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Abstract

Electron heat flow in steep temperature gradients is known to produce distinctly non-
Maxwellian electron velocity distributions: In the cold regions, there is a considerable surplus of
hot electrons which have streamed from the hot regions before being thermalized. In electron
kinetic codes, the velocity distribution function is represented on a grid in velocity space.
Expanding the angular dependence in Legendre polynomials greatly reduces the computational
requirements, but the energy grid is still a burden. Here, we propose to represent the energy
dependence as a sum of one, two or three Maxwellians, each multiplied by a finite sum of
generalized Laguerre polynomials, to represent, for example, the streaming of energetic electrons
into cold plasma.

In the Vlasov-Fokker-Planck electron kinetic equation, if we assume that the spatial variation
is in 1 dimension, along x, and that the velocity variation has azimutal symmetry about the x axis,
and we expand the angular u dependence in Legendre polynomials, we can derive the kinetic
equation (eq. 2 of F. Alouani_Bibi ef al., Comp. Phys. Comm. 164, 60 (2004)), assuming there is
no magnetic field, except possibly along x.

In the present “FPI” electron kinetic code, these Legendre coefficients f;(x, v, t) are advanced
in time, using finite difference grids in x and v. The aim of our project is to replace the grid in v
by one, two or three Maxwellians, each multiplied by a sum of generalized Laguerre polynomials
on each point of the spatial grid, and then to compute the time evolution of the electron

distribution function for different temperature ratios using generalized Laguerre polynomials:
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where m, is the electron mass, v is velocity, 7 denotes the population, ¢ for cold, m for
medium and h for hot. T, (x,t)’s are the temperatures of each population, a;;(x,t)’s are the
coefficients of the generalized Laguerre polynomials (The T, (x,t) and the ay;;(x,t)’s are the
fitting parameters).

As electron-electron (e-e) collisions are the most complex part of this problem, we focus on
this aspect in the present research. We study the relaxation of a hot Maxwellian initially
embedded in a colder and denser one towards a single Maxwellian. First, we fitted the distribution
functions from the “FPI” finite difference electron code for this problem to a single/two/three

Maxwellian(s) each multiplied by a finite sum of generalized Laguerre polynomials, at several



times, to show that this expansion is viable. Then, we provided a moment evolving and fitting
method for advancing the parameters (the temperatures T,(x,t)’s and the coefficients of the
generalized Laguerre polynomials a;;(x, t)’s) in time, and a comparison to “FPI” code results at
several times was made. Good agreement was obtained, if proper choices of the number of
Maxwellians and of Laguerre terms were made It was found that a single temperature expansion
is viable only for low initial temperature ratios (2:1 or less), but that for initial temperature ratios
above 10:1, a three temperature expansion is best, and was seen to give good results (i.e. good

agreement with “FPI”) for temperature ratios as high as 1000:1.
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Résume en francais

Introduction
Les plasmas composent 99% de la matiére dans l'univers. Sur terre, ils ont de nombreuses
applications dans plusieurs domaines de la science et de la technologie. Il est donc important de
pouvoir les modéliser correctement, et les modéles numériques sont un complément nécessaire
pour les expériences, souvent difficiles et coliteuses, et pour les modeles analytiques, qui, bien
souvent, ne sont applicables qu'aux situations trés simples ou trés idéalisées.

Il y a deux grandes familles de modéles:

1) Les modéles macroscopiques, aussi appelés modéles fluides ou hydrodynamiques, dans
lesquels les profils de densité, de vitesse moyenne et de température sont calculés et
avancés en temps en utilisant les équations de conservation des particules, de la quantité de
mouvement et de 1'énergie.

2) Les modeles microscopiques, ou modéles cinétiques, ou c'est la densité de particules dans
I'espace de phase qui est avancée en temps. Il y a deux grandes familles de codes
cinétiques:

a) Les codes a particules (PIC), Monte Carle (MC) ou de dynamique moléculaire
(MD), dans lesquels les équations du mouvement sont résolues pour un grand nombre
de particules qui représentent le comportement des particules du plasma.

b) Les codes cinétiques dans lesquels la densité de particules dans I'espace de phase est
avancée en temps directement sur une grille aux différences finies. Dans 1'€quation
cinétique générale de Boltzmann, le terme de collision entre les particules est obtenu
en supposant simplement des collisions binaires et une absence de corrélations entre
particules avant la collision [5]. Cependant, pour des collisions élastiques entre
particules chargées dans un plasma, une forme particuliére du terme de collision,

conduisant a I'équation de Fokker-Planck, en donne une bonne approximation [6, 7].

Les codes fluides sont les plus utilisés, parce qu'ils sont beaucoup moins exigeants en
ressources informatiques, mais il y a plusieurs cas ou ils sont incorrects ou insuffisants, puisque la
densité, la vitesse moyenne et la température ne suffisent pas pour bien caractériser un plasma.
Les taux d'ionisation et d'excitation, par exemple, exigent une intégration sur la partie de la
fonction de distribution qui est au dessus du seuil et en tenant compte de la dépendance de la

section efficace sur la vitesse. Dans les codes fluides, on suppose que la fonction de distribution
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est maxwellienne, puisque c'est la solution d'équilibre des équations de Boltzmann et de Fokker-
Planck, mais cette hypothése n'est pas valide dans des gradients raides ou en présence de champs
forts. De méme, les conductivités ¢électrique et thermique classiques obtenues par Spitzer et Hirm
[8] ne sont valides que pour des champs faibles et des gradients doux. Quand il y a des gradients
de température tres raides, par contre, il y a des €lectrons rapides qui vont de la zone chaude a la
zone froide avant d'étre thermalisés, ce qui fait qu'y coexistent une maxwellienne froide et une
minorité a une température voisine de celle de la zone chaude [15, 16]. Ceci implique aussi qu'il
y a du pré-chauffage, de sorte que le profil de température n'est plus concave jusqu'a la région
froide, avec une discontinuité abrupte de la pente a cet endroit (comme le prédit la théorie
classique de la diffusion de la chaleur), mais plutot une région ou le profil est convexe, a cause de
ces ¢électrons plus rapides qui y déposent leur énergie graduellement [17, 18].  Ce préchauffage
peut étre décrit par des formules de flux de chaleur non local, ou on fait une convolution en
espace sur le flux classique (de Spitzer-Héarm) et il y eu de trés nombreux travaux sur ce sujet [17-
32]. Des simulations fluides utilisant certaines de ces formules pour le flux de chaleur ont été
comparées a des simulations cinétiques [33, 34] et a des expériences [35-37], et il s'avere
qu'aucune de ces formules ne permet de bien rendre compte de toutes les situations. De plus, ces
formules ne rendent aucunement compte de 1'aspect non-maxwellien des fonctions de distribution,
et des corrections nécessaires aux taux d'ionisation et d'excitation, par exemple. Il est donc
évident qu'il serait trés désirable de développer des codes cinétiques plus rapides et plus légers.

Dans les codes cinétiques en espace de phase (2b dans 1’énumération ci-dessus), la
dépendance angulaire de la distribution des vitesses est trés souvent dévelopée en harmoniques
sphériques, ce qui réduit beaucoup la lourdeur des calculs, mais il reste quand méme la grille
pour 1'énergie ou le module de la vitesse. C'est 1a ce que nous voulons alléger, en remplagant la
grille en énergie par une série d'une, deux ou trois maxwelliennes, dont chacune serait multipliée
par une série de polyndmes de Laguerre (ou de Sonine) généralisés.

De tels développements ont été utilisés dans le passé, mais avec une seule température.
D'abord, pour les gaz, la méthode de Chapman-Enskog [38] consistait a utiliser ces polynomes
pour calculer I'effet de forces externes ou de gradients sur fi(v), I'anisotropie de 1* ordre dans le
développement de Legendre, en supposant que fy(v) est une maxwellienne. C'est cette méthode
qui a été appliquée aux plasmas par Spitzer et Hirm pour calculer les conductivités électrique et
thermiques [8]. Ce développement a aussi été utilisé pour simuler la relaxation de fy(v) d'un gaz
[39] ou d'un plasma [40, 41] uniforme vers 1'équilibre. Held et coll. ont développé un code
cinétique avec gradients spatiaux, dans le contexte du plasma central d'un Tokamak, ou les

différences de température sont modestes, mais les libres parcours moyens trés longs, car ces
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plasmas sont trés chauds (contrairement aux plasmas des déflecteurs) [42-48], et ils ont pu ainsi
développer des formules non-locales et les inclure dans le code hydrodynamique "NIMROD" [49-
52]. Toutefois, si on veut simuler l'interaction entre des électrons froids et des électrons chauds,
un développement a une seule température n'est pas pratique parce que le nombre de termes
requis devient prohibitif, et nous verrons qu'il vaut mieux utiliser deux ou méme trois
températures, si le rapport des deux températures initiales est supérieur a 2.

Dans le but d'étudier [l'utilisation de fonctions de distribution comportant plusieurs
températures, nous avons considéré le probléme particulier de la relaxation collisionnelle de
plasmas uniformes, consistant initialement en deux populations maxwelliennes, vers une seule
maxwellienne. C'est 1a la partie la plus complexe pour développer un code cinétique, puisque
I'opérateur de collision électron-électron est nonlinéaire, et nous nous sommes limités a cet aspect.
Dong, il n'y a pas de champ électrique extérieur ni de gradient, et la fonction de distribution en
vitesse est isotrope. Un code numérique a été mis au point pour calculer I'évolution temporelle
de la fonction de distribution développée ainsi, et les résultats ont été¢ comparés a ceux obtenus au
moyen d'un code cinétique électronique aux différences finies "FPI" (“Fokker Planck
International™) développé par Matte et coll. [13, 16, 28, 37, 58] et un bon accord est obtenu.

Ce mémoire est divisé en cinq chapitres.

Au chapitre 1, I'équation de Vlasov-Fokker-Planck est décrite plus en détail. Nous décrivons
les simplifications effectuées pour un modele a une dimension (ce qui sera une bréve description
du code "FPI"), puis a zéro dimension en espace, soit le cadre du présent travail. Au chapitre 2,
nous montrons qu'on peut représenter correctement les fonctions non-maxwelliennes calculées par
"FPI", au moyen de fits ou d'ajustements des paramétres en utilisant une méthode de moments,
c'est-a-dire en calculant numériquement des intégrales de la fonction de distribution multipliées
par différentes puissances de la vitesse, et en faisant en sorte que ces fonctions de distribution
analytiques aient les mémes valeurs pour ces moments que les fonctions de distribution
numériques. Au chapitre 3, nous expliquons notre algorithme pour calculer I'évolution temporelle
de la composante isotrope des fonctions de distribution représentées par ce développement de
Laguerre, et donc le taux de changement des moments, comme moyen d'avancer les températures
et les coefficients des polyndmes de Laguerre en temps, en utilisant en partie des ¢léments de
l'algorithme utilisé pour le chapitre 2. Les dérivations des formules sont expliquées en détail aux
appendices A, B, et C.  Au chapitre 4, nous présentons les résultats des calculs d'évolution
temporelle pour différents cas, c'est-a-dire pour différents rapports initiaux de température et de
densité, effectués avec la méthode décrite au chapitre 3, et comparons aux résultats obtenus avec

le code cinétique électronique aux différences finies "FPI", pour les mémes conditions initiales.



Enfin, le chapitre 5 conclut par un sommaire du travail et une bréve explication de ce qu'il
resterait a faire pour développer un code capable de simuler 'évolution temporelle de la fonction

de distribution en présence de champs électriques et de gradients.

1. Chapitre 1 — Equation deVlasov-Fokker-Planck
1.1. Equation deVlasov-Fokker-Planck
L’équation de Vlasov-Fokker-Planck décrit les effets d’un champ électro-magnétique et de
gradients spatiaux dans un plasma, en utilisant les équations du mouvement et 1’équation de
continuité dans I’espace de phase. Si les champs électrique et magnétique ainsi que les gradients
spatiaux sont dans une seule direction (disons 1’axe X), et si on suppose une symétrie azimutale
autour de cet axe, on peut réduire le nombre de dimensions dans I’espace de phase de 6 a

seulement 3, soit (x,v,u) ou u = 1;—" Ensuite, en développant la dépendance en ¢ en polynomes de

Legendre, on peut réécrire I’équation de Vlasov-Fokker-Planck comme une série d’équations

couplées en 2 dimensions (x,v) [16,37] :
i Il 0f1-1 +1 ale] _ﬁ[ l l—li(fl_—l) +1 1 1+2 ]
6tfl(x’ vt [21—1 ox + 21+3 0x me L21-1 v i t o 2043 vi*2 9y ( fl+1)

(%)e_l + (%)e_e (1)

A droite, il y a les termes de collision électrons-ions e — i et électrons-électrons e — e, qui

s’expriment comme suit dans 1’aproximation de Fokker-Planck:

af1 _ _ l(+1) 4mZ%nie*LnA
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Le terme de collision e — e est nonlinéaire et c’est la partie la plus compliquée de 1’équation
de Vlasov-Fokker-Planck. Ici, Co(v), Dy_o(v) et D;_o(v) sont les coefficients de friction, de
diffusion parallléle et de diffusion perpendiculaire. Dans ’approximation des potentiels de
Rosenbluth isotropes, que nous adoptons, on tient compte seulement de la composante f,(v)
(moyennée sur les angles) de la fonction de distribution dans le calcul des opérateurs de collision
(car tenir compte des termes supplémentaires alourdirait beaucoup les calculs [63]). Les

coefficients s'expriment alors:
Co(v) =5 Jy w*fo (w) du @)

Dy-o(v) = 8”—"‘ (f,,  fo (u) du+ (55) [ ufo (u) du) 5)
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Dyo(w) =Z5(2 [, u fo @y du+ (3) 7 uPfy (w) du) (©6)

4me*Ln (A)

o =——>— (cgs) (7)

me

e est la charge d’un électron, m, sa masse et Ln(A) est le logarithme de Coulomb. Ici, nous
avons utilise le systéme d’unités (cgs).
1.2. La fonction de distribution électronique de Laguerre généralisée
Dans les codes cinétiques, la fonction de distribution des vitesses est représentée sur une grille
dans I’espace des vitesses. Les développements de la dépendance angulaire en harmoniques
sphériques a réduit de beaucoup les exigences en temps de calcul et en mémoire, mais la
résolution sur la grille en vitesse est quand méme encore lourde pour des codes cinétiques comme
« FPI » qui résolvent les équations (1) a (7) sur des grilles aux différences finies en x et en v. Ici,
nous proposons de représenter la dépendence en énergie de chacune des composantes de
Legendre f;(x,v,t) par une somme de deux maxwelliennes (ou trois, lorsque le rapport des
températures est élevé), dont chacune est multipliée par une somme finie de polynomes de
Laguerre généralisés, pour représenter l'interaction entre des électrons chauds et des électrons
froids, comme, par exemple, lorsque des électrons rapides de la région chaude du plasma

pénétrent dans la région froide.
__me 2 _mev? () ( _mev? )
filx,v,t) = Z" (anBT (x, t)) exp{ 2kpTy (x, t)} Z a"ll (x,t) L 2kpTy (x,t) ®)

ouaq, =1+ % .

L’indice 1 = ¢ (froid), m (moyen), h (chaud) indique les différentes températures utilisées pour
représenter la fonction de distribution. Par ailleurs: Lga) (x) est le polynome de Laguerre
généralisé, défini par [53], équation 22.3.9:

(a)(x) — n (= il) (n+a 9)
(z) est le coefficient binomial généralisé (voir [65], section: “Generalization and connection to

the binomial series”) .
Dans ce travail, nous ne considérerons que la composante isotrope (/=0), et seulement les
collisions électron-électron. Pour cette composante, on a a, = 1/2. La fonction de distribution

(8) s'exprime donc comme:

3 1
_ome N {o_mert Jgm ) <  mev? )
Fo,) = Znmen (Gt ) exp = s £ agoy (. DL (G (10)

De plus, nous laisserons tomber la dependance en x, puisque nous traitons des plasmas uniformes.
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2. Chapitre 2 Fits en polynomes de Laguerre généralisés aux fonctions de
distribution “FPI”

Pour étudier I’évolution temporelle de la fonction de distribution causée par les collisions
e — e, il faut une fonction de distribution initiale, et dans ce travail, ce sera toujours la somme de
deux maxwelliennes. A chaque pas de temps, cette fonction de distribution évolue a cause de
I’effet des collisions e —e. Nous utilisons les fonctions de distribution calculées par le code
“FPI” au méme temps physique comme base de comparaison. Dans ce chapitre, nous définissons
d’abord différentes formes de fonction de distribution de Laguerre (définie par I'équation (10)), et
ensuite, nous €crivons les équations de moments et la méthode de régression pour obtenir les
températures et les coefficients a partir des moments obtenus par intégration numérique sur les
fonctions de distribution calculées numériquement avec le code “FPI”, et nous comparons les
fonctions de distribution ainsi obtenues a celles de “FPI”. Ceci nous permettra de vérifier la
validité du développement, et nous guidera pour le calcul direct de 1’évolution temporelle sans
utiliser de différences finies au chapitre 4.

2.1. Diverses formes de la fonction de distribution de Laguerre

Dans ce contexte, nous définissons maintenant 5 variantes de la fonction de distribution de
Laguerre, selon les termes retenus dans la double somme:

Fonction de distribution a une seule maxwellienne:

3
2 mev?
foy(w,t) = ao(t) (an T(t)) €Xp {_ szT(t)} (1)

Fonction de distribution a une température:

fovey (0, 8) = (m)iexp{‘%}z 0% (DL ()(ZRBT(t)) (12)

Fonction de distribution a deux maxwelliennes:

% mev?
f{O 0}(1‘7 t) - ZT] ChaTIO( )(Zﬂ'k Tn(t)) eXp {_ szTn(t)} (13)

Pour toutes les simulations présentées dans ce travail, la fonction de distribution initiale (#=0)
a cette forme.

Fonction de distribution a deux températures:

3 1
_ me 2 _ mev? Ny (g) mev?
f{NC,Nh}(vl t) - Z‘I’]=C,h (Zn.kBTn(t)> eXp { ZkBTn(t)} Zj:() a?’” (t)L] (ZRBTn(t)) (14)

Fonction de distribution a trois températures:
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3 1
Fitoti) 000 = Enzemin (s ) exp{~ s E% an L (s2e) as)
2.2. Moments de la fonction de distribution de Laguerre et normalisation.

Les moments sont des instruments puissants pour extraire de I’information globale sur les
fonctions de distribution et sont définis comme des intégrales sur la variable d'énergie. Le k™™
moment correspond a la densité multipliée par la valeur moyenne de la vitesse a la puissance
(k—2):

Mi(t) = Np <v*72 > () = 4n [ 7 fo(v, )v* dv (16)

Ici, k est le numéro du moment et <> indique une moyenne sur la fonction de distribution.

Par commodité, nous avons normalisé les températures 7,(¢) en keV et v? en 2 keV/m,, I"unité

3

de densité ou a,(t) = 1 correspond a 102 cm™3 et le facteur 47 est absorbé dans f{v), de sorte

que la fonction de distribution de Laguerre s’écrit maintenant :

1

F, —Ay T () o7 ) gl L&) (2 17
ety (0,8 = =0 Ty (7 2 exp (=25 ) i an(OL (775 a7)

Nous pouvons maintenant calculer les moments de la fonction de distribution de Laguerre

(avec la 2™ équation de la section “Orthogonality” de la réf. [66]).
5 k1) Ny (—K4i k+1
Mo = = Sy O () ey 7 (42) (18)

2.3. Fit d’une distribution de Laguerre par égalisation des moments:

Pour construire les distributions de Laguerre définies plus haut, il faut trouver Z,](N77 + 2)
inconnues, soit: T, (t), ano(t),...,anNn(t). Par exemple, pour trois températures, il y en a
(N. + N, + Ny + 6). Nous égalisons Ny, = Zn(N,, + 2) moments de la fonction de distribution
de Laguerre My _n, n,}x @ autant de moments M obtenus par intégration numérique des
fonctions de distribution “FPI”. Nous n’utilisons que des moments pairs ici

(k=0,24,...,2(Ny — 1)), ce qui facilite la solution des équations de fit pour les températures

(appendice A), celles-ci n’intervenant qu’avec des puissances entiéres.

N.
2\ (k+1 = -
MN Ny Nk = <—) r (—) Z T, (0)\2 Z Cri ayi(t) = My,
\/E 2 n i=0

k=02..2(Ny—1)

ou:

cu= () (19)
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Ce systeme d’équations est lin¢aire dans les a,;(t) mais nonlinéaire dans les T, (t). Il faut
d’abord chercher les valeurs des T, (t)’s puis résoudre le systéme d’équations lin€aires pour les
coefficients a,; (t). On peut itérer sur les T;,(t) jusqu’a ce qu’un accord satisfaisant soit obtenu.

Supposons une fonction de distribution de Laguerre avec (s) températures différentes, c.-a-d.
n=12.,setquilya N, + 1 polyndmes Laguerre pour chaque température. En €liminant les

a,;(t) dans (19) on obtient (s) équations pour les températures (Appendice A):

Ni+1 N,+1 Ng+1 (N{+1 N,+1—i No+1 No+1—i
T N B (M) (mrMit i (M) (<)Mt x L x

(NS-H) (_Ts)NS+1_iS X M{Nl+1,N2+1,...,NS+1},2(l+i1+i2+-~~+is) =0,1=012,..,s=1 (20)

s

. . . o= M VT i
Ici, nous utilisons les moments normalisés M, = Tﬁ) (7) , car ainsi les ordres de grandeur
2

sont semblables, ce qui évite des erreurs d’arrondi.

