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Abstract 

Hydrologie time series modeling usually inc1udes linear approaches which mode1 the 

time varying mean or the conditional mean of the hydrologie variables. However, most of 

the hydrologie variables show nonlinear variations through time. The nonlinear modeling 

of hydrologie variables has received considerable attentions in recent decades. Although 

a number of nonlinear models have been presented in the literature, the nonlinear time 

series models have not been sufficiently applied in hydrology and c1imatology. As the 

hydroc1imatic variables change and influence each other within a temporal and spatial 

scale, it is essential to apply the appropriate multivariate models which take into account 

the nonlinear re1ationships between hydrologie variables through space and time. 

The main goal of this study is to propose and develop a c1ass of multivariate time series 

models called 'Multivariate Generalized Autoregressive Conditional Heteroscedasticity' 

(MGARCH) model, usually applied in financial time series modeling, for different 

hydrologie and climatic variables. The MGARCH modeling approach is used to mode1 

the conditional variance-covariance or volatility-covolatility of hydroclimatic variables. 

This study presents different types of univariate asymmetric GARCH mode1s such as 

EGARCH, PGARCH and TGARCH mode1s and multivariate GARCH models such as 

VECH, BEKK, CCC and DCC mode1s to consider this time varying conditional variance­

covariance re1ationship between different hydrologie variables. Moreover, different 

stationarity and nonlinearity tests are also applied in this study to test and compare 

different hydrologie and c1imatic variables and their variance-covariance structure. 



The asymmetric GARCH models for streamflow heteroscedastict modeling indicate a 

better performance for exponential GARCH (EGARCH) model than the ARlMA mode1s 

while other asymmetric models (PGARCH, TGARCH) did not show a better 

performance. However, it is also observed that the adding a GARCH model to the 

SARIMA model for rainfall time series mode1ing does not improve the accuracy of 

estimation, especially when the Box-Cox transformation is applied on rainfall time series. 

The univariate GARCH model for testing the volatility change of SOI shows a 

remarkable change in the short mn persistency of the conditional variance of SOI and 

shows more extreme conditional variances in recent decades. 

The diagonal VECH and CCC models adapted and developed to investigate the effect of 

the variance of rainfall on the streamflow show that rainfall has a strong conditional 

variance while mnoff shows a short mn conditional variance. The covariance between 

rainfall and mnoff shows a long mn characteristic and a high degree of nonlinearity. This 

characteristic may be due to the effect of physical catchment features on rainfall-runoff 

process. It seems that the CCC model which assumes a constant rainfall-mnoff 

correlation is not valid for rainfall-runoff process. It is also observed that the 

MGARCH(l,l) model lS sufficient for conditional variance-covariance mode1ing 

comparing to higher order mode1s, i.e MGARCH(2,2) model. 

The advantage of developing the MGARCH approach for drought analysis is also 

investigated in this research. Drought is a c1imate phenomenon usually re1ated to large 

atmospheric circulations. The diagonal VECH and BEKK approaches showed that the 
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covariance structure between drought and atmospheric oscillations (NAO and SOI) is not 

strong and mostly related to the cross products of shocks rather than the covariances at 

the previous time steps. The time varying conditional correlation between drought and 

atmospheric indices do not show a significant change and trend during 1954-2010. 

The MGARCH approach is also adapted for modeling the variance-covariance structure 

between temperature and output of GCM models which are applied for downscaling. The 

diagonal VECH and DCC model indicate short run persistence between GCM predictors 

and temperature time series. Except sorne GCMs such as specific humidity and 2m 

temperature, which have a strong covariance association with maximum and minimum 

temperature, other GCMs do not influence the variance of temperature data. The 

conditional correlation between GCMs and temperature time series do not show a 

significant upward or downward trend during 1980 to 2000. 

In the field of social and public health and medical treatment, hip fracture is assumed to 

be largely related to different c1imate conditions. Adapting the CCC MGARCH method 

in the present study show a high impact of severe weather condition on hip fracture rate 

in Montreal region. It is observed that the snow depth, minimum temperature and day 

length are the most effective weather factors on hip fracture. It can be observed that the 

association between hip fracture incidence and c1imate variables is very weak or linear 

for small numbers of hip fracture incidences while this association (c1imate effect on hip 

fracture rate) increases exponentially and in a nonlinear fashion for the higher hip fracture 

rate values and harsh weather conditions. 
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This research also shows that the hydrologic and climatologic variables exhibit nonlinear 

temporal variation which the MGARCR model seems to be an interesting approach to be 

developed, investigated and applied in order to capture this nonlinear characteristic of 

hydrologic and climatic variables. We can see that daily time series show a higher degree 

of nonlinearity and the rainfall-runoff process indicates the highest nonlinearity among all 

hydroclimatic process in this study. In addition, the conditional variance-covariance 

structures show stationarity for all process. Rowever, sorne trend nonstationarity is 

observed for sometime series such as temperature and their association to other 

variables. 

Finally, the proposed methods in this study give us the opportunity to have a closer look 

at the time varying second order moment of different hydrologic and climatic variables 

and to develop our understanding of their relationship. Rowever, the univariate GARCR 

models show both advantage and disadvantage over univariate linear mode1s such as 

ARIMA and SARIMA models. A high number of parameters also remains the main 

disadvantage of multivariate GARCR models. 
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Foreword 

This thesis presents the research conducted during my doctoral studies. The structure of 

this thesis follows the standard structure of INRS-ETE theses. The first part of the thesis 

includes a general summary of the work performed. The summary aims to review 

succincdy the main results obtained and discuss their significance. The second part of the 

thesis contains seven articles, published (2) or submitted (5). 
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1. Introduction 

1.1. Présentation de la thèse 

Au cours des dernières décennies, il y a eu un intérêt croissant pour l'étude, le 

développement et l'application de modèles de séries chronologiques en hydrologie, en 

gestion les ressources hydrologie et en sciences du climat et de l'environnement. La 

modélisation de la dépendance des termes des séries temporelles hydrologiques a 

commencé à partir de début 1960, parmi les travaux pertinents, on trouve Thomas et 

Fiering (1962) et Matalas (1967). 

