =QTIQ;|@ ®)

N

RRMSE, = \/%Z[RE(Q} )T )

1=1

where RBt, RRMSE+ and RE(@) are respectively the relative bias, the relative root mean square
error, and the relative quantile error of site I; corresponding to the return period T, Q} is the at-

site quantile estimation and QT' Is the regional estimation by the regression model, using a given

neighborhood method.

3. Depth-based neighborhood method

The neighborhood methods proposed in the literature to identify homogeneous regions, i.e. CCA
and ROI, are based on a distance dissimilarity measure. More precisely, CCA (4) is based on the
Mahalanobis distance, whereas ROI (5) is based on the Euclidean distance. The results of these
methods can be affected by several elements including the distributions of sites characteristics
[Leclerc and Ouarda, 2007; Lin and Chen, 2006], the presence of outliers [Hadi, 1992; Neykov et
al., 2007] and the scale of variables [Castellarin et al., 2001]. To reduce or eliminate the negative
impact of these elements, a new similarity function based on the concept of statistical depth
function is presented herein.

The simplicial depth function of a point xeR? is based on the membership of this point to
random simplices with d + 1 vertices, where d is the dimension of the space of x. This function
(1) measures the probability that a random simplex contains the point for which depth is
calculated. In the same reasoning, Lopez and Romo [2010] defined the simplicial similarity
between two points x and y as the probability that a random simplex contains both points. The

two examples in Figure 2 show that the proposed idea is an appropriate way to measure
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similarity. It can be observed that, when x and y are close (Figure 2a), two of the five sample
triangles drawn contain both points at the same time, whereas if the points are far (Figure 2b),
none of these five triangles contain both of them at the same time.

More formally, given a d-dimensional distribution function F and the points x and y in R?, the

simplicial similarity between x and y with respect to F is defined as:

SS(x, y,F)=P(x,yeS[Xl,..,XM]) (10)
where Xi,.., X,, are a random sample from F and S[X,,..., X4,,] is the simplex with vertices

X,y X4, The sample version of this similarity function consists in computing the proportion

of simplices containing the points x and y together; i.e., given a random sample x,...,x, of F, the

simplicial similarity between x and y is:

Ssn (X’ y) = [2 _'_l] Z 1S[xi1 ...... X

D 1 (xy) (11)
I<ih<.<ig<n

The most important proprieties of SS, are:

1. Given a point x, the maximum similarity value between x and any other y is equal to the

similarity between x and itself and is equal to the simplicial depth of x i.e.

SS, (X, x) = m;:JIXI:SSn (% y)]=5D,(x);

2. Given any points x and y, the similarity between x and any point in the segment from x to y is
greater than or equal to the similarity between points x and y;

3. The similarity between points x and y tends to zero when point y is far from x;

4. Given two points x and y, the distribution function F and an affine transformation T(.), the
similarity between points T(x) and T(y) with respect to the transformed distribution function

is equal to the similarity between points x and y with respect to F.

85



5. Simplicial similarity is symmetric i.e. SS, (X,y)=SS,(y,x).

As simplicial depth, simplicial similarity is robust, distribution free (i.e. no assumption about the
distribution of the data), affine invariant, and takes into account the shape of the data [Zuo and
Serfling, 2000]. These proprieties can reduce and eliminate the drawbacks of traditional
neighborhood methods. To make values interpretable, the simplicial similarity measure (11) is

normalized as:

SS, (%, Y)

)= /5D, (x).5D, ()

NSS, (x, (12)

where SD(.) is the simplicial depth function defined in (2). Traditionnal neighborhood methods,
such as the case in (4) and (5), are defined using a dissimilarity measure (distance). In order to be
compatible with these methods, the normalized simplicial similarity should be transformed into
dissimilarity measure. To this end, a logarithm function, which can help spread out the magnitude
of NSS, is applied. As result, the following dissimilarity measure is used in this study to define
the neighborhood of a target site using depth-based neighborhood approach:

DSS, (%, y)=—log(NSS, (x,y)) (13)
Since NSS, (x,y) takes values in the interval [0, 1], DSS, (X, y)takes positive values.
The neighborhood of a target site | using depth-based neighborhood method is defined as:

Npss ={ sitek e {1,.,N}; DSS,, (U*,U') <7 (14)
where U is the vector of site characteristics and z is a threshold value.
In this study, to define the vector U, two different spaces are used: either the physiographical
space or the canonical space. If U'=X' :(Xl',.., X:) the original vector of r physio-

meteorological variables of site | such as in (5), the depth-based neighborhood method is denoted
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by ROI-Depth; if U' =V' :(Vl',...,VF: )' the p canonical physio-meteorological variables of site |
such as in (4), the depth-based neighborhood method is denoted by CCA-Depth.

Like CCA and ROI, the depth-based neighborhood method requires the choice of a threshold
value 7 that is as a cut-off point for the dissimilarity measure. All stations with a dissimilarity
measure higher than the threshold z are excluded from the neighborhood of target site. Note that
determining the optimal value of threshold 7 is equivalent to determining the optimal number of
sites in the neighborhood n*"that are close to the target site (i.e. have the lowest values of DSSy).

To this end, in this study, a “forward” pooling procedure is used [Gadl and Kysely, 2009].

Starting with the target site | which represents a single-site pooling group at the very beginning of

the procedure, the next closest site (i.e. the site j with the next lowest value of DSS, (U',U j),

j=1, ..., N) is appended to the existing neighborhood in each turn, and a pre-selected criterion
quantifying the performances of the model (such as RB (8) or RRMSE (9)) is computed. The
optimal n® number of sites in the neighborhood is the one that optimizes the performance of
model. This same procedure is used in this study to determine the values of o and ¢ respectively
for the CCA (4) and the ROI (5) methods [Ouarda el al., 2001].

4. Applications

In this section, the delineation of a neighbourhood using the depth-based and the traditional
approaches are applied and compared on a real world dataset.

4.1. Dataset

The considered dataset comes from the hydrometric station network of the southern part of the
province of Quebec (Canada). Annual maximum peak flow data of 151 stations are available with

record lengths ranging from 15 to 84 years. These stations are located between 45° N and 55° N
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in the southern part of Quebec, Canada. The area of these catchments is larger than 208 km? but
less than 96600 km?. The geographical location of these stations is shown in Figure 3.
An at-site frequency analysis was carried out at each station of the data base by [Kouider et al.,
2002]. Data were tested for homogeneity and stationarity, and appropriate statistical distributions
were fitted to data in order to estimate at-site flood quantiles corresponding to several return
periods. In this study, we focus on 10 and 100 years return periods. Eaton el al., [2002] indicated
that in order to investigate the underlying physical behavior of drainage systems, scale effects
must be eliminated from data. Consequently, we use specific quantiles (flood quantiles
standardized by the basin area), noted by QS;and QS100 (in m*/km?s),.

The selected physio-meteorological variables used in this study are used in the study of Wazneh
el al. [2013a]. It includes: the basin area (AREA) in km?, the mean basin slope (MBS) in %, the
fraction of the basin area covered with lakes (FAL) in %, the annual mean total precipitation
(AMP) in mm and the annual mean degree days over 0°C (AMD) in degree-day.

4.2. Results

In order to determine the optimal number of sites, for the different neighbourhood methods, that
must be used in the estimation of flood quantile for a target site in the considered dataset. Figure
4 illustrates the variation of the two performance criteria RB and RRMSE, obtained by the MR
model, and using ROI, ROI-Depth and CCA-Depth neighborhood methods, as a function of
number of sites in the neighborhood (i.e. size of neighborhood). By construction, the size of a
neighborhood can vary between 0, empty neighborhood, and 151, the whole region. However, in
this study, the size of neighborhood varies between 10 and 80 to ensure that the neighborhood of
sites contains sufficient stations to allow the estimation by the MR model, but not too large to

maintain neighborhood homogeneity. Figure 4 indicates that, for a given criterion i.e. RB or
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RRMSE, the optimal size of neighborhood n°"is almost the same for the three neighborhood

methods (i.e. ROI, ROI-Depth and CCA-Depth) and for the two return periods (T = 10 and 100
yrs), even though this is not a general result. However, the value of n° depends on the selected
criterion [Ouarda et al., 2001]. In this study, for these three methods, n®" = 35 sites with respect

to the RRMSE criterion, whereas n® = 50 sites for the RB criterion. Note that for the CCA
method, as shown in a number of studies that used this dataset, the optimal number of sites in the
neighborhood with respect to RB and RRMSE criteria is 76 [e.g. Chebana et al., 2014;
Chokmani and Ouarda, 2004; Wazneh et al., 2013a]. This optimal size of neighborhood
corresponds to a=0.25 in (4).

The results of the two performance criteria RB and RRMSE, related to the different
neighborhood methods, and using the size of neighborhood n°" that optimizes the RRMSE
criterion, are summarized in Table 1. This table shows that the depth-based neighborhood
methods lead to more precise estimates than those obtained using traditional CCA and ROI
methods. In fact, the neighborhoods obtained using depth-based methods are more homogeneous
and more representative than those obtained using traditional methods (see below), which could
be the reason of this improvement. The improvement is more significant using ROI-Depth than
CCA-Depth. This result can be explained by the fact that some information is lost by the CCA
dimension reduction which is not the case of ROI-Depth where the simplicial dissimilarity is
applied to the original set that contains 5 physio-meteorological variables.

Figure 5 shows the scatter of the at-site specific quantiles versus the regional estimate ones for
the QSipo using the different neighborhood methods. In this Figure, each site i (i=1,..,151) is

temporarily excluded from the data set and the corresponding regional quantile QSlOO is

estimated by the MR model and using its neighborhood defined by the various methods. By
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fitting a straight line with a slope equal to 1:1 between QS;o and (58100, it is seen that for some

sites, the regional quantiles estimated, using the neighborhood obtained by depth methods, are
closer to the at-site quantiles (i.e. more uniformly distributed around 1:1 line) than those
obtained using traditional CCA and ROI. The values of coefficient of determination R? show that
the linearity between the at-site specific quantiles and the regional estimates one is more
respected in the depth-neighborhood methods than in the traditional methods. Besides, we
remark that traditional neighborhood methods lead to underestimate sites with high quantile
values, i.e. sites that have QS values greater than 0.8 m*/km?s, such as the case of sites 10, 48, 49
and 78 (Figure 5). These high quantile values are associated to sites with small basin area, less
than 500 km?. However, the depth-based neighborhood methods, appear to produce more precise
values for these sites. This result can be explained by the fact that traditional neighborhood
approaches are highly related by the values of site characteristics, so these delineation
approaches are not effective in the case of specific target sites such as sites with small basin area.
However, the depth neighborhood methods does not depend directly on the values of sites
characteristics, but it depends on the position of target sites in the hydrological and the
physiographical space. The effectiveness of depth-based delineation methods in the case of
specific target sites can also explain the results obtained in Table 1.

To compare the relative errors (8) of flood quantiles estimates obtained by different
neighborhood methods, Figure 6 illustrates these errors with respect to the logarithm of basin
area. It is generally observed that relative errors obtained using depth neighborhood methods are
lower than those obtained using traditional neighborhood methods. We also observe that
generally relative errors are randomly distributed around zero except for some sites such as

numbers 46, 64, 66, 148. These sites have large negative relative errors using any of various
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delineation methods. Chokmani and Ouarda [2004] found that for these four sites, the catchment
areas are underestimated, which can be the cause of these larges relative errors. The exclusion of
these four sites can improve the overall results. Note that, sites 10, 48, 49 and 78 have
proportionally small relative errors because their high at-site quantile values.

The homogeneity of 151 neighborhoods, related to the temporarily excluded sites, are quantified
using the H heterogeneity measures defined in (7). Table 2 shows the frequency of H in each
predefined class intervals and using the different neighborhood methods. We remark that most
neighborhoods obtained by the ROI method are ‘heterogeneous’ (H>2). However, more than
half of neighborhoods obtained by the depth-based methods (CCA-Depth or ROI-Depth) are
‘homogeneous’ or ‘possibly homogeneous’. Generally, Table 2 shows that neighborhoods
obtained using depth-based methods are more homogeneous than those obtained using
traditional methods, which could be the reason of the improvement in the estimation step (Table
1). Note that, the estimation of flood quantile using MR model does not require the assumptions
of neighborhood homogeneity, which can justify the use of this model in the estimation step in
this study.

In order to visualize the neighborhoods of a target site using the various methods, assume that
site number 97 is a target site and has to be estimated using the remaining 150 gauged sites.
Figure 7 illustrates the neighborhoods using CCA and CCA-Depth methods. The neighborhoods
region for the target site using ROl and ROI-Depth are not illustrated in this Figure since these
two methods are computed in a 5 dimensional space (number of physio-meteorological
variables). By observing the neighborhood of the target site 97, we remark that using CCA
method, some sites relatively far from the target site in the canonical hydro-physiographical
space (W1, V1), such as sites 109, 120, 122, 4 and 1, are included in its neighborhood (Figure

7a). These sites are also geographically far from the target site (Figure 3). By testing the
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W
normality of the vector (V j that contains the canonical hydro-physiographical variables, we

find that the null hypothesis is rejected. Therefore, the basic assumption of normality behind the
CCA neighborhood method is not respected in this study, which can be the reason that some
relatively far sites are include in the neighborhood using CCA method. However, these far sites
are not included in the neighborhood using Depth-CCA method (Figure 7b). This is because the
neighborhood using depth-based methods is computed without any assumption. That can also
explain the superiority of depth neighborhood methods in the estimation step (Table 1).
Furthermore, we observe that the neighborhood using traditional CCA describes in the canonical
hydrological space the interior of an ellipsoidal region (Figure 7b) as formed in Ouarda et al.,
[2001]. However, for the CCA-Depth, the neighborhoods in the canonical physiographical space
present a triangular shape. This is due to the angular shape of the simplices that define the
simplicial similarity (11) used in this method.

The sensitivity of the neighborhood approaches to an affine transformation is investigated. More
precisely, the neighborhoods of the target site 97 are computed using the original and the
normalized version of the physio-meteorological variables, as well as using classical and depth-
based approaches. The results of this application are summarized in Figure 8. We remark that
using ROI-Depth method, the same sites are included in the neighborhood obtained by the
original end the transformed physio-meteorological variables (Figure 8a). That is because the
simplicial similarity used in depth approach is affine invariant. However for the ROl method
(Figure 8b and Figure 8c), the sites included in the neighborhood change depending on the used
transformation. As a result, the depth-based neighborhood approach has the advantage to be

affine invariant and does not require that site characteristics to be normally distributed. Note
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that, the same results are obtained using CCA and CCA-Depth methods (results are not
presented due to space limitation).

The homogeneity of neighborhood of the target site 97 obtained by the different methods is
summarized in Table 3. The neighborhood using depth-based methods can be considered as
“possibly homogeneous”. However, the neighborhoods obtained using traditional methods are
“heterogencous” (H>2). Table 3 shows that, for the target site 97, the neighborhoods obtained
using depth-based method are more homogeneous than those obtained using traditional methods.
In this paper, the depth-based neighborhood approach combined with the log-linear estimation
model is compared with the most popular RFA approaches, which is the CCA and the ROI
approaches. In order to widen the comparison, it is interested to compare it with different
approaches already applied to the studied region. Table 4 summarizes the approaches previously
applied to the region of Quebec with those proposed in this study. The results indicate that the
CCA-Depth and the ROI-Depth lead to more efficient estimates, especially in term of RRMSE,
than those obtained using traditional approaches.

5. Conclusion

In the present paper, a new method is proposed and applied to identify the neighbourhood of a
target site in RFA. The proposed depth-based neighbourhood method is based on the statistical
notion of depth function. This method employs depth functions to compute the similarity
between the target site and the gauged ones. Therefore, aside from leading to the best estimation
results, the proposed method allows the delineation step of RFA procedure to be robust, affine
invariance and distribution free.

The obtained results from a set of sites in the southern part of Quebec (Canada) show that the

neighbourhood of a target site using depth method is more homogeneous than those obtained
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using traditional CCA and ROI. Additionally, it leads to more efficient estimates in terms of RB

and RRMSE than those obtained using traditional method.
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Table 1. Quantile estimation results with the various delineation methods and using the MR estimation model.

D?:]'gtﬁ)téon Optimal coefficients QS10 QS100
RRMSE(%) RB(%) RRMSE (%) RB(%)
Classical CCA n=76 44.62 -7.54 51.84 -8.14
approaches ROI n"=35 43.10 -2.13 49.09 -5.13
Depth- CCA-Depth n=35 37.42 -2.74 43.87 -5.35
aps;";aefhes ROI-Depth =35 34,50 5.07 41.92 6.50

Best result is in bold character, the second result is in italic.
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Table 2. The frequency table of H obtained by the different neighborhood methods

Delimitation methods

Class intervals CCA ROl CCA-Depth ROI-Depth
H<1 (Homogeneous) 31 2 56 43
1<H<2 (Possibly homogeneous) 16 6 22 34
H>2 (Heterogeneous) 104 143 73 74
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Table 3. Heterogeneity measures H of neighborhoods for the target site number 97 obtained by the various
delineation methods

Heterogeneity
measure

Delineation method
CCA ROI CCA-Depth ROI-Depth

H 5.56 8.87 1.43 1.53
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Table 4. Quantile estimation result for Quebec with available approaches and their references

Qs10 QS100
Approach Reference RB RRMSE  RB  RRMSE

(%) (%) (%) (%)

Linear regression (LR) Wazneh et al., [2013a] -9 55 -11 64
Nonlinear regression (NLR) Shu and Ouarda [2008] -9 61 -12 70
NLR with regionalisation approach Shu and Ouarda [2008] -19 67 -24 79
CCA Table 1 above -7 44 -8 52
ROI Table 1 above 2.1 43.1 -5.1 49.0
Kriging-CCA space Chokmani and Ouarda [2004]  -20 66 -27 86
Kriging-Principal Component Analysis space Chokmani and Ouarda [2004]  -16 51 -23 70
Adaptive Neuro-Fuzzy Inference Systems (ANFIS) Shu and Ouarda [2008] -8 57 -14 64
Artificial Neural Networks (ANN) Shu and Ouarda [2008] -8 53 -10 60
Single ANN-CCA (SANN-CCA) Shu and Ouarda [2007] 5 38 -4 46
Ensemble ANN (EANN) Shu and Ouarda [2007] -7 44 -10 60
Ensemble ANN-CCA (EANN-CCA) Shu and Ouarda [2007] -5 37 -6 45
CCA-Depth Table 1 above 2.7 374 5.3 43.8
ROI-Depth Table 1 above -5.0 34.50 -6.5 41.9

Best result is in bold character, the second result is in italic
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Figure 1. llustration of the way that simplicial depth of point x in R? is computed.
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Figure 2. Examples of random simplices for close and distant points.
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Figure 3. Geographical location of the studied sites in the southern part of the province of Quebec, Canada
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Abstract

The aim of regional frequency analysis (RFA) is to estimate extreme hydrological events at sites
where little or no hydrological data are available. The delineation of sub-regions and the regional
estimation within these sub-regions are the two main steps of RFA. As currently practiced, the
delineation step is unrobust and subjective. To overcome these limitations, the present paper aims
to propose a new robust approach for delineating homogeneous sub-regions. The proposed
approach is objective and based on the concept of depth function. A data set from three
geographical regions in the North-West of Italy is used to apply and compare the proposed
approach with a traditional one. Results indicate that the proposed depth-based approach leads to
more homogeneous sub-regions in terms of H heterogeneity measure, and leading to more
efficient quantile estimations in terms of relative bias and relative root mean square error, than

those obtained by the traditional approach.