On trouve les Ty, T5, ..., Ty numériquement par itération de Newton-Raphson. Bien sir, il faut
toujours un estimé initial suffisamment rapproché pour chacune des températures pour que la
méthode converge. Pour les calculs d’évolution temporelle, les températures obtenues au pas de
temps précédent servent d’estimé. Ensuite, on peut résoudre le systéme d’équations linéaires (19)

pour obtenir les a;(t).

\

2.4. Résultats du fit d’une fonction de distribution de Laguerre a trois
températures aux résultats obtenus de “FPI” pour un rapport des températures
1000:1

La Figure (1) montre le résultat du fit a une fonction de distribution “FPI” aprés un demi temps

de collision (pour des électrons d’un keV) pour un plasma dans lequel les rapports initiaux de

température et de densité étaient (;L(OO)) = 0.001, ch = ZLEOO; =9
h h ho

températures de la fonction de distribution Laguerre, en variant le nombre de polyndmes de

) avec la forme a trois

Laguerre pour la température intermédiaire.
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Figure (1): Résultat des fits pour la forme a trois températures de la fonction de distribution de

Laguerre (% =0.001, % =9,t =051y, ).
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Figure (2): Erreur relative des résultats des fits tracés a la Figure (1).

Pour conclure ce chapitre, plusieurs fits aux résultats obtenus par le code “FPI” ont été
effectués, avec différents rapports initiaux des températures, et nous en avons déduit un critére
pour le choix de la forme la plus appropriée pour la fonction de distribution de 1’évolution

temporelle Laguerre:

([ 05< O o = forme a une température

| Tp(0)

4 01< TTL(?) < 0.5 = forme a deux températures (21)
h

l 10 < 0.1 = forme atrois températures
Tp(0)
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3. Chapitre 3 - Evolution temporelle de la fonction de distribution de
Laguerre

La simulation de I’évolution temporelle de la fonction de distribution de Laguerre comporte
cinq parties essentielles.

1- Initialiser la fonction de distribution, c.-a-d. définir deux maxwelliennes avec les
températures et les densités prescrites (pour les distributions froides et chaudes) selon 1’équation
(13).

2- Calculer les moments pour une fonction de distribution de Laguerre décrite a la section 1.2
(pour une forme a une, deux ou trois températures de la fonction de distribution de Laguerre, si
on connait les températures et les coefficients des polyndmes de Laguerre, les moments se
calculent facilement).

3- Choisir la forme appropriée de la fonction de distribution de Laguerre compte tenu du

T.(0)
Th(o)

rapport initial des températures ( ) selon (21), c.-a-d. une, deux out trois températures.

4- Calculer les taux de variation des moments sous 1’effet des collisions e — e a chaque pas de
temps a partir de la fonction de distribution de Laguerre. Les moments sont réactualisés en
conséquence.

5- Par régression, trouver les nouvelles températures et les nouveaux coefficients (a,;(t),
T,(t)) de la fonction de distribution de Laguerre pour que les moments correspondent aux
moments réactualisés, selon la technique décrite a la section 2.3.

3.1. Taux de variation des moments par collisions e — e pour une fonction de
distribution de Laguerre donnée

Il est commode d’écrite la forme générale de la fonction de distribution de Laguerre comme
une somme de fonctions de base, dont chacune est multipliée par son coefficient :

N
fow,t) = Fiyn, Ny 1) = Xy Zi:() Ay (t) Fyi (v, £)

1 22
Fpi(v,t) = f_ﬁ T, ()~ % exp (— T:—(zt)) LEE) (T:—(zt)) 22
Les équations (3) a (7) représentaient I’opérateur de collisions e — e. Ici, nous réécrivons
I’opérateur de collision comme une somme sur toutes les combinaisons de ces fonctions de base,
puisque ’opérateur est bilinéaire (dans 1’approximation des potentiels de Rosenbluth isotropes

[6]) pour la partie isotrope de la fonction de distribution (I = 0), et i. Il vient:

(5. = Zn Ty B B g (Dany (DCOU{Fyq (v, ), Fyp (v, ) (23)
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Coll{Fyq(v,8), Fyp (v, )} & = v [ ( (0 LD 4 € (v, 0 Fg (0, t))]
Cpp(v, ) & M—af u?E, (u, t) du (24)
D, (v,t) & 4”—0‘ ( f:o u Fy,(u, t) du + (v%) f: u*F,, (u,t) du)
Note:

Maintenant, les taux de variation des moments sous I’effet des collisions e — e pour une

fonction de distribution de Laguerre F(v,t) sont donc donnés par :
% _ (% _k (OF(vt) _ N¢ © aF(q(‘U,t) _
( at )e_e = v ( at )e_e dv = Y¢Xq20 % () Jy v ( at )e_e dv =
N, N oo
Y 2o Xt Tgo Agq (O anp (t) J;~ v¥Coll{Frq (v,1), Fyp (v, ) }dv =

ZTI Zglo Z( Zglio a(q (t) anp (t)fqunp (T(' Tn) (25)

ou les Exeqnp (Tz, Ty) sont définis comme :

o)

Excanp(Too Ty) = f v Coll{F;q(v, 1), Fyp (v, ) }dv =
0

N k+1 N k+1
= _< 4 )CocqnoymT (t)z 51 ena(2)(E-1) "‘( ” )Coiqnoych )z s1 ena(S)(-1)
1
* (z

1 k+1 3 k+1
(@) Coumram® 92 ayecn + (3) oo = 9%y

)CoramTi(®) % 52, ey
k+1
)Cofqnoyfn n(6) 2 82 an(S)(%)(k—l), pour p = 0;

2 2

N =

+1

Comti® ¥ 2oy (5 ) om0 T 510

A

ket
Cogqni¥en*Ty(£) 2 52

na0(3)(2)(*5)

k+1
Cocam¥en (O T 523145y pourp = 1;

/—\
NI~ N~ N~
N——— N——— N————

/—\

1

= G) CoggqnpTy(£) 2 S2 qp(%)(%)(g) + (E) (ﬁ) Cofqnpyc'znTn (t)z S2 enao-n ()2 )(k+1) —

2 2

() Gors) CoramViTn(® = S0, e)ee) =

2

G) (%) CozqnpYonTy (t)T.S'Z{n (- 1)( )( )(k 1) pour p =2 (26)

2
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Rappelons que dans notre travail, nous utilisons toujours des moments pairs c.-a-d. k est un

entier pair supérieur ou égal a 0 ( EZ+) S1enna,i €t S2¢nnma, a,n SONt donnés par les formules:

(- 1"") n+a; ) N
51(7’]710111 = Z ( ))/{n Sl{nnal(l+w), i€EZ > —1, wELZ

ﬁ(”lnalj = fO anETf[ /xn]e_(yZﬂxﬂ)dxn , j E Z>—-1 (27)
Pour (j = —1) le développement en série de Taylor expansion mene au résultat suivant:

— , 1 , 1 , 1
_— — — == i _— j — 2
Slepna, (-1 = Ln[ Yor + Yor + 1] 2 ArcSmh[ an]' Jj 1 (28)

Pour (j = 0), en intégrant par parties, on a,

.01
1 1 1 V2.1 o1
S1eyna,j = (f) (m) (mH) r [J + 5] (m> Slemmay(j-1 J =20 (29)

(29) est une relation de récurrence pour calculer (S 1enna, j).

La définition de S2¢pnma, a,n €St:

S2emmasasn = Jy xa"e TN e )G (1, ), (h43) €2 (30

Maintenant, pour (25) en développant les polynomes de Laguerre :

n m DY ntagy (mta, 1\ L,
Szinnmalazh = i=02j=0 il n—i)(m J)V{n (1_,_],5 ) lh+i+j+1],
1 +
(h+3) ez 31)
ou:
( 3 _3
Coggnp = 64 a T (t) 2 T, () 2
n = 5o
1}2
$ B T T Yen (32)

_ (T,,(t))
y{r[ - T¢(t)
Tnp(xn) = Fp,t)
J-}q(x{) =Fpqt) = Tnp(yfnxn)

3.2. Evolution temporelle des moments

En calculant I’évolution temporelle des moments (résultant de 1’évolution temporelle de la
fonction de distribution), nous utilisons une approximation de 1 ordre pour la dépendance

temporelle des moments, et nous négligeons les termes de pfme 3éme - ofc. ordre: Autrement dit:
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tns1 _ pytn w)tn 1(6%)% 2, ..
Mt = ML +(at U oaeeg(GEY) A+ (33)

=0

ce qui est valide pourvu que le pas de temps soit suffisamment petit.

4. Chapitre 4 - Résultats numériques pour I’évolution temporelle de la
fonction de distribution

Nous pouvons maintenant simuler I’évolution temporelle de la fonction de distribution sur la

base de la procédure expliquée au chapitre précédent, qui est rappelée et résumée dans la figure

3).
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Q Initialiser la fonction de distribution

c.-a-d. deux maxwelliennes
-

Calculer les moments Choisir la forme appropriée de la fonction de
(section 2.2) distribution de Laguerre (une, deux ou trois
M, (tn = 0), n=20 températures) selon 1’équation (20)

\ 4

Calculer les taux de

changement des moments

»|  (section 3.3)
a]Vlk (tn)
ot

Avancer le temps

tne1 = tn + At

\ 4
8 Réactualiser les moments pour le
Préparation du prochain pas nouveau pas de temps (section 3.4)
detemps: n=n+1 oM, (tn)
My (tn41) = My (6) + ot At
A

A 4

Réactualiser les coefficients et\

la(es) température(s) de la fonction

de distribution de Laguerre par un fit

aux nouveaux moments (section 2.3)

(ani(tn+1)' Tn (tn+1))

Figure (3): Procédure pour simuler 1’évolution temporelle de la fonction de distribution de
Laguerre.
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4.1. Evolution temporelle d’une forme a trois températures de la fonction de
distribution de Laguerre (N.= 02,N,, = 08, N, = 00); pour un rapport initial

des températures 1:1000 (_Tc(t=0) _ 1

Th(t=0) - m
(aco(t=0) _ 9) (cas no. 46 dans le tableau 4.1, pp. 53-54)
aho(t=0)

Nous avons simulé un grand nombre de cas résumés au tableau 4.1 (pp. 53-54), et montré les

) et un rapport initial des densités 9:1

résultats pour plusieurs d’entre eux. En voici un exemple. La Figure (4) montre I’évolution

temporelle d’une forme a trois températures de la fonction de distribution de Laguerre (N, = 02,

T (t=0) 1
Th(t=0) ~ 1000’

N,, =08, N;, = 00) pour une distribution initiale a deux maxwelliennes (

aco(t=0)

T (=0) 9). La figure 4 montre les fonctions de distribution. On remarque que la pente de la
ho\t=
fonction de distribution est encore plus faible aux énergies intermédiaires qu’aux hautes énergies.

La Figure (5) montre les erreurs relatives de la fonction de distribution comparée a “FPI” a
différents temps G =1,2,5,10, 20, 50,100). Dans ce cas, nous avons (N, + N,, + N, + 6 =

16) inconnues dans la fonction de distribution de Laguerre. Il nous faut donc calculer 1’évolution
temporelle de 16 moments (MLag,y(t), MLag,(t),..., MLag;,(t)) pour trouver les bons
coefficients et les températures a chaque pas de temps en appliquant la méthode décrite a la
section 2.3 et au chapitre 3.

La Figure (6) montre 1’évolution temporelle des trois températures. Eventuellement, aprés
plusieurs temps de collision, T,(t) tend vers la température d’équilibre (T, = 0.1009 keV).
Méme si Ty, (t) aumente un peu et atteint (T, (1007,) = 1.2 keV), aprés 100 temps de collision,
presque toute 1’énergie est dans les électrons froids, (surtout le terme a.¢(t)) parce que ayg et
Apmosont tres petits.

Pendant 1’évolution temporelle de la fonction de distribution de Laguerre, les populations
chaude et intermédiaire diminuent (c.-a-d a,,,(t) et, ano(t)).

Les figures (7) et (8) montrent 1’évolution temporelle des coefficients de la fonction de
distribution de Laguerre. Tous les coefficients diminuent graduellement durant 1’évolution
temporelle de la fonction de distribution de Laguerre sauf a.q(t). La décroissance de ayq(t) est
particulierement remarquable.

La Figure (9) montre la déviation des moments de ceux d’une seule maxwellienne. Dans ce

T(0) _ 1
TR(0) ~ 1000

cas, comme le rapport initial des températures est petit ( ), il faut beaucoup de temps

pour que les moments se rapprochent de leur valeur ultime (c.-a-d les moments d’une seule
maxwellienne a la température d’équilibre) et aprés 100 temps de collision la plupart des moment

n’ont pas encore fini de relaxer. Pour les moments 2 et 4, ces différences sont toujours minuscules
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car ces quantités (densité et énergie) sont conservées (Ces moments correspondent respectivement

au nombre total d'électrons et a I'énergie).

FLach,Nm,Nh
100 — Fyyxwi(t=0)

-------- FLagp og oolt=Tz)

- == FLagg 03 00(t=274)
----- FLagp 03,00(t=574)
----- FLagg 05 00(t=1073)

...... — FLagy, og 00(t=2072)

..... - FLagg) 5 00(t=5074)
10711 L
...... FLagp 0g.00(t=10075)

10716 ; —
Low energy Medium energy

High ener;
local temperature local temperature ¢ ¢

local temperature

5 10 15 20 =2 ~L2)m.v(keV)

Figure (4): Evolution temporelle de la fonction de distribution de Laguerre a trois

5 = — _ T.(t=0) 1  ac(t=0) _
températures (N = 02, N, = 08, N, = 00, TR(t=0) 1000’ ano(t=0) -

+wuee FLaggy og 00(t=Th)

= —: = FLagy g p0(t=272)

FFPI = FLag
FFPI

----- FLagg> 08,00(t=57x)

----- FLagg 05.00(t=107,)
-« -+ —FLagg og,00(t=207;)
----- - FLagq» 08,00(t=5073)

...... FLagy; og,00(t=10073)

—0.02¢ » &

—-0.04

Figure (5): Erreur relative sur la fonction de distribution de Laguerre a trois températures

- — — T(t=0) _ 1 ac(t=0)
(Ne = 02, Nin = 08, N, = 00, Tp(t=0) ~ 1000’ apo(t=0)

= 9) a différents temps.
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= a = 54 - = . - i -
osoof (1)
""""" Tm(t)
— = T(t)
0.100¢
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0.010
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Figure (6): Evolution temporelle des températures de la fonction de distribution de Laguerre
_ _ _ T(t=0) _ 1 a,(t=0) _
(N, =02,N,, =08,N, = 00, Th(t=0) — 100" ape(t=0) — 9).
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107} = lagg(t)]

10-12}

Figure (7): Evolution temporelle des coefficients (chaud et froids) de la fonction de
distribution de Laguerre (N, = 02,N,, = 08, N, = 00,

T.(t=0) — 1 ac(t=0) — 9)
Tp(t=0) 1000’ apo(t=0) )
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Figure (8): Evolution temporelle des coefficients (intermédiaires) de la fonction de distribution

_ _ _ T(t=0) _ 1 ag(t=0) _
de Laguerre (N, = 02,N,, = 08,N, = 00, Th(t=0) — 1000” ang(t=0) — 9).
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Figure (9): Evolution temporelle de la déviation des moments de la fonction de distribution de
Tc(t=0) _

Laguerre des moments d’une seule maxwellienne (N, = 02,N,, = 08,N; = 00, Th(=0) =
L 8et=0) _ gy

1000’ apo(t=0)
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Conclusion

L’équation Vlasov-Fokker-Planck décrit les effets d’un champ électro-magnétique et de
gradients spatiaux dans le plasma, en utilisant les équations du mouvement et 1’équation de
continuité ou de conservation dans 1’espace de phase. En I’absence de champ magnétique (sauf
peut-étre le long de I’axe X) et en supposant une symétrie azimutale le long de I’axe X (la
direction du champ électrique ou des gradients spatiaux) on peut réduire les 6 dimensions de
I’espace de phase pour la fonction de distribution a seulement 3 (x, v, u). Puis, en développant la
dépendence angulaire p en termes de polyndmes de Legendre, on peut réécrire 1’équation Vlasov-
Fokker-Planck sous la forme (1). Un maillage en x est la meilleure fagon de simuler 1’évolution
temporelle de la fonction de distribution a différentes positions. Mais, il faut d’abord résoudre les
termes de collision sur le coté droit de cette équation. Une solution est d’utiliser une autre grille
aux différences finies en v, comme dans le code “FPI” [16] et les résultats obtenus avec ce code
sont proches des résultats expérimentaux. Méme s’il n’y a pas de gradients, la présence de forces
implique qu’il faut une grille en vitesses pour les termes de Vlasov correspondants. Le seul
probléme avec ce code est que les calculs prennent beaucoup de temps, surtout pour les rapports
de température €levés, car il faut alors une résolution fine aux basses énergies. Dans ce travail,
une nouvelle forme de la fonction de distribution, c.-a-d. la fonction de distribution de Laguerre,
est introduite. Nous suggérons de remplacer la grille aux différences finies en v par la fonction de
distribution de Laguerre (10). Jusqu'ici, nous avons calculé 1’évolution temporelle de la
composante isotrope de la fonction de distribution électronique pour les collisions e-e. C’est la
partie la plus compliquée de I’équation de Vlasov-Fokker-Planck (toutes les autres parties sont
linéaires). Nous avons d’abord montré au chapitre 2 qu’il est possible d’exprimer les fonctions de
distribution (c.-a-d. les résultats de 1’évolution temporelle de la fonction de distribution calculée
par “FPI” pour les collisions e-e) initialisée avec différents rapports de température, avec la
fonction de distribution de Laguerre en égalisant les moments des deux fonctions de distribution
(section 2.3). Bien siir, cette méthode est non-triviale et, au-dela d’une certaine énergie, la
fonction de distribution de Laguerre ne peut plus exprimer la fonction de distribution. Mais, on
peut obtenir un bon fit aux énergies supérieures en ajoutant plus de polyndmes de Laguerre et en
utilisant plus de températures dans la forme de la fonction de distribution de Laguerre (10). Puis,
au chapitre 3 nous avons donné les equations du taux de variation des moments a cause des
collisions e-e et nous avons aussi décrit un algorithme pour calculer 1’évolution temporelle de la
fonction de distribution de Laguerre. Nous avons montré, au chapitre 4, que I’évolution

temporelle ainsi calculée était en bon accord avec les calculs du code “FPI”.

XXV



Perspectives
Les prochaines étapes, pour émuler “FPI” seront:
Calculer les composantes non-isotropes de la fonction de distribution (termes / > 0 dans le
développement en polyndmes de Legendre de la dépendance en p). Un plasma initialement

anisotrope relaxera vers 1’isotropie par collisions e-e et e-i (¢lectron-ion).
. S . d d
Calculer la partie Vlasov de I’equation cinétique (c.-a-d. (E an) et (vx é))
X

Généraliser les calculs a des plasmas de densité et de température inhomogenes.
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Introduction

A plasma is a medium in which an important fraction of the atoms is ionized into charged
particles known as electrons and ions. This ionization may be due to an imposed electric field or
to the very high temperature of the medium. The degree of ionization increases with the
temperature, and in very hot plasmas, one has only electrons and nuclei. These charged particles
move under the influence of internal and externally imposed electromagnetic fields. The charges
inside the plasma move in order to screen out any internal electric fields. Amazingly, 99% of our
universe consists of plasma, whereas here on earth, the plasma state is rare compared to the other
three well known states of matter (solid, liquid and gaseous).

Very hot and dense plasmas exist in the core of stars (including our own sun), and this makes
possible the nuclear fusion reactions which make stars like our sun shine, and hence make life
possible on earth. The interstellar medium is a cold and very tenuous plasma, and around our
planet, the ionosphere is a cool and tenuous plasma. Other relatively cold plasmas in flames and
lightning are some of the most famous plasmas found in nature whereas very hot plasmas
produced in experiments on magnetic fusion (Tokamaks [1]) and inertial confinement fusion [2,
3] are examples of hot man-made plasmas, with the aim of creating an abundant and clean energy
source.

Nowadays, plasmas have a key role in many laboratory studies and major applications in
industry, medicine and for improving the environment. Some of these applications include [4]:

e Materials treatment (etching, deposition, cleaning, surface modification, element
analysis);

e Light sources (at visible wavelengths in plasma screens; but hot plasmas can be the
source of vuv, xuv (vacuum and extreme ultraviolet) and x-ray radiation;

e Toxic waste treatment;

e  Sterilization;

e Spray deposition;

o  Chemistry;

e Cutting;

e Laser drilling;

Categorizing the plasma is normally based on three fundamental parameters:
e The temperature T of each species (usually measured in eV (electron-Volt), where

1eV = 11,605 K),



o The particle density n (measured in particles per cubic meter or centimetre),

e The steady state magnetic field (measured in Tesla or Gauss).

Other parameters, e.g. Debye length, Larmor radius, plasma frequency, cyclotron frequency
and thermal velocity can be derived and calculated from these three main parameters. For
partially ionized plasmas, ionization and excitation rates are also important. The spatial and
temporal variations of these parameters also affect the plasma properties considerably, especially
if gradients are steep or changes are rapid. It is useful to recall that charged particles are not the
only components of the plasma. A low temperature plasma usually also contains neutral
molecules, atoms and radicals. The density of the neutrals is mostly based on the ratio of the
ionization and recombination rates in the plasma. The ionization rate increases and the
recombination rate decreases with increasing temperature, and therefore the ratio of the density of
the charged particles to the neutrals is higher in a hot plasma than in a cold plasma. One of the
significant advantages of using plasmas is the existence of the charged particles. The interactions
of these particles with each other and with neutrals inside the plasma produce short-lived radical
species carrying significant chemical energy. These species can initiate many types of reactions
which could not be provided by any of the other existing thermalization methods, such as simply
heating to high temperatures. In this work, we will consider only hot, fully stripped plasmas, but
the formalism which we develop could also be applied to charged particles in cooler, partially
ionized plasmas.