Après ces deux travaux, l'utilisation des modèles de séries chronologiques a connu une 

attention considérable dans l'analyse et la prévision hydrologique. De nombreux 

chercheurs ont tenté de développer ces modèles pour différentes variables hydrologiques 

et de développer des méthodes alternatives pour estimer les paramètres des modèles et de 

sélectionner des tests pour la modélisation de séries chronologiques (Salas, 1993). Bien 

que les modèles de séries temporelles univariées soient très communs en hydrologie, la 

modélisation par les approches multidimensionnelles des séries temporelles n'ont pas été 

assez développées. 

Les méthodes univariées et multivariées appliquées à la modélisation des séries 

chronologiques hydrologiques appartiennent généralement à la classe des approches qui 

tiennent compte des parties linéaires des processus hydrologiques. 

Cependant, la plupart des processus régissant l'évolution temporelle des variables 

hydrologiques comprennent principalement des composantes non-linéaires. Les méthodes 

actuelles de modélisation des séries temporelles ne sont pas suffisantes pour capter cette 

non-linéarité. La relation temporelle linéaire entre les variables hydrologiques et 
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climatiques n'a pas été mode li sée par les approches non linéaires multivariées temporelles 

malgré qu'il s'agisse d'un sujet approprié. 

L'un des modèles non linéaire multivarié populaire est utilisé dans la modélisation de 

séries chronologiques financières qui estime le moment du second ordre ou la variance 

des variables financières. Cette étude tente d'introduire et de développer ce type de 

modèle dans le domaine de l'hydrologie et de la climatologie. 

1.2. Problématique et l'hypothèse 

Dans la plupart des modèles de séries temporelles hydrologiques et climatiques, la 

moyenne conditionnelle des variables hydrologiques est prise en considération. 

Cela implique que l'hypothèse principale de ces modèles est que la variation temporelle 

d'une variable est régie par un processus linéaire. Cependant, de nombreuses études 

récentes ont mis en évidence l'existence de la non-linéarité et la non-stationnarité des 

processus régissant la variation temporelle et spatiale des variables hydrologiques. 

Les modèles des séries temporelles actuel utilisés en hydrologie ignorent la variation 

temporelle des moments plus élevés des variables hydrologiques telles que la variance et 

la covariance. 

Par conséquent, la première hypothèse de cette étude est que le second moment ou la 

variance des variables climatiques et hydrologiques varie dans le temps et la connection 

entre les varainces des variables hydrologiques et climatiques, ou la covariance, varie 

aussi dans le temps. 

On suppose également que cette covariance est forte et a une mémoire à long terme dans 

le temps. En outre, on suppose que la variance-covariance conditionelle des variables 

hydrologiques et climatiques est fortement non linéaire et non stationnaire dans le temps. 
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Par conséquent, il est important d'appliquer des modèles alternatifs qui peuvent capter la 

variation du moment de second ordre des variables hydrologiques et climatiques et leur 

relation à travers la structure de covariance. 

Il est également important de tester la non-linéarité et la non stationnarité des variables 

hydrologiques et climatiques et leur association à travers la variation temporelle de la 

variance-covariance. Ces tests sont très utiles pour observer l'influence du changement 

climatique sur l'association des différentes variables hydrologiques et climatiques dans le 

temps. 

1.3. Les objectifs 

Les objectifs de la présente recherche sont les suivants : Le premier consiste à introduire 

une classe de modèle non linéaire de séries multivariées temporelles, appelée 

«Autorégressive Conditionnelle Hétéroscédastique Généralisée Multivariée, ACHGM», 

couramment utilisée dans la modélisation des séries temporelles financières pour être 

adaptée et développée dans le domaine de l'hydrologie, des ressources de l'eau et des 

sciences du climat et de tout autre domaine connexe ou la relation multivariée temporelle 

entre les moments de second ordre est intéressante. 

Le second objectif est de tester la non-linéarité et la non-stationnarité des variables 

hydrologiques et climatiques et de leur structure de variance-covariance développées par 

les modèles Autorégressifs Conditionnels Hétéroscédastiques Généralisés (ACHG) 

Multivariés. 

Plus précisément, cette étude cherche à atteindre les objectifs suivants: 
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Proposer, adapter et développer des modèles ACHG multivariés pour la 

modélisation du comportement non linéaire des variables hydrologiques et 

climatiques afin de poursuivre la première et la deuxième hypothèse de cette 

étude. 

Tester la non-linéarité et la non-stationnarité des variables hydrologiques et 

climatiques et leur association afin de poursuivre la troisième hypothèse de cette 

recherche 

étudier les avantages / désavantages des modèles ACHGM 

1.4. L'organisation du document 

Outre l'introduction, la partie 1 de la thèse est composé des sections suivantes. La 

prochaine section présentera l'état de l'art (revue de littérature) de la modélisation des 

séries temporelles hydrologiques. La méthodologie proposée et ses détails sont donnés 

dans la section 3. Les résultats et la discussion sont présentés dans la section 4. Les 

conclusions de cette thèse et des recommandations pour les travaux futurs sont présentés 

dans la section 5. Finalement, les articles issus de cette recherche sont présentés dans la 

partie II de la thèse. 