Keywords: Ungauged basins, Homogeneous sub-region, Regional frequency analysis, Statistical

depth function, Clustering analysis.
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1. Introduction

Hydrological data records are often short and are not always available in the desired site.
Consequently, at-site frequency analysis is not always accurate or even possible at the sites of
interest. Regional frequency analysis (RFA) is used to estimate extreme hydrological events at
sites where little or no hydrological data are available [e.g., Basu and Srinivas, 2014; Haddad et
al., 2014; Ouarda et al., 2000; Reed et al., 1999]. Transfer of the available information from
gauged sites, within a homogeneous region, to the target (ungauged) site is the main idea behind
the RFA. The two main steps of RFA are (i) the identification of homogeneous hydrological sub-
regions and (ii) the regional estimation within these sub-regions [e.g., Wazneh et al., 2013b].

The identification of sub-regions has received important consideration in hydrology, but no
common methodology has been developed. Thus, various methods of defining sub-regions can be
found in the literature, leading to geographically contiguous regions, geographically non-
contiguous regions, or hydrological neighborhoods [Ouarda et al., 2001]. Using non-contiguous
regions was recommended in the literature [e.g., Haddad and Rahman, 2012; Ouarda et al., 2008].
Cluster analysis based on site characteristics is one of the most practical methods used to define
the non-contiguous regions [Hosking and Wallis, 1997].

Cluster analysis groups sites based on a distance (measure) reflecting the similarity among a set
of attributes of the gauging site (e.g., basin area, latitude) [Rao and Srinivas, 2006a]. The
identified regions highly depend on the choice of the set of attributes [Castellarin et al., 2001;
Oudin et al., 2010]. Generally, the set of attributes used for RFA approaches includes: (i)
physiographic catchment characteristics such as drainage area, average basin slope, main stream
slope, stream length [e.g., Acreman and Sinclair, 1986]; (ii) geographical location attributes such

as latitude, longitude and altitude of catchment centroid [e.g., Burn and Goel, 2000]; (iii)
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measures of basin response time such as basin lag or time-to-peak [e.g., Potter and Faulkner,
1987]; (iv) meteorological factors such as storm direction, mean annual rainfall, precipitation
intensities [e.g., Chebana and Ouarda, 2008]; and (v) at-site flood statistics such as L-moments or
other statistical measures calculated from the available flow series [e.g., Wazneh et al., 2013a]. A
combination of two or more of the above variables may also constitute an attribute in a cluster
analysis [e.g., Bargaoui et al., 1998; Nathan and McMahon, 1990].

Several clustering algorithms are available in the statistical literature [Johnson and Wichern,
2002]. Clustering algorithms used for the delineation of sub-regions in RFA can be broadly
classified into two categories: hierarchical and partitional clustering [Rao and Srinivas, 2006b].
The hierarchical category includes single linkage, complete linkage, average linkage and Ward
method [e.g., Baeriswyl and Rebetez, 1997; Bhaskar and O'Connor, 1989; Chiang et al., 2002].
The partitional category includes k-means and fuzzy c-means [e.g., Bargaoui et al., 1998; Rao
and Srinivas, 2003]. Ward hierarchical method is the most commonly used in RFA. In fact, this
method tends to delineate sub-regions approximately equivalent in size, and is thus considered
more convenient in the context of regionalizing flood data [Hosking and Wallis, 1997].

In the context of RFA, the application of the above clustering approaches in the delineation step
faces two drawbacks. First, these approaches are based on distance measures (e.g., Ward or
linkage) and/or use non robust statistics (e.g., k-means), and making the delineation results
sensitive to noise and to outliers [llorme and Griffis, 2013; Jornsten, 2004]. Second, some of
these approaches require a preselection of the number of sub-regions (e.g., k-means), which
makes the delineation step subjective and depends on the user choice.

The aim of the present work is to identify sub-regions for RFA with a particular focus on the

formation of sub-regions that can be used for estimating extreme flow quantiles for ungauged
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sites. More precisely, in this study, a new robust approach for delineation of hydrological sub-
regions based on the notion of data depth [Tukey, 1975] is presented and applied. The proposed
approach uses, as a starting step, a traditional approach (such as Ward method) to form initial
sub-regions. Then, the sites of the initial sub-regions are redistributed in a manner that maximizes
their depth values (see section 3). The proposed approach determines objectively the number of
homogeneous sub-regions using a preselected criterion such as the H heterogeneity measure
[Hosking and Wallis, 1997].

Wazneh el al., [2013a] introduced statistical depth function in regional estimation through the
index-flood model. To delineate the homogeneous sub-regions, they used traditional Ward
method. They showed that employing depth function in the estimation step provides improved
results. However, as argued by the authors, it is more appropriate to consider depth function in
the delineation step as well as in the estimation which ensures compatibility between the two
main RFA steps (delineation and estimation) and could lead to better results. Therefore, it is
necessary to develop a depth-based regional delineation.

Several depth functions are available in the literature and have been used for generalizing many
univariate statistical methods to the multivariate set-up [e.g., Chen et al., 2009; Donoho and
Gasko]. In particular, Jornsten [2004] introduced the notion of depth functions in the clustering
approach. In this study, the author defined the maximum depth clustering, where an observation
is assigned to the cluster within it has the maximum depth value. From a simulation study, the
author shows that the depth clustering approach is robust to noise and outliers. Jornsten shows
that employing depth functions improves clustering accuracy. After Jornsten [2004], statistical
depth functions are employed in a number of clustering and classification approaches [e.g., Dutta

and Ghosh, 2012; Ghosh and Chaudhuri, 2005].
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This paper is organized as follows: section 2 assembles the various background elements needed
to introduce the proposed approach and compare it with the traditional Ward approach. The
proposed approach in its general form is described in Section 3. Its application in a real world

data set is presented in Section 4. The last section is devoted to the conclusions of this work.
2. Background

This section briefly presents the background material required to introduce and apply the
delineation of sub-regions using depth functions. In addition, this section includes several basic
concepts as well as a summary of the main steps of the index-flood model used for regional
estimation model in order to quantify the performance of the proposed approach.

2.1. Ward method

In this section, the Ward method, commonly used to delineate homogeneous sub-regions in RFA
analysis, is presented. This method is considered in this paper for comparison purposes.

Ward method [Ward Jr, 1963] is a hierarchical algorithm which initially begins with each site
serving as its own sub-region. The algorithm successively merges sub-regions using an analysis
of variance approach in which the similarity among sites in a sub-region is measured in terms of

the Error Sum of Squares (ESS). More formally, for a sub-region r containing s sites, where the
flood regime is represented by p attributes X =(X1, ) ST xp), the ESS is given by:

!
S

ESS, =D (X;-X,) (X;-X,) 1)

j=1
where X; :(le, Xigrees xjp) is a vector of the attributes at site j, and X, is a vector of the
means of the attributes within the sub-region r. At each step, ESS; is computed for the

hypothetical merger of any two sub-regions, and the actual mergers chosen to occur are those

118



which minimize the increase in the total ESS across all sub-regions. A dendrogram is commonly
used to illustrate the mergers made at successive levels, where the vertical axis represents the
value of the ESS.

2.2. Spatial depth function

Data depth is a quantitative measure of how central (or deep) a point is with respect to a data set
or a distribution in a multivariate framework. This gives us a central outward ordering of
multivariate data points and gives rise to new ways to quantify the many complex multivariate
features of the underlying multivariate distribution [Li et al., 2012; Liu et al., 1999]. The depth
functions were first introduced by Tukey [1975]. They are employed in many research fields
including water sciences [e.g., Bardossy and Singh, 2008; Bardossy and Singh, 2011; Chebana

and Ouarda, 2008; KrauRe and Cullmann, 2012; Kraulle et al., 2012]. For a given cumulative
distribution function F on R (d >1), a depth function is any non-negative bounded function

which has a number of convenient properties. These properties fit well the RFA requirements and
constraints [Chebana and Ouarda, 2011].

Several types of depth functions have been developed e.g., half space, projection, simplicial,
spatial and Mahalanobis depth functions. Several depth functions, practical in two dimensions,
become impractical where the dimensionality increases e.g., half space [Hugg et al., 2006]. The
spatial depth function that was used in this study because of its convenient properties. First,
spatial depth is non-zero outside the convex hull of the data set and therefore can be used to
clustering sites of the region (see section 3.1). Second, it is fast and easy to compute in any
dimension, contributing to its application for the study of large high-dimensional data sets, such

clustering studies.
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The spatial depth of point x is the amount of probability mass needed at x to make it the
multivariate median (spatial median) of the data. Formally, the spatial depth of point x on
R (d 1) is:

SPD(x, F)=1-|E-[S(x—X)]| (2)

where X is a random variable with a distribution F, S(u) is the spatial sign function where

_ U
Ju
S$(0)=0 and |is the Euclidean norm. The empirical version of the SPD of x with respect to the

sample X :{xi, X ;X in *Rd}is defined by replacing F by a suitable empirical function IfX .

ey A i

Therefore, the empirical version is:

SPD(x, Ifx):l—%

AEA T (3)

In the following, the notation SPD(x, Ifx) is replaced by SPD(X, X). Figure 1 illustrates, on a
simple example, the way that the spatial depth is computed in the bivariate case (i.e. d =2) of y,

and y, respectively with respect to a sample X ={x,.,X;}. Let & =S(y, —xi):M be the

s x|
unit vector from ys to x; (s=1,2andi=1,..,7). For s=1, y; is located deep inside the cloud of

X's, summing up e’ will result in a vector with a norm close to 0, since unit vectors have different

directions and they cancel each other out. Therefore, the spatial depth of y; is approaching 1. For

s=2, y, is outside the data cloud, the sum of e? has a large norm, thus the depth is approaching 0.

The point where the spatial depth reaches its maximum value 1 is called the spatial median. The

spatial median represents the geometric center of the data.
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2.3. Index-flood model

In RFA homogeneous sub-regions are used to estimate Q, (t) the flood quantiles of an ungauged

site ip corresponding to a nonexceedance probability t. In this study, the index-flood model

[Chebana and Ouarda, 2009; Hosking and Wallis, 1997] is used to estimate flood quantiles Q(t).

The main steps of the index-flood model are briefly described in the following:

Compute the sample L-moments

For a random variable X, the (r +1)™ L-moment is defined by:
=" pru B, where Py, = (-1 V( ](\twj and g3, = E{x [F(x)]”} (4)
V=0

where F is the cumulative distribution function of X. In the index-flood model, L-moment ratios

(LMRs) are employed where L, is equal to z =4,/ A, while the other LMRs are given by:

T :% ;T =3,4 (Lskew fOr r =3and Ly, for r =4) ®)

Initial screening of data

For a data set from N sites, the discordancy measure D; for site i is defined by:

D, =—(u—0) S7*(y,—0) (6)

' N
where U, _[ch L., kur}, U:%Zu, and S = Z (u—T) . A site i is considered

discordant if D;j is larger than 3, but it is advised to examine sites with the largest D; values.
Heterogeneity measure
The homogeneity of a region is measured by the following H statistic [Hosking and Wallis,

1997]:
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such that V = =—— (7)
o,
v Zni
i=1
where n; is the sample size at site i, N is the number of sites within the region, L\, and L, are

the L, atsite i and the average regional one respectively, and £, and o, are the mean and the

standard deviation of the simulated regions respectively. Regions are considered as “acceptably
homogenous” if H <1, “possibly homogenous” if 1<H <2 and “definitely heterogeneous” if
H>2.

Regional growth curve

This step consists in selecting the appropriate distribution (growth curve) corresponding to each
identified homogeneous sub-region. To this end, for each homogeneous sub-region, a set of

candidate distributions are fitted. A candidate distribution is selected if the following goodness-

of-fit statistic ‘ZD'ST‘ is less than the test threshold 1.64 which corresponds to the 90% normal

quantile [Hosking and Wallis 1997]:

Z DIST __ (I:kur kur ) (8)

where L2PT is the L, of the candidate distribution, L, is the regional average and o, is the

kur
standard variation obtained from appropriately simulated regions.
Estimate flood quantiles at the target-site

For a given homogenous sub-region, the index-flood model estimates the flood quantile
corresponding to a nonexceedance probability t, i.e. return period T =J/(1—t), through the
expression:
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Q, ()=44,0(6%) ;0<t<land g ="L— I=1.L (9)

where io is the identifier of the target site, 44 is the scale factor called the index flood, g () is

th
I

the growth curve function, é,h is the I parameter obtained from the at-site standardized

distribution at the h™ gauged site, AR is the vector with L components of the regional growth
curve parameters and N’ is the number of sites in the homogenous sub-region that contain the

site io. Note that, for gauged sites, the index flood 4, is estimated by a location measure such as

the mean or the median. In this study, we consider the sample mean of the observed data (sample

mean) for each gauged site. However, in the case of an ungauged site, 4, is estimated using a

multi-regressive model that relates the index flood to the catchment characteristics [Viglione et

al., 2007].

The weight given in (9) to estimate the regional growth curve parameters 6% is based solely on

the record lengths. However, recently Wazneh el al., [2013a] proposed a new iterative weighting

scheme to the index-flood model where the vector of regional growth curve parameters 6% is

estimated by:

NE

(éﬂD=§}%w,|=Lwme@fw{MHD@M®ﬂ;h=LwN' (10)

h=1
where ¢ is an increasing weight function, MHD is the Mahalanobis depth function and © is the

set formed by the N’ vectors of at-site parameters of N'gauged sites in the homogeneous sub-

region. This approach is also considered in this study for a comparison proposes and it is called
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Depth-based index-flood model. A detailed presentation of Depth-based index-flood model can

be founded in [Wazneh et al., 2013a].
3. Approach development

In this section the proposed approach in its general form is described. An algorithm is presented

to facilitate the approach presentation.

The aim of the proposed approach is to delineate the non-homogeneous region into K

homogeneous regions (K is unknown) using the spatial depth function. This approach will be

denoted by D-clustering, for Depth clustering, in the remainder of the paper. If the whole region
is homogeneous, there is no need to use the proposed approach. In order to find homogeneous
sub-regions using D-clustering, the following three main steps are used:

- Initialization: use a traditional clustering approach to form the initial K sub-regions. Since the
aim of the proposed approach is to delineate homogeneous sub-regions from the whole region
which is assumed non-homogeneous, then K must be greater than 1 (in this study we start
with K=2 see Computation Algorithm below);

- Modifying: Modify the initial position of sites into the sub-regions using the depth function;

- Homogeneity: Test the homogeneity of the final sub-regions obtained after the modification
step. If the obtained sub-regions are not homogeneous go to the initial step with K=K+1.

The description of each step and the computation algorithm are given below.

3.1. Description of the various steps of the approach

Assume that N is the number of gauged sites in the data set after removing discordant sites,

Y =(le, ..... 1Ym,)1 r=1,..,N; is the at-site hydrological data at site r with record length n, (e.g.,

the annual maximum peak flood) and X, =(Xrl,...,xrp) are the p selected attributes that

124



represent the flood regime for this site i.e. the clustering variables such as the catchment centroids
or the basin area. In the first step of the approach, we use a traditional method (e.g., Ward

method) to form the initial sub-regions. By construction the D-clustering approach must started
with K=2 initial sub-regions. The initial sub-regions are not necessarily homogeneous. Let i(k)
be the set formed by the Id number of sites in the sub-region k, k=1.,K; ie.
i(k)={site r esub-regionk;r=1,..,N}, and let 1(k) be the set formed by the values of
attributes of sites in the sub-region k i.e. 1(k)={X,;rei(k);r=1.,N}.

In the second step of the D-clustering approach, we check and modify the initial sub-regions
obtained in the first step. In fact, in this step, each site in the data set is assigned to the sub-region
within it has the maximum depth value [Jornsten, 2004]. To this end, the spatial depth function

(3) is used. More precisely, the spatial depth of the site characteristics X;, r € i(k), is computed

with respect to the initial sub-region I(k) to which it belongs. In the context of this paper, the

depth of X, with respect to | (k) is denoted as the within sub-region depth D" =SPD(X,1(k)).
Note that D" quantifies how central the site r is with respect to its sub-region. Then, we compute

the between sub-regions depth of site r, D?, defined as the maximum depth of X, with respect to

the sub-region to which it does not belong i.e. D; = I@%[SPD(Xr, I (I))J From the definition

1=k
of D and D}, we remark that site r is well classified in its sub-regions k if D > D" . Therefore,
for each site r in the data set, we define the deviance depth DeD, as the difference between the
corresponding within and between depths i.e. DeD, = DY — D . As a result, in the second step of

the D-clustering approach, each site r is reassigned to the sub-region that maximizes DeD, .
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The DeD, ranges between -1 and 1 since D"and D} ranges between 0 and 1. A site r is well
classified in the sub-region if DeDy is positive, a small DeD, (around 0) means that the site r lies
between two sub-regions, and a negative DeD, means that site r is placed in the wrong sub-
region. Note that the deviance depth DeD, defined in this study is similar to the silhouette
criterion [Rousseeuw, 1987] commonly used in the traditional clustering algorithm (defined
below). An advantage of DeD is its independent of the scale of clustering variables (because the
spatial depth function is affine invariant) which is not the case of silhouette [Ding et al., 2007;
Jornsten, 2004].