Due to the many present and future applications of plasmas, and to their importance in nature,
it is important to be able to numerically simulate their behaviour and their response to externally
imposed fields. This is useful because it complements and guides experiments while analytic
theory can usually be applied only in relatively simple or highly idealized cases.

There are two main families of plasma models:

1) Macroscopic models, also called fluid or hydrodynamic models, in which (usually) the
profiles of density, average velocity and temperature are computed and advanced in
time, using the equations of particle, momentum and energy conservation.

2) Microscopic models, also called kinetic models, in which it is the density of particles
in phase space which is advanced in time. There are two main types of kinetic codes:
a) Particle in Cell (PIC), Monte Carlo (MC) or Molecular Dynamics (MD) codes, in

which the equations of motion are solved for a large number of particles, which

represent the behaviour of real plasma particles.



b) Kinetic codes in which the phase space density is advanced in time directly on a finite
difference grid. In many such codes, the velocity dependence is simplified by an expansion of
the angular dependence in spherical harmonics.

The present work aims to improve the performance of such kinetic codes by an appropriate
expansion of the energy dependence, to replace the grid in energy or (v). In the general
Boltzmann kinetic equation, the colision term (between the particles) is obtained by simply
assuming binary collisions and a lack of correlations between particles before the collision [5].
However, for elastic collisions between charged particles in plasmas, it is approximated by the
Fokker-Planck equation [6, 7].

In kinetic simulations, the fluid quantities can be obtained by integrating the distribution
2
function over velocity space, multiplied by (1), (mv;), (%) for the particle, momentum

(component 1) and energy densities respectively. These are the zeroth, first and second order
moments of the distribution function. The conservation equations are obtained by taking the
corresponding moments of the kinetic equation.

While fluid simulations are the most widely used, because of their simplicity and much lower
computer time and memory use, there are many cases in which they are not correct, or do not
provide enough information, as the density, momentum density and temperature do not fully
describe a plasma: The rates of ionization and excitation, for example, demand an integration on
the part of the velocity distribution function above the threshold energy, and taking into account
the energy dependence of the cross section. It is usual to assume, in such codes, that the
distribution function is Maxwellian, as this is the equilibrium solution of the Boltzmann or
Fokker-Planck equations. Furthermore, even in fluid simulations, one needs the heat flux, to
update the energy equation, which is a higher order moment of the distribution function. The
calculation of the current in a plasma, due to an electric field, is another example of a quantity
which is not immediately obtained by fluid calculations.

For the electrical and thermal conductivity, Spitzer and Harm [8] have obtained solutions by
assuming that the field and the temperature gradient are relatively weak, and a perturbation
solution (with a Maxwellian as the zeroth order description) of the Fokker-Planck kinetic equation
was found. Similarly, the absorption of a plasma heated by a low intensity laser beam was
obtained by Dawson and Oberman, and Johnston and Dawson [9-11]. However, when fields are
strong or gradients are steep, such perturbation calculations are no longer valid, and the energy
distribution function may no longer be assumed to be a simple Maxwellian. In laser heated
plasmas, at higher but moderate intensities (where the oscillation energy of the electrons in the

laser field is lower than the local temperature, but high enough so that the heating is faster than
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the relaxation towards a maxwellian by e-e collisions), the velocity distribution takes a super-
Gaussian form, which is distinctly non-Maxwellian [12, 13]; however, we will not address this
aspect further in this work. On the other hand, when the intensity is very high, and especially for
short pulses, a minority of electrons are heated to very high temperatures, but with an
approximately Maxwellian distribution [14]. Of course, these energetic electrons interact with the
local thermal electrons, and they also stream into the unheated plasma.

In steep temperature gradients, faster electrons stream into the cold plasma, so that in the cold
regions, there is a cold Maxwellian and a minority population of hotter ones, at a temperature
close to that of the hot region [15, 16]. This also implies that there is preheat, i.e. the energy
density profile is not concave all the way down to the cold region with an abrupt discontinuity of
the slope there, as predicted by classical heat diffusion theory, but there is a region where it is
convex, and decreases smoothly to the cold temperature, due to the effect of these faster electrons
which gradually lose their energy in this region [17, 18].

Even in some other cases where there is no laser plasma interaction, some researchers have
shown that steep temperature gradients and non-Maxwellian distributions exist, e.g. in plasmas
created in the divertor chamber of a tokamak [1]. These experiments also show the necessity of
studying non-Maxwellian plasmas.

The problem of describing electron heat flow in steep temperature gradients with fluid codes
was shown to be solvable with nonlocal heat flow formulas which consist of spatial convolutions
over the classical (Spiter-Harm) heat flux. There has been very considerable theoretical and
numerical work on this topic [17, 19-30], and it was reviewed in Refs. [18, 31, 32]. Comparisons
of fluid simulations using such formulas for the electron heat flux with Fokker-Planck kinetic
simulations were done [33, 34], as well as comparisons with experiments [35, 36], but it seems
that no single formula is satisfactory for all cases. Furthermore, these do not address the issue of
the non-Maxwellian shape of the energy distribution function, which can affect the rates of
ionization and excitation, and hence the x-ray line spectrum [37]. Therefore, it is clearly desirable
to devise an alternative formulation of the kinetic model which could run with a reduced
computer time, compared to full finite difference Fokker-Planck codes, and the present work aims
to contribute to this goal.

The use of generalized Laguerre (or Sonine) polynomials in kinetic theory is not new. For
gases, they were used to compute fluxes efc. from perturbation analyses, for small gradients or
under moderate external forces, assuming that the isotropic component velocity distribution
function (or its angle averaged value at each given energy) is a Maxwellian, in the well known

Chapman-Enskog method [38]. This method was adapted for plasmas by Spitzer and Harm [8].



More recently, they were used by Abe for the isotropic component of the distribution function for
a uniform gas, by assuming that it was a Maxwellian energy distribution function multiplied by a
finite series of generalized Laguerre polynomials [39]. The relaxation of an initially non-
Maxwellian plasma was simulated with the Fokker-Planck equation (which we will describe in
Chapter 1) by Abe and Ushimi [40] and by Khabibrakhmanov and Summers [41] by using such
an expansion. More recently, it has been used by Held et al. to simulate nonlocal heat flow in a
hot Tokamak core plasma, where temperature differences are modest, but the mean free path is
extremely long (contrary to the divertor plasma) [42-48]. This nonlocal prescription was
implemented in the Tokamak fluid simulation code “NIMROD” [49-52].This technique,
however, is applicable only to the distribution functions that deviate slightly from a single
Maxwellian or two-Maxwellian distribution with a close to 1 temperature ratios. This is easily
seen if, for example, we try to expand a Maxwellian in terms of such an expansion around a
Maxwellian at another temperature [53] (equation 22.9.15): The series diverges or needs an
impractically large number of terms, unless the two temperatures are close, as will be shown in
section 2.4. This is why we have extended the technique to using two or three Maxwellians of
different temperatures, each multiplied by such a series of generalized polynomials. These
polynomials have two useful properties for our purpose. First, orthogonality relations which
simplifiy calculating the moment equations (2-9); i.e. thanks to orthogonality, M, (density)
depends only on the first Laguerre term, M, (energy density) depends only on the first two
Laguerre terms and so on. Second, the adjustable parameter a is useful for expressing the
expansion of the angular dependency of the distribution function in Legendre polynomials (1-15)
and (1-7). We will see that this allows the description of the collisional interaction of hot and cold

populations with very high temperature ratios.

In this work, we study the effect of the non-Maxwellian distribution function by calculating
the time evolution of the distribution function.

We assume there are no spatial gradients, nor any applied electric field, and that the velocity
distribution function is isotropic. Thus, only the electron-electron collisions, affecting the
isotropic part of the velocity distribution will be treated here, as this is the most complicated part
of the Vlasov-Fokker-Planck equation (explained in chapter 1), due to its nonlinear character. The
problem which we solve in this work is the relaxation of a plasma which consists, initially, of a
mixture of a cold and a hot plasma. Then we introduce generalized Laguerre polynomials and

finally, we define the new form for the electron distribution function using these polynomials.



We have developed a code to calculate the time evolution of the isotropic component of the
electron distribution function due to electron-electron collisions. We propose a finite sum of
generalized Laguerre polynomials multiplied by one, two or three Maxwellians (in higher
temperature ratios, three different temperatures are used) to represent the electron velocity
distribution function. The results of the time evolution of the distribution function are compared
with the results obtained from the finite difference code “FPI” (Fokker Planck international) code
developed by Matte et al. [13, 16, 28, 34, 37, 54-58] and very briefly described in chapter 1. Good
agreement is obtained.

This thesis is divided in 5 chapters:

Chapter 1: Vlasov-Fokker-Planck equation.

In this chapter, the Vlasov-Fokker-Planck equation (this equation is derived from the
Boltzmann equation) is described explicitly. It is the main equation of the present work. It
governs the time evolution of the distribution function. This equation consists of two parts; first,
the Vlasov part of the equation which describes the effects of spatial gradients and of the electric
field on the distribution function. By assuming azimuthal symmetry along one axis in space and
the absence of the magnetic field (except, possibly, along the spatial gradients and the electric
field), the first part of the equation can be simplified and the pitch angle dependence of the
velocity distribution function can be expanded in Legendre polynomials which hugely reduces the
size of the computations. The second part describes the effect of electron-electron e-e collisions,

and the present work will concentrate on this.

Chapter 2: Generalized Laguerre polynomials expansion fits to “FPI” distribution functions:

Using the moments calculated numerically (i.e. integrals of the distribution function multiplied
by different powers of the velocity) from the results obtained from the “FPI” code, a technique is
provided to compute the temperatures and the coefficients of the generalized Laguerre
polynomials to approximate the distribution function, and a technical part of the algorithm is
explained in appendix A. Then we compare some of the results (velocity distribution functions) as
proof of the validity of this expansion, and to see how many temperatures and generalized
Laguerre polynomial terms for each are required, and how this depends on the ratio of the hot to

the cold initial temperatures.

Chapter 3: Time evolution of the distribution function.
We introduce an algorithm for calculating the time evolution of the distribution function. It

consists in calculating the e-e collision operator, for a distribution function written in this



Laguerre form, and hence the rates of change of the moments for the isotropic component of the
electron velocity distribution function, as a means for advancing the temperatures and the
coefficients of the generalized Laguerre polynomials in time. The derivations of the formulas used

are explained in more detail in appendices B and C.

Chapter 4: Numerical results for the time evolution of the distribution function

For several cases i.e. different initial temperature and density ratios, we compute the time
evolution of the Laguerre distribution function obtained with the moments method described in
chapter 3, and for each case, we compare to the results obtained from the “FPI” finite difference

electron kinetic code, for the same initial conditions.

Conclusion and future work
We summarize and conclude the work, and explain briefly what would remain to be done to
develop a code capable of advancing the distribution function in time in the presence of electric

fields and spatial gradients.






Chapter 1

Vlasov-Fokker-Planck equation

1.1. Vlasov-Fokker-Planck equation:

In 1917, Planck published a paper [59] where he explained and gave a proof of an equation
which plays an important role in the statistical description of many body problems. Using the
results of the work of Einstein [60] and Fokker [61] as references he represented the Einstein-
Fokker equation which is now known as the Fokker-Planck equation to describe collisions in the
approximation that each collision weakly deflects the particles.

This equation has many applications in many different fields. One of these applications is the

physics of fully ionised plasmas, which is the interest of the present work.

1.1.1. The Fokker-Planck collision term in plasmas

In plasma physics the most important application of the Fokker-Planck equation is describing
the effect of Coulomb interactions between the particles (i.e. collisions) on the evolution of the
plasma. The application of this equation is for cases where we have ideal plasma, with many
particles in the so-called Debye sphere.

An equivalent criterion to determine whether plasma is ideal is that the Coulomb logarithm
InA > 1. For example, in the present work, we suggest choosing InA > 10, and apply the

definition of the Coloumb Logarithm for e-¢ collisions in Ref. [69]:

13
InA =23 —In <n§ T, 2), T, <10eV

1
=24—1In <n§ Te‘1>, T, >10eV

As a result, to have an ideal plasma, the density must not be higher than the following

temperature dependent limit:

T3 ) ’

In such situations, small angle collisions can be assumed to dominate (which has been shown
to be a good approximation [7]) and we can use the Fokker-Planck equation to simulate collisions.
The derivation of the Fokker-Planck equation for Coulomb collisions was first presented by

Landau [62].



A system with two particles species is assumed and f; and f, are defined to be the distribution

functions or densities of species 1 and 2 in 6 dimension phase space (i.e. (x, v)) at any given time.

df1(v1,t) _ 2me} el InA 0 .3 9*1-gg [L2)fivit)  fi(w,t)012(va,t)
ot - my avlfd V2 ( g3 ) my 0vq my 0v; (-

Where, g is the relative velocity g = vy — v,, I is the unit tensor, and e; and e, are the
electrical charges of particles of type 1 and 2 respectively.

This is the Fokker-Planck collision operator in Landau form. (1-1) is the collision term for
particles of species 1 (distribution function f;(vq,t)) colliding with all the particles of species 2
(distribution function f,(v5,t)). Thus, for electron-ion (e-i) collisions, f; (v4,t) is the electron
velocity distribution function and f,(v5,t) is the ion velocity distribution function, while for
electron-electron e-e collisions, they both represent the electron velocity distribution function.
The collision operator is a local operator so all distribution functions mentioned in Eq. 10 are at
the same position in space x. This is why we have dropped the dependence on x in (1-1), but it is

implicitly understood.

1.1.2. The Vlasov-Fokker-Planck equation and the Legendre polynomial expansion

In order to describe the effect of an electro-magnetic field and spatial gradients inside the
plasma, using the equations of motion and considering the continuity equation in phase space, one

can write the Vlasov-Fokker-Planck equation as follows:
of (xv,t) LOfxwt) | e vXB] of(xwt) _ (of(xv0) f(xv,t) )
+v +2[E+2E = ( )e_e +( )e_i (1-2)

ot ox o ov ot ot

On the right hand side of the equation we have the collision operator (electron-electron and
electron-ion collisions) described by equation (1-1) and it can be calculated for any position in
space, and, on the left hand side, the effects of the electro-magnetic fields (externally imposed and
self-consistent) and spatial gradients on the evolution of the velocity distribution of the particles
is described by the Vlasov equation, which is the continuity equation in phase space.

If we assume that the spatial variation is in 1 dimension, along X, and that the velocity
distribution has azimutal symmetry about the X axis, we can express the distribution function in 3
dimensions (i.e. 1 dimension in x and 2 dimensions in v), i.e. f(x,v,t) can be expressed as
flx,v,ut):

fxv,t) - f(x,v,ut) (1-3)

where,

v= /v§+v§+v§; U=v/]v (1-4)

We may then expand the angular u dependence in Legendre polynomials,
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f(x' v, U, t) = Z;V:P()fl(xl U, t)Pl(iu) (1'5)

where,

fil,v,t) = —f fCov,pt) P(wdu (1-6)

21+1

The first Legendre polynomials are:

Po(u)=1; Pi(u)=pu; Pa(u) =1/2(31-1) ; etc.

fo(v) is the isotropic component of the velocity distribution or its angle averaged value.

Considering (1-3) through (1-6) we can write (1-2) as (1-7) (assuming there is no magnetic
field, except possibly along X):

a L 0fi-q | 141 afl+1]
6tfl(x' v, t) +v[21—1 ox +21+3 ox

10 - a d
melzm 7 () s 0] = (B, + (), -7

On the right hand side of the (1-7) we have the e — i and e — e collision terms (electron-ion

and electron-electron collision term respectively). One could derive (1-8) and (1-9) from the

Fokker-Planck collision term (1-1):

(%)e_l: l(l;nmznzimﬁ (1-8)
(Z) =z ]v? (Do L+ Coodf)] - 20, o ) (1-9)

In the e —i collision term we assume the ions to be immobile while they collide with
electrons, due to the very large mass of the ions compared to the electrons. Thus, Eq.(1-8)
depends linearly on the electron distribution function. On the other hand, the e — e collision term
is highly nonlinear and is the most complicated term in the Vlasov-Fokker-Planck electron kinetic
equation and is provided in (1-9). Here D, _y(v) is the perpendicular diffusion coefficient due to
e-e collisions while Dy_y(v) and Cy(v) are the diffusion and friction coefficients of the collision

operator, respectively, and can be calculated by integrating on the isotropic part of the distribution

function:
Cow) = 25 [V ufy (w) du (1-10)
Dyo(v) = 8”—“ (£ fo wy du + () f utfo (w) du) (1-11)
Do) =55 (20, ufo wydu+ (3) 7 u?fo (o) du) (1-12)
47'1:e Ln )

(cgs) (1-13)
In these expressions, e is electron charge, m, is electron mass and Ln(A) is the Coulomb

logarithm. Here, we have used the (cgs) system of units.
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It is important to note that equations (1-10) through (1-13) are an approximation, often called
the “spherical Rosenbluth potentials approximation”, and it amounts to taking into account only
the angle averaged term in the representation of the target electrons (the f,(v;) in (1-1)); in other
words, the “target” electrons are assumed to have an isotropic distribution function. This
approximation is often used because the inclusion of the anisotropic terms makes the calculation
much more complicated [63]. Of course, it is exact in the cases where the distribution function is

isotropic.

1.1.3. The generalized Laguerre electron distribution function

In electron kinetic codes, the velocity distribution function is represented on a grid in velocity
space. Expanding the angular dependence in Legendre polynomials has greatly reduced the
computation time and memory requirements, but the energy grid is still a burden, in codes such as
the electron kinetic code “FPI” which solves Equations (1-7) through (1-13) on finite difference
grids in both x and v. Here, we propose to represent the energy dependence as a sum of two-
Maxwellian (in high temperature ratios, 3 Maxwellians), each multiplied by a finite sum of
generalized Laguerre polynomials, to represent the interaction of hot and cold electrons. This
occurs when, for example, energetic electrons stream from a hot plasma into a cold plasma. The
electron distribution function would thus read, with the temperatures and coefficients dependent
on time and space:

fik,v,t) =%, (L); exp {— me—uz} Z?j(l) a1 (x, ) LJ(.‘”) (LUZ) (1-14)

2mkp Ty (x,t) 2kpTy(x,t) 2kpTy(x,t)
All units are in cgs. The a,;;(x, t)’s are in density units cm™3.

where,

1
al=l+§

(Note: These a; ‘s must not be confused with the value of a defined by equation (1-13).)
[ = 0 represents the isotropic component of the distribution function. We have ay = %

This choice of the values of the o,‘s is the usual one, and it makes these polynomials more
convenient because for the lowest moment of greatest interest for each / (density for /=0, flux for
I=1, traceless pressure tensor for /=2), only the coefficient of the 0™ order generalized Laguerre
polynomials j=0 contributes; and for the next moments (energy density for /=0 and energy flux for
[=1), only the first two terms contribute, and so on.

The index 1 = ¢ (cold), m (medium), h (hot) denotes different temperatures used to represent

the distribution function. When the initial temperature ratio is close to 1, a single Maxwellian
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multiplied by a sum of generalized polynomials with a reasonable number of Laguerre terms (less
than 20 terms) can be sufficient to fit the actual distribution function with an acceptable accuracy.

The generalized Laguerre polynomials are defined as (see ref. [53] equation 22.3.9):

i .
L () = Xy S () (1-15)
where (§) = w, a ERnEZ (1-16)

is the generalized Binomial (see ref. [64] section “y = m” in page 6 and [65] section:
“Generalization and connection to the binomial series”).

In the particular case of a positive a:

N (7 | R, _
G) = rrDransy YERINEL (1-17)

And for a negative a:

@y _ (_qyn_Lotn) - + ]
®) =D rororca YERINEL (1-18)

where, ['(@) is the Gamma function.

In the present “FPI” electron kinetic code, the f;(x,v,t)’s are advanced in time, using finite
difference grids in x and v. The ultimate aim of our project is to replace the grid in v by two or
three Maxwellians, each multiplied by a sum of generalized Laguerre polynomials, on each point
of the spatial grid, as expressed in equation (1-14), for the components of the distribution
function. In the present work, we simulate the collisional relaxation of hot and cold electrons in a
uniform and isotropic plasma, and therefore only the isotropic component /=0 will be considered
(equation (1-9) with /=0, with the friction and parallel diffusion coefficients given by equations

(1-10) and (1-11)). This may be considered as a first step in the elaboration of a full kinetic code.
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Chapter 2

Generalized Laguerre polynomials expansion fits to “FPI” distribution functions

In order to study the time evolution of the distribution function due to e — e collisions, we
need to start with an initial distribution function, and in this work we always use the sum of two
Maxwellians as the initial distribution function where T, and T; denote the temperatures of the
cold and hot Maxwellians respectively. At each time step, this distribution function evolves under
the effect of the e — e collisions. We use the “FPI” distribution function at any given time step as
our reference.

In this chapter, we first define different forms of the Laguerre distribution function, then we
describe the moment equations and also, we explain the fitting method that we use to calculate the
Laguerre distribution function for any given set of moments at any timestep i.e. obtained from
“FPI” distribution function or the result of the time evolution of the distribution function
calculated by using the previous time step. Finally, we compare some results obtained from the
“FPI” distribution function at different timesteps and for different initial temperature ratios to our
calculated (fitted) Laguerre distribution function. This will give us a verification of the viability
and validity of the expansion and give us some guidance as to the number of required terms, when
we will directly compute the time evolution with this expansion, without using finite differences
in v in Chapter 4.