2. Les Séries chronologiques hydrologiques: Revue de 

littérature 

Dans les dernières décennies, les approches de modélisation des séries temporelles ont été 

principalement limitées à des méthodes connues en matière de modélisation 
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hydrologique. Les concepts des approches de la modélisation de séries temporelles ont 

été couramment utilisés dans la modélisation des séries chronologiques financières et 

économiques avant 1970. Cependant, l'application des modèles des séries chronologiques 

à l'analyse et la à modélisation hydrologiques a commencé à partir des années 1970. 

Parmi les premiers travaux de modélisation de la variation dans le temps des données 

hydrologiques, on peut citer les travaux de Quimpo (1971) et Klemes (1973) sur la 

modélisation stochastique et l'étude de Spoila et Chander (1974) sur la modélisation de 

l'écoulement de l'eau de surface avec un modèle autorégressif à moyenne mobile 

(ARMM). 

Cependant, depuis la publication du livre de Box et Jenkins (1970) sur la modélisation et 

la prévision des séries temporelles, le nombre d'études sur la modélisation hydrologique 

des séries chronologiques a augmenté rapidement. Leur méthode était appelée la méthode 

Box-Jenkins de la modélisation des séries chronologiques et est rapidement devenue 

populaire chez les hydrologues. 

La dépendance entre les séries temporelles est l'une des caractéristiques les plus 

importantes des variables hydrologiques qui a été mentionnée par Matalas (1967) en 

étudiant les données hydrologiques mensuelles et annuelles. La variation temporelle des 

caractéristiques statistiques des données des débits telles que la moyenne et la variance a 

été étudiée par Moreau et Pyatt (1970) à des échelles de temps hebdomadaires et 

mensuelles de Haw River en Caroline du Nord. 

L'autocorrélation des débits mensuels liés aux précipitations a été supposée linéaireet les 

premiers coefficients d'autocorrélation variaient de manière saisonnière (e.g Moss et 

Bryson (1974)). Dans une autre étude, McKerchar et Delleur (1974) illustrent l'avantage 
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de modèles de séries chronologiques linéaires pour la prévision et la génération de la 

séquence d'un ensemble de données synthétiques. 

Ils ont décrit l'application du modèle autorégressif à moyenne mobile intégrée (ARMMI) 

saisonnière pour modéliser le débit mensuel. Le travail de McKerchar et Delleur (1974) 

était une des plus importantes études qui illustrent la justesse de la méthodologie Box et 

Jenkins pour analyser et faire des prévisions dans le domaine de l'hydrologie et des 

ressources en eau. 

La méthodologie de Box et Jenkins a été révisée et appliquée dans les travaux de Ripel et 

al., (1977) et McLeod et al., (1977) et l'avantage du modèle ARMMI saisonnier a été 

illustré dans la modélisation temporelles des séries des débits de la rivière , à 

Ogdensburg, New York. Le modèle linéaire ARMMI a été appliqué dans de nombreuses 

autres études. Rao et al.(1982) ont discuté de la procédure de la modélisation et les 

avantages apportés pour les variables hydrologiques et climatiques. La description de la 

méthode optimale pour l'estimation des paramètres des modèles linéaires et 

l'identification du meilleur modèle ont été examinées par Salas et al. (1982). D'autres 

chercheurs tels que Onof et. al., (1996) et Montanari et al. (2000) ont appliqué des 

modèles linéaires aux séries des précipitations et des séries de débits. De plus, ils ont 

montré l'application du modèle linéaire à la modélisation et à la prévision des séries 

chronologiques hydrologiques. 

Benyahya et al. (2007) ont également utilisé des modèles linéaires des séries 

chronologiques pour modélisation de la température de l'eau. 
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Toutefois, ces dernières années, la modélisation du processus non linéaire en hydrologie 

et en climatologie a reçu une attention considérable. Bien que l'on savait déjà que la 

plupart des variables hydrologiques sont régies par un processus non linéaire, la 

complexité de ces processus à être capturée par des méthodes mathématiques et 

statistiques. 

Les différents mécanismes non linéaires qui agissent dans les processus hydrologiques à 

différentes échelles spatiales et temporelles qui ont reçu beaucoup d'attention au cours 

des dernières deux décennies (par exemple, Rao et Yu, 1990; Chen et Rao, 2003). 

À l'aide du test de Hinich bispectral, on peut étudier les caractéristiques de la linéarité et 

de la normalité des séries chronologiques des différentes variables hydro­

climatologiques. Rao et Yu (1990) ont détecté la non-linéarité dans les séries 

météorologiques quotidiennes dans le nord-est des États-Unis. Les résultats de l'étude 

de Chen et Rao (2003) ont également indiqué la non-linéarité de la série des débits 

mensuels à la mi-ouest des États-Unis. 

En dépit de tous les intérêts et les progrès dans la recherche sur les caractéristiques non 

linéaires des processus hydrologiques. Il n' y a peu d'études sur la nature de la non­

linéarité. Bien que certaines méthodes de contrôle de la linéarité ou non-linéarité dans les 

séries chronologiques sont disponibles (Wang et al. 2006), il existe aussi peu d'études sur 

l'utilisation des approches qui sont capables de modéliser la non-linéarité des variables 

hydrologiques et climatiques. 

L'une des approches les plus intéressantes pour la modélisation de la non-linéarité des 

séries chronologiques est utilisée dans la modélisation de séries temporelles financières et 

de l'économétrie. Cette approche qui traite de la modélisation de la variance, ou le 

9 



moment du second ordre d'une variable et son évolution temporelle est appelée 

«Autorégressive Conditionnelle Hétéroscédastique Généralisée» ou modèle «ACHG» et a 

été introduie par Engle (1982) et développée par Bollerslev (1986). 

Le modèle ACHG suppose que la variance d'une variable évolue dans le temps et sa 

nouvelle valeur dans la nouvelle étape est liée à la variance dans des étapes précédentes. 