For more clarity of the second step of the D-clustering approach, consider as an example the case

of p=2 with variables the basin area (AREA) and the mean elevation (H,,) where for each site r

X, =(AREA,(Hm)r). Suppose also that the dataset is clustered into three initial sub-regions,

and I(k), k = 1,...,3 are the corresponding attribute sets (see Figure 2). The within depths of sites

1 and 2 are respectively D =SPD(X,,1(1)) and D;' =SPD(X,,1(1)) because X,,X, < I(1).
Assume that SPD(X,,1(2))>SPD(X,,1(1))>SPD(X,,1(3)) and
SPD(X,,1(3))>SPD(X,,1(1))>SPD(X,,1(2)). In this case the between depth of site 1 and 2

are respectively D} =SPD(X,,1(2)) and D}=SPD(X,,1(3)). Based on the previous

assumptions, in the second step of the D-clustering algorithm, these two sites must modify their
sub-regions. In fact, site 1 must be assigned to sub-region 2 and site 2 must be assigned to sub-

region 3.
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After modifying the initial position of sites according to their DeD values, in the last step of the
D-clustering approach, we test the homogeneity of the final formed sub-regions. If the obtained
sub-regions are not homogeneous, we repeat the first two steps with K = K +1.

3.2. Computation Algorithm

To identify homogeneous sub-regions using the D-clustering approach, we propose to use the
following algorithm where the main steps are summarized in Figure 3.

1. Form the initial K sub-regions. This is usually achieved by partitioning the gauged sites of the

data set into disjoint groups using traditional clustering approach. Let
i(k)={site r esub-region k; k =1,..,K} and 1(k)={X,;rei(k)}.

2. Modify the initial position of sites into the sub-regions. This is achieved by:
2.1. Computing D}, D and DeD, of X, with respectto I(1),...,1(K),for r=1.,N (e,

for all sites in the data set);

2.2. ldentifying the set of sites S that are placed in the wrong sub-regions,
S ={site r: DeD, <0};

2.3. Reassigning each site in S to the sub-region that maximizes its DeD. The new sub-

regions are 1 (1),...,1 (K);

3. Test the homogeneity of the new formed sub-regions i (1),...,7 (K), using a commonly used

homogeneity test.
3.1.1f the sub-regions are not homogeneous, go to step 1 with K =K +1.
3.2.1f the sub-regions are homogeneous, end the algorithm;
The proposed algorithm requires the specification of an initial number K of sub-regions (step 1).

By construction, and to be sure that the number of sites in the final sub-regions is large enough to
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ensure the applicability of a regional estimation, this algorithm must be started with K =2 as the
minimum possible number of sub-regions. Then, the optimal K is determined by the algorithm
based on the preselected homogeneity criterion (step 3).

A possible option to form the initial sub-regions (step 1) is to use one of the traditional clustering
approaches commonly used in RFA (e.g., k-means or Ward). In this study, we use Ward method
presented above in section 2.1.

The assessment of regional homogeneity is a critical point in this approach. Many homogeneity
tests have been proposed in the hydrological literature, including Lu and Stedinger [1992],
Hosking and Wallis [1993; 1997] and Viglione et al., [2007b]. In this study, the H heterogeneity
measure (7) is used to evaluate the degree of heterogeneity in the sub-regions and to assess
whether the sites might reasonably be treated as homogeneous regions. This homogeneity
measure is the most commonly used in RFA and especially in the index-flood model framework.
Note that, this measure does not affect the validity of the proposed approach since the procedure
is general and any other heterogeneity measure can be considered.

If a particular region is subdivided several times without improving the statistical homogeneity
for the obtained sub-regions i.e. H>2 for at least one of the formed sub-regions, then the region
can be considered heterogeneous and should be kept without sub-division. In this case, the index-
flood estimation model is not appropriate since this model is based on the homogeneity of the
sub-regions. As an alternative, one can consider the multiple regression model where the

homogeneity assumption is not required [Chebana and Ouarda 2008].

3.3. Performance criteria
One of the objectives of this study is to assess and compare the performance of the Ward and the

D-clustering approach. Since the delineation step affects the results of estimation of flood
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quantiles, two categories of performance criteria are used in this study: i) criteria that assess the
clustering approaches and ii) criteria that assess the estimation results.

To assess and compare the clustering approaches, the H heterogeneity measure (7) and the
Silhouette coefficient (defined below) are used. As mentioned in Hosking and Wallis [1997], H
quantifies the degree of heterogeneity of a given sub-region. Therefore, the best clustering
approach will be the one that leads to sub-regions with low H values. The notion of silhouette as
a measure of clustering quality was first introduced by Rousseeuw [1987]. For each site r in the

sub-region k i.e. r €i(k), let a, be the average Euclidean distance between clustering variables of

site r and clustering variables of sites in its sub-region i.e. ar:5(r,i(k)) where

5(r,i(k))=$ Z d (Xr, Xj)and d(.,.) denotes the Euclidean distance; and b, be the average

jei(k)
distance between clustering variables of site r and clustering variables of sites in its nearest

neighboring sub-region i.e. b, = Irzqirll[c?(r, i (I))} The silhouette of site r then defined as:
12K

b, —a,

- b-a
- max {a,,b, }

(11)

sil. ranges between -1 and 1. A high sil indicates that site r is well-matched to its own sub-

region, and poorly-matched to neighboring sub-regions. The silhouette of sub-region k (SILy ) is
defined as the average silhouette over its member sites i.e.:

> sil,

I‘ei(k)

#i(K)

SIL, = (12)
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The global silhouette of the clustering approach (GSIL) is defined as the average silhouette over
all sub-regions in the data set i.e.:

K
D SIL,

GSIL =42 13
" (13)

where K is the number of homogeneous sub-regions. Similar to sil and SIL, GSIL ranges between
-1 and 1. A clustering approach with high GSIL value indicates that corresponding clusters are
well-separated. Therefore, the best clustering approach will be the one that leads to sub-regions
with high GSIL values.

As mentioned above the delineation step affects the results of the estimation of flood quantiles.

Therefore, the best approach for the delineation of homogeneous sub-regions is the one that

minimizes the prediction error of Q(t), the flood quantiles corresponding to a nonexceedance

probability t over all sites in the data set. In this study, to quantify this error, a jackknife
resampling procedure is used [e.g., Chernick, 2012; Shu and Ouarda, 2007]. It consists in

considering each site i as an ungauged one by removing it temporarily from the data set and
calculating its flood quantile Qi (t) using index-flood model and according to its sub-regions

obtained by the two different approaches (Ward and D-clustering). Then, over all sites in the data
set, for each approach, we consider the relative bias (RB) and the relative root mean square error

(RRMSE) given respectively by:

Z%iq ) 8'( Q=) 1000 (14)

130



23 QMO-RM®) ] 100
RRMSE\/N;[ 0 J 100% (15)

where Q, (t) is the local flood quantile corresponding to a nonexceedance probability t for the

site i, Q, (t)=440>" (0%)is the regional flood quantile estimated by the index-flood model,

qf“b()is the growth curve corresponding to the sub-region that contains the site i, 6% is the

regional parameter of that sub-region and N is the total number of sites in the whole region. The
local (at-site) quantile Q, (t) is estimated using local frequency analysis. The way that the local

analysis is made for this data set is already presented in the R-package “nsRFA” [Viglione 2010].
Note that, in this study, we focus on the ungauged basins problem, assuming that the observations
at the gauged basins are sufficient to correctly estimate local quantiles corresponding to high
return periods, and to be used as a reference for regional model performance evaluation. To this
end, each site should have a long record of measured floods and its historical data must be
homogeneous, stationary and independent. For the present data set, this is achieved by removing
the stations that contain less than 15 years of record.

In this study, two different depth functions are used, one in the delineation step and the other one
in the estimation step. The spatial depth is considered in the delineations step since it does not
take a zero value as discussed above. However, for the estimation step, the Mahalanobis is
chosen because it takes into account the variability of at-site parameters across all gauged sites of
the sub-region through the variance-covariance matrix. The estimation results were improved

because the accuracy of this matrix increases at each iteration [Wazneh et al., 2013a]. Note that

131



the adoption of the same depth function for both steps of RFA was also considered. However,

this option led to inconsistent results or a lack of convergence.
4. Application

In this section, the delineation of homogeneous sub-regions using the D-clustering and the Ward
approaches are applied and compared on a real world data set. In addition, their effect in the
performance of the estimation step is considered by index-flood (9) and Depth-based index-flood
(10) models. Consequently, the four combinations (delineation and estimation) defined below are

considered:

Ward and index-flood;

Ward and Depth-based index-flood;

D-clustering and index-flood,;

D-clustering and Depth-based index-flood.

4.1. Case study and clustering variables

The methodology was applied to Piemonte, Valle d'Aosta and Liguria, three geographical regions
in the North-West of Italy (Figure 4). Annual maximum peak flood data of 47 stream flow
gauging sites measured by the SIMN (Servizio Idrografico Mareografico Nazionale) are available
with record lengths ranging from 6 (DoraRhemes Pelaud, Id site 39) to 65 (Ticino Miorina, Id
site 4) years (Figure 5). Nine of the gauged sites have a record length less than 15 years. These
nine sites are removed from the study of Viglione [2010] because of their record length. These
sites are also removed from the analysis in the present study. As a result, 38 sites are selected for
this study (Table 1). The area of the selected catchments is larger than 22 km? (RioPiz
Pietraporzio, Id site 24) and less than 8024 km? (Tanaro Montecastello, Id site 28) and their mean

annual streamflow varies from 501 to 2380 mm.
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The clustering variables used to delineate homogeneous sub-regions are extracted from the study
of Viglione et al. [2007a]. In total, 14 physiographical and meteorological variables are available
for this set of gauged sites. However, some of these variables are correlated and are not usable as
clustering variables. Therefore, it is necessary to select a subset of these 14 predictors. Viglione
[2010] suggested to use the following three catchment characteristics as clustering variables: the
coordinates in the UTM system of the catchment centroids (Xpar and Yya) and the mean elevation
(Hm) of the drainage basin. These clustering variables are used in this study.

4.2. Results

The delineation of homogeneous sub-regions using the Ward method is first presented, since they
can serve for the initial step of the proposed approach, then compared to those obtained using the
D-clustering approach.

By considering the entire set of 38 gauged sites as a single region, the discordancy statistic D; (6)
is consistently lower than the critical value 3 (Table 1). As a result, all gauging sites are suitable
for use in the present study. The corresponding heterogeneity measure H (7) is H =7.8 > 2 and
hence the entire region cannot be considered as homogeneous. Therefore, smaller sub-regions
should be identified.

Ward method is applied to identify homogeneous sub-regions on the basis of the three
characteristics described above. The number of regions is selected to ensure low H values. Hence,
four different hydrometric sub-regions are identified as shown in Figure 6a. The geographical
locations of the sites of these sub-regions are shown in Figure 6b. We observe that these sub-
regions are almost geographically contiguous. In particular, most sites of sub-region 1 are located

in the Valle d’Aosta region. The sites of sub-region 2 are located in the North of the Piemonte
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region. However, the sites of sub-regions 3 and 4 are located respectively in the South Western
and the Southern areas of the Piemonte region.

The discordancy statistics and the heterogeneity measure are evaluated for each one of the
identified sub-regions. Within the latter, there are no discordant stations (result not presented due
to space limitations). Table 3 gives the heterogeneity measure H of the four Ward sub-regions.
The values of H indicate that sub-regions 3 and 4 can be considered as homogeneous (H < 1).
However, sub-regions 1 and 2 are “possibly homogenous” (1< H < 2). Note that, the negative
value of H (but close to 0) corresponding to sub-region 3 indicates that the data of this region
have a dispersion less than the amount we expect for a homogeneous region, i.e. a positive
correlation exists between the sites of the region [Hosking and Wallis, 1997].

The proposed D-clustering approach was applied to define homogeneous sub-regions on the basis
of the same clustering variables described above. As mentioned in section 3, by construction, the
D-clustering algorithm start with K=2 initial sub-regions. However, this first iteration is not

presented in this paper since the obtained sub-regions are not homogeneous (step 3). Therefore,

the algorithm restarts with K=3 using Ward method (Figure 6a). Following above notation, i(l),

i(2) and i(3) are the initial sets that contain the Id number of sites of three sub-regions (see

Figure 6a). Note that, two of the three initial sub-regions are not homogeneous (result not
presented due to space limitations). As a result, the initial sub-regions are not suitable for RFA
and a reallocation of sites into the sub-regions is necessary. After the initialization step, in the

second step of the D-clustering approach, we calculate D", D?and DeD, (see section 3) of X,

where X, =(X,,.Y,

bar *

H,), is the vector of clustering variables for site rei(k),k=123.

Then, the sites wrongly placed in their sub-regions are determined i.e. sites with negative DeD

134



values. The corresponding results are summarized in Table 2. This table shows that 9 sites are
placed in wrong sub-regions. These sites are moved from their initial sub-regions to the sub-
regions that maximize their DeD value (Table 2). After the moving step, in the third step of the
D-clustering approach the homogeneity for the new obtained sub-regions formed after moving
the 9 sites is tested. Table 3 gives the heterogeneity measure H of the three obtained sub-regions.
The values of H indicate that these new sub-regions can be considered as homogeneous.
Therefore, the algorithm stops in this iteration. As a result, the D-clustering approach suggests,
according to H criterion, three homogeneous sub-regions. The geographical locations of the sites
of the final sub-regions are shown in Figure 7. Sites of sub-region 1 are located in the North of
the studied regions. The sites of sub-region 2 and 3 are located respectively in the West and the
South of the studied regions.

One of the objectives of this study is to compare the performance of the Ward and D-clustering
approaches used for the delineation of homogeneous sub-regions. To this end, the H
heterogeneity measure (7) and the global silhouette GSIL (13) are computed (Table 3). Table 3
shows that the D-clustering approach leads to sub-regions with low H values, which means that
the obtained sub-regions are more homogeneous than those obtained using Ward method. The
values of GSIL using both clustering approaches are close to 0.5 (Table 3). This means that the
obtained sub-regions using both approaches are well-separated. Note that, the GSIL= 0.47 using
D-clustering is slightly higher than GSIL= 0.43 obtained using Ward approach. This can be
explained by the fact that both GSIL measure and Ward method are based on the Euclidean
distance whereas the D-clustering approach is based on the spatial depth function. In addition, in
terms of the number of sites, the sub-regions obtained using the D-clustering are more suitable

for regional estimation than those obtained by Ward method (Table 3). In fact, in RFA, the
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number of sites in a sub-region should be large enough to ensure the applicability of a regional
estimation, but not too large to maintain cluster homogeneity. Hosking and Wallis [1997]
suggested that homogeneous sub-regions for RFA must contain more than 9 sites. In this study,
the two sub-regions 2 and 4 formed by Ward approach contain a limited number of sites (7 and 8
sites respectively), which is not suitable for RFA estimation [Hosking and Wallis, 1997].
However, all D-clustering sub-regions contain more than 9 sites.

Since the delineation step affects the regional estimation, the performance of the D-clustering and
Ward method are compared in terms of flood estimation from the index-flood model. This
comparison is based on the RB and the RRMSE, given in (14) and (15) respectively, of the flood

quantiles for the nonexceedance probabilities t = 0.9, 0.99, 0.995 and 0.999. To this end, it is

required to obtain the corresponding growth curves qf”b' () (9) for each sub-region. Hence in this

study, five different probability distributions commonly used in RFA are considered as
candidates i.e., the Generalized Extreme Value (GEV), the Generalized Logistic (GLO), the
Pearson type-lll (PE3), the Generalized Pareto (GPA) and the Generalized Normal (GNO)
distributions. To select the suitable distribution, the Z goodness-of-fit test (8) is computed. The
obtained results for Ward and D-clustering approaches are shown in Table 4. The GEV, GNO
and the PE3 distributions are passed the test. To select the appropriate distribution, the regional
LMRs diagram (Figure 8) and the Akaike Information Criterion “AIC” (Table 5) are used. The
proximity of the regional estimated L-moments to a particular candidate theoretical distribution
in the (Lskew , Lkur) Space indicates the appropriateness of that distribution to describe the regional
data. According to Figure 8a, for the Ward sub-regions, the GEV is chosen as a distribution for
sub-regions 1 and 2 and the PE3 is chosen for sub-regions 3 and 4. However, for the D-clustering

sub-regions, the GEV is chosen for sub-region 1 and the PE3 for the sub-regions 2 and 3 (Figure
136



8b). These distributions have minimum AIC values for each sub-region (Table 5). The associate

parameters are &, « and k (respectively the location, scale and shape parameters). From (9), the
regional parameter vector of growth curve is g% :(K‘R,aR,‘fR). The obtained values of these

parameters are presented in Table 6.

The RB and RRMSE given in (14) and (15) are computed using the growth curve and the
regional parameters presented in Table 6. The results of the index-flood model performances
related to the different delineation approaches are summarized in Table 7 (index-flood). As
expected and shown in a number of studies, for a given region, the flood quantile estimation is
generally more accurate for small nonexceedance probabilities t. Table 7 shows that the
delineation of sub-regions using the D-clustering leads to more efficient estimation in terms of
RB and RRMSE than those obtained using Ward one. As previously indicated, D-clustering sub-
regions are larger and more homogeneous than those formed by Ward approach, which could be
the reason of this improvement.

As previously indicated, the depth function is also included in the estimation step through the

Depth-based index-flood model (10). The detailed steps to apply the latter, i.e. how compute the

optimal weigh function ¢ and the regional growth curve parameters (éR) , are not presented in
D

this study since they are already presented in Wazneh et al. [2013a]. However, the results of this
application are presented in Table 7. These results indicate that, the inclusion of the depth
function in the RFA stages improves the estimation results. More precisely, Table 7 shows that
the inclusion of the depth function in the delineation step provides more significant performance
improvement in terms of the RRMSE than in the estimation step for a given risk; which shows

the importance of the delineation step in the RFA procedure. Indeed, for instance, given t =
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0.999, the inclusion of the depth function in the estimation step allows to decrease the RRMSE
from 17.33% to 14.43% corresponding respectively to Ward combined to index-flood and Ward
combined to Depth-based index-flood. This improvement in terms of the RRMSE is due to the
fact that the Depth based index-flood model takes into account the hydrological variability
through the variability of at-site parameters across all sites of identified sub-regions which is not
the case with the traditional index-flood model [Wazneh et al., 2013a]. However, considering
depth in the delineation step decreases the RRMSE from 17.33% to 11.54 % corresponding to
Ward combined to index-flood and D-clustering combined to index-flood. This result is due to
the fact that sub-regions obtained using D-clustering are more homogeneous and more
representative than those obtained using the traditional Ward method [Table 3]. Furthermore,
Table 7 shows that the best combination of the two stages of RFA is the D-clustering approach
with the Depth-based index-flood model (RRMSE = 10.17%). Note that the improvement
performance using depth function increases with respect to the nonexceedance probabilities t.