In chapter 1, we introduced (1-14)) as the Laguerre expansion of the distribution function. As
the distribution function is assumed to be isotropic, we have only the [ = 0 terms in the Legendre

expansion, and thus, we obtain:

Ny

3
— Mme 2 mev? (%) mev?
F@0 =3 (5em) ool me) St L (5) @1

Notes:

In the rest of this thesis, we will drop the dependence on x, as the spatial dependence will not
be included in our work, since we consider a uniform plasma. We will also drop the “/” index, as
only the isotropic component [ = 0 will be treated here.

To shorten the text, we will use: “Laguerre distribution function” instead of “the isotropic
electron distribution function represented as 1, 2 or 3 Maxwellians, each multiplied by a finite
series of generalized Laguerre polynomials”, and “FPI distribution function” instead of “isotropic
electron distribution function result of the time evolution of the distribution function due to

electron-electron collisions computed by the “FPI” finite difference electron kinetic code”.
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2.1. Different forms of the Laguerre distribution function

In this context we now define 5 different forms of the Laguerre distribution function:

2.1.1. Single Maxwellian distribution function (thermal equilibrium)

In (2-1) by deleting the summations over (1) and (j) N;, = 0 we have a single Maxwellian:

3

froy(v. ) = ao(t) (2 K T(t))_ €xp {_ ka;:(zt)} (2-2)

2.1.2. Single temperature distribution function (non-Maxwellian but modest
deviation from thermal equilibrium)

Here we delete the summation over 1, but keep a summation over j:

3
fovey (v, ) = (an T(t))2 exp {_ %;(Zt)} 2jZo% (t)L( ) (2;19;](15)) 2-3)

2.1.3. Two-Maxwellian distribution function (non-Maxwellian)

Here, we keep the summation over 7, but delete the summation over j:

nzc,handano,

3
(v,t) =Y ) |——= 2 __mev® 2-4
f{0,0} v, ) n=c,h aT]O ) 2tk TTI(t) exp ZkBTn(t) ( - )
For all the simulations presented in this work, the initial distribution function (at t=0) is of this

form.

2.1.4. Laguerre electron distribution function with two temperatures (non-
Maxwellian)

Here, we keep the summations over 1, and j:

fongny i t) = Xy= ch(2n,k ;(t))% exp{ 2;’;‘;"@}2 a,”(t)L( ) (Zk Tv(t)) (2-5)

2.1.5. Laguerre electron distribution function with three temperatures (non-
Maxwellian)

We add an intermediate temperature 1 = m, to better represent the intermediate energy
electrons

r)=c,m,handN,7 *0,
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fonny gy @) = Zpcemn (#;(t))z exp {— 2:; ETZ;)} Z?’ZO an;(t) L](,E) (2:;;:;)) (2-6)
2.2. Moments of the Laguerre distribution function.

Moments are powerful instruments to obtain overall information about the distribution
function by integrating the distribution function on the energy variable. Moment & corresponds to
the density multiplied by the average value of velocity to the power (k — 2):

Mi(t) =n, <v*¥ 2> (t) =4n fooof(v, vk dv (2-7)

Here, n, is the total density, & is the number of the moment and < > denotes an average over
the distribution function. It may be noted that if f{v) is a Maxwellian of temperature 7, the
maximum of the integrand in equation (2-7) is at energy k7/2. Thus, higher moments sample
higher energy regions of the distribution function. Now, we calculate the moments of the
Laguerre distribution function. Eq. (2-1) showed the general form of the Laguerre distribution

function. Henceforth, it will be written in a more convenient form:

P 0 6) = 5 Ty (0 exp (~ ) 5% a0 (22 2-8)
e NmNh Vr o Ty(8) ) <1=0"1 VA6

Here, we scale T, (t) in keV and v? in 2 keV/m, and also we scale a,;(t) in such a way that
unit density or ao(t) = 1 (see (2-10)), corresponds to 102* cm™3. For convenience, the factor 47
is dropped, i.e. it is assumed to be already included in F.

Considering the 2™ equation in section “Orthogonality” of ref. [66], we can write the moments

equations for the Laguerre distribution function:

2 k1) Ny (K4 k+1
Mot = 2 Ty @G5 (5 a0 T (E2) (2-9)
Note:
M NN 2 depends only on terms i = 0
M N, N2 = Zg Ayo(t) = N, (total density) (2-10)
And M (y_n,, Ny},4 depends only on terms i = 0,1;

3 3 .
MN N NpY A =5 2 Ty () (ano(t) — an1(£)) = > NeT, = € (total energy density)  (2-11)
And generally, moment M (y_n._ n,},2m+2 depends only on terms i=0,1,2,...,m

2 —m—1+i 3

Mn, N, NpY2zmt2 = W= X T (O™ ?io( mi 1+l)am-(t) r (m + 5) (2-12)

However, M (y_n, n,}0 depends on all of the terms i=0,1,2,...,N , .

2 N.
M{Nc,Nm,Nh},O = Zn %Zizﬂo Ay (t) (2-13)
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To simplify the numerical solution of our equations, we define the “normalized moments”

M, Ny Ny Ko

Vi M oNm, Kk (VT k_ N, Ky
M{NC,Nm,Nh},k = w (TR) = Zr/ Trl (t)(z 1) Zi=770 ( ZL.H) am'(t) (2—14)
2

In the time evolution of the distribution function we will use these instead of the formal
moments (2-9). The reason for doing this is to keep the order of magnitude of the coefficients of
the moments about the same, and thus minimize roundoff errors in the computer program which,
otherwise, prevent it from converging properly, because the absolute values of the moments
increase very rapidly with k.

2.3. Fitting a Laguerre distribution function by matching the moments

Equation (2-1) showed the general form of the Laguerre distribution function.

1

F —Ay 7o) o2\ g L(E) v 2-1
{NC,Nm,Nh](vrt) _ﬁZn n(t) zexp _Tn(t) Zizoani(t) i m ( - 5)

In order to construct this Laguerre distribution function, we need to find ., (N77 + 2)
unknowns i.e. T, (t), a,o(t), ""anNn(t)' e.g. for a three temperature form we need to find
(N: + 2) + (N, + 2) + (Np, + 2) unknowns i.e.

Te (), aco(t), s acn, (£), Tin (£), Ao (0), -ov, A, (8), Th (£), Ao (L), ..., apy, (t). We match
Ny = Z,,(N,7 + 2) normalized moments of the Laguerre distribution function IVI{NC,Nm,Nh},k ) to
the same number of a given set of normalized moments M, obtained by numerical integration of
the “FPI” distribution function We use only even normalized moments here k = 0,2,4, ... 2(Ny, —
1) (We are using only the even moments because then, the moment equation below contains only
integral powers of the temperatures, which facilitates the numerical solution. Furthermore, as this
implies that the maximum value of k is higher than if we used all the successive moments, it
means that we sample higher energy regions of the distribution function. On the other hand, when
we tried using successive k values differing by more than 2, we found many glitches at low
energy, as the low energy region was then not well sampled.

Mo, e = %%"1)(“2—5) =5 Ty @O EY o ani(©) = M k =02, 2(Ny — 1),
Cri = (‘g.”) (2-16)

This system of equations is linear in the a,;(t)’s but nonlinear in the T, (t)’s. We first seek
proper values for the temperatures T, (t)’s and then we solve the linear system of equations to
find the coefficients a,;(t)’s. We can thus iterate on the T,(t)’s until a satisfactory fit is

obtained.
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Let us assume here a Laguerre distribution function with s different temperatures, i.e. n =
1,2,..,s and that each temperature has N, + 1 terms of generalized Laguerre polynomials. By
eliminating the a,;(t)’s in (2-16), we obtain the s following equations for the temperatures
(Appendix A):

N{+1 wN>,+1 Ne+1 (N +1 N,+1-i No+1 No+1—i
S ER e (M) (—ryMatioh x (M) (—Ty) Mol x L x

(Nsijl) (—T)Ns+17Es x M{N1+1,N2+1,...,Ns+1},2(l+i1+i2+»~+is) =0,1=012..,s-1 (2-17)

By using the Newton-Raphson iteration method, we can find Ty, 75, ..., Ty numerically. Of
course, we always need a guess fairly close to the answer for each of the temperatures for the
iterations to converge. In the time evolution of the distribution function, we use the temperatures
from the previous timestep as our guess.

Finally, we can solve the linear set of equations (2-16) to find the a;(¢t)’s.

2.4. Fitting a reference distribution function (“FPI” simulation results) with a
Laguerre distribution function

Now, we need to study which form of the Laguerre distribution function is suitable to

represent the FPI distribution functions initialized with different temperature ratios (TT—C), and
h

different density ratios (&) = (@), at different times.

Nh Qho
In each case, we fit the Laguerre distribution function to the FPI distribution function at
different timesteps initialized with a two-Maxwellian distribution function at different
temperatures (T, Ty, ), which we call the cold and hot temperature respectively.
This fitting is not trivial, even for the single temperature case, because the dependence on the

temperature is nonlinear, and we want to optimise the value of 7' (or the T;,’s) as well as those of
the a;‘s (or the a;;’s). We match the moments of the fitted function with the moments of the

reference i.e. “FPI” results by finding the right coefficients and temperatures (a77 j» Tn)'

Note:

Low moments are very important in plasma physics (e.g. moment 2 and 4 are the total density
and the total energy density, respectively). Thus, it is very important that the fitted Laguerre
distribution function represent these moments properly, i.e. the parts of the distribution function in
energy scale that have more contribution to the value of these moments, should be well fitted.
Here, before going further, we will assess the effect of a truncation of the distribution function on

these two moments. Assuming a single Maxwellian distribution function;
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Fio ) = (25) 7 D7)

we can write the equations for moments 0, 2 and 4 by considering (2-9).
My=2aT™% My=a; My=>aT (2-18)

We now define the truncated moments.

MTo(Emax) = Jy_Fioy(v)dv = 2a T Erfec ( \/%) (2-19)

Emax
20T Emax
B Emax
MTZ(Emax) = fEmaxUZF{O}(v)dv =a TT + ETfC( ’T) (2-20)

Emax

e T [EmAX(2p, 0,+3T)

(o] 3 Emax
MT,(Eppgy) = fEmax v*Fp(v)dv =a = +3T Erfc( T)

(2-21)

Equations (2-19), (2-20) and (2-21) represent the contribution of part of the distribution
function with energy higher than E,,,, to moments 0, 2 and 4 respectively. We see on Figure
(2.1) that the contribution of the part of the distribution with energy above 15 T is very small for
both density and energy density, and especially for moment k=0, and could be neglected. Hence,
it is sufficient for the fitted Laguerre distribution function to represent the distribution function
below energy 15T well.

Note:

Of course, later in this chapter we will see that by adding more terms of Laguerre polynomials,
the fitted function correctly covers higher energy regions. This arbitrarly values (15 7T) is the
value that we suggest.. Besides, in most of the cases, we are interested in moments lower than 4.
For example, the rates of ionization and excitation have the form of moments -1, 0 and 1 with
lower limit of the integral at the threshold velocity [67, 68]. So, the contribution of the higher

energies are even less than shown on the graphs for these cases.
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Figure (2.1): Contribution of part of the distribution function with energy above E,,,, to
moments 0, 2 (density) and 4 (energy).

In all of the next cases which we simulated, the initial hot temperature is 1 keV, and the total
electron density is “1”, corresponding to 10*' cm™. The unit of time we use is the collision time
for a 1 keV electron in a plasma of this density, i.e. about 1.2 picosecond; henceforth, “one
collision time” or “one unit time” will correspond to this time interval. It is straightforward to

scale the results to other temperatures or densities: The collision time scales as Te?’/ z

and as 1/n,.
The important dimensionless parameters of the initialization are the temperature ratio and the

density ratio between the hots and colds.

2.4.1. Fitting a single Maxwellian

Of course, a single Maxwellian is not adequate to represent the distribution function at any
time step and any temperature ratios.

For example, the result of such a fit to an initial distribution function with a temperature ratio

(:—C = 0.8) and a density ratio (% = 9) gave a 10% error at 7 keV and a 100% error at 25 keV
h h
and above.
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2.4.2. Fitting two-Maxwellians with a single temperature form

To represent a two-Maxwellian distribution by a single temperature Laguerre distribution
function, we must first check whether one can express a single Maxwellian by such an expansion,
but about a different temperature, and how different these temperatures may be.

Thus, we first express a single Maxwellian with a temperature T by a single temperature form
of the Laguerre distribution function with a different temperature T;,.

We first factor the Maxwellian distribution function:

3
fioy (v, 1) = ao () (an T(t))2 €Xp {_ Z:cr;e:(zt)} -

3

ao(t) (anBT(t))E exp {_ z;:;;it)} €Xp {sz;:(t) (_ T;"(g) + 1)} (2-22)
A

We now apply the Laguerre expansion for factor A of equation (2-22) (equation 22.9.15 in ref.
[53]):

G = (1 - e 32 1 P00z, |zl < 1 (2-23)
Substituting:
T (D-T(t)
Clndewr
mev? (2-24)
2KpTm(0)
a-=
2

Equation (2-23) becomes:

3 oo
myv? T, (1) _(T®\? 3) ([ mev? Tn(t) —=T()\"
eXp{Zanna)<"T(o *'1>}"<ﬂm(o> :E:LZ <2k3nnao>< T (0) ) '

n=0

|<1 (2-25)

12| = |Tm(t) T(®)
T (t)

And thus, by substituting (2-25) for factor “A” in (2-22):

f{O}(U £) ~ ay(t) (m)3 exp {_ mev? }>< szgx L(l)( mev? )(Tm(t)—T(t))n’ |z| =

ZkBTm(t) 2kBTm(t) Tm(t)

Tn(D)=T(0)

|T(t>| <1 (2-26)

Tm (6)—T(t)
0]

very slowly for |z| close to 1. So we modify the condition as follows:

The condition |z| = | | < 1 is not really practical because this expansion converges

—0.55 < M(g“) <025 = 0.65< Tm((t? <13 2-27)
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Note:
We have chosen this condition according to the results of an expansion with 9 terms of

T (0) .
T(t) ) !

generalized Laguerre polynomials in (2-26) (1,4, = 8) for different temperature ratios (

order to obtain less than 10% relative error (compared to the actual single Maxwellian distribution
function) below the energy 23 kgT. If we use 17 terms of generalized Laguerre polynomials
Nmax = 16, the expansion is valid (less than 10% error) up to energy 54 kzT). The absolute
value of z can be larger for negative z because eq. (2.26) is then an alternating sign series, which

converges faster.

Figure (2.2) and Figure (2.4) show the results of the expansion with 9 and 17 terms of
generalized Laguerre polynomials n,,, = 08, 16 with temperatures (T,, = 0.65keV, T =
1keV, ap =1) and (T,,, = 1.3 keV, T =1keV, a, = 1) respectively in a Log plot and as a
function of energy, while Figure (2.3) and Figure (2.5) show the relative errors of these

expansions.

f(v)
- Fg
J L
1.% 10"
= - Fue
10-8
10713'
10—18'
10—23'
(1/2)m v (keV)

10 20 30 40 50

Figure (2.2): Single Maxwellian distribution function (T = 1keV, ay = 1) and a Laguerre
expansion distribution function (T;,, = 0.65keV, ag = 1, ny,q = 8, 16).
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Figure (2.3): Relative error of the expansion illustrated in Figure (2.2).
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Figure (2.4): Single Maxwellian distribution function (T = 1keV, a; = 1) and a Laguerre
expansion distribution function (T;,, = 1.3keV, a9 = 1, nypqr = 8, 16).
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Figure (2.5): Relative error of the expansion illustrated in Figure (2.4).

In the next step, we try to express a two-Maxwellian distribution function with temperatures
(T,, Ty) using a single temperature form of the Laguerre distribution function with a temperature
(Trm)-

The initial two-Maxwellian distribution function is.

2 mev?
fiooi (5.t =0 = Epecnano(t = 0 (et f e - 555} (2-28)

Using, (2-26) we can write (2-28) as:
fro,0y(v,0) =

2 o (L _mev? tma 1 (3) (_mev? ) (Tm(@-Ty(@©\"
Xin= Ch{a’?(’( )(Zn'kBTm(O)) exp{ ZRBTm(O)} X XnZo " Ly (ZkBTm(O))( Ty (0) ) , 065 <
Tm(0)
<13 229
Tp(0) ~ (2-29)
Equation (2-29) is in the form of a single temperature distribution function (2-2). But, as we

have seen, there is a limitation for using this expression with 7,,,=8. i.e.

T (0) Tin (0)
1< <1. < <1
=710 3 and 0.65 W (o)

applying this criterion, we see that the lowest temperature ratio which can be

accommodated with 9 terms in the expansion is TC((?))) 01635 0.5, if we use 7,, = 0.65 as the
h

Thus,

single temperature for the expansion.

25



Figure (2.6) shows the results of the fits to this initial distribution function at the initial time

T.(0)
Tr(0)

form of Laguerre distribution function with temperature T,,, = 0.65 and different numbers of

step with this temperature ratio = 0.5 and density ratio ZLO = 9 using a single temperature
ho

generalized Laguerre polynomials i.e. ny,q, = 0,4, 8, 16.

f(v)

10

1077

10715}

10~

10-31

10-%¢

(1/2)yma* (keV)

10 20 30 40 50 60

Figure (2.6): Results of the fits of a single temperature form of the Laguerre distribution

function with (% =05, Z‘)—EOO; =9, T, =0.65).
h ho
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Figure (2.7): Relative error of the results of the fits plotted in Figure (2.6).
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Figure (2.8): Results of the fits of a single temperature form of the Laguerre distribution

function with (;L(?) = 0.25,
h

aco(0)
apo(0)

=9, T, =0.325).
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Figure (2.9): Relative error of the results of the fits plotted in Figure (2.8).
. . . T.(0) _ . . T.(0) _
Comparing Figure (2.6) and Figure (2.7) o 0.5 to Figure (2.8) and Figure (2.9) o =
h h
0.25 shows that the fitted Laguerre distribution function with n,,,, = 8 can represent the

reference distribution function very well for the 2:1 temperature ratio. However, decreasing the

temperature ratio (;L(?) =025< 0.5) reduces the quality of the fitting results for n,,,, = 8, but
h

Mmax = 16 still gives good results.

Figure (2.6) and Figure (2.8) were for the initial timestep (2 Maxwellians). However, it is
important to verify the possibility of fitting a single, two or three temperature(s) form of the
Laguerre distribution function to the reference distribution function in later timesteps i.e. the
result of the time evolution of the distribution function. In general, since the reference distribution
function is not a simple 2 Maxwellians distribution (except for the initial timestep), we cannot use
(2-29) any more to find a proper fit. Instead, we use the technique described in sub-section (2.3)

i.e. fitting a Laguerre distribution function by matching the moments.
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2.5. Fitting a Laguerre distribution function to the results obtained from “FPI” for

different temperature ratios

2.5.1. Fitting a single temperature form for a 2:1 temperature ratio

Figure (2.10) shows the results of the fits to the “FPI” distribution function at (t = 1.2 psec)

i.e. after one collision time. The initial temperature ratio was —;”((?))) = 0.5 and the initial density
h
ratio was ZLEO(% = 9. The fits are provided with different numbers of generalized Laguerre
ho

polynomials i.e. ny,,, = 0,4, 8, 16.

f(v)

10

— Fypilt=1y)

101

1073

10-31

10-3¢

10 20 30 40 50 60 (1/2)mev* (keV)

Figure (2.10): Results of the fits of a single temperature form of the Laguerre distribution
Tc(0) — aco(0) — 9)

Tr(0) 7 ape(0)

function at (¢t = ty,) initialized with two Maxwellians (
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Figure (2.11): Relative error of the results of the fits plotted in Figure (2.10).

In chapter 4 i.e. the results of the time evolution of the distribution function, we will see that
the quality of the fit improves as time advances. We noted the same thing here, when fitting the
results to the “FPI” simulation at many different times (not shown). This is because the cold
component’s temperature increases, and approaches the reference temperature. So, for all of the
cases in this chapter, we check the validity of the fitting method by fitting the Laguerre
distribution function after one collision time. Nonetheless, it is clear that expanding about a
single Maxwellian is useful only for relatively modest temperature ratios, such as 2:1 or 4:1, and,

in the latter case, at the cost of a very large number of terms.

2.5.2. Fitting a two temperature form for a 2:1 temperature ratio

Equation (2-5) showed the form of the two temperature form of the Laguerre distribution
function.

There are (2 + (N, +1)+ (N, + 1)) unknowns in the Laguerre distribution function in this
form: The two temperatures, (N, + 1) for the coefficients a;(t), (j=0,1,2,...,N) of the cold
temperature and (N, + 1) for the coefficients ay(t), (j=0,1,2,...,N},) of the hot temperature. Hence,
we match (2 + (N, +1)+ (N, + 1)) moments (k =0,24,....,2(N. + Ny, + 3)) of the fitted
distribution function to the calculated ones from the FPI distribution function (the method was

explained in section 2.3). Figure (2.12) shows the result of the fits to a FPI distribution function
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Te(0) _

after one collision time (for the hot temperature) initialized with a temperature ratio (T ol
h

=y

ZLEOO; = 9) using the two temperature form of the Laguerre distribution function (2-5). We vary
ho

N., but keep N;=0, because at very high energy, the distribution function is nearly Maxwellian,

and multiplying this by a polynomial severely distorts this shape, as the leading term is then this

2
Maxwellian multiplied by the highest power of v, i.e. v2Nr exp {— - I:n ;v (t)}.
Blh

f(v)

— Frp1(t=Ty)

1.x107'
oo Fro g

1075¢

10713_

10-17

(1/2)m,v*(keV)

Figure (2.12): Results of the fits of two temperature form of the Laguerre distribution function
Tc(0) _ aco(0)
—==0.5 —==9).

at (t = ty) initialized with two Maxwellians (T 0 =05 5=
h ho
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Figure (2.13): Relative error of the results of the fits plotted in Figure (2.12).