Ce type d'écart variant dans le temps est appelé «variance conditionnelle» ou 

«hétéroscédasticité». ». 

Le modèle (univariée) ACHG a été utilisé dans le domaine de l'hydrologie et de la 

climatologie par Wang et al. (2005), Romilly (2005) et Chen et al., (2008). Wang et al. 

al., (2005) ont appliqué le modèle ACHG pour les séries débits quotidiens et mensuels de 

la rivière Jaune supérieure à Tangnaihai, en Chine. 

Ils ont conclu que les modèles traditionnels des séries chronologiques linéaires, le modèle 

autorégressif et le modèle autorégressif avec moyennes mobiles désaisonnalisées, ne sont 

pas suffisants pour décrire la variance en fonction du temps des débits et un modèle 

ACHG doit être appliqué sur les résidus d'un modèle ARMM pour capturer la variation 

dans le temps du le comportement de la variance des débits. 

Chen et al., (2008) ont appliqué les modèles ARMM linéaire et non-linéaire à des 

approches ACH modèlisant les débits de moyenne mobile de 10 jours de la rivière Wu­

Shi en Taiwan et a vérifié que les modèles non linéaires de séries temporelles sont bien 

adaptés par rapport aux approches traditionnelles linéaires comme le modèle ARMM. 

En comparant le modèle ARMM et ACH, Chen et al., (2008) ont signalé une 

augmentation du coefficient d'efficacité (CE) de 0,28 pour le modèle ARMM et de 0,76 
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pour le modèle ACR tandis que l'erreur absolue moyenne (EAM) se réduit de 60,45 m% 

pour le modèle ARMM à 41,35 m3/s pour le modèle ACH. 

Dans une autre application du modèle ACRO, Romilly (2005) a appliqué le modèle 

ARMMI saisonnier à la température mondiale moyenne mensuelle et a signalé l'existence 

d'hétéroscédasticité dans les résidus du modèle. Cette étude a montré que le modèle 

ARMMI saisonnier a une performance inférieure à celle du modèle ACRO pour la 

modélisation temporelle de la température moyenne globale. 

Malgré ces quelques applications d'un modèle ACRO univarié, à l'hydrologie et des 

avantages de ce modèle mentionnés par ces études, il est clair que dans le cas de la 

plupart des autres variables hydroclimatiques telles que les précipitations, l'évaporation, 

la vitesse du vent, l'humidité, etc, le modèle ACRO n'a pas été appliqué et les avantages / 

inconvénients du modèle ACRO n'ont pas été abordés clairement. 

Comme mentionné précédemment, les variables hydrologiques et climatiques sont 

corrélées les unes aux autres dans l'espace et dans le temps. Par conséquent, on s'attend à 

supposer que les caractéristiques statistiques des variables hydroclimatiques varient dans 

le temps et dans l'espace par rapport aux caractéristiques statistiques des autres variables. 

La variation temporelle de cette relation peut être modélisée par un modèle de série 

chronologique multivariée. Bien que le nombre d'études sur les techniques d'analyse 

multivariée en matière d'hydrologie et de climatologie a augmenté très rapidement, les 

modèles de séries temporelles multivariées n'ont pas été appliqués à une grande échelle. 

Peu d'études ont appliqué les modèles de séries chronologiques multivariées dans le 

domaine de l'hydrologie, les ressources en eaux et la climatologie. Parmi ces études, on 
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trouve le travail effectué par Cooper et Wood (1982) sur la modélisation séries 

chronologiques de pluie-débit. 

Ledolter (1978) a discuté les modèles stochastiques pour les processus vectoriels et a 

donné l'exemple d'un modèle ARMM multivarié pour l'estimation des débits. Salas et al. 

al., (1985) ont fourni une discussion et ont suggéré des approches alternatives pour des 

modèles de séries chronologiques multivariées pour les systèmes des ressources en eau. 

Ils ont indiqué les propriétés d'une approche de modélisation ARMM multivariée et l'un 

des modèles de sous-ensembles intéressants d'un modèle ARMM multivarié appelé le 

modèle contemporain ARMM (ARMMC). Le modèle ARMMC peut être utilisé pour la 

modélisation de deux ou plusieurs séries temporelles qui sont statistiquement liées les 

unes aux autres simultanément. Autrement dit, il n'y a pas d'interactions temporelles 

entre les variables. Cela rendra le modèle plus simple que le modèle ARMM multivarié 

complet. L'application du modèle ARMMC en hydrologie a été réalisée par Camacho et 

al. (1987), Bartolini et al. (1988) et Rasmussen et al. (1996). Toutes ces études ont 

discuté des avantages des modèles de séries temporelles multivariés, mais ils supposent 

toujours la linéarité des processus hydrologiques et climatiques. Cette hypothèse n'est pas 

vraie pour la plupart des variables hydrologiques et climatiques qui évoluent dans 

l'espace et dans le temps à travers un processus non linéaire. 

Les approches multivariées non linéaires de modélisation des séries temporelles qUI 

peuvent capter ce processus non linéaire n'ont pas été appliquées en hydrologie et en 

climatologie encore. D'autre part, les modèles multivariés non-linéaires sont très 

populaires dans la modélisation des séries chronologiques financières et économiques. La 

variation non linéaire des données financières a été reconnue et traitée pendant une 
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longue période. Pour la modélisation de séries temporelles financières, il est supposé que 

le moment du second ordre, ou la variance, des différents rendements des actifs financiers 

des différents marchés sont corrélés les uns aux autres. Par conséquent, les modèles non 

linéaires de séries temporelles sont très populaires en finance. Il est maintenant largement 

admis que les volatilités financières, ou des groupes de variances élevées ou basses, se 

déplacent ensemble dans le temps entre actifs et marchés. Il est reconnu qu'un cadre de 

modélisation multivariée conduit à une modélisation plus pertinente et la prévision des 

changements dans la volatilité, ou la variance, des séries temporelles financières. 