To compare the relative errors of flood quantile estimates obtained by different delineation
approaches and using the two estimation methods presented in Table 7. Figure 9 illustrates these
errors with respect to the logarithm of the basin area. It is generally observed that using the D-
clustering approach the relative errors are lower than those obtained with the Ward method. We
also observe large errors using the Ward method for some sites, such as number 1, 9 and 37.
These sites have high discordancy statistics D; (Table 1; respectively 1.97, 2.60 and 2.90) and
they are “far” in term of LMRs from the other sites of the data set (Table 1). These sites are
misclassified using Ward method. However, using the D-clustering approach these sites have
proportionally small relative errors. This can be explained by the robustness of the D-clustering

approach. Consequently, the “far” sites are well classified using this approach.
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5. Conclusions

In the present paper, a new robust and objective approach to identify the homogeneous sub-
regions for RFA is proposed and applied. The proposed D-clustering approach is based on the
statistical notion of depth function. This approach employs depth functions to distribute sites into
the sub-regions. In fact, using the D-clustering approach, homogeneous sub-regions are formed
by assigning each site in the data set to the sub-region that maximizes its depth value. Therefore,
aside from leading to the best estimation results, the proposed approach allows the delineation of
sub-regions to be more practical and does not require the user’s subjective intervention. The user
has only to select one criterion (such as the H heterogeneity used in this study) to obtain the sub-
regions with respect to this criterion.

The obtained results from a set of sites in the North-West of Italy show that the D-clustering
approach leads to more homogeneous and larger sub-regions than those obtained using Ward
method. The sites with high discordancy value (far sites) are well clustered in their sub-regions
using the D-clustering approach which is not the case using the traditional approach.
Additionally, it leads to more efficient estimates in terms of RB and RRMSE than those obtained
using the traditional approach. One of the findings is that the inclusion of the depth function in
the delineation step provides more significant performance improvement than its inclusion in the
estimation step. It is also concluded that the introduction of the depth function in the two stages

of RFA leads to the best results.
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Table 1. Catchment characteristics variables and summary statistics of annual maximum peak flood data used in this study. RL is
the record length in years, Q, is the average of annual maximum peak flood quantile in m®s, Xy, and Y, are the coordinates in
the UTM system of the catchment centroids, H, is the mean elevation of the drainage basin in m, the three L-moment ratios and
the discordancy measure D for the whole region are also shown here.

Id RL QOnm Xpar Yiar H

site  (years) (m*s)  (m) (m) (mm) Lo Lk Lor D
1 15 1569 8.397 46.375 2137 0.074 0.028 0.017 1.97
2 32 1380 8.225 46.149 1674 0.149 0.179 0.061 0.82
4 65 1409 8.652 46.169 1286 0.142 0.147 0.145 0.07
5 15 1728 8.456 46.035 1251 0.153 0.128 0.292 2.32
6 32 1590 8.206 45,888 1319 0.208 0.065 0.081 1.19
8 26 1271 7.936 45.838 2112 0.117 0.090 0.048 0.72
9 24 1427 8.091 45.833 1491 0.133 -0.09 -0.06 2.60
10 61 925 7.395 45,728 2090 0.116 0.256 0.160 1.52
11 44 1043 7.425 45.470 1924 0.149 0.123 0.100 0.08
12 49 1093 7.287 45.290 1773 0.157 0.115 0.140 0.08
14 34 694 7.084 44,963 1730 0.192 0.071 0.071 0.77
15 23 654 6.965 45,001 2144 0.179 0.203 0.182 0.21
16 30 662 6.851 44,932 2165 0.157 0.152 0.070 0.38
17 27 589 6.912 45.070 1867 0.157 0.149 0.079 0.28
18 39 1272 7.115 44.693 2261 0.154 0.094 0.049 0.43
19 44 506 7.398 44,736 924 0.207 0.130 0.133 0.61
20 41 829 7.240 44.403 1565 0.190 0.135 0.108 0.28
21 23 925 7.007 44.356 2074 0.154 0.250 0.183 0.61
22 20 1240 7.053 44.267 2138 0.153 0.182 0.123 0.17
23 16 1128 7.576 44,178 1677 0.170 0.118 0.298 2.83
24 23 1272 7.018 44.311 2194 0.119 0.007 0.005 1.29
25 18 1012 7.137 44.316 1814 0.178 0.187 0.172 0.15
28 58 515 8.064 44,548 651 0.200 0.222 0.130 0.54
29 34 1032 7.771 44,124 1576 0.190 0.235 0.088 1.02
30 31 900 7.901 44,179 1222 0.206 0.265 0.114 1.21
31 36 779 7.852 44.298 938 0.167 0.138 0.174 0.20
32 29 1065 7.828 44.226 1513 0.180 0.124 0.210 0.86
33 25 827 9.040 44.628 688 0.183 0.191 0.153 0.15
34 22 965 8.300 44.297 602 0.213 0.325 0.217 1.54
35 16 881 8.458 44.447 605 0.197 -0.01 0.013 2.20
37 18 783 9.112 44.668 867 0.285 0.268 0.214 2.90
41 17 897 7.177 45.718 2267 0.106 0.205 0.193 1.05
42 23 1351 7.830 45.855 2625 0.093 0.052 0.124 0.94
43 31 1648 6.970 45.672 2512 0.083 0.103 0.194 1.44
44 17 1023 7.151 45.828 2229 0.107 0.044 0.138 0.86
45 30 991 7.742 45.872 2631 0.104 0.169 0.277 2.00
46 24 1259 7.559 45.613 2352 0.150 0.232 0.142 0.58
a7 15 1077 7.206 45,523 2723 0.137 0.246 0.206 0.81
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Table 2. Sites that have negative depth deviance “DeD”. These sites are moved from their initial sub-regions in the D-clustering
approach.

Id Initial Final
site  sub-region DeD sub-region

6 1 -0.10 3
11 1 -0.12 2
12 1 -0.21 2
14 2 -0.15 3
17 2 -0.13 3
20 2 -0.17 3
23 2 -0.21 3
29 2 -0.15 3
32 2 -0.13 3
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Table 3. Heterogeneity measures H, the silhouette SIL and the global silhouette GSIL using traditional Ward and D-clustering
approaches.

Delineation Su_b- Nurr_lber SIL GSIL
approach region of sites

1 10 193 041

2 7 1.96 0.39
Ward 0.43

3 13 -03 041

4 8 0.5 0.51

1 14 1.03 044
D-clustering 2 9 -06 049 047

3 15 0.014 0.48
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Table 4. Z measure values for the different candidate distributions and for each one of the proposed sub-regions using traditional
Ward and D-clustering approaches

Delineation Sub- Distributions

approach  regions GLO GEV GNO PE3 GPA
1 1.68 -0.24 -0.37 -0.86 -4.1

Ward 2 2.59 0.74 0.89 0.68 -2.96

3 3.82 1.26 1.21 0.65 411

4 2.08 0.57 0.26 -0.40 -2.83

1 2.06 -0.23 -0.30 -0.81 -5.07

D-clustering 2 3.56 1.44 141 0.97 -2.99
3 3.07 0.79 0.57 -0.12 415

Bold character indicates that the distribution may be accepted as a regional distribution for each sub-region.
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Table 5. AIC values of the distributions which may be accepted as a regional distribution for each sub-region using both
approaches.

Delineation Sub- Distributions

approach regions GEV GNO PE3
1 -124.6 -122.4 -123.5

Ward 38.6 39.1 39.1

3 129.1 129.6 129.0
4 168.9 169.3 168.6
1 -121.5 -120.2 -119.7

D-clustering 2 429 429 42.6
3 279.8 278.9 278.5

Bold character indicates the best distribution for each sub-region i.e.
distribution have the minimum AIC value (each line)
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Table 6. The estimated parameters of growth curve using index-flood model for the two delineation approaches. Distribution
represents the chosen growth curve distribution for each sub-region.

Delineation Sub- T Parameters
h regions Distribution R ] R R
approac g &" (location) a” (scale) K" (shape)
1 GEV 0.905 0.170 0.023
2 GEV 0.882 0.246 0.108
Ward

3 PE3 0.298 0.134 5.206
4 PE3 0.359 0.220 2.905
1 GEV 0.902 0.181 0.041

D-clustering 2 PE3 0.329 0.117 5.693
3 PE3 0.283 0.178 4.015
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Table 7. Quantile estimation results in % using the index-flood and Depth-based index-flood method for the studied region using
D-clustering and Ward delineation approaches

Estimation method
approach RB RRMSE RB RRMSE RB RRMSE RB RRMSE
Index-flood 0.21 443 023 1070 018 1270 -0.05  17.33
Ward

Depth-based index-flood .18 4.19 0.32 8.75 035 1065 086  14.43

> eluser Index-flood -0.78 3.25 0.18 9.05 0.32 9.40 -0.12 1154
~clustering Depth-based index-flood  _0.42 3.59 -0.21 8.00 0.44 8.77 007 1017
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Figure 1. lllustration of the way the spatial depth function is computed in the bivariate case. X ={x,,...,x,} represents the sample
and e’ (i =1,..7; s =1,2) represents the unit vector from y; to ;. SPD(y,, X ) is closeto 1and SPD(y,, X ) is close to 0.
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Figure 2. Illustrations of the way the within and between depths of sites are computed. Suppose that three initial sub-regions are
formed using the traditional approach and the clustering variables are the basin areas (AREA) and the mean elevation (H,,). X, and
X, are respectively the vector of attribute values for site 1 and 2. The within depth of X,and X, are respectively

D} =SPD(X,,1(1)) and D; =SPD(X,,1(1)). The between depth of X,and X, are respectively D} =SPD(X,,1(2))and
D} =SPD(X,,1(3)).
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Figure 3. An overview diagram summarizing the delineation of hydrological homogeneous sub-regions using spatial depth
function
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Figure 4. Geographical location of the studied sites in the three geographical regions.
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Figure 5. The observation period of gauged sites. Sites with Id numbers 3, 7, 13, 26, 27, 36, 38, 39 and 40 have a record length
less than 15 years and they are removed from the data set.
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Figure 6. a) Hierarchical clustering of stations using Ward method. The green line represents the cut off to define the four
homogenous sub-region used in the Ward approach. The reed line represent the cut off to define the three initial sub-region i(1),
i(2), i(3) used for the D-clustering approach. b) Geographical location of sites of four homogeneous sub-regions formed using
Ward method.
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Figure 7. Geographical location of sites of final sub-regions formed using the D-clustering approach.
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Figure 8. . Regional average L-moments ratio diagram: (a) for the four sub-regions formed using Ward method and (b) for the
three sub-regions formed using D-clustering approach.
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error using index-flood model and the second column illustrate the error using depth-based index-flood model.
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Abstract:

Regional flood frequency analysis aims to estimate flood risk at sites where little or no
hydrological data are available. The index-flood model is one of the commonly employed models
for this purpose. In this model, the predicted value depends on the growth curve and its regional
parameters. The latter are estimated as weighted averages of the at-site parameters. Traditional
approaches are mainly based on site record lengths or region size to define these weights. Hence,
they are not representative of the hydrological similarity between sites within a region. In
addition, they are not defined to reach optimality in terms of model performance. To overcome
these limitations, the present paper aims to propose a new optimal iterative weighting scheme to
the index-flood model. The proposed approach is based on a number of elements: a statistical
depth function to introduce similarity between sites, a weight function to amplify and control the
depth values, an iterative procedure to improve estimation accuracy, and an optimization
algorithm to objectively automate the choice of the weight function. A data set from the Island of
Sicily (Italy) is used to compare the proposed approach with traditional ones. On the basis of the
L-moments and using cluster analysis techniques, the studied region is subdivided into three
homogeneous sub-regions. The results indicate that the proposed approach performs significantly
better than traditional ones both in terms of relative bias and relative root mean squares error. The
proposed approach allows identification of cross-correlation in the region and provides a

significant performance improvement.

Keywords: regional flood frequency analysis, index-flood, statistical depth function, regional

growth curve, flood quantile.
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1. Introduction and review

Hydrological data records are generally short and are not always available in the location of
interest. Consequently, at-site hydrological frequency analysis is not always reliable or even
possible. Regional frequency analysis (RFA) is commonly used to estimate extreme hydrological
events at sites where little or no hydrological data are available. RFA is based on the transfer of
the available information from gauged sites, within a homogeneous region, to the target site. The
delineation of homogeneous hydrological regions and regional estimation are the two main steps
of a RFA [GREHYS, 1996a].

Homogenous regions can be defined as geographically contiguous regions, geographically non-
contiguous regions, or as hydrological neighborhoods [e.g., Ouarda et al., 1999]. The use of non-
contiguous regions and neighborhoods was recommended in the literature for different parts of
the world [Ouarda et al., 2008]. To define the non-contiguous regions, cluster analysis of site
characteristics is one of the most practical method used in the literature [Hosking and Wallis,
1997]. However, two main methods were proposed for building hydrological neighborhoods,
namely the region of influence [Burn, 1990a] and the canonical correlation analysis (CCA)
approach [Ouarda et al., 2001].

In regional estimation, two main models were presented and widely employed in the literature,
the index-flood approach [Hosking and Wallis, 1993] and multiple regression [Pandey and
Nguyen, 1999]. The index-flood approach assumes that the frequency distributions at different
sites of a homogeneous region are identical apart from a scale factor [Hosking and Wallis, 1997].
However, the multiple regression method is based on the concept that spatial variations in flood
flow statistics are closely related with variations in regional catchment and climatic

characteristics [Gupta and Dawdy, 1995].
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The homogeneity of a region involves the similarity between its sites [Castellarin et al., 2001].
Generally, in the hydrological framework, there are two types of variables used to define
similarity between sites in the region; the physiographic catchment characteristics (such as
drainage area and catchment slope [e.g., Burn, 1990b]) and /or the hydrological variables (such as
flood peak quantiles and statistical measures estimated from the available flood series [e.g.,
Ouarda et al., 1993]). Usually, this similarity is not explicitly incorporated in the regional
estimation step, especially in the index-flood model.

The index-flood model was first introduced by Darlymple [1960]. In this model, flood peak series
at different sites in the homogenous region are normalized by dividing the data by an at-site
location parameter, called “index flood”. The obtained normalized records are used to derive a
regional distribution called growth curve. Flood quantiles at a target site are estimated by scaling
the growth curve by an estimate of the at-site location parameter at the target site.

A number of methods have been employed to estimate the at-site parameters such as the
maximum likelihood (ML) and L-moment methods. The estimated regional growth curve
parameters are linear combinations, as weighted average, of their at-site counterparts. The
contribution of each gauged site to the estimation of regional parameters is defined as a
coefficient in these linear combinations. Consequently, the accuracy and the performance of
estimated parameters depend on the weight coefficient values. More precisely, to compute the
regional growth curve parameters, different types of weights were proposed in the literature. For
instance, Hosking and Wallis [1997] attributed weights to sites proportionally to their record
lengths. An alternative weighting, limit the influence of sites with longer records, was suggested
by Stedinger et al. [1992]. However, an unweighted average is preferred for non-perfectly

homogeneous regions [e.g., Jin and Stedinger, 1989].
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The above types of weights proposed in the literature for the index-flood model are based solely
on the record length without including an objective similarity measure. These weights do not take
into consideration the real information content of the various series, the redundancy that may
exist between sites, the similarity between the gauged sites of the region, and the similarity of the
sites with the target one. In the common case where the region is not perfectly homogeneous
proportional record weights could lead to a biased estimation [Hosking and Wallis, 1997]. On the
other hand, in terms of model performance, the above types of weights do not necessarily lead to
optimal results.

The aim of the present work is to propose a new optimal weighting scheme, which maximizes the
performance of the index-flood model. The proposed approach is mainly based on the use of the
statistical concept of depth functions and will be called depth weighted index-flood model. The
proposed model is composed of a number of ingredients. A depth function is used to introduce
the hydrological similarity in the model. A continuous weight function is applied to the depth for
more generality. The estimated parameters are continuously improved through an iterative
procedure. Finally, an optimization algorithm is proposed to obtain the optimal weight function
according to a criterion representing the performance of the model, e.g., the relative root mean-
squared error. Note that in this study, the hydrological similarity is considered in terms of at-site
distribution parameters (such as location, scale and shape parameters for a Generalized Extreme
Value (GEV) distribution), estimated from at-site peak flow series. This similarity is quantified
through the depth values of these parameters and it is incorporated in the model through the
weights of regional growth curve estimation. The at-site L-moment statistics can also be
considered as an alternative instead of the distribution parameters.

Chebana and Ouarda [2008] introduced an analogous procedure in regional estimation through

the regression model where the similarity is mainly based on at-site flood peak quantiles. They
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showed that the effectiveness of their proposed procedure depends on the choice of the weight
function. To optimize this choice in terms of model performance and automate it for practical
use, an algorithm-based procedure is recently proposed by Wazneh et al.[2013].

The present paper is organized as follows. Section 2 summarizes the different elements of the
background necessary to introduce the propose approach. Section 3 describes the proposed depth
weighted index-flood model and its optimization in its general form. In Section 4, the proposed
approach is applied and compared to the traditional approaches based on a data set from Italy.
The last section is devoted to the conclusions of this work.

2. Background

In this section, the background material required to introduce and apply the depth weighting
approach are briefly presented. This section contains a number of basic notions as well as a brief
reminder of the classical index-flood model.

2.1. Regional frequency analysis with the index-flood model

The index-flood modeling involves the use of L-moments as a statistical tool, for instance, to
define discordance and homogeneity measures as well as to select distributions and to estimate
their parameters. A detailed or brief presentation of L-moments can be found, for instance, in
Hosking and Wallis [1997] or Chebana and Ouarda [2007] respectively.

For a random variable X, for instance the annual flood peak, with a cumulative distribution

function F, the (r +1)™ L-moment is defined by:

. ) () (r+v y
/1,+1=VZ=(;pr,vﬂthere Py =(-1) vy |and ﬁVZE{X[F(X)]} (1)
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In RFA, dimensionless ratios between L-moments, called L-moment ratios (LMRs), are
particularly useful. In particular the L., is equal to 7 =4,/ 4 while the other LMRS (Lskew and Lyyr)
are given by:

z =% T =3,4 (Lskew fOr r =3and Ly, for r=4) (2

r

A brief description of the main steps of the index-flood model is presented herein.