Comparing Figure (2.11) and Figure (2.13), we see that we get a much better fit with two
temperatures, even if we keep fewer terms: The N=8 fit here is better than the N=16 fit with a
single temperature, and the N.=4 fit is as good as the single temperature fit with N=8.

Obviously, we can see that adding more terms of generalized Laguerre polynomials greatly
improves the quality of the fits especially in higher energy regions, while the two-Maxwellian

(F'10,05, i.e.N.=N,=0) form is very inadequate.

2.5.3. Fitting a single temperature form for a 4:1 temperature ratio

Figure (2.14) shows the result of the fits to a FPI distribution function after one collision time

Tc(0) aco(0)
=0.25, —==9
Tr(0) apo(0)

(for the hot temperature) initialized with a temperature ratio ( ) using the

two temperature form of the Laguerre distribution function. Obviously, for this temperature ratio
case, we need many terms of Laguerre polynomials in the single temperature form of the Laguerre
distribution function to represent the actual one, whereas, in the next subsection we will see that
the two temperature form can represent the distribution function with a fewer number of Laguerre

terms.
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Figure (2.14): Results of the fits of a single temperature form of the Laguerre distribution
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Figure (2.15): error of the results of the fits plotted in Figure (2.14).

Thus, here too, we see that many terms are essential to achieve an adequate representation if
we want to use a single temperature, but that the error is somewhat less than for the initial state

(compare Fig. 2.9; but note the different vertical scale).
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2.5.4. Fitting a two temperature form for a 4:1 temperature ratio

Figure (2.16) shows the result of the fits to a FPI distribution function after one collision time

Tc(0) — Aco(0)

s 25, 20 = 9) using the two

(for the hot temperature) initialized with ratios (

temperature form of the Laguerre distribution function.
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Figure (2.16): Results of the fits of the two temperature form of the Laguerre distribution

function (TTC—((?) = 0.25, ZLO =9, t= TTh).
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Figure (2.17): Relative error of the results of the fits plotted in Figure (2.16).
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Thus, we see that for the initial temperature ratio %, a two temperature Laguerre distribution
function is adequate, provided that we keep enough Laguerre terms. N, = 8, but even N, = 4

would give acceptable results up to almost 20 keV.

2.5.5. Fitting a two temperature form for a 10:1 temperature ratio

Figure (2.18) shows the result of the fits to a FPI distribution function after one collision time

T.(0) — aco(0)
Tr(0) 7 ane(0)

two temperature form of the Laguerre distribution function. By comparing the results of the fits

(for the hot temperature) initialized with a temperature ratio ( = 9) using the

with a two temperatures form with a three temperatures form of the Laguerre distribution function

(subsection 2.5.6), it will be seen that it is better to use the latter form for this initial temperature

ratio.
f(v)
(1/2)m* (ke V)
1.x 1072
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Figure (2.18): Result of the fits of the two temperature form of the Laguerre distribution
Te(t) _ Qco __ —
o 1, e 9, t= ‘L'Th).

function (
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Figure (2.19): Relative error of the results of the fits plotted in Figure (2.18).

2.5.6. Fitting a three temperature form for a 10:1 temperature ratio

A two temperature form of the Laguerre distribution function appears to give fair results for

representing the time evolution of the distribution function initialized with very low temperature

;”Eg; < 0.1). Instead, we use a three temperature form of the Laguerre distribution
h

function (2-6).

ratios (

There are (3 + (N, +1)+ Ny, +1) + (N, + 1)) unknowns in the Laguerre distribution
function in this form: The three temperatures, (N, + 1) for the coefficients a(t), (j=0,1,2,...,N.)
of the cold temperature, (N, + 1) for the coefficients a(t), (j=0,1,2,...,.N;,) of the medium
temperature and (Nj, + 1) for the coefficients ay(t), (j=0,1,2,...,N;,) of the hot temperature. Hence,
we match (3 +(N.+1)+ (N, + 1)+ (N, + 1)) moments (k=0,2,4,...,2(N.+N,,+N,+5) of the
fitted distribution function to the calculated ones from the FPI distribution function (using the
method explained in section 2.3). Figure (2.20) shows the result of the fits to a FPI distribution

function after one collision time (for the hot temperature) initialized with a temperature ratio

(TC(O) =01 aco(0)
Th(0) 7 ano(0)
The quality of the fits are excellent: The error is below 10% all the way up to 80 keV, and even

T:(0)
Tr(0)

= 9) using the three temperature form of the Laguerre distribution function.

more with more polynomials. For the initial temperature ratios < 0.1 the three temperatures

form of the Laguerre polynomial is always preferred (see the next few subsections).
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Figure (2.20): Result of the fits of the three temperature form of the Laguerre distribution
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Figure (2.21): Relative error of the results of the fits plotted in Figure (2.20).

2.5.7. Fitting a three temperature form for a 100:1 temperature ratio

Figure (2.22) shows the result of the fits to a FPI distribution function after one collision time

T.(0) aco(0)
=0.01, —==9
Th(0) ano(0)

(for the hot temperature) initialized with a temperature ratio ( ) using the
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three temperature form of the Laguerre distribution function. We see that the three tempereture

form of the Laguerre distribution function is suitable for this initial temperature ratio.
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Figure (2.22): Result of the fits of the three temperature form of the Laguerre distribution
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Figure (2.23): Relative error of the results of the fits plotted in Figure (2.22) ).

It is clear that the three temperature form provides an excellent fit to the results, up to a very

high energy.
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2.5.8. Fitting a three temperature form for a 1000:1 temperature ratio

Figure (2.24) shows the result of the fits to a FPI distribution function after half a collision

Tc(0) aco(0)
——=0.001, ——==9
Tr(0) " apo(0) )

using the three temperature form of the Laguerre distribution function, and Figure (2.26) shows

time (for the hot temperature) initialized with a temperature ratio (

the result of the fits for the same temperature ratio after 1 collision time. Same conclusion as
subsections 2.5.6 and 2.5.7, here, we also see excellent results by fitting a three temperatures form

of the Laguerre distribution function, including the sharp bend at several 7.
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-— = Flg0
10727
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2
20 40 60 80 100 120 g 1/2mev” (keV)

Figure (2.24): Result of the fits of the three temperature form of the Laguerre distribution

function (753 = 0.001, £23 = 9,¢ = 0577, ).
h ho

Fypr — Frit
Frp
2 S [ Fran
- — F“:g:g}
0.05
..... Fi1160
| ‘ . . : 2
20 M o0- - 80 100 120 g 1/2)mev (keV)
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Figure (2.25): Relative error of the results of the fits plotted in Figure (2.24).
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Frpr(t=Tn)
1077
---------- Friag
10-16
— = Fugn
g
----- Fr 16,00
10-38
107
=
20 40 60 80 100 120 14({1/2)””2‘} (keV)

Figure (2.26): Result of the fits of three temperature form of the Laguerre distribution function

T.(0) aco(0)
=~ =0.001, ===9,t=17 )
(Th(O) a1o(0) Th
Frp1 — Fry
Fpp
. 0 e e Fran
—_ = Fp g0
0.05
----- Fii160
L . . ‘ ‘ : 3
o TR R ] 80 100 120 1ad 1/2)mev-(keV)
N\ i
~0.05 3 . )
\ &0
N e
—o.10t N ’

Figure (2.27): Relative error of the results of the fits plotted in Figure (2.26).

Note:

The actual distribution function (i.e. “FPI” distribution function) evolves in time. Here as a
sample, Figure (2.28) shows the “FPI” distribution function after a half collision time and after
one collision time (for hot temperature) as a function of energy in the low energy region. The

Tc(0)

_ C . . . aco(0) _ .
) 0.001) and the initial density ratio is (— 9). Figure

initial temperature ratio is ( =
p ano(0)
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(2.29) shows the same plot up to higher energy. On Figure (2.28), we see very well that the cold
temperature increases rapidly, and that there is a sharp bend at an energy of several T.. It is
remarkable that this is well reproduced by the Laguerre form. At high energy, we also get an

excellent fit.

Frpr(v)
10*
Frp1(t=0)
oo Fppr(t=0.5T4)
- — = Frpr(t=T4)
100 ‘Qi\
A
14 R, .
L 3
P e
i LT 5
0.0 0.2 0.4 0.6 0.8 1.0 iz Lil/Z)nﬁgﬁ(ke‘/)

Figure (2.28): “FPI” distribution function at initial state, after a half collision time and after
one collision time in the low energy region for the time evolution of the distribution function

initialized with (T”(‘(’))) = 0.001, ZO—% =9).
h ho

Frp1(v)
1000
Frpr(t=0)
1.% 1073}
........ Frpr(t=0.513)
== Fppr(t=T4)
107%}
10755
10721}
(1/2)mv* (keV)

Figure (2.29): “FPI” distribution function at initial state, after a half collision time and after
one collision time (hot temperature) in the high energy region for the time evolution of the

distribution function initialized with (% = 0.001, ZO—% - 9).
h ho
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Te(0) < 0.1) a three temperature form of the
Th(0)

The results show that for low temperature ratios (
Laguerre distribution function is a more suitable than a one or two temperature form for
representing the time evolution of the distribution function.

To conclude, for simulating the time evolution of the distribution function with any given

initial temperature ratio we choose a proper form of the Laguerre distribution function according

to:
T.(0) o .
05< T.(0) <1 = onetemperature formof the Laguerre distribution function
h
T, (0) o .
{4 01< T (0) < 0.5 = two temperature form of the Laguerre distribution function
h
T (0) o .
T.(0) < 0.1 = three temperature form of the Laguerre distribution function
h

(2-30)

43



44



Chapter 3

Time evolution of the Laguerre distribution function

The simulation of the time evolution of the Laguerre distribution function is based on five
necessary parts.

1- Initializing the distribution function. i.e. two-Maxwellian form with given temperatures and
densities (for colds and hots).

2- Calculating the moments for a given Laguerre distribution function (for any form of the
Laguerre distribution function i.e. one, two or three temperatures, if we know the values of the
coefficients and temperature(s), we can construct the Laguerre distribution function, and hence,
the moments are easily calculated).

3- Choosing a proper form of the Laguerre distribution function by considering the initial

Tc(0)

temperature ratio (T

) according to (2-30). i.e. one, two or three temperatures.
h(0)

4- Calculating the rates of change of the moments due to e — e collisions at any time step for a
given Laguerre distribution function. The moments are updated accordingly.

5- Making a proper fit and finding new coefficients and temperature(s) (a,;(t), T, (t)) of the

Laguerre distribution function, so that the updated moments are matched.

3.1. Initializing the distribution function (two-Maxwellian).
Equation (2-8) showed the form of a Laguerre distribution function. By substituting i = 0, we

can get the form of a two Maxwellian distribution function:

_3 2
froo(w,t =0) = %Zn T, (t = 0)" za,)(t = 0) exp (— T,,(zzo)) (3-1)

This distribution evolves in time under the effect of the collision operator. Non-Maxwellian
distributions appear in later timesteps and we will try to express them as a Laguerre distribution

function in later timesteps.
3.2. e — e collision operator for a given Laguerre distribution function.

Equations (1-9) through (1-13) represented the e — e collision operator. Here, we rewrite the

equation for the isotropic part of the distribution function [ = 0:

(3), = w3 [P (Pro@) 53+ Cof) 62
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Co(v) = T [T urfy (w) du (3-3)
Do) =22 (7w fy () du + (35) Jy utfo (w) du) (3-4)

— ame* L:l (@) (CgS) (3_5)

me
For convenience, we can write the genral form of the Laguerre distribution function (equation
(2-8)) as a sum of basis functions, each multiplied by its coefficient:
N
F(,t) = Fn Ny (0 1) = 2y Zi:() ani (D) Fyi(v, 1)
Ca oty () (3-6)
where Fp;(v,t) = N T, (t) zexp (— m) L; (%>
Rewriting the collision operator for the Laguerre distribution function as a sum of all possible
collisions between these basis functions (in the spherical Rosenbluth potentials approximation

[6]), and remembering that the electron-electron collision operator is bilinear in the distribution

function, we get:

("F(g‘t"”)e_ = Xy 2o B B0 agq (D), (D Coll{Fyq (1, ), Fyy (v, )} (3-7)

( Cott{Fzyw, 0, Fyp(v, 00} 2 22 ( @ LD ¢ 0, 0F, (v, t)>]
{I Cop(v,t) & “”—"f U?Fy, (u, ) du (3-8)
k Dyp(v,t) & ira (fv u Fpp (u, t) du + (;—3) fov u4F,,p (u,t) du)

To shorten the notation, we write Cp,(v,t) and Dp,(v,t)instead of Cop,,(v,t) and

Dy—omp (v, 1).

After some lengthy algebra, we obtain the following expressions for Cp, (v, t) and Dy, (v, t).

The steps to obtain these expressions from eq. (3.8) are explained in Appendix B.

e - W =0
8VT a —”Erf( %)—Tn(t) 2 2 - , p=0

2v2

Cpp(0, 1) = (3-9)
l(g‘/:“) T, (6)” we T"(‘)L%)l( v’ ) p>1

T (t)

2

_1 Ty (t Ty (t
Dyo(v,6) = Wra Ty ()2 | =2 T<f>+‘r(”()) Ef( T(t)) ,p=0 (3-10)
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Dnl (U, t) =

4 T, ()2 <(T,,(t)+1) T;;it) vz‘(m(t)) E f(ﬁ)) p=1 (3-11)

2

v2 1 3 %
_ b o (2 )() v (1 3 (_) @ _
Dyp (v, 1) T,(t)" 2<e L, o) +Tn(t) (p(p—l)) pr_1 e e T

E) (v -
2 - Ty (t)
Ly (Tn(t)) ¢ t) P22 (3-12)

We now calculate the C oll{ng (,0), B;p (v, t)} term in (3-8) for these three different situations

(p=0, p=1, p=2)(see Appendix B). We obtain:
OF (v,t) _ N Ng
( ot )e_e = Xy Zplo ¢ Zglo Aq (O (O Coll{Frq (venxy), Fp (x)} (3-13)

COll{?Zq(Vinxn)'TnO(xn)} =

5

—Coggnoe (e <_ (g) Yene™™ (%> <_ng) (venxn) + VZnLgE) (Vinxﬂ)> ’
_,6) 2, () _ ]
Ly (enn) +¥en Ly (venn) ||, p=0 (3-14)

Coll{Feq (Very), Py ()} = —Coggpze™~ (er* ) (Lgf) (o) (=24 3,) +

G) V(,,LSE)(VOIXYI) + VcnngE)(anxn) <(g) e’ (%> B (x" " 1)>) p=1 G
COll{?Zq(Vinxn)'Tnp(xn)} =

Coggmp €~ () <L§) (x,,)Lg%) (Yenxy) + (ﬁ) sznanS:%—)l(xn)ng) (Yenxn) =

(p(pl—l)) szﬂanga%—)l(xn)Lg;) (Venxy) — G) (%) VanE_)l(xn)Lg%) (Vc'nxn)>' p=2 (3-16)

Where for all three cases we have:
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( _3 _3
CO(qnp =64« T((t) 2 T77 (t) 2

v2

X,, =
o Ty(®)
2

) X T 1 T Yenkn (3-17)
_(Tn®
Yon = T¢(t)
Tnp(xn) = Fpp(,0)
qu(x() =Fqt) = Tnp(yc'nxn)

3.3. Rates of change of the moments due to e — e collisions for a given Laguerre

distribution function.
By combining the above equations, the rates of change of the moments due to e — e collisions

for a Laguerre distribution function F (v, t) are therefore given by:
()., 4 (5, -

S St Xe ol o zq (D, (©) f; v  Coll{Fyq (v, 1), Fyy (v, ©)}dv =

S S0 5 Sao a2q (D Okeqny Tz Ty) (3-18)
where we define §zqnp (Tz, Ty)) as:

Ek{qnp (T(; Tn) = fooo VkCOll{F(q (v, 1), P,'7p (v, t)}dv =
k-1

1 ktl o —
(5) Ty(t) 2 fo Xp* Coll{Fzq (Yenxn), Fyp (207) Yy (3-19)
Considering (3-14), (3-15), (3-16), (3-17) and (3-19), we can write:

Skgqno(Te, Ty) =
N k+1 N kt1
— (Tﬂ) CogqnoyznTn (t) 2 Slfml(;)(g—l) + (Tﬂ?) CO(‘IUO)/%T)TU OE Sl(ﬂ‘l(g)(g—l) +

Y oo o T (£) 2 52 D¢ 27 (Y582 =0 (3-20
() oranTa(® * SZgpqazt = () Coramten™ T T 2y » =0 620
Sigam (Tg, Ty) =

- G) Cogqni¥enTy(t) =S 2enao()()(2) G) CoggmTy() 2S 2enao()()(55) ~

2/\2/\ 2 2/\2/\" 2
1 k1 e k+1
(E) Coqqann (t) 2 SZanO(%)(%)(%) - (Tn') CoiqmyznzTn (t) 2 Slmq(g)(g_l) +

k+1 k+1

(3) CoransVen* Ty > 24 g0(ey 1y + (3) Cotam¥en® T (©) > S22y )ity P = 1

2/\2 2 2/\2 2

(3-21)
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Siganp (T, Ty) =
k+1

G) CoggnpTy(t) 2 S2 1

z qp(s)(g)(ﬂﬁ(z) (5) Coram a0 524, ey =

2 2 2

(;) (p(p 1)) CO(CIUPV(UT (t) 52577(1(17 1)( )( )(k+1) —

2
1) (1 k1
(3) () CocamsvonTa(® + 2, yyeyoyeczyy = 2 (3-22)
We recall that in our work we always use even moments, i.e. k is an even integer larger than or
equal to 0 ( €Z+)
S$1enna,i and S2¢nnma, a,n are given by the formulas below:
Sleymayi = Jy %0 Erf g le o) L0 (v x, Y, , i €2 = —1 (3-23)
© - +1 (a1) (az) 1
S2emmasasn = iy n"e (T (e )15 (1, )y, (h+E) €zt (324
Hence, by solving the integrals (3-23) and (3-24), we can calculate the rates of change of the

moments.

By expanding the generalized Laguerre polynomials (3-23) becomes:

n
1) m+a — _
Somayi = w! (n - W)y% SLenmay i+w) [€Z=-1, wEZ*
w=0
STennarj = Jy %o Erf[xyle”Vennldx, , jezZ > -1 (3-25)
For (j = —1), using the Taylor expansion series for both the error function and the

exponential function in equation (3-25) leads to the result below:

B e ]
1(7]"0{1(_1)—]_41'1[ E'{' E'{'l]—ZAI‘CS]Hh[ ﬁ]’]_ 1 (3 26)

And for (j = 0), by integrating by parts we have,

.01
1 1 1 V2.1, 1
Lennaj = (ﬁ) (E) (m,+1> r [J + 5] <y6n>51€nna1(1 1, /=20 (3-27)

Equation (3-27) is a recurrence relation to calculate (ﬁinnal j).

|

95}

|

95}

Now, for (3-24), by expanding the generalized Laguerre polynomials we get:

_vn m (=D n+a,\ (m+a, 1
Szfﬂnm“1“2h_2i=02j=0 i n—i) m—j y('U 1+v¢,

h+i+j+1
) Flh+i+j+1],

(h+3) ez (3-28)
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3.4. Time evolution of the moments

In the time evolution of the moments (as a result of the time evolution of the distribution
function), we use the 1% order approximation in the time-dependence for the moments and we
neglect the 2™ 31 ete. order terms. Expanding M, at time t,,, one obtains:

M = M+ (27 e (2™ pez gy (3-29)

ot Je—e ot? Je_e
=0

This is true only if we keep At sufficiently small:

R oMtn (22"

= k 2 k Ot Je—e _

S(G) | s« (FE)" arsar«2 et (3-30)
at? J,_,

To summarize, at each time we can calculate the moments for the next time analytically, by
using equations 3-18 through 3-30, and by applying the fitting procedure described in chapter 2,

we get the updated temperatures and coefficients.
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Chapter 4

Numerical results for the time evolution of the distribution function

We are now able to simulate the time evolution of the distribution function based on the
procedure explained in the previous chapter which is illustrated and summarized in Figure (4.1).