L'approche la plus intéressante utilisée pour la modélisation multivariée de la variance 

(volatilité) et la covariance (co-volatilité) entre les différents marchés est le modèle 

ACHG multivarié (Bauwens et. al., 2006). 

Les concepts de la modélisation ACHG univarié des actifs des marchés ont d'abord été 

introduits par Engle (1982) et développés par Bollerslev (1986). Depuis lors, un grand 

nombre d'études ont appliqué le modèle univarié et multivarié ACHG dans la 

modélisation des séries chronologiques financière et économique. Par exemple, Karolyi 

(1995) a appliqué un modèle ACHGM pour tester la dynamique à court terme des 

rendements et de la volatilité des titres négociés aux bourses de New York et de Toronto. 

Les co-mouvements des rendements boursiers entre deux marchés en Chine ont été 

examinés par Tsui et Yu (1999) en utilisant le modèle bivarié ACHGM. Kim (2000) a 

appliqué le modèle ACHGM afin de relier la volatilité des mois productions industrielles 

des États-Unis et du Japon et la volatilité des taux de change yen / dollar. Choudhry 

(2003) a présenté une étude empirique sur l'effet de la volatilité des marchés boursiers sur 

les dépenses des consommateurs américains en utilisant un modèle AC HG multivarié. 
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Fong et al. (2006) ont appliqué le modèle ACHGM pour examiner l'effet de trois actifs 

financiers, des taux de change du mark allemand, du dollar américain et du yen japonais 

les uns sur les autres. Plus récemment, Hakim et McAleer (2009) ont appliqué un modèle 

ACHG multivarié pour prévoir la corrélation conditionnelle entre les actifs financiers de 

trois catégories d'organisations internationales, à savoir les échanges boursiers, 

obligataires et à l'étranger. Ils ont trouvé des preuves de retombées de la volatilité et 

l'effet asymétrique de stocks négatifs et positifs sur la variance conditionnelle dans la 

plupart des paires de séries. 

Toutes les études mentionnées ci-dessus et d'autres travaux ont appliqué et développé les 

modèles ACHG multivariés pour les séries chronologiques financières et aucun 

développement ou application de cette méthode multivariée ne peut être trouvé dans les 

autres domaines d'études, en particulier pour la modélisation de séries temporelles 

multivariées de la variance des variables hydrologiques et climatiques malgré le fait qu'il 

est généralement admis que les changements dans le temps peuvent être associés à la 

variance des autres variables dans l'espace et le temps. 

Par conséquent, la nécessité d'adapter et de développer cette méthode en hydrologie et en 

climatologie est nécessaire, afin de clarifier la variation temporelle et spatiale de la 

variance et de covariance des variables hydrologiques et climatiques. 
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3. Méthodologie 

3.1. La Modèle ACHG univarié 

Le modèle univarié ACHG non linéaire appliqué à la modélisation des séries temporelles 

financières considère la volatilité ou la variance conditionnelle ((J,) des rendements des 

actifs simples et tente de modéliser le processus de volatilité d'une variable, ~ . 

Dans ce cas, nous avons 

5( ~ N(O,l) (1) 

Où a} = E(ynF;-l) désigne la variance conditionnelle. Cette variance peut être notée 

comme suit par un modèle ACHG d'ordre V et M: 

(2) 

La première partie du modèle ci-dessus a été introduite par Engle (1982) et est appelée 

Modèle Autorégressif Conditionnel Hétéroscédastique (ACH) d'ordre (V): 

(3) 

Bollerslev (1986) a ajouté une variance conditionnelle retardée au modèle ACH, qui agit 

comme un terme de lissage et ce modèle est alors appelé le modèle ACH généralisée 

(ACHG) d'ordre (V, M). 

En hydrologie, cependant, l'approche ACHG est généralement appliquée pour la 

modélisation de la variance conditionnelle ou l'hétéroscédasticité restant dans les résidus 

des modèles linéaires. Ce type de modèle est généralement désigné comme un modèle 

d'erreur ARMM-ACHG. Dans ce cas, si la moyenne conditionnelle d'une série temporelle 
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est modélisée par un modèle linéaire comme un processus ARMM, ARMMI ou 

SARMMI, l'ordre V de l'autorégressive conditionnelle hétéroscédastique pour la variance 

conditionnelle des résidus d'un modèle modèle linéaire, (aJ est définie comme suit: 

(4) 

et ~ Normal (0,1) (5) 

Ici, é t indique les résidus du modèle linéaire qui ne sont pas corrélés, mais qui ont des 

variances qui changent au fil du temps, et représente une variables aléatoire 

indépendante et identiquement distribuées (iid) de moyenne 0 et de variance 1, 

indépendante des réalisations passées (et-l' et-2 ' ... ), ai' ... ' av sont les paramètres du 

modèle ACH et west une constante (Wei, 2006). Dans ce modèle, la variance de l'erreur 

est variable dans le temps et dépend des V erreurs du passé &,2_1' ét~2'···' &t~v. 

Le modèle Autorégressif Conditionnel Hétéroscédastique Généralisé, ACHG (V, M) est 

défini comme suit 

V M 

a-; = OJ + L ai&(-i + L f3p';- j (6) 
i=l j=l 

Où ai' ... ,av et /31' ... ,j3M sont les paramètres du modèle ACHG (V, M). Par 

conséquent, l'ARMM- ACHG (V, M) indique que la moyenne conditionnelle est décrite 

par un modèle ARMM (ou d'autres modèles linéaires tels que ARMMI ou ARMMI 

saisonnier), tandis que sa variance conditionnelle est décrite par un modèle ACHG (V, 

M). 
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La modélisation d'une variable hydrologique avec un modèle d'erreur ARMM-ACHG 

exige que nous approuvions l'existence de la variance conditionnelle dans les résidus des 

modèles linéaires ajustés sur la série chronologique hydrologique. Par conséquent, nous 

avons besoin d'un test pour vérifier si la variance des résidus est fonction du temps. 