Step 1: initial screening of data

The discordancy measure D defined below provides an initial screening of the data and indicates
sites where the data may need close examination. For a region with N sites, the discordancy

measure D; for site i is defined by:

D, =—(u—0) S*(y,—0) (3)

. . . ! N N
where U, :[L'CV Lo I_'kurJ , U:%Zui and S =>"(u -T)(y, — ) . Hosking and Wallis [1997]
i=1 i=1

advised to examine the data for sites with the largest D; values (or generally larger than 3).
Step 2: heterogeneity measure
The homogeneity of a region, after excluding the discordant sites, is measured by the following H

statistic:

ini (Licv - I:cv )2
such that V = =— (4)

Oy Z n

i=1

where n; is the sample size at site i, N is the number of sites within the region, L, and L, are

L., at site i and the average regional one respectively, and z4, and o, are the mean and the

standard deviation of the simulated regions respectively. Regions are considered as “acceptably
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homogenous” if H <1, “possibly homogenous” if 1<H <2 and “definitely heterogeneous” if
H>2.

Step 3: delineation of homogeneous regions (sub-regions)

Hosking and Wallis [1997] considered cluster analysis based on site characteristics to form sub-
regions.

Step 4: regional growth curve

This step consists in selecting the appropriate distribution (growth curve) corresponding to each
identified sub-region. To this end, for each sub-region, a set of candidate distributions is fitted to
the pooled standardized data where at-site series are standardized by the associated location

parameter, such as the mean. A candidate distribution is selected if the following goodness-of-fit

statistic ‘ZD'ST‘ is lower than the test threshold of 1.64 which corresponds to the 90% normal
quantile:
T DIST
ZDIST _ (Lkur - Lkur ) (5)
cykur

where LT jisthe L, of the candidate distribution, L

kur kur

is the regional average one and o, is

kur
the standard variation obtained from appropriately simulated regions.
Step 5: estimate the flood quantile at the target-site

The index-flood model estimates the flood quantile corresponding to a nonexceedance probability

p (i.e. return period T =]/(1— p)) through the expression:
Q, (P)=1,,(0") :0<p<lando"=(q",..0) (6)
where i is the identifier of the target site, s is the scale factor called the index flood such as at-

site location parameter, q,(.) is the growth curve function and O is the vector with L
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components of regional growth curve parameters. The number of components L is usually 2 or 3
since the majority of fitted distributions in RFA have 2 or 3 parameters (i.e. location and scale
parameters such as for the Log-Normal (LN) distribution or location, scale and shape parameters

such as for the GEV).
The estimation of flood quantiles at the target site io requires estimates of 4, and O . The index
flood 44 can be estimated using, for instance, either regression or spatial interpolation

[Chokmani and Ouarda, 2004; Grover et al., 2002; Skgien et al., 2006]. However, regional
parameters 6% are estimated using a linear combinations of their at-site counterparts (approaches
are described below).

2.2. Regional growth curve estimation parameters in traditional index-flood

th
|

The I" regional growth curve parameter is a linear combination of the I at-site gauged estimates:

N

élR Za)hélh, |=1,...,L (7)

h=1

Ith

where é,“ is the 1™ parameter obtained from the at-site standardized distribution at the h™ gauged

"
site and @, is the weight associated to site h for h=1..,N" such that @, >0 and > @, =1
h=1

where N’ is the number of sites in the homogenous sub-region after removing the discordant
sites. Therefore, the weights «, in (7) influence the estimated parameters and hence the
predicted value Q, ( p) of the target site. These weights quantify the contribution of the gauged

sites to the estimation at the target one. This contribution should be related to the similarity

between sites and based on the hydrological information.

A number of special cases of the weights «, are employed in the literature. A common choice of

the proportional weights (PW) is:
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ny, .

(OR ZF, h=1,..,N'

(8)

where n, is the record length for site h and n=n, +...+n,, is the total record length [Hosking and
Wallis, 1997]. In the following, the model associated to (8) is denoted by PW-index-flood. If the
region is not perfectly homogeneous, it is possible that (8) attributes undue influence to sites with
long records [Hosking and Wallis, 1997]. Hence, the uniform weights (UW) are proposed as an
alternative [e.g., Jin and Stedinger, 1989; Minghui and Stedinger, 1989]. They lead to the simple

mean of the parameters where:

= 1 : h=1.. N’
NI

@,

(9)
The corresponding model is denoted by UW-index-flood. Another choice which limits the weight

assigned to sites with longer records was suggested by Stedinger et al. [1992]:

0, = n,K/(n, +K) bl N

30K (1, +K) (10)
h=1

where K is a positive constant generally taken to be K ~25. However, the optimal value of K
depends upon both the heterogeneity of the region and the sample sizes [Stedinger et al., 1992]. It
is interesting to use this weight in regions when some sites have much longer records. The

corresponding model is denoted by KW-index-flood for K-weights.

2.3. Mahalanobis depth function

This section provides an overview of the Mahalanobis depth function. This particular case of
depth functions is used in the present work. A detailed description of the way the Mahalanobis
depth is used to introduce the similarity between sites is presented in section 3.

The absence of a natural order to classify multivariate data led to the introduction of depth

functions [Tukey, 1975]. They are used in a number of research fields, and were introduced in
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water sciences by Chebana and Ouarda [2008]. For a given cumulative distribution function F on
R (d >1), a depth function is any non-negative bounded function which possesses a number of

suitable properties. These properties fit well the RFA requirements and constraints. They are
detailed and discussed in Chebana and Ouarda [2008].

A number of depth functions are available in the statistical literature such as Tukey, Mahalanobis
and Oja [Zuo and Serfling, 2000]. A simple illustration on the computation of Tukey depth is
presented in Chebana and Ouarda [2011]. For high dimensions, most of the current depth
functions are quite cumbersome to compute. In this study, the Mahalanobis depth function is used
to quantify the similarity between sites of a sub-region. This function is used for its convenient
properties, interpretable values (values between 0 and 1) and for the easiness of its calculation
even in high dimensions. Moreover, it is connected to the Mahalanobis distance already used in

RFA approaches to build hydrological neighborhoods [Ouarda et al., 2001].

For a given cumulative distribution function F on R | the Mahalnobis depth (MHD) of a point x

is defined by:

MHD(x; F)=(l+d§(X,?7))_1 x in %’ (11)

where 7 is a location measure of F, > is a dispersion matrix of F, and

d: (x,n) (x—n), > !(x—n) is the Mahalanobis distance. An empirical version of the MHD of
X with respect to the sample Xz{xl,..,xM; X in iRd} is defined by replacing F by a suitable

empirical distribution IfX. In the context of the present paper, the empirical notation

MHD(x; Ifx) is denoted by MHD(x; X).
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3. Approach development

This section describes the proposed approach in its general form. An algorithm is presented to
facilitate the approach presentation.

3.1. Description

The depth weighted index-flood model will be denoted DW-index-flood in the remainder of the
paper. The model aims first to generalize the classical index-flood model in terms of
representativety as well as flexibility. In addition, the performance of the proposed model is
optimized with respect to the weight function. Note that in the DW-index-flood, we use a new
iterative procedure to estimate the regional growth curve parameters oF given in (7) but the
scale factor 4 is estimated with the traditional approaches (regression or spatial approach).

In the DW-index-flood, the weights are not related to site record lengths as in (8), (9) and (10).
They are defined through a continuous increasing weight function and a depth function for a
better representativeness of the hydrological similarity by including more information. Indeed,

the depth function is introduced to quantify the similarity between sites. More precisely,

Mahalanobis depth (11) of each vector of the at-site (gauged sites) parameters 6" = (él“ e, é[‘)
h=1,.,N’, is computed with respect to the set (E):{él,..,é“,..,é“"} formed by N’ vectors of
parameters of all N’ gauged sites of the considered sub-region. In the context of the present
paper, the depth of each site h with respect to ® is denoted by MHD(@“;@). These depth
values are obtained by considering 7 in (11) as a location parameter of the set ® . The regional

growth curve parameter oF plays the role of 7. To get an accurate estimate of OF , the proposed

approach utilizes an iterative procedure where in each iteration, the weights are updated with

respect to the estimated OR atthe previous iteration (see algorithm section 3.3).
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For more clarity, consider the example of the LN distribution. In this case, the vector of at-site

parameters of site h is o" :(d“,éh) where &" and th are respectively the estimated scale and

location parameters. The values of the Mahalanobis depth are calculated with respect to the set of

vector parameters of all gauged sites within a region, which provides an outward ordering of

these sites through («, &) where the center is the regional parameter AR . A site with high depth

value indicates that its parameter vector is “close” to 0% . Therefore, it is expected that its
hydrological response (e.g., T-year peak-flow) is close to the regional hydrological response.

This indicates a high similarity between this site and the set of sites of the sub-region. Therefore,

this site should have a high contribution to the estimation of OF where the corresponding weight
should be high [Chebana and Ouarda 2008]. The opposite is valid for a site with a low depth
value. Figure 1a illustrates the way the depth function is used to quantify the similarity.

For a better control and amplification of these depth values, a continuous, smooth and increasing
weight function is applied to the depth values. This allows the intervention of the user, e.g., based
on other available information or previous experience, to increase or reduce the weight allocated
for each site with respect to the “sorting” of sites, since the weight function is increasing. Adding
the weight function makes the associated index-flood model more flexible and general. In
addition, the weight function is useful in that the depth function allows only to “sort” sites, but
since the difference between the values of depth could be small, these values may not be unable
to show notable differences between site contributions. Figure 1b illustrates the way by which the
weights of sites are calculated in the DW-index-flood model. Furthermore, in the absence of
external information or relevant previous experience of the hydrologist with the current case
study, and in order to avoid the subjective selection of the weight function and to ensure the high

performance of the model, an optimality algorithm is introduced.
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3.2. Performance Criteria
One of the objectives of this study is to assess and compare the performance of various weighting
index-flood approaches i.e. UW, PW, KW and DW. The bias and the root mean square error are

commonly used criteria for the evaluation of the performance of a RFA approach based on the

prediction error of quantile estimate Q( p) given in (6) [e.g., Haddad et al., 2011].

Assume that Qig’(p) and (ji?(p) are the estimated flood quantiles corresponding to a

nonexceedance probability p for a target site ip using DW and one of the traditional weights (PW,
UW or KW) respectively. Using the index-flood model (6), these flood quantiles can be

estimated by:

A

Qi?(p):/&ioqp((éR)D) and QAiIr(p):ﬂioqp((éR)Tr) (12)

where (9R)D and (éR)T are the estimates of the regional growth curve parameters using depth

r

(procedure described below) and traditional weights given in (8), (9) or (10) respectively. Note
that the estimate value of 4 in (12) is independent of the growth curve parameters and,
therefore, it is the same for all approaches (traditional and depth ones). The best weights are
hence those based on minimizing of the error of the growth curveq, () To quantify this error, a
jackknife resampling procedure is used [e.g., Chernick, 2012]. It consists in considering each site
as an ungauged one by removing it temporarily from the sub-region and calculating the regional
growth curve parameters excluding this site using the different proposed weights (DW, PW, UW

and KW). Then, over all sites in the sub-region, for each approach, we consider the relative bias

(RB) and the relative root mean square error (RRMSE) given respectively by:
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PTN' & q, (ei) (13)

1 X qn(ei)_qp(éR<_l>) 2
RRMSE, = WZ[ 0,(0) J (14)

where g, () is the growth curve function corresponding to a nonexceedance probability p, &' is

the at-site parameter vector, O is the regional estimated parameter to the sub-region
excluding site i (using the weights of comparison approaches) and N’ is the number of sites in
the homogeneous sub-region (after removing discordant sites). The jackknife resampling
procedure has been used in the RFA literature in the CCA-regression model context (e.g., Ouarda
et al. [2000]). It is also employed for the index-flood model, for instance, by Grover et al [2002]
and Merz and Bldschl [2005]. Note that the accuracy of estimated performance criteria (13) and
(14) depends on the quality of at-site estimates. More precisely, the performances of these criteria
are based on the general RFA assumption that the observations at gauged sites are enough to
correctly estimate quantiles corresponding to high return periods. To validate this assumption,
each site should have a long record of measured floods (at least 10 years) and its historical data

must be homogeneous, stationary and independent [e.g., Chebana and Ouarda, 2008].

3.3. Regional growth curve estimation in DW-index-flood

After screening the data, determining homogenous sub-regions and choosing the growth curve,
we propose to use the following iterative procedure to calculate the regional growth curve
parameters that optimize the performance of the index-flood model. The main steps of the

estimation using DW-index-flood model are illustrated in Figure 2.
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Let (GR)D =(¢91R,..,9f)D be the regional growth curve parameter vector using DW-index-flood.
The iterative procedure for estimating (QR)D is composed of the following steps.

Recommendations, examples and more details for each step are given at the end of the algorithm.
The procedure algorithm is composed of the following 5 steps:

1. Required elements: select a weight function ¢, a performance criteria v and set the number

of depth iterations k. ;

iter 7

2. Initialization (k =1): Initialize the weights @' =(a,,..,,.) in (7) in order to calculate the
preliminary regional growth curve parameters denoted by (élR)D =(l§;1,...,6A’fL)D using the

parameters &',..,..,6"" of N’ gauged sites in the homogeneous sub-region;
3. Foreach iteration k, k =2,3,.., K, :

3.1. Compute the Mahalanobis depth of each vector of at-site estimate parameters h

(h=1,...,N")with respect to the set of N’ at-site estimates:

MHD(éh;G)) where @ = {éi;i =1,.., N'}: n :(ékR—l)D and z|_xL = diag (Var(G))) (15)

where X, isthe LxL diagonal matrix composed by the variances of © .

3.2.Compute the weight vector =(a)lk,...,a),‘§,) corresponding to iteration step k for ¢ and

Mahalanobis depth by:

k Ah. Ch '
o —(p[MHD(H ,@)], h=1..N 5)
3.3.Update the vector of regional growth curve parameters using the new weight vector from

step 3.2:
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4. Use the regional growth curve parameters estimated at the last iteration

(ékR ) :(ékR o OF L) to calculate the pre-selected performance criterion y .
D D

iter iter »

5. Optimize yw with respect to the weight function ¢ . The outputs of this step are the optimal

weight function ¢, the optimal regional growth curve parameters (éR) and the value of the
D

selected criterion.

A possible option for the initial step is to allocate one of the classical weights defined in (8), (9)

or (10). Note that the optimal value of (éR) does not depend on the choice of the initial step.
D

The latter affects only the iteration number for depth convergence k.., but not the performance

fer
of DW-index-flood model. In this paper, the PW in (8) is used for the initial step. The number of
iterations ki is fixed to ensure the depth convergence, generally kier = 10 is appropriate. The
convergence here means that the difference between consecutive values of the performance
criterion according to the iterations becomes negligible (close to 0).

According to the above reasons (section 2.3), in this study the Mahalanobis depth function is
used to order the gauged sites. In principal, other depth functions can be used for this purpose.

However, in the literature, usually one depth function is adopted for a given study and there are

no comparisons or selection rules [e.g., Bardossy and Singh, 2008; Chebana and Ouarda, 2011].

By construction, the regional growth curve parameters (éf ) estimated at the last iteration (step
iter D

4) depend on several factors and particularly on the choice of the weight function ¢.
Consequently, the performance of the model depends on ¢. In order to avoid the subjective

choice and naive selection procedures of ¢, an optimization step is required (step 5). This step
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sets also practical reasons to automate the choice of ¢ and the optimal regional growth curve
parameters according to the objective performance criterion y such as RB (13) or RRMSE (14).
To construct the objective function (criterion to be optimized) we consider the above
performance criteria as parameterized functions through the coefficients of the weigh function
@ . The complex and non-explicit form of the criteria to optimize suggest the use of zero-order
optimization algorithms such as Nelder-Mead [Nelder and Mead, 1965] or Pattern search [Hooke
and Jeeves, 1961; Torczon, 2000]. These algorithms are appropriate when the objective function
is not differentiable or the gradient is unavailable and should be calculated by numerical methods
(e.g., finite differences). Note that, the optimization procedure used in this study and the
description of optimization algorithms are presented in Wazneh et al. [2013] where they are
applied to regressive model RFA.

Below are the definitions of the two classes of ¢, Gompertz and logistic, to be considered in this
paper. These families of functions are regular, flexible, and have other suitable properties. The

Gompertz function, denoted ¢, was originally formulated by Gompertz [1825] for modeling
human mortality. The function ¢ is flexible and is given by:

x)=cexp{—ae™! ab,c>0:xeR
¢G() p{ } (18)

where c is its upper limit, a and b are two coefficients which respectively allow to translate and

change the shape of the curve.

The Logistic function has similar properties of those of ¢ . It is given by:

¢
1+ae™

Dogisic (x) a,b,c>0xeR (19)

where the coefficients c, a and b play the same role as in ¢ .
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The above weight functions are increasing and have an S shape (i.e. three phases). The starting
phase is for sites with very low similarity and hence low contribution in the estimation step, then
the growth phase is for sites with intermediate contribution and finally the stationary phase is for
highly contributing sites. The advantage of such kind of weight functions is to include sites
gradually in the estimation of regional growth curve parameter.

4. Application

In this section, the DW-index-flood with optimal weight functions is applied on a real world data
set and its performance is compared to the performance of the traditional approaches such as
UW, PW and KW-index-flood. The considered data set is from the hydrometric station network
of the Island of Sicily, Italy.

4.1. Case study

The case study on which the comparison was carried out concerns the catchments of Sicily, the
largest island in the Mediterranean Sea, which extends over an area of 25,700 km? and is located
between 38° 08' N, 013° 23' E in the southern part of Italy, North East of Tunisia. The mean
annual rainfall over the island is about 715 mm (period 1921-2004).

Annual maximum peak flow data of 50 stream flow gauging sites are available with record
lengths ranging from 10 to 65 years. The conditions to apply frequency analysis, i.e.
homogeneity, stationary and independence, were tested on the historical data of these stations in
several studies [e.g., Cannarozzo et al., 1995; Cannarozzo et al., 2009; Noto and La Loggia,
2009]. The area of these catchments is larger than 10 km? and less than 2000 km? and their
annual peak flows vary from 0.78 to 2380 m?/s.

The catchment characteristics used in this study come from SIRI (Sisteme informative Regionale
Idrologico - Hydrological Regional Information System) and extracted from the study of Viola et

al. [2011]. It includes: the coordinates in the UTM system of the catchment centroids (Xpar and

181



Yiar) in m, the basin area (AREA) in km?, the mean basin slope (MBS) in %, the mean annual
precipitation of the watersheds (MAP) in mm and the average basin elevation (ABE) in m. The
basic statistics of the variables AREA, MBS and MAP are summarized in Table 1.