In this chapter, we provide the numerical results of the time evolution of the Laguerre
distribution function initialized with a two-Maxwellian distribution function with different
temperature and density ratios. Table (4.1) is the list of the processed cases. For most of the cases,
the code represented the time evolution of the distribution function well. But for seven cases of
this table (i.e. cases number 9, 10, 22, 23, 28, 37 and 47 in Table (4.1)) it crashed and could not
process the time evolution of the distribution function after a certain time. The main reason for
this sort of crash is choosing inappropriate numbers of generalized Laguerre polynomials for one
or more populations (cold, medium or/and hot). Even if we satisfy Y,,(N, + 2) moment equations
for each case at any single timestep, it does not necessarily mean that we can reproduce the time
evolution of the distribution function for any arbitrary number of Laguerre terms. We need to
choose properly the number of Laguerre terms for each population (i.e. cold, medium and hot) by
considering the structure of the distribution function. For example, for the time evolution of the
distribution function for initial temperature ratio 2:1 we cannot use the 2 temperature form of the
Laguerre distribution function with (N, > 7) (i.e. cases number 9 and 10 in Table (4.1) because

the contribution of the cold component to the high moments is negligible (due to the

k

E—l —1
T(2 ) factor) compared to that of the hot component (T}f2 ) factor), and the system of equations

C

then becomes, in effect, overdetermined for the coefficients for the hot component, and
underdetermined for the coefficients of the cold component. Thus, using 8 or more Laguerre
terms for the colds causes a very early crash in the process of the time evolution of the
distribution function. It has not yet been possible to find a robust procedure to always avoid such
crashes, but when it happens early, the code was programmed to restart with a different number of
terms in the Laguerre expansion, until a set was found which produced appropriate results. This

is why the number of terms differs for different temperature ratios.
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Initialize the
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i.e. two Maxwellians
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Caleulate Select the proper form of the Laguerre

the moments . .
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(section 2.2)
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temperatures) (equation (2-30))

v
@K Calculate the rates

of change of the

n=20

-/

»| moments (section 3.3)

aMk(tn)
at

o

A 4

Advance time

the1 = tn + At

) v
e Prepare for the

. Update moments for the
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new timestep (section 3.4)
Mk (tn+1)

A IM, (t
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\ 4
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and temperature(s) of the
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Laguerre distribution

function by fitting to the
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(am‘(tn+1)' T, (tn+1))

Figure (4.1): Procedure for simulating the time evolution of the Laguerre distribution function.
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Code was not run for this interval
Code is not converging for this interval

Ny |Number of temperatures

t; |Last produced timestep

T |Collision time (hot)

* |For these cases 4 figures are provided

** For these cases 6 figures are provided

53

T, g t, Energy of the 10% error
No. T_ 7 NT NC Nm Nh — t 1

h ho T —=- 1 5 | 10 | 38 | 48 | 91 | 100

T
1 1/1 1 |0O6fNa|Na| 10 (17.31|18.57|13.16|14.55
2 04| Na|Na| 10 |11.66|10.87(10.28|9.257
3 1 06| Na |Na| 10 |16.35|16.42(18.95|15.69
A% 08| Na [Na| 10 [22.12(22.17|20.35|26.03
_5 12 16| Na|Na| 10 [18.07|13.74|16.36|15.57
6 9/1 04|Na|00| 10 |37.84|22.34|16.13(17.95
7 O5|Na|00| 10 |43.47|30.27|17.94|16.38
g* * 2 |07 [Na|00|{100|50.60|34.81/20.96{19.39|18.15|17.54|20.68|21.57
9 08|Na|00| O
10 16| Na (00| O
11 1/1 1 |09fNa|Na| 10 (14.97(22.92|19.34|23.72
12 04| Na|Na| 10 |1.214|1.950|3.138(4.527
13 1 |08|Na|Na| 10 [9.063|8.886|7.720(6.979
14* 16| Na [Na| 10 [37.03|37.01|35.71|34.64
15 1/4 04| Na |00| 10 |29.01|19.56(12.35|6.938
16 9/1 5 07|Na | 00| 10 |51.90|40.71(25.74|22.46
17** 11| Na|00({100|123.8{108.3|42.02|36.26|28.28|26.94|12.57|14.80
18 16| Na 00| 10 {20.18|15.98(13.17|13.08
19 3 06|02 (00| 10 [112.0|81.02(60.31|50.47
20 08|02 |00| 10 |130.1|93.75(69.87|126.6
21 02|Na|04| 10 |13.43|10.36|7.453|9.661
22 2 |02|Na|08|1.8]| 0.64 | 0.91
23 02[Na|16]|2.640.44|28.38
24 9/1 02|04 00| 10 |62.75|46.81|32.26(29.77
25 1/10 04|04 /00| 10 |98.20|73.66|51.78|47.68
26** 3 104|06|00/100|122.4|88.29|56.67|52.65|47.99|46.39|40.38(40.74
27 04|08 |00| 10 |134.3|97.88(60.31|1.821
28 04|16 (00| O
29 99/1 | 3 02|04 (00| 10 |65.78]49.22|33.67[30.95
30* 02|08 00| 10 [100.0|73.31(47.49|43.00
Legend




Code was not run for this interval
Code is not converging for this interval

Ny |Number of temperatures

t; |Last produced timestep

T |Collision time (hot)

* |For these cases 4 figures are provided

** IFor these cases 6 figures are provided

Energy of the 10% error

No. E feo N7 | Nc|Nm [Nh t—L

Ty Aho Tl-=o05]| 1 5 10 | 38 | 48 | 91 |100
31 02|04 |00|10| 68.38 |51.02|33.47|30.63
32 1/30 9/1 3102/08 |00|10| 103.1 |74.18]47.37]42.95
33 02|10]00|10| 121.3 |86.79|54.44|49.59
34 01|04 |00|10| 60.44 |44.96|29.05)|26.20
35 967/33 | 3 02|04 |100|10| 75.44 |59.24|40.89|37.21
36%* 1/100 02|08 |00|48| 121.3 |88.50|54.84|51.94|48.03 0.724h-
37 02|16 |00(0.9| 42.00
38 9968/32| 3 00|04 |00|10| 51.58 |37.26|23.44|20.94
39* 00| 08 |00|10| 91.96 |64.08|37.64|33.12
40 01|02 |00|10| 39.32 |30.05|20.38/18.59
41 1/300 9/1 3/01{04|00|10| 54.58 |40.13|26.78|24.39
42 02|08 |00|10| 110.6 |78.50|48.24|43.47
43 01|04 |00|10| 55.03 |40.37|26.82|24.41
44* 02|06 00|10 91.14 |66.98|41.54|37.58
45 |1/1000] 9/1 3 (01|08 |00|10| 87.24 |62.87|38.13|1.479
46** 02|08 |00|91| 111.2 |78.95]48.35143.54(37.11|35.48 27.80H
47 01|16 ]00|6.4| 155.2 |106.8]/0.785

Legend

Table (4.1): The initial temperature and density ratios (characterizing the initial two-
Maxwellian distribution functions) used for each set of the results (i.e. time evolution of the
Laguerre distribution function), and quality of the results, as indicated by the energy at which the
difference compared to the results obtained from the “FPI” finite difference electron kinetic code
reached 10%.
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In order to illustrate some of the results, ten (10) of the cases of Table (4.1) are selected (i.e.
cases number 4, 8, 14, 17, 26, 30, 36, 39, 44 and 46 denoted by (*) and (**)). For each case, four
figures are presented as follows:

1- The Laguerre distribution function as a function of energy at different times.

2- The relative error of each plot illustrated in the first figure. The reference distribution
function is the one obtained from the “FPI” code at the same physical time.

3- The time evolution of the temperatures (T;’s).

4- The time evolution of some of the coefficients (a;;’s).

For 5 of these cases (i.e. cases number 8, 17, 26, 36 and 46 denoted by (**)), we also have
added two extra figures:

5- The time evolution of the moments (M(y_y, v}k (t) calculated by using equation (2-9)).

6- The time evolution of the relative deviation of the moments from their ultimate value. The
distribution function ultimately tends toward a single Maxwellian with the density (N, =

2) M{NC,Nm,Nh}A

Mn Ny Np)2» €quation (2-10)) and the temperature (T, = (— ~ , equation (2-11)).

3

Hence, the ultimate value of each moment is the same moment of that single Maxwellian

distribution function as given by taking only one term in (2-9) Mg, = %NeT e(k_l)/ ’r (%),

. ) . 2 [k .
and the normalized moment’s ultimate values are the same, without the factor ﬁF (%1) , Le.

N, T2,
Note:

For most cases, we ran the code for 10 collision times, except for those denoted by (**), which
we ran for 100 collision time (% = 100) to study the limitation of the time evolution of the

Laguerre distribution function. As will be seen later, it is at the later times that the evolution of the
moments is particularly instructive, and explains why the code crashed in some cases: For cases
36 and 46 in Table (4.1), the code crashed at 48 and 91 collision time respectively. By considering
the last figure in each case, most of the moments are very close to the moments of a single
Maxwellian at the time of the crash. Hence, most of the coefficients except a.q and a.; are small
and the code fails to provide a fit and update the coefficients because of the over determination of

the linear set of equations at these late times.
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4.1. Time evolution of the Laguerre distribution function for a 1:2 initial

. (Te(t=0) _ 1)
temperature ratio (Th t=0) 2

4.1.1. Single temperature form of the Laguerre distribution function (N = 08); 9:1

aco(t=0) _ 9) (case no. 4 in Table (4.1))

initial it ti (
initial density ratio ano(t=0)

Figure (4.2) shows the time evolution of a single temperature form of the Laguerre distribution

T (t=0) _ l aco(t=0) _
Th(t=0) 2’ apo(t=0) 9)' As we

function (N = 08) for an initial two-Maxwellian distribution (

expected, according to the fits in sub-section 2.5.1, a single temperature form of the Laguerre
distribution function is suitable for representing the time evolution of the distribution function in

this situation. Figure (4.3) shows the relative errors of the results of the time evolution of the

distribution function compared to “FPI” at the same times G =0.5,1,5, 10). In this case, we
have (N + 2 = 10) unknowns in the Laguerre distribution function i.e. ay(t), a,(t), ...,ag(t),T.
We  therefore need to calculate the time evolution of 10  moments
(MN NNy MN Ny N3 20 0 MON N N p)18) O find the right coefficients and temperature at
each timestep using the fitting method described in section 2.4.

Figure (4.4) shows the time evolution of the coefficients of the Laguerre distribution function.
Since, this is a single temperature case. a,(t) is always equal to 1 to conserve the density:

My N, N2 = Qo(t) = acgo(0) + ape(0) =N, =1 (4-1)

and ay(t), a,(t) and T(t) are responsible for conservation of the energy:

3 3
M NNy} 4 = 5 (ao OT() —ay (t)T(t)) =5 (aco (0)T.(0) + ang (O)Th(o)) =0.825=

0.55
1-a4(t)

.55
ay(t) =1 - 7= and T(t) = (4-2)

Due to this simple relation between T'(t) and a4 (t), we have not made a separate plot for T(t)
for this case. At each timestep, the values of the coefficients and the temperature change in order
to satisfy the time evolution of the moments. We note that the coefficients other than a, evolve
very quickly at the beginning (at t=0, they were all 0, except a,), and slowly thereafter, and also

that their absolute values are considerably smaller than a,.
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4.1.2. A two temperature form of the Laguerre distribution function (N, =

07,N, = 00); 9:1 initial density ratio (% = 9) (case no. 8 in Table (4.1))
ho\t=

Figure (4.5) shows the time evolution of a two temperature form of the Laguerre distribution

T (t=0) 1 ac(t=0) _

Tp(t=0) 2’ apo(t=0)

function (N, = 07, N = 00) for an initial two-Maxwellian distribution (

9). For this case, we run the code for a longer time. Figure (4.6) shows the relative errors of the
results of the time evolution of the distribution function compared to “FPI” at different times
G =1,2,5,10, 20,50, 100). In this case, we have (N.+ Nj +4 = 11) unknowns in the

Laguerre distribution function i.e. a.o(t), agq(t), ..., a7 (t), ano(t), T, Ty. We need to calculate
the time evolution of 11 moments (My_n,, n;3,00 M(N Ny Np}20 0 M{N NNy} 20) tO find the
right coefficients and temperatures at each time using the fitting method described in section 2.3.

Figure (4.7) shows the time evolution of the two temperatures. Eventually, after many collision
times, T.(t) tends towards the equilibrium temperature (T, = 0.55). Although, T} (t) increases
gradually and after 100 collision time reaches (7},(100t;) = 1.9keV), most of the total energy
density is in the cold electrons (mostly the a.¢(t) term) because apg is extremely small.

T,(1007,) ~ 0.5284,  T,(1007),) ~ 1.893
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aq(1007,) =1,  a.(1007,) =~ —0.04085
apo(1007,) = 3.401 x 10712

3
My(0) = 5 N T, = 0.825
3
Myco(1001,) = 2o (1007,)T(1007,) = 0.7926
3
Mye1(1007) = = ac; (1007,)T(1007,) = 0.0324

3
M,40(1007)) = Eah0(1001h)Th(1001h) ~ 9,655 * 10712

Although the hot population (i.e. apy(t)) diminishes very fast, the electron distribution still
remains non-Maxwellian with significant Laguerre terms of order higher than 0 (i.e. a.1, acy, --.)
even at very late physical times, after many collisions.

Figure (4.8) shows the time evolution of the coefficients of the Laguerre distribution function.
All of the coefficients gradually diminish during the time evolution of the Laguerre distribution
function except a.q(t). The rapid decrease of ayq(t) is particularly noteworthy. The evolution of
the two temperatures might seem, at first sight, to contradict the conservation of energy, but it can
be noticed, first, that the density of the hot component a,,(f) decreases gradually to very small
values, and also that the absolute value of the term a,(f), which contributes to the energy density
(see (2-11)), decreases gradually.

Figure (4.9) shows the time evolution of the moments of the Laguerre distribution function. Of
course, moments 2 and 4 are always constant due to the density and energy conservation. The
other moments are tending toward the moments of a single Maxwellian, i.e. the ultimate solution
of the distribution function at t — oco. Figure (4.10) shows the deviation of the moments from the

moments of this single Maxwellian. In this case, since the initial temperatures are relatively close

(;C((?) = %), we have a fast relaxation of hot electrons and the moments get close to their ultimate
h

value very fast (i.e. moments of a single Maxwellian).

It may be noticed, here and in the following such graphs, that the deviation of moments =2
and k=4 is minute, of the order of 10" or less. This is to be expected, because these are the two
conserved quantities, the particle and energy densities: N, and 3/2 N,T, and deviations are due to
round-off errors only. For the other moments, the higher moments relax more slowly to their
ultimate value, because the relaxation of faster electrons is slower than that of the lower energy

ones. Therefore, it is moment k=0 which approaches its ultimate value first.
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4.2. Time evolution of the Laguerre distribution function for a 1:4 initial

. (T(t=0) 1)
temperature ratio (—Th =0 4

4.2.1. A single temperature form of the Laguerre distribution function (N = 16);

aco(t=0) _ 9) (case no. 14 in Table (4.1))

9:1 initial density ratio (a (t=0)
ho\l=

Figure (4.11) shows the time evolution of a single temperature form of the Laguerre
T.(t=0) _ 1

Th(t=0) 4’

distribution function (N = 16) for an initial two-Maxwellian distribution (

aco(t=0) _
apo(t=0)

9). As we expected according to the fits in sub-section 2.5.3, a single temperature

form of the Laguerre distribution function with many Laguerre terms can represent the time
evolution of the distribution function in this situation. Figure (4.12) shows the relative errors of

the results of the time evolution of the distribution function compared to “FPI” at different times
(% =0.5,1,5, 10). In this case, we have (N + 2 = 18) unknowns in the Laguerre distribution

function, i.e. aqo(t), ac1(t), ..., ac16(t), T (t). We need to calculate the time evolution of 18
moments (M, N, np},00 MiN NNy 20 o0 M{N N, N ,34) O Tind the right coefficients and the
temperature at each timestep using the fitting method described in section 2.3.

Figure (4.13) shows the time evolution of the coefficients of the Laguerre distribution
function. Since this is a single temperature case, ay(t) is always equal to 1 to conserve the
density:

M;(6) = ag(t) = ac(0) + are(0) =N, =1 (4-3)

and ay(t), a,(t) and T(t) are responsible for conservation of the energy:

3 3
M, () = E(ao OT® —a; (DT®) = > (aco(0)T(0) + apo(0) Ty (0)) = 0.4875 =

0.325 0.325
a,()=1- ET0) and T(t) = e

(4-4)

Due to this simple relation between T (t) and a4 (t), we have not made a separate plot for T (t)
for this case.
At each timestep, the values of the coefficients and the temperature change in order to satisfy

the time evolution of the moments.
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4.2.2. A two temperature form of the Laguerre distribution function (N, =

11,N,, = 00); 9:1 initial density ratio (% = 9) (case no. 17 in Table (4.1))
ho\t=

Figure (4.14) shows the time evolution of a two temperature form of the Laguerre distribution

function (N, = 11, N = 00) for an initial two-Maxwellian distribution (;‘Eiig; = i, Zcogig; =
h\t= ho\t=

9). For this case, we run the code for a longer time. Figure (4.15) shows the relative errors of the
results of the time evolution of the distribution function compared to “FPI” at different times
(% =1,2,5,10,20,50, 100). In this case, we have (N.+ Nj +4 = 15) unknowns in the
Laguerre distribution function i.e. a.o(t), agq(t), ..., ac11(t), apo(t), Tz, Tr,. We need to calculate
the time evolution of 15 moments (My_n,, n,},00 M{N Ny Np)20 -+ M{N NNy} 28) tO find the
right coefficients and temperatures at each times using the fitting method described in section 2.3.

Figure (4.16) shows the time evolution of the two temperatures. Eventually, T,.(t) after many
collision times tends toward the equilibrium temperature (7, = 0.325). Although, T}, (t) increases
gradually and after 100 collision time reaches (T, (1007;) = 1.9keV), almost all of the energy

density is in cold electrons (mostly the a.q(t) term), because a,o(t) is extremely small:
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T.(1007,) =~ 0.3778,  T,(1007)) =~ 1.559
aco(1007,) = 1 — ape(1007,) =1,  a.(1007y) = 0.1397
ano(1007,) =~ 3.805 x 10713

3
M4(0) = NT, = 04875
3
Myco(1001,) = 5 aco(1007,)T(1007,) = 0.5666
3
Myc1(1001,) = == ey (1007,)T,(1007,) = —0.07914

3
M4h0(100Th) = Eah0(100Th)Th(100‘L'h) ~ 8.9 10_13

During the time evolution of the Laguerre distribution function, the hot population diminishes
very fast (i.e. apo(t)), but still the distribution remains non-Maxwellian due to higher orders of
the cold Laguerre terms (i.e. a.q, @y, ---), €ven at very late physical time and after many collision
times.

Figure (4.17) shows the time evolution of the coefficients of the Laguerre distribution
function. All of the coefficients gradually diminish during the time evolution of the Laguerre
distribution function except a.q(t). The rapid decrease of ayq(t) is evident in this figure.

Figure (4.18) shows the time evolution of the moments of the Laguerre distribution function.
Of course, moments 2 and 4 are always constant due to the density and energy conservation. The
other moments are tending toward the moments of a single Maxwellian i.e. the ultimate solution
of the distribution function at t — oo (Figure (4.19) shows the deviation of the moments from the

moments of a single Maxwellian). In this case, since the initial temperatures are not very different

T.(0) _ 1 o . . .
(TC((O)) = Z)’ the moments get close to their ultimate values (i.e. moments of a single Maxwellian)
h

rather fast.
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4.3. Time evolution of the Laguerre distribution function for a 1:10 initial

temperature ratio (w = l)
p Tp(t=0) 10
We now show the results of two simulations with the same 1:10 initial temperature ratio, but

with different initial density ratios. Both used a three temperature form.

4.3.1. A three temperature form of the Laguerre distribution function (N, =

04,N,, = 06,N, = 00); 9:1 initial density ratio (M = 9) (case no. 26 in Table
apo(t=0)

4.1))

Figure (4.20) shows the time evolution of a three temperature form of the Laguerre distribution

T.(t=0) _

function (N, = 04, N,, = 06, N, = 00) for an initial two-Maxwellian distribution (T =0
(=

1 ag(t=0 . . I
1o’ % = 9). For this case, we ran the code for a longer time. For each initial temperature
ho\t=

ratio we studied the time evolution of the distribution function for a longer time with one
particular form of the Laguerre distribution function to gain more insight into the long term
evolution of the moments and of the temperatures and coefficients. Figure (4.21) shows the

relative errors of the results of the time evolution of the distribution function compared to “FPI” at

the same times G =1,2,5,10,20,50, 100). In this case, we have (N, + N,, + N, + 6 = 16)
unknowns in the Laguerre distribution function i.e. a.o(t), @z (t), ..., aca(t), Amo(t), A (t), ..

Ame(t), ano(t), Te, Ty, Th. We need to calculate the time evolution of 16 moments
(MN NNy 0 MON Ny N3 20 -+ MON N N p),30) 1O find the right coefficients and temperatures at
each timestep using the fitting method described in section 2.3.

Figure (4.22) shows the time evolution of the three temperatures. Eventually, T.(t) tends
toward the equilibrium temperature (T, = 0.19). Although, T}, (t) increases rapidly and after 100
collision time reaches (T, (1007,) =~ 24 keV), most of the total energy density is in cold
electrons (mostly the a.y(t) term) because ap and a,, are extremely small.

T.(1007y) = 0.1904, T,,(1007,) = 1.015, T,(1007y) = 24.00
ac.0(100t,) = 1, a.1(1007y) =~ 1.918 x 1073

Ao (1007y) = 1.970 * 10714, a1 (1007y,) =~ —2.328 x 10714
apo(1007),) =~ 5.968 x 1073°

3
My(0) =5 NeT, = 0285

3
Myco(10075) = > ago(1007,)T, (1007,) = 0.285548
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3
Mye1(1007) = == ey (1007,)7,(1007,) = ~5.48 + 10~*
3
Myno(1007) = 2 o (1007,) Ty, (1007,) = 35 10714
3
My (1007) = == Gy (1007,) Ty, (10075) = 3545 107

3
M,40(1007)) = Eaho(loorh)Th(onh) ~ 2.149 x 10733

During the time evolution of the Laguerre distribution function the hot and medium
populations diminish fast (i.e. a;o(t), ami(t), ..., apo(t)), but the electron distribution still
remains non-Maxwellian due to the higher order cold Laguerre terms (i.e. a.1,acy, -..), even at
very late physical time and after many collisions.