Similaire au test quant à la pertinence d'un modèle linéaire, Bollerslev (1986) a démontré 

que le fonction d'autocorrélation (FAC) des carrés des résidus standardisés (RSC, ci-

après) est utile pour identifier la variance conditionnelle dans les résidus. Afin de vérifier 

si la variance des résidus est conditionnelle à son histoire passée ou, en d'autres termes, si 

les résidus présentent un effet ACH, nous pouvons appliquer le test de Ljung-Box et 

Engle du multiplicateur de Lagrange fréquemment utilisé, dans le cas des RSC. 

Le test d'ajustement de Ljung-Box est calculé pour la série chronologique RSC 

L 

Q=N(N +2)~)N -kfl'k2 (c 2
) (8) 

k=l 

Sous l'hypothèse nulle d'absence d'effet ACH dans les résidus, la statistique de test est 

asymptotiquement distribuée selon une loi du khi-carré. 

En plus du F AC des RSC, le test de multiplicateur Engle et de Lagrange pour l'effet ACH 

proposé par Engle (1982) est également utilisé pour tester l'effet ACH. La statistique de 

test est donnée par NR2, où R est le coefficient de corrélation calculé à partir de plusieurs 

échantillons de la régression de ft
l sur une constante et cLp ... , Cf~V et N est la taille de 

l'échantillon. L'hypothèse nulle d'absence d'effet ACH est acceptée si la statistique de test 

est asymptotiquement distribuée comme une distribution de khi-carré avec des k-v degrés 

de liberté. Le test peut également être utilisé pour étudier l'effet ACHG de RSC 

(Bollerslev, 1986). 
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3.2. Les Différents types de modèle ACHG univarié 

La formulation générale d'un modèle ACHG a été présentée dans la section précédente. 

Dans la modélisation de séries temporelles financières, il ya quelques variations du 

modèle ACHG qui ont été développées pour une meilleure modélisation et l'estimation de 

la volatilité des actifs et des rendements financiers. Les trois principales variations d'un 

modèle AC HG sont développées dans le domaine de l'hydrologie et la climatologie. 

3.2.1. Le modèle Puissance AC HG (PACHG) 

Le modèle PACHG (Ding, et al, 1993) peut être défini comme suit: 

V M 

(J/ = OJ + L a;Clct-i Ir' + L P j (J1- j (9) 
i=1 j=1 

Où t5 > o. Le cas t5 = 2 correspond à la forme habituelle de modèle ACHG. La 

spécification d'un exposant variable J a le mérite de permettre de modéliser avec une 

«mémoire longue» dans les chocs de la variance conditionnelle (voir Ding et al. 1993 

pour une discussion générale). 

3.2.2. Le modèle Seuil ACHG (SAC HG) 

Dans la modélisation de séries temporelles financières, il est supposé que les rendements 

positifs et négatifs (cH > 0 , ou les bonnes nouvelles et CH < 0 , ou les mauvaises 

nouvelles) ont des effets différents sur la variance conditionnelle. Pour examiner ce 

comportement asymétrique des rendements, le modèle SACHG (Zakoïan, 1994) est 

utilisé, qui peut être spécifié comme suit: 

V M r 

(Jt 
2 = OJ + L a;ct_ j 

2 
+ L Pj(J:_ j + L Ykct-k1t-k- (10) 

;=1 j=1 k=l 
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Où lt_k - = 1 si &t < 0 et 0 sinon. Ici, si ri > 0 ,les mauvaises nouvelles augmentent 

la volatilité et si r;;j:. 0 ,l'impact des nouvelles est asymétrique. 

3.2.3. Le modèle Exponentielle ACHG (EACHG) 

Le modèle EACHG a été proposé la première fois par Nelsen (1991) et est rapidement 

devenu populaire dans les applications financières comme la variance conditionnelle est 

une fonction exponentielle dans ce domaine et assure avoir une variance positive 

conditionnelle: 

V 1&.1 M Log(a})=OJ+ ~(ai ;t~li)+ ~f3jlog(a}_j) (11) 

Nelson (1991) a décrit les contraintes de la forme générale du modèle ACHG comme la 

positivité de la persistance et la variance conditionnelle de chocs, ce qui peut être résolu 

en utilisant le logarithme de la variance dans le modèle EACHG. Les preuves de 

l'avantage d'un modèle EACHG par rapport a un modèle ACHG peuvent être trouvées 

dans Nelson (1991). 

3.3. Les Modèles ACHG multivariés 

L'extension multivariée des modèles AtH et ACHG peut être définie en principe de 

manière similaire à un vecteur ARMM (V ARMM). Nous considérons d'abord le modèle 

ACH multivarié, puis le modèle ACHG multivarié. 