4.2. Results

The delineation of sub-regions is first illustrated then the choice of the growth curve distribution
for the formed sub-regions and the comparison results between traditional and DW approaches
are presented.

By considering the entire set of 50 gauged sites in Sicily as a single region, the discordancy
statistic D; of four gauging sites are larger than 3 as the critical value (Table 2). For the sites with
Id numbers 3, 31 and 45, the high D; (Eq. 3) is due to the high values of LMRs (see Table 2).
However, the discordancy of the site with Id number 46 is due to its small area (24 km? see Table
1in Viola et al. [2011]) and its small LMRs values (see Table 2). These four sites have also been
identified as discordant by Noto and La Loggia [2009] and then removed from their database
because of their LMRs values. In addition, the heterogeneity measure H of the region decreases
significantly (from 9.6 to 7.76) when the discordant sites are removed. For the above reasons,
these sites are also removed from the analysis in the present study. Based on the data of the
remaining 46 sites, the heterogeneity measure H is H =7.76 which indicates that the entire Sicily
Island cannot be considered as a homogeneous region. Therefore, smaller sub-regions need to be
identified.

To define homogeneous sub-regions, a hierarchical clustering with standardized Euclidean metric
was applied on the basis of the six site characteristics described above (Xpar, Ybar, AREA, MBS,

MAP, ABE) as well as the at-site L, . Including L, in the clustering approach increases the

homogeneity degree in the formed sub-region. In this case, to allocate an ungauged site to the
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obtained sub-regions, its L, should be estimated. To this end, a regression model on the basis of

a set of site descriptors (such as the mean elevation) can be used [Laio et al., 2011]. Note that this
clustering approach was considered in a number of RFA studies [e.g., Burn and Goel, 2000;
Ouarda et al., 2008]. In order to obtain normality, a required condition for clustering, nonlinear
transformations were applied to some of the clustering variables: a logarithmic transformation to
AREA, MBS and MAP and a square root transformation to ABE. These transformations lead to a
more symmetrical distribution of the values of the site characteristics at the 46 sites. Each one of
the clustering variables was then standardized by the associated standard deviation. The number
of sites in a cluster should be large enough to ensure the applicability of a regional analysis, but
not too large to maintain cluster homogeneity.

In this study, the cluster analysis leads to three different hydrometric homogeneous sub-regions
as shown in Figure 3a. The geographical locations of sites of these sub-regions are shown in
Figure 3b. We observe that these sub-regions are not geographically contiguous. In particular,
most sites of sub-region 3 are located in the South and North West areas of the Island. However,
sites of sub-regions 1 and 2 are located respectively in the Central and Northern areas. Note that
sub-region 3 contains sites with low MAP and ABE values; whereas sub-regions 1 and 2 mostly
contain sites with high MAP and ABE values (see also Table 1 in Viola et al. [2011]).

The discordancy statistic and the heterogeneity measure were applied to each one of the
identified sub-regions. Within the latter, there are no discordant stations (results not presented
due to space limitations). Table 3 gives the regional average LMRs values and the heterogeneity
measures H of the three sub-regions. The values of H indicate that these sub-regions can be
considered as homogeneous (H < 1). Therefore, they can be considered in the estimation step of

the index-flood model in (6). Note that the negative value of H corresponding to sub-region 3

183



indicates that the data of this region have a dispersion less than the amount we expect for a
homogeneous region, i.e. a positive correlation exists between the sites within the region
[Hosking and Wallis, 1997; Rao and Hamed, 1999].

In this study, four different probability distributions commonly used in RFA are considered as
candidates for the growth curve, that is; the Generalized Extreme Value (GEV), the Generalized
Logistic (GLO), the Pearson type-111 (PE3) and the Generalized Pareto (GPA) distributions.
These distributions were considered in a number of studies that used the same database [e.g.,
Noto and La Loggia, 2009]. The Z goodness-of-fit test is computed by simulating 500 regions
having no cross correlation between sites. The results for each candidate distribution and for the
three sub-regions are shown in Table 4. The values of Z such that |Z|<1.64 indicate that the GEV
and the PE3 distributions are suitable for sub-regions 1 and 2, while the GLO and the GEV are
suitable for sub-region 3. To select the appropriate distribution, the regional LMRs diagram is
used (Figure 4). In the literature, numerous authors have used this diagram to identify the
regional distribution [e.g., Hosking and Wallis, 1995; Vogel et al., 1993]. The proximity of the
regional estimated L-moments to a particular candidate theoretical distribution in (Lskew , Lkur)
space indicates the appropriateness of that distribution to describe the regional data. According to
Figure 4, the GEV is chosen as a distribution for the three identified sub-regions. Note that Noto
and La Loggia [2009] found the same distribution for the study area by using different sub-
regions. The expression of the GEV growth curve corresponding to the nonexceedance

probability p is given by:

(94 K .
0, ()= §+;[1—(—Iog p) } if «#0 0)
&-alog(—logp) ifx=0
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where &, and x are respectively the location, scale and shape parameters. These parameters are
estimated using L-moments [Hosking and Wallis, 1997]. Following the notation in (7), the

regional parameter vector of growth curve is 6% = (K‘R ,af, &R ) where the number of components

is L=3 and the sizes of sub-regions are N’ = 20,18 and 8 respectively.

The proposed DW-index-flood is applied to each one of the identified sub-regions then compared
to the traditional ones (UW, PW and KW). This comparison is based on the RB and the RRMSE,

given in (13) and (14) respectively, of the growth curve for the nonexceedance probabilities
p=0.9, 0.99,0.995and 0.999. The results related to the different weighting approaches are

summarized in Table 5. The positive constant K for KW-index-flood in (10) is taken as 25 as
suggested by Stedinger et al. [1992]. The optimal weight functions in DW-index-flood, from the
Gompertz and logistic functions respectively given in (18) and (19), are obtained using the
algorithm-based procedure proposed in section 3. The optimization is performed with respect to
both criteria RRMSE and RB. As expected and shown in a number of studies, for a given region,
the regional growth curve estimation is generally more accurate for small nonexceedance
probabilities p (i.e. small return period) [e.g., Hosking and Wallis, 1997]. Table 5 shows that the
DW-index-flood with optimal ¢ leads to more efficient estimates in terms of RB and RRMSE
than those obtained using the other approaches. The improvement is more significant in sub-
region 3 than in the two other regions and it increases for large nonexceedance probabilities p
(i.e. large return periods). As previously indicated, sites of this sub-region present a significant
cross-correlation, which could be the reason of this improvement. Therefore, the DW-index-flood
performs better for regions with cross-correlation between sites, which is not the case with the
traditional index flood model [Hosking and Wallis, 1997-P.8]. This can be explained by the fact

that the Mahalanobis depth in (15) takes into account the variability of at-site parameters
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(location, scale and shape) across all sites of a given sub-region. Furthermore, by comparing the
results of the three traditional approaches UW, PW and KW, we observe that they are very close

in terms of RB and RRMSE. This result is found to be the same for DW using the optimal weight

functions @ or @ . -
The optimal weight functions corresponding to each sub-region for the estimation of g, (.) are

shown in Figure 5. For both sub-regions 1 and 2, the two optimal weight functions using ¢, and
Progisic» Nave an S shape whose lower boundary does not reach 0. This means that there are no

stations to exclude within the corresponding sub-regions. Moreover, the upper extremity of the
Gompertz curve (Figure 5a) in these two sub-regions does not reach 1. This behavior can be

explained by the absence of sites which are perfectly similar to the target site. This is more

realistic for some sub-regions. According to Figure 5, the optimal weight function (¢ and
Progisic) COrresponding to sub-region 3 does not have the S shape. It has almost a straight line

ranging from 0.1 and 0.2, which means that all the included sites have approximately the same
weight in the estimation of the growth curve parameters. The previously indicated high positive
correlation between sites could be the reason. Therefore, the DW-index flood recognizes the
correlation between sites through the shape of the optimal weight function. The shape of the
optimal function (16) is related to the Mahalanobis depth which takes into consideration more
information such as the variability of the data at different sites through their parameters. This is
not the case for the classical approaches which only employ the sites record length. Note that, in
this study, the form of the weight function is independent of the value of the nonexceedance
probability, i.e. nearly the same form for p = 0.9, 0.99, 0.995 and 0.999. This is true because of

the small variation of the depth values according the variation of p.
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In order to illustrate the various elements of the approach, a figure analogous to Figure 1 is
developed. Figure 6 illustrates the Mahalanobis depth and the weight of sites of sub-region 1
using the Gompertz function. In particular, sites 14, 20 and 28 are located in the center of the
GEV-parameters space. These sites have high depth values and hence have a high contribution
(weight) in the estimation of the regional growth curve. These high depth values can be due to the
low discordancy D; values (see Table 2) of these sites. However, the opposite is true for sites 8
and 29 which have low depth values, are located in the border and have low weights.

Figure 7 presents the evolution of the performance criteria for nonexceedance probability p
=0.995 for each sub-region as a function of the iteration number k. For the traditional PW-index-
flood (the most commonly used in the literature), the criteria are represented by straight lines,
since they are independent of the iteration number. This Figure illustrates the superiority of the
DW over the PW-index-flood. Moreover, for sub-regions 1 and 2, we observe a rapid
convergence to the criterion values in Table 5 after only 3 iterations (Figures 7a and 7b),
whereas, for sub-region 3 (Figure 7c) it is reached after more than 7 iterations. These results
could be due to the quality and size of sub-region 3. In other words, the absence of large
correlation between data at sites of sub-regions 1 and 2 (value of H close to 0) have caused the
rapid convergence of the algorithm in these two sub-regions, in contrast to sub-region 3.

To study the impact of depth iterations on the performance of the DW-index-flood, this model is
applied to the three sub-regions but without iterations on the depth, i.e. Kier = 2 in step 3 of the

regional parameters estimation algorithm. The outputs of this application, with ¢ =¢, and p =

0.995, are shown in Figure 8 and are compared to the traditional PW model. These results
indicate that, in both cases with and without iterations, the DW performs better than PW in terms

of both RB and RRMSE. Furthermore, the iterated DW-index-flood produces leads to more
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efficient parameter estimates than the direct method, which affects the model performance. Note
that similar results are found for the logistic weight functions and for different nonexceedance
probabilities p.

Using the DW-index-flood model, the optimal weight function ¢ is obtained by optimizing a
criterion y which could vary with the nonexceedance probability p (step 5 of the estimation
algorithm). Therefore, the weight vector in (16) could vary with p, resulting in the variation of

regional parameters (4®) in (17) with p as well. Figure 9 illustrates this variation for sub-region
g D

1 with ¢ = ¢ . To draw this Figure, each site i (1=1,..,N") is temporally excluded from the sub
region and then the corresponding regional parameters, denoted by 0% = (k- o, &%),
are estimated using DW. This Figure shows a very small variation of the regional parameters as a
function of p which could be due to numerical issues. More precisely, for different p values, we
have almost the same shape ~ and a very small variation for the scale @ and the location ¢

(variation ranges between 0 and 0.05). Note that the same result is found for the other two sub-
regions and when using the logistic weight function.

Figure 10 illustrates the regional estimates in sub region 1 using different models. The parameters
estimated by DW correspond to P =0.995 and ¢ weight function. It is generally observed that
these parameters are closer to the at-site values than those estimated by the traditional models.
This is because of the flexibility in the weight calculation when using DW. Theoretically, this last
result is validated by both criteria RB and RRMSE calculated in Table 6. Figure 10 shows also a
negligible variation of regional parameters estimated by traditional models according to the

excluded site. This means that, by using traditional models, the estimated regional parameters are
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almost equal for any target site in the sub-region which then naturally affects the performance of
these models.

5. Conclusions and future research directions

The present paper aims to optimize the estimation of flood quantiles when using the regional
index-flood model. To this end, the statistical notion of depth function is introduced in the model.
More precisely, the proposed approach employs depth functions to measure the similarity
between sites and then weight the at-site estimate parameters in order to calculate the regional
growth curve parameters. The proposed approach takes into consideration regional similarity
within the region since it includes more hydrological information than the record length and does
not adopt uniform weights. Furthermore, the iterative procedure allows improving the
performance of the model.

The optimal weight function ¢ in the proposed DW-index-flood is obtained using the algorithm-
based procedure with respect to both RB and RRMSE criteria. In addition to reaching the best
model performance, the optimization of the weight function first allows the practical use of DW-
index-flood and second avoids the subjective intervention of the user. The obtained results, from
the Island of Sicily in Italy, show the superiority of the DW-index-flood model in terms of
performance. The study of the three formed sub-regions shows an association between the inter-
site correlation, the shape of the optimal weight function and the computation convergence speed.
The proposed approach is able to identify cross-correlation in the region and provides a
significant performance improvement.

Even though the proposed approach is superior to the traditional ones in terms of flexibility,
representativeness, generality and optimality, it has some limitations. For instance, it is composed

of several steps and includes several tools, and consequently, it could be time consuming. In the
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present paper, most of the elements related to the proposed procedure are treated; however, others
are worth developing in future efforts. For instance;

1- In this study, cluster analysis of site characteristics is used to define the homogeneous sub-
regions. This method may be incompatible with the proposed estimation model which is based on
the statistical depth function. Therefore, in future work, it would be reasonable to include the
depth function in the clustering part as well (i.e. delineation step of RFA). Such a study would
ensure compatibility between the two stages of RFA (estimation and delineation) and could
provide improved results;

2- Another direction of future work could be a thorough sensitivity study of the impact of
different factors which may affect the performances of the proposed model. Such factors include:
the estimation method of the distribution parameters, the fitted regional distribution, the use of L-
moments instead of the parameters to evaluate depths, as well as the choice of the depth function;
3- Further investigations are needed for the approach to study special situations. Such situations
include regions with inter-dependence between sites, small number of sites or a low homogeneity
level.
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Table 1. Descriptive statistics of selected variables.

Variable ~ Minimum Mean  Maximum Standard
deviation

AREA 9.40 218.23 1792 335.84
MBS 2.23 1551 65.55 14.35
MAP 429.50 716.71 1187.40 172.76
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Table 2. Summary statistics of annual maximum peak flood data used in this study (RL is the record length in years, Q,, is
the average of annual maximum peak flood quantile in m%s, the three L-moment ratios and the discordancy measure D for
the whole region).

Id RL Qm ch Lskew Lkur D
site (years) (m%/s)

1 16 40.14 0.329 0.046 0.087 217
2 10 26.94 0.374 0.252 0.036 0.97
3 10 43.00 0.753 0.825 0.818 3.23
4 10 20.25 0.446 0.194 0.122 0.69
5 16 50.79 0.407 0.172 0.107 0.57
6 17 90.18 0.502 0.296 0.052 0.96
7 16 158.25 0.624 0.492 0.222 1.23
8 12 31.56 0.438 0.090 -0.105 1.56
9 22 142.63 0.385 0.398 0.169 1.79
10 54 462.3 0.358 0.249 0.157 0.17
11 17 62.26 0.470 0.226 0.101 0.46
12 45 11.08 0.263 0.153 0.077 0.63
13 32 17.48 0.326 0.101 0.124 1.40
14 24 30.96 0.433 0.321 0.177 0.09
15 64 99.29 0.359 0.326 0.204 0.45
16 21 36.22 0.372 0.311 0.153 0.50
17 33 48.25 0.446 0.245 0.084 0.29
18 22 40.06 0.763 0.728 0.625 1.78
19 21 16.85 0.735 0.751 0.624 1.45
20 19 12.79 0.463 0.334 0.286 0.30
21 16 97.08 0.371 0.118 0.025 0.59
22 16 14.38 0.655 0.672 0.533 0.84
23 20 79.70 0.415 0.409 0.253 0.57
24 31 215.65 0.392 0.244 0.215 0.43
25 13 60.49 0.364 0.301 0.212 0.23
26 25 137.73 0.352 0.353 0.259 0.58
27 31 63.66 0.385 0.390 0.358 0.61
28 31 557.6 0.467 0.304 0.192 0.08
29 22 55.29 0.559 0.597 0.410 0.86
30 21 34.01 0.438 0.359 0.252 0.03
31 11 6.14 0.871 0.854 0.783 3.64
32 14 15.11 0.388 0.143 -0.008 0.56
33 13 17.46 0.526 0.342 0.125 0.59
34 10 2791 0.447 0.387 0.215 0.33
35 35 308.04 0.356 0.096 0.093 1.32
36 31 583.79 0.459 0.489 0.421 0.52
37 15 52.16 0.637 0.601 0.553 1.12
38 14 25.76 0.706 0.598 0.408 0.98
39 10 18.24 0.625 0.389 0.110 1.66
40 23 45.36 0.426 0.155 0.067 0.73
41 11 39.50 0.540 0.361 0.218 0.25
42 11 62.19 0.706 0.541 0.237 2.04
43 22 107.51 0.372 0.185 0.135 0.41
44 18 244.38 0.329 0.296 0.217 0.48
45 17 92.79 0.470 0.726 0.628 3.28
46 12 21.32 0.202 0.345 0.371 3.15
47 34 182.36 0.350 0.212 0.149 0.25
48 29 507.04 0.512 0.392 0.144 0.89
49 12 9.10 0.288 0.142 0.014 0.62
50 13 17.69 0.216 0.140 0.190 1.67

Bold character indicates the site has D that exceeds the critical value of 3 and could be considered discordant.
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Table 3. Regional average LMRs values and heterogeneity measures H under the proposed hypothesis of three sub-regions.

Numbgtg: N Lskew |_kur H
Sub-region 1 20 0.4397 0.3077 0.1917 0.01
Sub-region 2 18 0.3488 0.2321 0.1753 0.20
Sub-region 3 8 0.6891 0.5911 0.4532 -1.79
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Table 4. L-kurtosis and Z measure values for the four different candidate distributions and for each one of the proposed sub-
regions.

Distribution Sub-region 1 Sub-region 2 Sub-region 3
L, z Lo, z Lo z
GLO 0.2455 2.22 0.2116 241 0.4682 -1.27
GEV 0.1996 1.21 0.1779 0.75 0.4660 -0.74
PE3 0.1887 -1.26 0.1592 -0.79 0.3526 -3.05
GPA 0.1471 -1.69 0.0958 -2.66 0.4536 -1.69

Bold character indicates the distribution may be accepted as a regional distribution for each sub-region.