Figure (4.23) and Figure (4.24) show the time evolution of the coefficients of the Laguerre
distribution function. All of the coefficients gradually diminish during the time evolution of the
Laguerre distribution function except a.q(t). The rapid decrease of ayy(t) is particularly evident.
At certain times, strong oscillations of the coefficients appear (e.g at t=38 on Fig. (4.23),
accompanied by very low amplitude oscillations of the temperatures on Fig. (4.22)), but these
coefficients are then at sufficiently low values that this does not appreciably affect the distribution
function.

Figure (4.25) shows the time evolution of the moments of the Laguerre distribution function.
Of course, moments 2 and 4 are always constant due to the density and energy conservation. The
other moments are tending toward the moments of a single Maxwellian i.e. the ultimate solution
of the distribution function at t — oo (Figure (4.26) shows the deviation of the moments from the

moments of a single Maxwellian). In this case, since the initial temperatures are moderately close

(Lo - 1
Th(O) 10

), the moments get close to their ultimate value (i.e. moments of a single Maxwellian)
relatively fast but of course the process is still slower than the previous cases with a higher initial
temperature ratios.

The rate of decrease of the higher moments is approximately independent of the initial
temperature ratio, as it is due to the slowing down of the fast electrons (whose initial temperature
is 1 in all cases) colliding with the much slower ones of the cold component of the distribution
function, and this slowing down rate is approximately independent of the cold temperature,

provided it is considerably less than the hot one. However, for very lower temperature ratios,

since the ultimate single temperature is lower, the high order moments have lower values

k
(because of the T2 ! factor), and it therefore takes more slowing down times to reach this lower
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Figure (4.20): Time evolution of a three temperature form of the Laguerre distribution function
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Figure (4.21): Relative error of the time evolution of a three temperature form of the Laguerre

N . T(t=0) _ 1 aco(t=0)
distribution function (N, = 04, N,,, = 06, N, = 00, T (=0) 10,m =9).

72



200

10.0+
: /’J """"" Tm(t)
s0f i s T ),

2.0} W

1.0p - - = e

0.5}

0.2

0.1

0 20 40 60 80 (; )

Figure (4.22): Time evolution of the temperatures of the Laguerre distribution function
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Figure (4.23): Time evolution of the coefficients (cold and hot) of the Laguerre distribution

. _ _ _ T(t=0) _ 1 aco(t=0) _
function(N, = 04, Ny, = 06, Ny, = 00, e = s = 9)
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Figure (4.24): Time evolution of the coefficients (medium) of the Laguerre distribution
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Figure (4.26): Time evolution of the deviation of the moments of the Laguerre distribution
T, (t=0) _
Tp(t=0)

function from the moments of a single Maxwellian(NC = 04, N,, = 06, N, = 00,

1 aco(t=0) _
10’ ape(t=0) 9)'

4.3.2. A three temperature form of the Laguerre distribution function (N, =

02,N,, = 08, N}, = 00); 99:1 initial density ratio (% =99) (case no. 30 in
ho\t=

Table (4.1))

Figure (4.27) shows the time evolution of a three temperature form of the Laguerre distribution

T (t=0)
Tp(t=0)

function (N, = 02, N,, =08, N, = 00) for an initial two-Maxwellian distribution (

i, 9et=0) _ 99). As we expected, according to the fits in sub-section 2.5.1, a three
10’ apo(t=0)

temperature form of the Laguerre distribution function is suitable for representing the time
evolution of the distribution function in this situation. Figure (4.28) shows the relative errors of
the results of the time evolution of the distribution function compared to “FPI” at different times
G =0.5,1,5, 10). The relative error is less than 2% below energy 30 keV. In this case, we have
(N; + N, + Nj, + 6 = 16) unknowns in the Laguerre distribution function

i.e. aco(t), a1 (t), acy(t), amo(t), amy(t), ..., amg(t), ano(t), T, Ty, Ty, We need to calculate the
time evolution of 16 moments (My_n,. ;3,00 M{N NN} 20 0 M{N N Np}30) O find the right

coefficients and temperatures at each timestep using the fitting method described in section 2.3.
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Figure (4.29) shows the time evolution of the three temperatures. Eventually, T.(t) tends
toward the equilibrium temperature T, = 0.109.

Figure (4.30) and Figure (4.31) show the time evolution of the coefficients of the Laguerre
distribution function. As before, all of the coefficients gradually diminish during the time
evolution of the Laguerre distribution function except a.q(t), reflecting the fact that the

distribution function is gradually evolving toward a single Maxwellian.
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Figure (4.27): Time evolution of a three temperature form of the Laguerre distribution function

_ _ _an Tct=0) _ 1 an(t=0) _
(Ne = 02, Ny, = 08, Ny, = 00,7€0= = 15,22 =5 = 99).
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Figure (4.28): Relative error of the time evolution of a three temperature form of the Laguerre
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Figure (4.29): Time evolution of the temperatures of the Laguerre distribution function

T(t=0) _ 1 aco(t=0)

(Ne = 02, Ny, = 08, Ny, = 00,7°—5 = 5. 0" =0y

= 99).
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Figure (4.30): Time evolution of the coefficients (cold and hot) of the Laguerre distribution
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Figure (4.31): Time evolution of the coefficients (medium) of the Laguerre distribution

i = — _ Te(t=0) _ 1 ac(t=0) _
function (Ne = 02, N, = 08, N, = 00, Ta(t=0) 10’ apo(t=0) 99).
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4.4. Time evolution of the Laguerre distribution function for a 1:100 initial

UM

temperature ratio (Th =0) — 100

4.4.1. A three temperature form of the Laguerre distribution function (N, =

00, N, = 08, N}, = 00); 9968:32 initial density ratio (222 = 2% (case no. 39
apo(t=0) 32

in Table (4.1))

Figure (4.32) shows the time evolution of a three temperature form of the Laguerre distribution

T (t=0) _

function (N, = 00, N,, = 08, N, = 00) for an initial two-Maxwellian distribution (T =0 —
(=

1 a,(t=0) _ 9968
100’ apo(t=0) 32

). As we expected according to the fits in sub-section 2.5.1, a three

temperature form of the Laguerre distribution function is suitable for representing the time
evolution of the distribution function in this situation. Figure (4.33) shows the relative errors of

the results of the time evolution of the distribution function compared to “FPI” at different times

G =0.5,1,5, 10). The relative error is considerably decreased compared to the previous result

T.(0)
Tr(0)

i.e. higher initial temperature ratios In this case, we have (N, + N, + N, + 6 = 14)

unknowns in the Laguerre distribution function

ie. aqo(t),amo(t), ami(t), .., amg(t), ano(t), T, Tpn, T. We need to calculate the time
evolution of 14 moments (M, n,. 3,0 M{N NpyNp32 0 M{N N Np)26) tO find the right
coefficients and temperatures at each timestep using the fitting method described in section 2.3.

Figure (4.34) shows the time evolution of the three temperatures. Eventually, T.(t) tends
toward the equilibrium temperature 7, = 0.013168.

Figure (4.35) and Figure (4.36) show the time evolution of the coefficients of the Laguerre
distribution function. As before, all of the coefficients gradually diminish during the time
evolution of the Laguerre distribution function except a.q(t) as the plasma evolves toward a

single Maxwellian.
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Figure (4.32): Time evolution of a three temperature form of the Laguerre distribution function
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Figure (4.34): Time evolution of the temperatures of the Laguerre distribution function
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Figure (4.35): Time evolution of the coefficients (cold and hot) of the Laguerre distribution
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Figure (4.36): Time evolution of the coefficients (medium) of the Laguerre distribution
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4.4.2. A three temperature form of the Laguerre distribution function (N, =

00, N, = 08, N}, = 00); 967:33 initial density ratio (22— = %) (case no. 36 in
Table (4.1))

apo(t=0) 33

Figure (4.37) shows the time evolution of a three temperature form of the Laguerre distribution

T (t=0) _

function (N, = 00, N,, = 08, N, = 00) for an initial two-Maxwellian distribution (T =0
(=

1 agn(t=0) _ 967 . . .
100° apo(t=0) _ 33 ) For this case, we ran the code for a longer time. Figure (4.38) shows the

relative errors of the results of the time evolution of the distribution function compared to “FPI” at
different times (£=1,2,5,10,20,50). In this case, we have (N + Ny + Ny +6=14)
unknowns in the Laguerre distribution function i.e. a.o(t), @ymo(t), amy (1), ...y

Amg(t), ano(t), Te, Ty, Th. We need to calculate the time evolution of 14 moments
(M NN 3L0 MON N N3 20 -0 MON Ny N ), 26) 1O find the right coefficients and temperatures at
each time using the fitting method described in section 2.3.

Note: After 50 collision time (% > 50) the code cannot compute the time evolution of the
Laguerre distribution function because most of the low moments are extremely close to their

ultimate values (moments of a single Maxwellian) and the fitting method is not able to provide a

proper fit after this time (over determined). It would be possible to make the code switch
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automatically to a single Maxwellian when the moments are sufficiently close to their ultimate
value, but this is not entirely satisfactory, as it would completely eliminate the remaining fast
electrons. It would be better to develop a perturbation type of model for the fast electron
population when it becomes become very small, but we have not had time to develop this.

Figure (4.39) shows the time evolution of the three temperatures. Eventually, T,.(t) after many
collision times tends toward the equilibrium temperature (T, = 0.04168). Although, T} (t)
increases slightly and reaches Ty, (50t,) = 1.1keV, after 50 collision times, most of the total
energy density is in cold electrons (mostly the a.y(t) term) because ayq, a;,o and a,,; are very
small.

T.(507,) = 4.277 = 1072, T (507,) =~ 0.6159, T, (507,) =~ 1.136
aco(507,) =~ 1

Amo(50T,) =~ —5.315 %« 1077, A1 (50T,) = 3.757 x 1077

apo(50ty) =~ 5.058 x 1077

3

M,(0) = 2 N, T, = 0.0641511

3
Mico(507h) = 2 ago(507,)T, (507) = 0.0641511

3
M4-m0(50Th) = Eamo (SOTh)Tm(SOTh) ~ —491 x 10_7

3

M1 (5071) = = s (50T) Ty (5074) = ~3.47 + 1077

3
M4-h0(50Th) = Eaho (SOTh)Th(SOTh) ~ 8.62 * 10_7

During the time evolution of the Laguerre distribution function, the hot and medium
populations diminish (i.e. |ay,o(t)], |@m1 ()], -, ano(t)), and become part of the cold electrons.

Figure (4.40) and Figure (4.41) show the time evolution of the coefficients of the Laguerre
distribution function. All of the coefficients gradually diminish during the time evolution of the
Laguerre distribution function except a.q(t). The rapid decrease of ayq(t) is evident.

Figure (4.42) shows the time evolution of the moments of the Laguerre distribution function.
Of course, moments 2 and 4 are always constant due to the density and energy conservation. The
other moments are tending toward the moments of a single Maxwellian i.e. the ultimate solution
of the distribution function at t — oo. Figure (4.43) shows the deviation of the moments from the

Te(0) _

moments of a single Maxwellian. In this case, since the initial temperature ratio is small (T ol
h

1 . S . .
m), it takes longer for the moments to get close to their ultimate value (i.e. moments of a single

Maxwellian).
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Figure (4.37): Time evolution of a three temperature form of the Laguerre distribution function
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Figure (4.39): Time evolution of the temperatures of the Laguerre distribution function
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Figure (4.40): Time evolution of the coefficients (cold and hot) of the Laguerre distribution
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Figure (4.43): Time evolution of the deviation of the moments of the Laguerre distribution
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4.5. Time evolution of the Laguerre distribution function for a 1:1000 initial

T (t=0) 1 )
Tp(t=0) 1000

temperature ratio (

4.5.1. A three temperature form of the Laguerre distribution function (N, =
02,N,, = 06, N, = 00); 9:1 initial density ratio (M = 9) (case no. 44 in Table

apo(t=0)
4.1))
Figure (4.44) shows the time evolution of a three temperature form of the Laguerre distribution
function (N, = 02, N,, =06, N, = 00) for an initial two-Maxwellian distribution (:‘::g; =
W(t=

1 ac(t=0) _

1000" apy(i=0) — 9). As we expected according to the fits in sub-section 2.5.8, a three

temperature form of the Laguerre distribution function is suitable for representing the time
evolution of the distribution function in this section. Figure (4.45) shows the relative errors of the

results of the time evolution of the distribution function compared to “FPI” at different times
G =05,1,5, 10). The relative error is less than 2% below energy 30 keV. In this case, we have

(N; + N,, + Ny, + 6 = 14) unknowns in the Laguerre distribution function i.e. aq(t), acq (t),
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Acr(t), Ao (1), A (t), v, Qe (1), ano (t), Te, Ty, T We need to calculate the time evolution
of 14 moments (My_n,, ny},00 M{N NpNpb2r -0 M{N NNy 26) tO find the right coefficients and
temperatures at each time using the fitting method described in section 2.3.

Figure (4.46) shows the time evolution of the three temperatures. Eventually, after many
collision times, T.(t) tends toward the equilibrium temperature T, = 0.1009.

Figure (4.47) and Figure (4.48) show the time evolution of the coefficients of the Laguerre
distribution function. As before, all of the coefficients gradually diminish during the time
evolution of the Laguerre distribution function except a.y(t), as the distribution function

gradually relaxes toward a single Maxwellian at this equilibrium temperature.
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Figure (4.48): Time evolution of the coefficients (medium) of the Laguerre distribution
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4.5.2. A three temperature form of the Laguerre distribution function (N, =

02,N,, = 08, N}, = 00); 9:1 initial density ratio (Z"E':z; = 9) (case no. 46 in Table
ho\t=

4.1))

Figure (4.49) shows the time evolution of a three temperature form of the Laguerre distribution

T (t=0)

function (N, = 02, N,, = 08, N, = 00) for an initial two-Maxwellian distribution (T =0
(=

1 aco(t=0)

1000 apo(t=0) 9). For this case, we ran the code for a longer time. Figure (4.50) shows the

relative errors of the results of the time evolution of the distribution function compared to “FPI” at

different times (= 1,2,5,10,20,50,100). In this case, we have (N, + Ny + Ny + 6 = 16)
unknowns in the Laguerre distribution function i.e. a.o(t), ac1 (t), acy (t), amo(t),

A1 (), ooy Amg (), apo (), Tz, T, Tr. We need to calculate the time evolution of 16 moments
MN Ny N30 MN NN 3,20 -0 M NN p3,30) to find the right coefficients and temperatures at
each timestep using the fitting method described in section 2.3.

Figure (4.51) shows the time evolution of the three temperatures. Eventually, after many

collision times, T.(t) tends toward the equilibrium temperature (7T, = 0.1009). Although, T}, (t)

increases slightly and after 100 collision time reaches (T, (100t,) = 1.2KeV), most of the total
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energy density is in the cold electrons (mostly the a.o(t) term) because ayg, a;mg and a,,, are
extremely small.

T.(1007y) = 0.1009, T,,(1007;) = 0.9148, T, (1007y,) =~ 1.209

aq,(1007,) =1,  a.(1007,) =~ —-1.2%107°

Amo(1007),) = —4.063 %1071,  a,,,(1007),) = 1.297 * 10~ 11

apo(1007;,) =~ 4.068 x 10711

3
M4(0) =5 NT, = 0.15135
3
Myco(1001,) = 5 aco(1007,)T(1007,) = 0.151348
3
Myc1(1001,) = == ey (1007,)T,(1007,) = 1.870 + 107°
3
Mamo(1007) = 2 o (1007,) Ty, (1007,) = ~5.575 + 10711
3
My (1007) = == @y (1007,) T, (1007,) = ~1.7802 x 10711

3
Myno(1007,) = = o (1007,)T;, (10075) = 7.376 10711

During the time evolution of the Laguerre distribution function the hot and medium population
diminish (i.e. a;(t), am1(t), amz(t), ane(t)).

Figure (4.52) and Figure (4.53) show the time evolution of the coefficients of the Laguerre
distribution function. All of the coefficients gradually diminish during the time evolution of the
Laguerre distribution function except a.q(t). The rapid decrease of apo(t) is particularly
noteworthy.

Figure (4.54) shows the time evolution of the moments of the Laguerre distribution function.
Of course, moments 2 and 4 are always constant due to the density and energy conservation. The
other moments are tending toward the moments of a single Maxwellian i.e. the ultimate solution
of the distribution function at t = oo, Figure (4.55) shows the deviation of the moments from the

Te(0) _

moments of a single Maxwellian. In this case, since the initial temperature ratio is small (T o
h

1 S . . .
M)’ the moments get close to their ultimate value slowly (i.e. moments of a single Maxwellian)

and after 100 collision time most of the moments have not relaxed yet.
Note:
Obviously, the process of relaxation of the moments takes longer for a lower initial

T.(0)
Tr(0)

and Figure (4.55)).

temperature ratio (by comparing Figure (4.10), Figure (4.19), Figure (4.26), Figure (4.43)
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In Figure (4.49), we have shown the local temperatures (from the slope of the distribution
function) in different energy regions for the Laguerre distribution function at the latest physical
time (Fy2,4,03(1007,)) using three lines. These lines indicate that during the time evolution the
relaxation of the medium energy electrons is faster than for the high energy electrons,
consequently, after many collisions, the local temperature of the medium energy part of the
distribution function increases and it becomes even larger than the local temperature of the high
energy region of the distribution function. This temperature of the intermediate energy electrons
must not be confused with 7, the intermediate temperature used in the three temperature form of
the Laguerre distribution, which is lower than 7). The local temperature of the low energy region

is very near the temperature of the ultimate single Maxwellian at t — oo.
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In summary, for all of the cases provided in this chapter, we can see an elbow in the plots of
the distribution function as a function of energy. Obviously, the energy of the joint of this elbow
is decreasing when we decrease the initial temperature ratio T, /T}. This energy is important to us
because, beyond this energy the distribution function is dominated by the hots, whereas, the lower
energy part is dominated by the colds. Qualitatively, this describes how we should choose the
number of terms for each population (cold, medium, hot). When the temperature ratio is high (i.e.
subsections 4.1 and 4.2), the energy of the joint is at higher energies, thus we need to choose more
cold Laguerre terms. For lower temperature cases (i.e. subsections 4.3 through 4.5) the energy of
the elbow is at relatively lower energies and we need to choose more medium Laguerre terms
instead.

Also, by looking more closely at the time evolution of the distribution function for each case,
we can see that the energy of the joint also increases in time. This describes the relaxation of the
hots on the cold component of the distribution function. This phenomenon is also observable in
the plots of the time evolution of the moments, where the moments are tending toward the
moments of the ultimate equilibrium Maxwellian solution of the time evolution of the distribution

function. This process is slower when the initial temperature ratio is lower (i.e. T, /T, < 0.1) and
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describes the reason why the coefficients of the Laguerre terms (exept a.q) are diminishing more
slowly in time for the cases initialized with lower temperature ratios.

In this chapter we provided the time evolution of the distribution function for different initial
temperature ratios. We also, compared the results to the results obtained from “FPI” code. In all
of the cases, by using less than 15 terms of the Laguerre polynomials, we can provide the time
evolution of the distribution function for energy below 15 times T}, with relative error less than
10% (we also see that by adding more terms we can improve the accuracy of results up to higher
energies).

. o . T,
As a result, in very low initial temperature ratios cases (e.g. T—“ < 0.01) where, we need many
h

points in the finite velocity grid in the “FPI” code (e.g. 19000 points), nevertheless, we can treat
the time evolution of the distribution function by using just 15 moment equations of the Laguerre
distribution function. In order to compare the computational time of the “FPI” with the Laguerre
code, we ran both codes for the time evolution of the distribution function of a typical case
initialized with a two-Maxwellians with temperature ratio 1000:1 for the duration of 10 collision
times (of the hot temperature). Although far less effort was made to optimize it than for “FPI”, the

Laguerre code finished the process in 4:20 minutes and “FPI” in 30 minutes.
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Chapter 5

Conclusion

The Vlasov-Fokker-Planck equation describes the effect of an electro-magnetic field and
spatial gradients inside the plasma, using the equations of motion and considering the continuity
equation in phase space (1-2). Without the presence of the magnetic field (except possibly along
axis X) and assuming azimutal symmetry about the axis X (the direction of the electric field or the
gradients) one can reduce the 6 phase-space dimensions of the distribution function to just 3
(x,v,u) ((1-3) and (1-4)). Further, by expanding the angular dependence p in terms of the
Legendre polynomials ((1-5) and (1-6)), finally, we can rewrite the Vlasov-Fokker-Planck
equation as a set of coupled equations in (x,v) (1-7). A finite difference grid on x is the best way
to simulate the time evolution of the distribution function in different positions. But we first need
to solve the collision terms on the right hand side of this equation. One solution is using another
finite difference grid in v. The “FPI” code [16, 37] is based on this technique, and the results
produced by this code are very close to the results obtained experimentally [37, 58]. The only
issue about using this code is that it is time consuming specially for the high temperature ratios
where we need a higher resolution on the energy grid to cover the perturbations in low energy
region. In this present work, we have introduced the multi-temperature Laguerre distribution
function (see equation (1-14)). We suggest replacing the finite difference grid on v with the multi-
temperature Laguerre distribution function. In many cases, it is useful to have an analytic form
(Laguerre distribution function) for the distribution function instead of a set of values on a
velocity or energy grid. For example, we can calculate the rates of ionization and excitation
analytically, instead of doing a numerical integration on a velocity or energy grid. This is another
advantage of using the Laguerre distribution function.