Ayant une moyenne de zéro à K dimensions, le processus non corrélé en série 

Ut = (u1P···,UKJ' ,peut être représenté par 
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L 1I2 
U = & 

1 11 1- 1 t 
(12) 

Où Ct est un bruit blanc i.i.d. k-dimensionnel, &t ~ i.i.d(O,I K) ,et "1 est la matrice ~tt-l 

de covariance conditionnelle de Ut , donné, Ut l,Ut 2 •••• La ,,1/2 est le symétrique 
- - ~tlt-I 

positive racine carrée définie de "1 . 
~/t-l 

En définissant la distribution conditionnelle de Ut avec la forme suivante 

(13) 

(14) 

Ils présentent une analyse multivariée ACH (q) si 

(15) 

Où VECH désigne l'opérateur demi-vectorisation qui empile les colonnes d'une matrice 

carrée de diagonale vers le bas à une vecteur, ro est un vecteur de dimension 

1 
- K(K + 1) de constantes et les r) sont des matrices de coefficients de dimension 
2 

1 1 
(-K(K +l)x-K(K +1)). 
2 2 

A titre d'exemple, un processus bivarié (K = 2) ACH(1) peut être défini de la manière 

suivante: 

O'"Il.tlt-1 

r 1 
[ "l1.'IH "12,'1'_1 ] ~ rrlO] rrl1 

Y12 Yl3 U1,t_1 

vech 0'"12,111- 1 = Y20 + Y21 Y21 Y23 U~t_IU2,1_1 (16) 
0'"12.111- 1 0'"22,111- 1 

Y30 Y31 Y32 0'"22,111- 1 Y33 U2,t-1 
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Le modèle ACH multivarié peut-être tout simplement généralisé de la même manière que 

dans le cas univarié. Dans l'analyse ACHG multivariée, le modèle (ACHGM) a des 

matrices de covariance conditionnelles qui ont la forme suivante 

v m 

VECH(Ltlt_l )=ro+ Lr,vech(llt_l11;_) + LGj vech(Lt_llt-J_1 ) 
1=1 J=1 

(17) 

Où les G sont également fixés avec !:...K(K +l)x!:...K(K +1)) matrices de coefficients. 
] 2 2 

Par exemple, un modèle bivarié ACHG (1,1) est 

(18) 

Cette forme générale du modèle ACHGM est appelée le modèle VECH complet et 

dispose de 21 paramètres à estimer dans le cas de deux variables (k = 2) modélisées 

VECH (1,1). 

3.4. Les Différents types de modèle ACGHM 

Il est clair que, même pour un modèle ACHGM simple pour un cas bivarié, un grand 

nombre de paramètres doivent être estimés, ce qui le rend difficile à manipuler. En 

particulier, les implications d'un modèle général de ce type de relation entre les variables 

et leurs propriétés de moments plus élevés ne sont pas évidentes. Par conséquent, les 

modèles plus restreints doivent être proposés. Certains de ces modèles ACHGM sont 

présentés dans les sections suivantes. 
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3.4.1. Le modèle VECH Diagonale 

Bollerslev et al., (1988) ont considéré comme des processus ACH où les matrices r j sont 

toutes diagonales. Dans le cas du premier ordre, le modèle est de la forme 

{

O'"II,III-I 
diagonal vec 

0'"12,11 1- 1 

(19) 

] [
rll 

w22 + r21 

De la même façon, nous pouvons écrire le modèle ACHG diagonal comme suit 

[

0"11,111- 1 
diagonal VECH 

0'"12,111- 1 

] [

0"111-111-2 

g21 0'"21,t-lll-2 

1 [
Wll 

0"22,111- 1 - W 21 

0"".<->1'-' 1 

3.4.2. Les modèles BEKK et BEKK diagonal 

L'un des problèmes liés au modèle ACHGM est que les paramètres doivent être tels que 

les matrices de covariance conditionnelles, "1 sont définies positives. Afin de 
L..11-I 

garantir cette propriété, Engle et Kroner (1995) ont étudié la variante suivante du modèle 

ACH multivarié à la suite des travaux de Baba et al (1990) 

Avec les r; 

(21) 

qui sont chacun des matrices (K x K). Ici, les " 
L..III-I 

sont définies 

positives si r; a cette propriété qui peut être exécutée en l'inscrivant dans une forme de 

produit, r; = C; C; avec une matrice triangulaire. 
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L'avantage de ce modèle est qu'il est relativement parcimonieux. Par exemple, pour un 

processus bivarié avec K = 2 et q = l, il n'y a que sept paramètres, tandis que le modèle 

ACH pleinement développé a 12 coefficients. En outre, contrairement au modèle en 

diagonale, il peut produire des interactions très riches entre les moments conditionnels du 

second ordre. 

Alternativement, le modèle BEKK-ACHG complet peut être écrit comme ceci 

, N q N ni 

IIII-i =C; C; + IIr;~Ut-jUI-IU;-l;n + IIG;~II_jll_j_lG;n (22) 
n=l }=l n=l }=l 

Où C; est une matrice triangulaire ( K x K) dimension et les matrices de coefficients 

r;" et G;II ont également de dimension ( K x K). 

Par conséquent, le modèle BEKK (1,1) peut s'écrire sous forme matricielle comme suit 

, 

[:',1,-' "-",'1'_' ] ~ [ W" [ , 
Wu ]f" ru ] &11-1 EV-,;v-,] [r" ru] 

12,11 1- 1 0"22,111-1 W]2 W 22 Y21 Y22 &2,1-1 &l,t-I &2,t-l Y21 Y22 

, 

+[g" gu ] [ "-'v-'H "-",'_'1'_' ] [g" gu] 
g21 g22 0"12,1-11 1- 2 0"22,1-111-2 g 21 g22 

(23) 

Ce modèle a 12 paramètres à estimer, ce qui est encore relativement élevé. Une autre 

spécification du modèle BEKK est le modèle diagonal ci-dessous: 

[ "-"'1'_' "-"'1'_' ] ~ [ w" rJ [ 
2 

rJ w" ]f" &l,t-I E,,,_,;,,_,] [r" 
0"22,111- 1 W 22 &2,t-l 

, 
[ "-",'_'1'_' +[g" gJ "-~"-'I'-' ] [g" gJ 

22.1-11 1- 2 

(24) 
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Ce modèle a seulement sept paramètres à estimer et peut donner l'équation suivante pour 

la variance-covariance conditionnelle entre deux variables (Baur, 2006) 

(25) 

(26) 

(27) 

3.4.3. Le modèle Constant et dynamique de la Corrélation conditionnelle 

Bollerslev (1990) a proposé un modèle de classe ACHGM dans lequel les corrélations 

conditionnelles sont constantes et donc les covariances conditionnelles sont 

proportionnelles au produit de l'écart type correspondant. Cette restriction réduit 

considérablement le nombre de paramètres inconnus et simplifie l'estimation. 