196



Table 5. Growth curve estimation result in % with the various weighting approaches. RB and RRMSE are calculated versus locally estimated growth curve.

nonexceedance probability p

09 099 0995 0.999 09 099 0995 0.999 09 099 0995 0.999 09 099 0995 0.999 09 099 0995 0.999
uw PW KW DW DW
@, = i, o, _ Ny & Progistic D
N n _ n+K
" i n, K
v N+ K
Sub-  RB 08 -18 32 90 02 -09 -24 -84 03 -16 -31 92 01 04 05 08 01 04 04 08
9Nl CRMSE 65 256 333 550 62 248 326 533 62 251 330 541 6.0 240 305 456 58 238 306 457
Sub-  RB 19 10 22 -0.9 02 -14 27  -09 19 -13 -23 60 01 04 05 08 01 04 05 07
UON2 CRMSE 87 280 335 475 73 250 312 467 74 250 311 462 69 228 282 405 69 230 285 409
Sub-  RB 24 55 90 -211 20 -63 -96 -228 32 55 -82 -194 12 01 -01 03 03 01 01 05
UN3  CRMSE 166 170 289 657 165 161 275 634 168 158 269 612 136 115 17.9 349 134 113 178 346

The best result for each sub-regions in character bold and the second result in italic.
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Table 6. Parameters estimation result using different approaches

Parameters  Criterion uw PW KW DW
K RB 0.327 0.299 0.307 -0.018
RRMSE 1.196 1.215 1.219 0.427
a RB -0.061 -0.035 -0.047 0.015
RRMSE 0.057 0.052 0.054 0.032
f RB -0.033 -0.045 -0.038 -0.007
RRMSE 0.024 0.025 0.024 0.006

Bold character indicate best criteria results
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Abstract:

Classical methods of regional frequency analysis (RFA) of hydrological variables face two
drawbacks: 1) the restriction to a particular region, which can lead to a loss of some information
and 2) the definition of a region that generates a border effect. To reduce the impact of these
drawbacks on regional modeling performance, an iterative method was proposed recently, based
on the statistical notion of the depth function and a weight function ¢. This depth-based RFA
(DBRFA) approach was shown to be superior to traditional approaches in terms of flexibility,
generality and performance. The main difficulty of the DBRFA approach is the optimal choice of
the weight function ¢ (e.g., ¢ minimizing estimation errors). In order to avoid subjective choice
and naive selection procedures of ¢, the aim of the present paper is to propose an algorithm-
based procedure to optimize the DBRFA and automate the choice of ¢ according to objective
performance criteria. This procedure is applied to estimate flood quantiles in three different
regions in North America. One of the findings from the application is that the optimal weight
function depends on the considered region and can also quantify the region homogeneity. By
comparing the DBRFA to the canonical correlation analysis (CCA) method, results show that the
DBRFA approach leads to better performances both in terms of relative bias and mean square

error.

Keywords: regional frequency analysis; statistical depth function; floods estimation;

optimization; canonical correlation analysis; hydrology.
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1. Introduction

Due to the large territorial extents and the high costs associated to installation and maintenance of
monitoring stations, it is not possible to monitor hydrologic variables at all sites of interest.
Consequently, hydrologists have often to provide estimates of design events quantiles QT,
corresponding to a large return period T at ungauged sites. In this situation, regionalization
approaches are commonly used to transfer information from gauged sites to the target site
(ungauged or partially gauged) [e.g., Burn, 1990b; Dalrymple, 1960; Ouarda et al., 2000]. A
number of estimation techniques in regional frequency analysis (RFA) have been proposed and
applied in several countries [De Michele and Rosso, 2002; Haddad and Rahman, 2012; Madsen
and Rosbjerg, 1997; Nguyen and Pandey, 1996; Ouarda et al., 2001].

In general, RFA consists of two main steps: (1) grouping stations with similar hydrological
behavior (delineation of hydrological homogeneous regions) [e.g., Burn, 1990a] and (2) regional
estimation within each homogenous region at the site of interest [e.g., GREHYS, 1996a; Ouarda
et al., 2001; Ouarda et al., 2000]. The two main disadvantages of this type of regionalization
methods are: i) a loss of information due to the exclusion of a number of sites in the step of
delineation of hydrological homogeneous region, and ii) a border effect problem generated by the
definition of a region.

To reduce or eliminate the negative impact of these disadvantages on the estimation quality, a
number of regional methods have been proposed that combine the two stages (delineation and
estimation) and use all stations [e.g., Ouarda et al., 2008; Shu and OQuarda, 2007; Shu and
Ouarda, 2008]. One of these regional methods was developed recently by Chebana and Ouarda
[2008]. This RFA method is based on statistical depth functions (denoted by DBRFA for depth-

based RFA). The DBRFA approach focuses directly on quantile estimation using the weighted

213



least squares (WLS) method to estimate parameters and avoids the delineation step. It employs
the multiple regression (MR) model that describes the relation between hydrological and physio-
meteorological variables of sites [Girard et al., 2004].

After Chebana and Ouarda [2008], statistical depth functions are used in a number of
hydrological and environmental studies. For instance, Chebana and Ouarda [2011a] used these
functions in an exploratory study of a multivariate sample including location, scale, skewness and
kurtosis as well as outlier detection. In another study, Chebana and Ouarda [2011b] combined
depth functions with the orientation of observations to identify the extremes in a multivariate
sample. Bardossy and Singh [2008] used the statistical notion of depth to detect unusual events in
order to calibrate hydrological models. Recently, some studies present further developments of
the approach that calibrate hydrological models by a depth function [e.g., KrauRe and Cullmann,
2012; Krauf3e et al., 2012].

The DBRFA method consists generally of ordering sites by using the statistical notion of depth
functions [Zuo and Serfling, 2000]. This order is based on the similarity between each gauged
site and the target one. Accordingly, a weight is attributed to each gauged site using a weight
function denoted ¢. This function, with a suitable shape, eliminates the border effect and includes
all the available sites proportionally to their hydrological similarity to the target site. Note that
classical RFA approaches correspond to a special weight function with value 1 inside the region
and 0 outside. The definition of a region in the classical RFA approaches becomes rather a
question of choice of weight function ¢ according to a given criterion (e.g., relative root mean
square error RRMSE).

By construction, the estimation performance in the MR model using the DBRFA approach

depends on the choice of the weight functions ¢. Chebana and Ouarda [2008] applied several
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families of functions ¢, where the corresponding coefficients were chosen arbitrary and after
several trials. In addition, even though the obtained results are improvement of the traditional
approaches, they are not necessarily the best ones.

The aim of the present paper is to propose a procedure to optimize the DBRFA approach over ¢.
This aim has theoretical as well as practical considerations. This procedure allows an optimal
choice of the weight function ¢ and makes the DBRFA approach automatic and objective. It
should be noted that Ouarda et al. [2001] determined the optimal homogenous neighborhood of a
target site in the Canonical Correlation Analysis (CCA) based approach. In Ouarda et al [2001]
the optimization corresponds to the selection of the neighborhood coefficient, denoted by «,
according to the bias or the squared error. The optimal choice of weight functions has been the
topic of numerous studies in the field of statistics [e.g., Chebana, 2004].

To optimize the choice of ¢, suitable families of functions as well as algorithms are required. In

the present context, four families of ¢ are considered: Gompertz (¢, ) [Gompertz, 1825], logistic
(Pogisic)  [Verhulst, 1838], linear (¢, ) and indicator (¢ ). The three families
Por Progisic AN @, are regular, flexible, S-shaped and have other suitable properties.

Several appropriate algorithms can be considered [Wright, 1996]. They are appropriate when the
objective function & (criterion to be optimized) is not differentiable or the gradient is unavailable

and must be calculated by a numerical method (e.qg., finite differences). Among these algorithms,
the most commonly used are: the simplex method [Nelder and Mead, 1965], the pattern search
method of Hooke and Jeeves [Hooke and Jeeves, 1961; Torczon, 2000] and the Rosenbrock
methods [Rao, 1996; Rosenbrock, 1960]. These methods are used successfully in several
domains, and are particularly popular in chemistry, engineering and medicine. Specifically, in

this paper the simplex and the pattern search algorithms are used because of their advantages.
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Indeed, they are very robust [e.g., Dolan et al., 2003; Hereford, 2001; Torczon, 2000], simple in
terms of programming, valid for nonlinear optimization problems with real coefficients
[McKinnon, 1999] and helpful in solving optimization problems with and without constraints
[e.g., Lewis and Torczon, 1999; Lewis and Torczon, 2002].

In this study, the proposed optimization procedure is applied to the flood data from three different
regions of the United States and Canada (Texas, Arkansas and southern Quebec). For each
region, the obtained results are compared with those of the CCA approach.

The present paper is organized as follows. Section 2 describes the used technical tools including
depth functions, the WLS method and the definitions of the considered weight functions. Section
3 describes the proposed procedure. Then, section 4 presents the application to the three case

studies as well as the obtained results. The last section is devoted to the conclusions of this work.
2. Background

In this section, the background elements required to introduce and apply the optimization
procedure of the DBRFA approach are briefly presented. This section contains a number of basic
notions.

2.1. Mahalanobis depth function

The absence of a natural order to classify multivariate data led to the introduction of the depth
functions [Tukey, 1975]. They are used in many research fields, and were introduced in water
science by Chebana and Ouarda [2008]. Several depth functions were introduced in the literature
[Zuo and Serfling, 2000]. Depth functions have a number of features that fit well with the
constraint of RFA [Chebana and Ouarda, 2008].

In this study, the Mahalanobis depth function is used to sort sites where the deeper the site is the

more it is hydrologically similar to the target site. This function is used for its simplicity, value
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interpretability, and for the relationship with the CCA approach used in RFA. The Mahalanobis

depth function is defined on the basis of the Mahalanobis distance given by
d2(x,y)=(x—y) A*(x—y) between two points x,yeR"(d>=1) where A is a positive

definite matrix [Mahalanobis, 1936]. This distance is used by Ouarda et al. [2001] in the
development of the CCA approach. The Mahalanobis depth of x with respect to [ is given by:

1
1+ df\(x,,u)

for a cumulative distribution function F characterized by a location parameter x and a covariance

MHD(x;F) = x in RY (1)

matrix A. Note that the Mahalanobis depth function has values in the interval [0,1].
An empirical version of the Mahalanobis depth of x with respect x is defined by replacing F by
a suitable empirical function F, for a sample of size N [Liu and Singh, 1993]. In the context of

the present paper, the notation in (1) is replaced by:

1

MHDA(X;ﬂ)=m (2)

where 4 and A are respectively the location and covariance matrix estimated from the observed
sample.

2.2. Weight functions

Below are the definitions of the four families of weight functions ¢, @sicr Plnear @Nd @,

considered in this paper along with special cases of functions ¢ for comparison purposes.

2.2.1. Gompertz function
The Gompertz function is usually employed as a distribution in survival analysis. This function
was originaly formulated by Gompertz [1825] for modeling human mortality. A number of

authors contributed to the studies of the characterization of this distribution [e.g., Chen, 1997,
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Wu and Lee, 1999]. In the field of water resources, the Gompertz function was adopted by

Ouarda et al. [1995] to estimate the flood damage in the residential sector. The function ¢, is

increasing, flexible and continuous [Zimmerman and Nufiez-Antén, 2001]. The Gompertz

distribution has different formulations one of which is given by:
¢s(x)=cexp{-ae™} ab,c>0;xeR 3)
where c is its upper limit, a and b are two coefficients which respectively allow to translate and

change the spread of the curve. Figure 1 shows the effects of these coefficients on the form of

¢, - Note that this function starts at zero (starting phase), then increases exponentially (growth

phase) and finally stabilizes by approaching the upper limit ¢ (stationary phase) with

. . : . (]
0 < ¢ (X) <c. The inflection point of this function is (%g] .

2.2.2. Logistic function
Verhulst [1838] proposed this function to study population growth. It is given by:

c

Zm a,b,C>0;X€R (4)

¢)Iogistic (X)
where the coefficients ¢, a and b play the same role as in ¢ .

This function has similar properties to those of ¢, (increasing, flexible, continuous and with

: : . : . (Ina c I
three phases). However, ¢, 1S symmetric around its inflection point (TEJ which is not

the case for ¢ .

2.2.3. Linear function
It is a simple function, linear over three pieces corresponding to the three previous phases.

Explicitly it is given by:
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0 if x<d,

Plinear (X) = dX _ddl ifd, <x<d,, d,>d, >0 ®)

2 1

1 if x> d,

This function is considered as a weight function in the study of Chebana and Ouarda [2008].
2.2.4. Indicator function
This function is given by:

1 if xeA

0 if xeA ©)

@, (%) ={

where A is a subset in R (set of real numbers), such as an interval. The subset A represents the
neighborhood or the region in the classical RFA approaches. The weight is equal to 1 if the site is

included in the region, otherwise, it is 0.

. : . 1 :
In the case where the set A is the interval [C, 1] with C, =1+—2and 2ioisthe (1-a)
, 7, ,

quantile associated to the chi-squared distribution with p degrees of freedom, the DBRFA
reduces to the traditional CCA approach [e.g., Bates et al., 1998]. The corresponding weight

function is denoted by ¢, -

If A:[O,l] i.e. a=0, then the DBRFA represents the uniform approach which includes all

available sites with similar importance. The corresponding weight function is denoted by ¢ .

2.3. Weighted Least Squares Estimation

In the RFA framework, the MR model is generally used to describe the relationship between the
hydrological variables and the physiographical and climatic variables of the sites of a given
region. This model has the advantage to be simple, fast, and not requiring the same distribution

for hydrological data at each site within the region [Ouarda et al., 2001].
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Let QT be the quantile corresponding to the return period T. It is often assumed that the
relationship between QT , as the hydrological variable, and the physio-meteorological variables
and basin characteristics A, A,,....A takes the form of a power function [Girard et al., 2004]:

QT =AA A .. Are 7
where e is the model error.
Let s be the number of quantiles QT corresponding to s return periods and N be the total number
of sites in the region. A matrix of hydrological variables Y :(QTl,QTZ,...,QTS) of dimension

N xs is then constructed. With a log-transformation in (7) we obtain the multivariate log-linear

model in the following form:
logY =(log X)B+¢ (8)

where log X =(1,log A ,logA,,...,lIogA ) is the Nx(r+1) matrix formed by (r) physio-

1

meteorological variables series, 8 is the (r+1)xs matrix of parameters and & =(g ,...,gs) is

the N xs matrix that represents the model error (residual) with null mean vectors and variance-
covariance matrix I":
Var(gl) Cov(gl,gs)

E(¢)=(0,.,0) and Var(¢)=T= : : (9)
COV(&S,gl) Var(gs)

The parameter matrix £ can be estimated, using the WLS estimation, by:

B, =argmin (logY —logX ,B)' Q(logY —logX f3)
’ (10)

= ((log X)'Qlog X)'1 (log X)'QlogY
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where Q =diag(w,,...,w,) is the diagonal matrix with diagonal elements w, where w, is the

weight for the site i. The matrix T is estimated by:

_(IogY—Iog Xﬁw)'(logY—Iog X,@’W) (11)
W N-r-1

Note that the log-transformation induces generally a bias in the estimation of QT [Girard et al.,
2004].

3. Methodology

This section describes a general procedure for optimizing the DBRFA approach and treats special
cases where this procedure is applied using the weight functions defined in section 2.2.

3.1. General procedure

In order to find the optimal weight function ¢, in the DBRFA approach, the procedure is

composed of three main steps. They are summarized as follows:

i. For a given class of weight functions ¢ and a set of gauged sites (region), use a jackknife

procedure to assess the regional flood quantile estimators (Eq. 8) for the sites of the region
using the DBRFA approach. These estimators depend on the weight function ¢ through
its coefficients;

ii. For a pre-selected criterion, calculate its value to quantify the performance of the
estimates obtained from step i;

iii. Using an optimization algorithm, optimize the criterion (objective function) calculated in
step ii. The parameters of the optimization problem are the coefficients of the weight

function. The outputs of this step are ¢, and the value of the selected criterion.
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3.2 Description of the procedure
In the first step of the procedure, we use a jackknife resampling procedure to assess the regional
flood quantile estimators for the sites of the region. This jackknife procedure consists in

considering each site | (1 =1,..., N ) in the region as an ungauged one by removing it temporarily
from the region (i.e. we assume that the hydrological variable Y,of site | is unknown and the

physio-meteorological variable X, is known since it can be easily estimated from existing
physiographic maps and climatic data). Then we calculate the regional estimator (\ﬁ) of site | by
4

the iterative WLS regression, using the N —1 remaining sites, which is related to the given

weight function ¢. The parameters of the starting estimator (initial point) of DBRFA, denoted
by 4,,and T',,, are calculated by assuming that X = X", Y =Y<" and Q=1,, in (10) and

(11), where X< represents the matrix of physio-meteorological variables excluding site I,

Y <" is the matrix of hydrological variables excluding site | and I, is the identity matrix of
dimension (N —1)x(N —1). The starting estimator (\fl,) is obtained by replacing #with £, in
P

(8). Then for each depth iteration k, k =2,3,.., k.., we calculate the Mahalanobis depth (2) of the

iter ?

gauged site i, 1=1..,N-1, with respect to the ungauged site | denoted by

(Dky(”))(p =MHD; | (IogYi;(IogYAk_l’, )w) The number of iterations kier is fixed to ensure the

convergence of the depth function (generally kier = 25 is appropriate). The weight matrix at
iteration k is defined by applying the function ¢ to the depth calculated at this iteration. The

parameters of the MR model at the k™ iteration are estimated by:

1

(Aa), = [('09 XY (), (10g X<">)j_ (log X (), logY =" (12)
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(f ):(IogY<">—(IogX<">)(,6A’k1,)¢)l(logY<">—(IogX<">)(,6A’kyl)(p) (13)
o (N-1)-r-1

where (Q, ) is aN-1 diagonal matrix with elements:
e

‘P[(Dk,a,.))J, ....... ,qo[( Dk‘(N“))J (14)

Note that all these parameters depend on ¢. Then, the regional quantile estimator for the site | in

this iteration is:

(\?ky, )(p = exp[(log X, )(,@k’, )J (15)

In the second step of the procedure, we use the regional estimators at the last iteration since their
associated estimation errors are the minimum possible by construction. Consequently, in order to

simplify  the notations in the rest of  this paper, we denote

(9), = () ), =), 0], = ()
After calculating (Y,) , 1 =1,..,N in step i, we consider and evaluate one or several performance
4

criteria in step ii. The considered criteria are employed as objective functions in the optimization
step iii.

The relative bias (RB) and the relative root mean square error (RRMSE) are widely used in
hydrology, particularly in RFA, as criteria to evaluate model performances. These two criteria are

defined using an element-by-element division by:
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RB, =100x—>" (16)
E
2
RRMSE, =100x |- " i) (17)
= X
’ N-1Z| Y,

where Y, is the local quantile estimation for the 1™ site, (YI) is the regional estimation by
4

DBRFA approach according to ¢ and excluding site I, and N is the number of sites in the region.