In this work, we have only provided the time evolution of the isotropic part of the electron
distribution function for the e-e collisions. This is the most complicated part of the Vlasov-
Fokker-Planck equation, as all other parts are linear. We first showed, in chapter 2, that it is
possible to express the distribution function (i.e. the result of the time evolution of the distribution
function provided by “FPI” for the e-e collisions) initialized with different temperature ratios,
with the Laguerre distribution function by matching the moments of both distribution functions
(section 2.3). Of course, this method is non-trivial and beyond a certain energy the Laguerre
distribution function cannot express the distribution function any more. But, in section 2.4 we

showed that the contribution of the high energy region in the density and energy equations is
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negligible. But still, we can provide a good fit up to higher energy by adding more terms of
generalized Laguerre polynomials and use more temperatures in the form of the Laguerre
distribution function (2-1). Later in chapter 3 we provided the rates of change of the moment
equations due to e-¢ collisions and also, we provided an algorithm to calculate the time evolution
of the Laguerre distribution function summarized in Figure (4.1). Finally, we showed the results
of the time evolution of the Laguerre distribution function for different initial temperature ratios
and using different number of Laguerre terms and different forms of the Laguerre distribution
function in chapter 4. The results show good agreement with the results obtained from “FPI”.
Choosing the form of the Laguerre distribution function is not arbitrary and the structure of the

actual distribution function needs to be considered. For example, for initial temperature ratio 4:1

(% = i) a single temperature form of the Laguerre distribution function cannot represent the
W(t=

actual distribution function unless we use at least 16 terms of the generalized Laguerre
polynomials (sub-section 2.5.3) whereas a two temperature form of the Laguerre distribution can

represent the actual distribution function just by using 8 Laguerre terms (sub-section 2.5.4). Or,

Tc(t=0 .
(20 i) it is better to use the three temperature form of the
Th(t=0) 10

for initial temperature ratio 10:1 (

Laguerre distribution function instead of the two temperature form (sub-sections 2.5.5 and 2.5.6).
This is even more true for temperature ratios of 100:1 and 1000:1 (sub-sections 2.5.7 and 2.5.8).
The number of the Laguerre terms used for each population (cold, medium or hot) is also
restricted by the structure of the actual distribution function. Previously, in section 2.3, we
discussed the method of fitting a Laguerre distribution function to a reference distribution
function by matching the even moments. Low moments are dominated by the cold component of
the distribution function whereas the high moments are dominated by the hot component. Hence,
we need to choose the number of Laguerre terms for the cold component according to the number

of the moments dominated by colds.

o)

M, = z f H, o (v)dv

n=c,h 0
Where,

3 v?2

4 _3 _v*
H,, (v) = —=v*T 2a,5e ™
m, \/E n -n
The maximum contribution of the  component (7 = cold, hot) in the moment equation k
occurs at the energy vmax, *:

d
dv

kT,

(Hﬂ.k (U)) = 0= vmax,;* = -
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We define R, j, ; as the ratio of the Maximum contribution of the components.

k-3
Hmaxc_k(vmaxclk) _ (@) (TC)T
Hmaxp i (vmaxh,k) B

R =
C,h,k Th

Qho
R, n x increases by reducing k, hence, the contribution of the cold component is dominant in low
moments and the hots are dominant in high moments. Also, by decreasing the temperature ratio

T, L
T—C, the domination of the hot component conceals the effect of the colds even at moments 6 and/or
h

8 (i.e. for temperature ratios :—C « 0.01).
h
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Perspective

To make a code capable of emulating “FPI”, the next steps will be:

Compute the non isotropic components of the distribution function in spherical harmonics
using Legendre polynomials and generalized Laguerre polynomials for the velocity dependence.
An initially anisotropic plasma, with the anisotropy being described by higher order Legendre
polynomials (I > 0), will be allowed to relax towards an isotropic distribution by e-e and e-i
(electron-ion) collisions.

Calculate the Vlasov part of the kinetic equation.(i.e. (E :fo) and (vx Z—D).

Generalize the computations for inhomogeneous plasma density and temperature.

One useful application of the present work could be to compute the rates of ionization [67] and
excitation [68] in a plasma medium analytically by direct analytic integration of the Laguerre

distribution function.
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Appendix A — Reduction of the moment equations to temperature equations

In this appendix, we explain how we eliminate the a,;(t)’s in the normalised equations (2-16), to

obtain a set of s coupled nonlinear equations for the s temperatures. We first rewrite (2-16) by

substituting (k' = S):

S
D O g = MNye, K =01, (Ny = 1),
n=1

_(-K'+i
Ck’i‘( i )

Note that, as £’ and i are integers, C,;=0if i >k’

We have defined

I GED NI (A-D)
which is identical to (2-16) when n=0.

Here, (s) is the number of temperatures, and the index 7 is introduced to count the number of
eliminations we do in the system of equations.

Note:

The Binomial coefficients satisfy a recursive relation (by using the definition of the Binomial
coefficient (1-16) to (1-18)):

k4 ~k+i—1
C""_C("“)i:( i >_( i )

(-Ri-k-1..(A-k) (—k-1)..1—k)(k)
B il B il
_ (k=1 A-B-H-CH] _ (~k-1)..(1-k

il B (i—1)! = Cri-n)
where,
Ck(i—l) =0, lf i<0 (A-2)
And consequently,

Ny
Inie,n () = I, +1)n (8) = Z Ci, (i-n-1) i () = Gnky(ne1) (@)

i=n+1

Where,
gnkl(Nn+1)(t) =0 (A-3)

We use (A-2) and (A-3) to simplify our equations.

For any two neighbor equations i.e. MN,; and MN,;,, we can write:
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(=T1(©))MNy; + MNyyyp = =T () G111 () + X =2 ((—T1(t))Tn O guo(®) +

Ty (8! Gncie1yo(®) (A-4)
By doing this, we have eliminated a,,(t) in (A-4).
Similarly, for MN,;,, and MN;;, 4 we get:

(=T1(©))MNyyi 5 + MNypyy = =T1 (0D gy 41y1 () + X5z ((—T1(t))Tn (O gya+1y0@®) +
Ty (D gyazy(®)) (A-5)
By multiplying (A-4) by (—T;) and adding it to (A-5) we get:

(—=T2(8))* MNyy + 2(~T1())MNyyyp + MNppyq =
Ti() MY g1, (1) + X5 =, ((—Tl(t))zT,, O gpio(®) + 2(=T1 (D)) T ()" gna+1y0(®) +

1O gyzo(®)) (A6)

Repeating this process for (N; + 1) times we get:
Ni+1 (N{+1 Ni+1-iy _
S (M) (=1 @) T MN ey =

(—DM*IT ()N Jum,+n (@) +
=0

s () ()T T T O g o (0 (A7)
Obviously, all of the ay;(t)’s are eliminated in (A-7) by using (N; + 2) normalized moment
equations  ie.  (MNy, MNyq4qy, ..., MNyin,+1))- The same process by using
(MN3(141), MN 142y, s MN2 (145, 4+2)) leads us to (A-8):

N.+1 Ny+1-i
Zi11=o (Nll:rl) (_Tl(t)) ! 11V1Nz(l+i1+1) =

N +1 N{+1-i ;
s S (M) (—1 )T T T (O gy iy 41y0 (8) (A-8)
From now on, we will try to eliminate the a,;(t)’s from the equations. We first multiply (A-7) by

(=T, (1)) and add it to (A-8) we get:
Z?E)l (Nli:rl) (T (t))N1+1_i1 ((_Tz (O))MNo(4ip) + MNZ(l+i1+1)) =
i (M) (1) (<0 g0ai010 () +

S () (@)™ (8 os (FTa )T O™ gy (® +

Ty (D g4 4190(0)) ) (A-9)

Continuing this process for (N, + 1) times, all of the a,;(t)’s will be eliminated. We get:
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Zgl:ol Ii\;2=+01 (Nllfl) (_T1(t))N1+1_i1 X (Nzl:l) (_Tz (f))NZH_iZMNz(HilHZ) =

Ni+1-i
mds () (Crue)™ 1<(—1)N2“Tz(t)”N2 92(l+i1)(1\’2+1)(t)>+
=0

Ni+1gN Ny+1-i
Ty T (M) (-1 @)™ x
Ny+1-i c e
(Nzi:l) (-T2 @) 2T Ty@OWE* D g 4iyo(®) (A-10)

Continuing with the process, eventually, we can get:
Ni+1 oNy+1 Ng+1 (N,+1 Ni+1-iy No+1 Ny+1-i,
SE LB (M) (-Ty () x (Y41) (~T5() X X
Ng+1—ig
(Nsi:l) (=Ts(®) XMNo4iy+ip+ti) =0 (A-11)

By varying (I = 0,1, ...,s — 1), we can get (s) equations adequate to calculate (s) temperatures.
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Appendix B — Coefficients C,,(v,t) and D, (v, t) of the collision operator for the

basis functions

B.1. Calculating C,, (v, t) i.e. the friction coefficient in (3-8):
In (3-8) first by substituting (Fmo (u, t)) from (3-6), we get:

16VT _3
Cop(0,8) = =2 T (£) ™2 App (1, ) (B-1)
Here,
v
2 w2\, (3) (2
App(v,t) = | u”exp (— T (t)) L, (Tn (t)> du (B-2)
0
2
Changing the variable (Tu—(t) - x) (B-2) becomes:
n
2
N g [0 2 6)
Ay (v,t) = (E) T, (t)2 x2 exp(—x) Lp2 (x) dx (B-3)
0

For (p = 0) (B-3) becomes:

2
v
2

3 Tn©® 1 1 3 (T 1
Ano(v,t) = (3) T (02 f x2 exp(—x) L%)(x) dx = (3) T, (®): fo " 2 exp(—x) dx =
0

v? 2
(B 1y |-evF + 2 B[ = () 1y 03 (£ fr5) - 70 [5), =0
(B-4)
And for (p = 1) we can use (B-5) given by using the Rodrigues formula (in ref. [53] equation
22.11.6) for the generalized Laguerre polynomials to simplify (B-3).
apx gp

() _x
100 =5

! dxP

(e7*xP*®) (B-3)

(B-3) then becomes:
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2

Ty(©)

1
1 55X AP
x| x 2e* d

App(v,t) = G) T, (t)g xze —.—(e"‘xp%) dx, p

0

2

G) T"(t)% (i) IW%(e—xxm%) dx, p=>1=
’ 0

2

3 1 n®
1 Sr1N|dPt ( _y o ptd
G0 G)la=(")) . »=1
—_———
1 0

3
We can write (B-5) for (Lgf_)l(x)> as below:

3 _3 1
> _ x 2e* gP1 —x D4
Lp—l(x) T (p-1)!dxp-1 e x 2

We use (B-7) for part I in (B-6):

1 1 3
App(v, 1) = (E) T (f)% (E) ‘(P - ! x% e™ Lg,z_)l ()

_v: 3 2
A (v, 8) = (i) vie T"“)Lgf_)l (%), p=>1

Considering (B-1), (B-4) and (B-8) we can write:

N

Ty (0)
Cnp (17, t) =

lsm 2 -, 6)
( 5 )Tn(t) zpe W]

B.2. Calculating D,,,(v, t) i.e. the parallel diffusion coefficient in (3-8):

In (3-8) we have:

4Tt

o v
Dyp(v,t) = e fv u Fpp(u, t) du + (4”7?) fo u? Fpp(u, t) du

3

1

gvra | 2 Erf( i)—Tn(t)‘E

v
p=1\T,(t)

Ip 1Ip

Part I in (B-10) is:

4 oo
I, = %fv u B, (u, t) du

Now by substituting F, (u, t) from (3-6):

__16Vna

3
Ip = . T, (t) zBpp(v,t)

Where,
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(B-7)

(B-8)

(B-9)

(B-10)

(B-11)

(B-12)



@\, ()
B,,(v,t) = f u exp (— %> Lp2 (T,,(t)) du (B-13)
v

By changing the variable (x - —) (B-13) becomes:

Ty (t)
Bp(v,t) = G) T, (t) f e_xLEE)(x) dx (B-14)
Ty(6)

Here, we derive a formula in order to simplify (B-14).

We calculate the derivative of the expression below:

L) = —e 1P W + e L (1) (B-15)

Differentiating the generating function of generalized Laguerre polynomials, (eq. 22.9.15 of ref.
[53]) leads to:

L(“) () = LS ) (B-16)

Now, we use (B-16) (fork =1 and a = %) in (B-15):

L (e718000)) = e 10 (@) - e 1P = —eF (U0 @ + L) ®-17)
There is another useful equation (in ref. [53] equation 22.7.30):

LY () + LD () = LV () (B-18)
Using (B-18), we can write (B-17) as:

a(, —xy@ —xj(a+1)

dx( Ly, (x)) —e L, (%) (B-19)

And moreover, by integrating both sides of (B-19):

fxz e—xL;a'l'l)(x) - _ |e

X1

X2
0| = e 1L (xy) — e 2L (x,) (B-20)

Using (B-20), we can write (B-14) as:

*© 1 1 o
By, t) = (3) T (®) j e‘ngf)(x) dx = - (3)T,® e-XLg, ) =

v2 v

Ty (© Ty(©

v2 1
Nr 0o D (2
31y e ™oL, (E7 (t)> (B-21)
As aresult, (B-12) becomes:
1
Iy =27 ()7 3By, (v,0) = 24T, ()2 anL( )(T”(Zt)) (B-22)
n

Now, we proceed with part I in (B-10):
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1y = (lm—a) fov utFy, (u, t) du = (16\/_0[)T ®)~ ZGm,(v t)

3p3
Where,

v
1
— 4 u? (‘) u?
Grp (0, 1) = f u* exp (—%> Lp2 (% du
0

By changing variable (x - T—()> (B-24) becomes:

2

s [T® 5 1
Gop(0,t) = (3) T, (6): f xie_ngf)(x) dx
0

For (p = 0), using the definition of the Error function and integrating by parts, we get:

v2

n®

Gyo(v,t) = G) T, () f e 19 ) dx = (;) T, () f CNY
0

2
n(t

)

- Qe

GT]O (17, t) =

2

e <—ﬁ—x%> Erf(\/_)

2

1 5 3 1 3 B
(5) T, (0)z _(EVT”(t) 2 + V3T, (b) Z)e Tn® 4

3V v2 _
TETf( T,,(t)))’ p=0

And for (p = 1), (B-25) becomes:

2

v

T (@ 1
Gp(v,t) = (%) T, (t)% j x%e"‘LEZ) (x) dx
0

172
1 5 (70 /3 3 5
= (E) T, (£)2 JOT"(O (Exi — xf)e‘x dx, p=1=

Gr]l (17, t) =

(l) T, (t)g (3 v T (t _% + 2 v3T (t)_g + 2 vST (t)_;) e_T"?(t) _
4) N n n n

) p=1

For (p = 2) we can use (B-5) and write (B-25) as:

120

(B-23)

(B-24)

(B-25)

(B-26)

(B-27)



Ty(6)

1 5 3 _ X gqp _ 1
G ) = (G)T®7 | e | Eas(e7™™) |dx =
0
1;2
Ty(®)
1 571 ap p+i
(E)Tn(t)z (E) x<m(e X 2)>dx, p=2 (B-28)
0 au
Integrating by parts, leads (B-28) to become:
dP 1
du = (M (e_xxp+7)) dx =
ar-1 1
— —X D5
"~ dxp-l (e X 2)
172 172
1 51 IG) 0]
an(v‘ t) = (E) Tn(t)z (E) | U|T11 t an t Udx | =
v2 v?
1 S(1 APl pAR\|[Tn®  [Ta® aP7t o pyl _
B2 ()| i (e ) = [ ™ (o) ax | =
172 172
1 51 dr-1 —x p+l m dp—2 —x p+1 m
@)m@: G| [ () = [ (em) [ ). P2
(B-29)
Using (B-5):
-1
dr (e )—(p—l)'xZL()(x)ex
dxp~1
ar G)
—X — —X
P2 (e x? ) (p—2) x2L ,(x)e
Gyp (0, 1)
v? v?
1 B o[ FOPN o
(Z)T(wz p-D el @e| " |- lZ,@e]" |,
0 0
p=2
v2 5 v2
1 _ () 2 —T—(o_s(a)(i) e
Gpp (v, 1) = ()(p(p 1)) (p — Dvd° L (T (t)>e n vo LY, no) o, p=>2
(B-30)
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And using (B-18):

1 3 2\ 2 5 2\ 2
G0 = (5) (555) (p v® Lgf_)l (T—()) e T® —p® Lgf_)l (T—()) e T’v@). p=2 (B3l

Considering (B-23), (B-26), (B-27) and (B-31) we can write:

8Vra 3 1 3\ -2 3w V2
— -5 3 -5 T, (t —
11, —<W>Tn(t) —(Ean(t) 2+ v3T,(0) Z)e n(>+TErf otk p=0
I,
4ma 1 _3 5\ -
<3 3>T@)(3vﬁﬁ)2+2vﬁﬂﬂ 2+2ﬁﬂﬂﬂ2)eﬁm
2
——\/_ T Erf o) p=1
1y = (229) w27, 07 (2) () G (2 me 0 (22 e e
pD=\73 po-0)\P 'o-1\1,0) © p-1\r,0) € P =

(B-32)
Adding (B-22) and (B-32), in (B-10), we can simplify it to obtain (B-33) for the case (p = 0),
(B-34) for the case (p = 1) and (B-35) for the cases (p = 2):

3

1
Dyo(v,t) = 4ma T, (t)™ 2 _Tnv_(zf) T (t>+xF(Tn(t)) £ f(

Tn(t)) p=0 (B33

3

1 v2
Dnl(v; t) = 4\/E(Z Tn(t)_i (T"(t) + 1) T _ \/—(Tn(f)) E f(

2

T(t) , p=1 (B-34)

v 172

2 1 3
8\/—0! T ® (‘5)( v? ) v? 1 () (,,_2) T _
Dyp (v, t) = T, (t) 2l e ™OLy e + o) (p(p—l)) pL,”, e e ™

2

6 ( v? ) e‘%) 522 (B-35)

p—1\1,(®)
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Appendix C -Collision operator for the basis functions

C.1. Collision operator for the case (p = 0).
We substitute Cpp,(v,t) and Dy, (v,t) from (3-9) and (3-10) in (3-8). And also, we write the

Laguerre distribution function Fz4 (v, t) and its derivative with respect to (v) in the equation.

2

Frq(w,t) = —T (t)‘% e TZ(”L< ) (T—(Zt)) (C-1)
et () e
Coll{Fyq (v, ), Fyo(v, 0} = =2 |v ( po @020 4 ¢, OF o (v, t))]

v2 v2 3
N1 0| e [ \/_ 2 G) 2
(32&T5(t) Z)v_zﬁ e WO\ Ty (O Fve ™ — - Er f<\/Tn(t)) Lg% (Tz(t)) (€3)

(C-3) is a simple derivative and could be easily calculated by considering the derivative of the

generalized Laguerre polynomials mentioned in (B-16). After simplifying the result:

Coll{F;q(v,£), Fyo(v, 1)} =

|

e "¢Wq v 3 (v? (3) (v
e )| OB 48 o)

1 5
o R0 B

e Tn® T¢ (t) (o e

, p=0 (C-4)

C.2. Collision operator for the case (p = 1).
We substitute Cp,(v,t) and Dpp(v,t) from (3-9) and (3-11) in (3-8). And also, we write the

Laguerre distribution function Fz4 (v, t) and its derivative with respect to (v) in the equation.
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6F(q (CA3)

Coll{F7q(v,t), Fyy (v, )} = 261; 2< 1 (0, t) + Cp1 (v, ) Fgq (v, t))]

2

) (T, (&) +v?)e T1® —

Ty (¢)
T¢(t)

(32aTn(t)_gTz(t)_g)ui2;_v - (

2

7 [Ty z -2, 0) s rm, ) (v
yr (I v Te(®O)\2 3, Ty . TeO7\2) [ Y _
- < . ) Erf( T,,(t)) ve "¢OL (T{(t)> tvie TWe TOL (Tg_(t)) (C-5)

By calculating the derivative with respect to (v) in (C-5) and after some simplifications we get:

~ v2(To(6)+Ty(®)) , . (l) 2 J2
Coll{Fzq(v,0), Fp (v, )} = =32 76O aTr(6)"2 T, (1) "2 Ly (T (t)) <_3 tr (t)) *
g n

D
q T((t) T{(t)

L%( v2 )(Tn(t)) Tn(t T (02 Erf

7o) \Te07 —2 v +T(t)

) p = 1 (C_6)

o

|
C.3. Collision operator for the cases (p > 2).
We substitute Cy,(v,t) and Dpy,(v,t) from (3-9) and (3-12) in (3-8). And also, we write the

Laguerre distribution function Fz4(v,t) and its derivative with respect to (v) in the equation.

aF{q(U t)

Coll{ng(v, t), Bp (v, t)} =3 < A + Copp (v, ) Frq (v, t)>]

3 3 - 2<;+ 1 ) 1 5
(3201, 07 F) S e WO TO)y3| - 2(1D) il 2)( v+

v2 ov 3\T¢(t) p Ty (t)

1

) (2 () -4 (2) ) )+ 0 () 1 (25)

(C-7)

By calculating the derivative with respect to (v) in (C-7) and after some simplifications we get:
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COll{ng (17; t)' E p(v' t)} =

T{ (®+Ty (t) 1

—_ 2 - 2
- a; se OO <2P(P - 1) L (T (t)) L(Z) <T:(f)> +

p(p—-1)T¢(£)2 Tn(t)2

() E 0 ()= B () )
P\r;00)\r;0) “r-1\1,00 T¢(t) ) \1:(®©) “p-1\1,(0) "9 \1:(0)
3

0-» (), () (25). p=2
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