The RB,measures the tendency of quantile estimates to be uniformly too high or too low across
the whole region and the RRMSE measures the overall deviation of estimated quantiles from

true quantiles [Hosking and Wallis, 1997]. Note that other criteria can also be considered such as
the Nash criterion (NASH) and the coefficient of determination (R?). In the hydrological
framework, the previously defined criteria are used as key performance indicators (KPI) to
compare different RFA approaches [e.g., Gaal et al., 2008].

Finally in step iii, we apply an optimization algorithm on the selected and evaluated criterion in
step ii. The algorithms to be considered are indicated in the introduction section. The formulation
of the criteria to be optimized, generally complex and non-explicit, suggests the use of zero-order

algorithms. The application of these algorithms allows to find the optimal function ¢ .., With

respect to selected criteria. An overview diagram summarizing the optimization procedure of the
DBRFA approach is illustrated in Figure 2.

The procedure described above aims to calculate ¢, according to the desired criterion. In

order to estimate the quantile Y, of an ungauged site u using the optimal DBRFA approach, the
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user simply repeats step i of the procedure without excluding any site and while fixing the weight
function, i.e. step i with @ =@ -

Based on the optimization procedure of the DBRFA approach described previously, the
parameters of the optimization problem are the coefficients of the weight function. Consequently,
reducing the number of coefficients in ¢ can make the algorithm more efficient and less
expensive in terms of memory and computing time. If the weight function is one of the two
functions Gompertz (3) or logistic (4), the coefficient ¢ represents the upper limit of these

functions. As in the DBRFA approach, the upper limit of ¢ is 1, namely the gauged site is

completely similar to the target site, hence the value C=1 is fixed. In this case, the problem is
reduced to find the couple (éN,BN) that optimizes one of the pre-selected criteria, such as (16)

and (17).

Moreover, in the classes @ =gy O @ =g, ., the optimization problem is applied in semi-

bounded domain (i.e. a>0and b >0) and without other constraints (linear or nonlinear). In this
case, the Nelder-Mead algorithm can also be applied as well as the Pattern search one [Luersen
and Le Riche, 2004].

On the other hand, in the case where ¢ =¢,... (5), the inequality constraint d,>d, >0 is

imposed. Therefore, the Nelder-Mead algorithm cannot be considered.

Theoretically and generally, the two optimization algorithms used in this paper (i.e. the Nelder-
Mead and the pattern search algorithms) converge to a local minimum (or maximum) according
to the initial point. To overcome this problem and make the algorithm more efficient, two
solutions are proposed in the literature: a) for each objective function, use several starting points
and calculate the optimum for each of these points; the optimum of the function will be the best

value of these local optima [Bortolot and Wynne, 2005]; or b) use a single starting point and each
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time the algorithm converges, the optimization algorithm restarts again using the local optimum
as a new starting point. This procedure is repeated until no further improvement in the value of

the objective function is obtained [Press et al., 2002].
4. Data sets for case studies

In this section we present the data sets on which the DBRFA approach will be applied the
following section. These data come from three geographical regions located in the states of
Arkansas and Texas (USA) and in the southern part of the province of Quebec (Canada). The first
region is located between 45 ° N and 55 ° N in the southern part of Quebec, Canada. The data set
of this region is composed of 151 stations, each with station has a flood record of more than 15
years. The conditions of application of frequency analysis (i.e. homogeneity, stationary and
independence) are tested on the historical data of these stations in several studies [Chokmani and
QOuarda, 2004; Ouarda and Shu, 2009; Shu and Ouarda, 2008]. Three types of variables are
considered: physiographical, meteorological and hydrological. The selected variables for the
regional modeling are also used in Chokmani and Ouarda [2004]. The selected physiographical
variable are: the basin area (AREA) in km?, the mean basin slope (MBS) in % and the fraction of
the basin area covered with lakes (FAL) in %. The meteorological variables are the annual mean
total precipitation (AMP) in mm and the annual mean degree days over 0°C (AMD) in degree-
day. The selected hydrological variables are represented by at-site specific flood quantiles (QST)
in m®km?s, corresponding to return periods T = 10 and 100 years.

The two other considered regions correspond to a database of the United States Geological
Survey (USGS). This database, called Hydro-Climatic Data Network (HCDN), consists of

observations of daily discharges from 1659 sites across the United States and its Territories
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[Slack et al., 1993]. The sites included in this database contain at least 20 years of observations.
As part of the HCDN project, the United States are divided into 21 large hydrological regions.

In this study, the data of the states of Arkansas and Texas (USA) are used for comparison
purposes. The applicability conditions of frequency analysis as well as the variables to consider
are justified in the study of Jennings et al., [1994]. The physiographical and climatological
characteristics are the area of drainage basin (AREA) in km?, the slope of main channel (SC) in
m/km, the annual mean precipitation (AMP) in cm, the mean elevation of drainage basin (MED)
in m and the length of main channel (LC) in km. The selected hydrological variables in these two
regions are the at-site flood quantiles (QT), in m%/s, corresponding to the return periods T = 10
and 50 years.

The data set of the states of Arkansas is composed of 204 sites. These data and the at-site
frequency analysis are published in the study of Hodge and Tasker [1995]. Tasker et al. [1996]
used these data to estimate the flood quantiles corresponding to the 50 year return period by the
region of influence method [Burn, 1990b].

The Texas data base is composed of 90 sites but due to the lack of some explanatory variables at
several sites, modeling was performed with only 69 stations. The data-set used in this region is
the same used by Tasker and Slade [1994].

5. Results

The results obtained from the CCA-based approach are first presented and then compared to
those obtained by the optimized DBRFA approach.

The variations of the two performance criteria RB and RRMSE, obtained by the CCA approach,
as a function of the coefficient a (neighborhood coefficient) for the three regions are presented in

Figure 3. The complete range of « is the interval [0, 1]. However, in this application, the range is
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[0, 0.30] for Quebec and Arkansas regions and [0, 0.17] for the Texas region. These upper
bounds of « are fixed to ensure that all neighborhoods of the sites contain sufficient stations to
allow the estimation by the MR model. Note that it is appropriate to have at least three times
more stations than the number of parameters in the MR model [Haché et al., 2002]. Figure 3
indicates that, for a given region, the same value of a optimizes the two criteria for the various
return periods, even though this is not a general result [Ouarda et al., 2001]. The optimal a values

are 0.25, 0.01 and 0.05 respectively for Quebec, Arkansas and Texas.

The coefficients 2, and A, correspond respectively to the correlations of the first and the second
couples of the canonical variables. Their values for Arkansas (4, =0.973, 1, =0.470) and Texas
(4,=0.923, A,=0.402) are larger than those of Quebec (4 =0.853, A,=0.281). This

corresponds to a large optimal value of « for the latter region. Indeed, the higher the canonical
correlation, the smaller the size of the ellipse defining the homogeneous neighborhood [Ouarda et
al.,, 2001]. The value of a should be small enough so that the neighborhood contains an
appropriate number of stations to perform the estimation in the MR model, and large enough to
ensure an adequate degree of homogeneity within the neighborhood.

Figure 4 shows the projection sites of the three regions in the two canonical spaces (V1, W1) and

(V2, W2) corresponding respectively to 2, and A4, . This figure shows that for these three regions,

the relationship between V1 and W1 is approximately linear, in contrast to V2 and W2. The
presentation of a site in the space (V1, W1) is useful for an a priori information on the estimation
error of this site. For example, in the Quebec region, the two sites 66 and 122 are poorly
estimated. By fitting a linear model between V1 and W1 for each region, it is seen that the
linearity assumption is more respected in Arkansas and Texas than in Quebec (R*arkansas = 0.94,

R2Texas =0.85et RZQuebeC = 0.73).
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The previous results show that the values of 4, 4,, @ and R® can be used as indicators of the

quality of the homogeneity in a given region. In this application, the lower values of 4,, 4,and

R? as well as the higher value of @ for Quebec compared to the values of the other two regions
indicate that the Quebec region is less homogeneous than the two others. This conclusion needs
to be verified by other criteria or statistical tests.

The DBRFA approach is applied by using the Mahalanobis depth function (2). The optimal

weight functions, from each one of the three considered families, are obtained on the basis of the

indicated optimization algorithms (i.e. ¢, and ¢, using Nelder-Mead and ¢, using pattern

search). They are presented in Figure 5. The corresponding results are summarized in Table 1.
The optimization is made with respect to the RB and RRMSE criteria. Note that, for a given
region, the regional flood quantile estimation is more accurate for small return periods. This
result is valid for local as well as regional frequency analysis approaches [Hosking and Wallis,
1997]. In addition, Table 1 shows that the worst estimates are obtained using the uniform

approach (weight function ¢, ). This justifies the usefulness of considering the regional
approaches. Note that for all regions, DBRFA with ¢, leads to more accurate estimates in

terms of RB and RRMSE than those obtained using the CCA approach with optimal a. These
results show also that the optimal coefficients of a given weight function depend on the chosen
criterion (objective function). Finally, for the southern Quebec region, the results of Chebana and
Ouarda (2008) are very close to those in the present paper (Table 1). The reason for this closeness
is that the above authors forced the DBRFA approach to provide good results by trying several
different combinations of values of ¢ coefficients (i.e. iteration loop of coefficients).
Consequently, their trials took a long time and did not ensure the optimality of the approach
which is not the case for the present study.
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According to Figure 5, the form of optimal weight function depends on the considered region.
For instance, the steep S-curve (with long upper extremity) of the two regions Arkansas and
Texas depicts a large number of gauged sites similar to the target one; however, the high S-curve
(with short upper extremity) of Quebec shows a small number of gauged sites similar to the target
one. This result supports the previously mentioned conclusion about the homogeneity level for
these regions.

In order to visualize the influence of gauged sites on the regional estimation of a target site in the
DBRFA and CCA approaches, assume that Texas site number 25 is a target site and has to be
estimated using the remaining 68 gauged sites. Figure 6 illustrates the weights allocated to each
gauged site in the canonical hydrological space (W1, W2) instead of the geographical space. The

estimate is made with the optimal a for the CCA approach and the optimal ¢, for the DBRFA

approach. We observe that the influence of a gauged site on the estimation of the target site in the
DBRFA approach is proportional to the hydrological similarity between these two sites. Hence,
the weight function takes a bell shape in a 3D presentation (Figure 6b). However, with the CCA
approach, the weight function (6) takes only two values, 1 within the neighborhood of the target-
site or 0 otherwise (Figure 6a).

To study the impact of depth iterations on the performance of the DBFRA method, this approach

is applied to the three regions but without iterations on the Mahalanobis depth (i.e. Kier = 2 in Step

i in the DBRFA optimization procedure). The outputs of this application, with ¢ =¢, and
¢ (.)=RRMSE, are shown in Table 2. These results indicate that the optimal weight function

changes depending on the case (with or without iterations) but keeps the S shape (for space
limitation, the associated figure is not presented). In addition, using the iterations, we observe an

improvement in the performance of the DBRFA method. This improvement varies from one
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region to another where it is more significant in Quebec than in Texas and Arkansas (Table 2).
This is another result indicating a difference between Quebec and the two other regions. Note that
similar results are found for other families of weight functions and for different optimization
criteria. In conclusion, the depth iterative step in the DBRFA before weight optimization is
important.

In order to examine the convergence speed in terms of the performance criteria, we present the
variations of these criteria as a function of depth iteration for different weight functions (Figure
7). The employed coefficient values of the weight functions are those minimizing the RRMSE
(Table 1). We observe a rapid convergence (5 iterations) to the RRMSE values in Table 1 for
Arkansas and Texas (Figure 7b and 7c), whereas, for Quebec (Figure 7a) it requires more than 20
iterations to converge to the results in Table 1. These results could be again due to the level of
homogeneity in the region.

To compare the relative errors of flood quantile estimates obtained by different approaches for
the three regions, Figure 8 illustrates these errors with respect to the logarithm of basin area. The
weight functions used are those optimizing the RRMSE. It is generally observed that the DBRFA
relative errors are lower than those obtained with the CCA approach. We also observe large
negative errors for some sites, such as number 64 and 66 in the southern Quebec, 180 and 175 in
Arkansas and 62 and 69 in Texas.

In this paper, the optimal DBRFA approach is mainly compared with the basic formulation of
one of the most popular RFA approaches, that is the CCA approach. However, different variants
of the latter are developed and are available in the literature, such as the Ensemble Artificial
Neural Networks-CCA approach (EANN-CCA) [Shu and Ouarda, 2007] and the Kriging-CCA
approach [Chokmani and Ouarda, 2004]. In order to insure the optimality of the optimal DBRFA,

it is of interest to expend the above comparison to those approaches. A comprehensive

231



comparison requires presentation of these approaches as well a number of data sets for the
considered regions. Some of the data sets are not available for the regions of Texas and Arkansas,
e.g. at-site peak flows to estimate at-site quantiles as hydrological variables. However, all these
approaches are already applied to the region of Quebec in different studies. Table 3 summarizes
the obtained results for all those methods along with those of the DBRFA approach. The results
indicate that the optimal DBRFA performs better than the available approaches both in terms of
RB and RRMSE, except a very slight difference of 1% in the RRMSE of QS10 with EANN-

CCA. This could be related to the numerical approximations in the computational algorithms.
6. Conclusions

In the present paper, a procedure is proposed to optimize the selection of a weight function in the
DBRFA approach. This procedure automates the optimal choice of the weight function ¢ with
respect to a given criterion. Therefore, aside from leading to optimal estimation results, it allows
the DBRFA approach to be more practical and usable without the user's subjective intervention.
The user has only to select one or several objective performance criteria to obtain the model, the
estimated performance and the weight functions for a specific region. One of the findings is that
the optimal weight function can be seen as characterization of the associated region.

General and flexible families of weight function are considered, as well as two optimization
algorithms to find ¢, - The used algorithms can handle cases with or without constraints on
the definition domain of the function ¢.

The obtained results, from three regions in North America, show the utility to consider the

DBRFA method in terms of performance as well as the efficiency and flexibility of the proposed

optimization procedure.
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The study of the three regions shows an association between the level of the homogeneity of the
region, the form of the optimal weight function and the computation convergence speed. This
result deserves to be developed in future work.
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1 Table 1. Quantile estimation result with the various approaches

Region
Southern Quebec (Canada) Arkansas (United States) Texas ( United States)
Qs10 Qs100 Q10 Q50 Q10 Q50
function  function | coefficients MSE MSE | coefficients MSE MSE | coefficients MSE MSE
¢ ¢ %) (% ) (%) %) ) (%) (%) (%) (%) (%) (%)
- ?y - -8.60 55.00 -11.0 64.00 - -13.2 6548 -15.1 73.34 - -9.70 46.50 -13.8  61.00
RRMSE
or RB Deca a=0.25 -754 4462 -814 5184 | o=0.01 -7.80 48.16 -931 5950 | «=0.05 -1.20 42.30 -7.40 57.40
a=305 a=97 a=129.7
Ds -3.55 3870 -220 4450 -6.00 4150 -6.33 47.70 -1.01 36.86 -6.00 50.79
b=7 b=25 b=354
a=25375 a=11863 a=3618
RRMSE Phogistic b=148 -3.85 39.20 -2.80 44.90 b = 54149 -6.18 4153 -652 47.65 b=501 -0.90 36.84 -5.00 4950
C1=10.30 C1=10.157 C1=0.116
Olinear -3.60 3894 -225 4465 -590 4090 -6.37 4711 -2.81 38.20 -6.37 4951
C2=10.80 C2=10.162 C2=0.152
a=>55 a=23.950 a=2134
P -350 39.10 -2.30 44.90 -5.80 4152 -6.29 47.70 -0.80 37.90 -6.20 52.17
b=9 b =13.661 b =43
a=2791 a=19593.7 a=3618.2
RB Drogistic -3.70 3930 -2.70 45.00 -6.10 4167 -6.49 47.70 -0.80 37.70 -4.90 50.90
bh=15 b =58.417 b=50.3
C1=0.296 C1=10.093 C1=10.100
Dlincar -3.20 3890 -1.90 44.70 -5.87 4167 -6.35 4774 -0.90 39.20 -5.50 50.95
C2=10.768 C2=10.267 C2=0.112

Best results for each region are in bold character.
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Table 2. Results of the DBRFA Approach With and Without Depth Iterations using g() =RRMSE and ¢ =g,

Region
Southern Quebec (Canada) Arkansas (United States) Texas ( United States)
Qs10 QS100 Q10 Q50 Q10 Q50
Optimal RB RR RB RR Optimal RB RR RB RR Optimal RB RR RB RR
coefficients MSE MSE coefficients MSE MSE coefficients MSE MSE
%) ) (%) (%) %) %) (%) (%) (%) (%) (%) (%)

With a=305 a=97 a=129.7
Lo -3.55 38.70 -2.20 4450 -6.00 4150 -6.33 47.70 -1.01 36.86 -6.00 50.79
iteration | p=7 b=25 b=354
Without | a = 66.50 a=721 a=186.7
iteration | b = 14.25 -6.60 47.05 -7.52 55.07 b =81 -7.24 4287 -8.64 50.34 b= 4265 -1.60 38.29 -6.29  51.00
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Table 3. Quantile estimation result for Quebec with available approaches and their references

QS10 QS100

Approach Reference RB RRMSE RB RRMSE

(%) (%) (%) (%)
Linear regression (LR) Table 1 above -9 55 -11 64
Nonlinear regression (NLR) Shu and Ouarda [2008] -9 61 -12 70
NLR with regionalisation approach Shu and Ouarda [2008] -19 67 -24 79
CCA Table 1 above -7 44 -8 52
Kriging-CCA space Chokmani and Ouarda [2004]  -20 66 -27 86
Kriging-Principal Component Analysis space Chokmani and Ouarda [2004]  -16 51 -23 70
Adaptive Neuro-Fuzzy Inference Systems (ANFIS) Shu and Ouarda [2008] -8 57 -14 64
Artificial Neural Networks (ANN) Shu and Ouarda [2008] -8 53 -10 60
Single ANN-CCA (SANN-CCA) Shu and Ouarda [2007] -5 38 -4 46
Ensemble ANN (EANN) Shu and Ouarda [2007] -7 44 -10 60
Ensemble ANN-CCA (EANN-CCA) Shu and Ouarda [2007] -5 37 -6 45
Optimal DBRFA Table 1 above -3 38 -2 44

Best results are in bold character
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