La variance conditionnelle dans le modèle CCC est définie comme 

(28) 

Où 

D - d· (li li) -t - zag O"llt···O" NNt (29) 

Œiif peut être défini comme un modèle ACHG univarié et 

(30) 

est une matrice symétrique définie positive avec Pii = 1, Vi 

R est une matrice contenant les corrélations constantes conditionnelles 

Par exemple, le modèle ACHG (1,1) pour spécifier chaque variance conditionnelle en Dt 

est 

(31) 
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Le modèle CCC dispose d'un total k(k + 5) / 2 = 12 de paramètres. 

Le principal inconvénient du modèle CCC est l'hypothèse de corrélation invariante qui 

n'est pas une hypothèse valable pour les variables hydrologiques et climatiques, en 

particulier dans le contexte des changements et des variations climatiques. Pour rendre la 

matrice de corrélation conditionnelle en fonction du temps, Engle (2002) a proposé une 

corrélation conditionnelle dynamique (CCD) où le modèle, basé sur l'équation (28) et 

ayant une corrélation qui varie dans le temps, la covariance conditionnelle peut être 

écrite comme suit 

(32) 

Où el et e2 sont des paramètres scalaires pour capturer les effets des chocs précédents et 

les corrélations dynamiques précédentes conditionnelles à la corrélation conditionnelle 

dynamique actuelle et de satisfaire al + a2 < 1 ce qui implique que (J, > 0 et a est la 

matrice de variance inconditionnelle de dimension k x k . Lorsque al = a2 = 0 ,1 'Eq. (32) 

est équivalente au modèle CCC. 

3.5. Les tests de non-stationnarité et la non-linéarité 

Dans la plupart des modèles hydrologiques, la stationnarité et la non-linéarité sont les 

hypothèses de base. Il est donc nécessaire de tester la stationnarité et la non-linéarité des 

variables hydrologiques. Dans cette étude, une série de tests de stationnarité et un test 

non-linéarité robustes sont appliquées pour vérifier ces hypothèses pour les variables 

hydrologiques et climatiques et leur structure de variance-covariance, de même que leur 

association (corrélation). Ces méthodes pour tester la stationnarité comprennent le test de 
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Dickey-Fuller augmenté (AOF) (Oickey et Fuller (1979), les tests KPSS (Kwiatkowski et 

al., 1992) et pp (Phillips et Perron, 1988) et des tests de racine unitaire. Par ailleurs, le 

test BOS (Brock et al., 1996) est utilisé pour tester la non-linéarité des variables 

hydrologiques. 

3.6. La sélection des données et des processus hydroclimatiques 

Afin de démontrer les procédures ACHG univariée et multivariés, différentes variables et 

processus importantes des hydrologiques et climatiques ont été prises en compte dans 

cette étude. Les variables hydro-climatiques prises en compte dans cette étude sont 

présentées dans le tableau 1 pour les procédures ACHG à la fois univariée et multivariée. 

Ces variables sont sélectionnées pour examiner la structure de la variance-covariance 

conditionnelle des différents sujets climatiques et hydrologiques. Par conséquent, la 

sélection des variables permet à différents modèles qui seront développés pour différentes 

échelles temporelles telles que l'échelle journalière et mensuelle de temps. 

Par exemple, il convient de noter que les modèles ACHG n'ont pas été développés avant 

pour les séries chronologiques des précipitations (mensuelles). En outre, les modèles 

asymétriques sont conçus pour les séries chronologiques des débits pour la première fois 

d'étudier les caractéristiques asymétriques d'hétéroscédasticité des séries chronologiques 

des débits. La variance conditionnelle de l'indice d'oscillation australe (IOA) comme une 

variable de déclenchement pour le système hydroclimatique mondiale est également 

important d'être évalué. 
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En outre, les différents processus populaires et importants à des quotidiens et mensuelles 

échelles de temps ont été choisis pour étudier la variation et la résistance de la structure 

de covariance conditionnelle en hydrologie et en climatologie. 

Les relations précipitations-débit est le processus hydroclimatiques le plus intéressant et 

important dans la gestion des ressources en eau. L'anlayse de la sécheresse et de sa 

relation avec la circulation atmosphérique est très important pour atténuer et gérer la 

sécheresse. En outre, la réduction d'échelle de température est l'un des quest importants 

pour l'analyse du climat dans le contexte du changement climatique. La dernière partie de 

l'élaboration de modèles de ACHGM est consacrée aux problèmes de santé qui est 

important dans le contexte du changement climatique sur la santé publique. Différents 

modèles de ACHGM comme diagonale VECH, BEKK diagonale, CCC et DCC, sont 

donc élaborés pour chaque processus selon les caractéristiques de chaque processus. 

Les modèles de ACHGM lient la covariance entre les différents variables hydrologique et 

climatiques dans les différents processus qui sont étudiés dans cette recherche. 
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Tableau 1 les Données et les processus hydrologiques et climatiques de l'étude 

Panneau A : études de cas univariés 

Variables! processus L'échelle de temps l'emplacement le modèle 

Série chronologiques des précipitations Mensuel les stations de Camp sie (Canada) et Isfahan (Iran) 

ARMMIS- ACHG 

Séries chronologiques indice d'oscillation australe Mensuel NIA 

(IOA) ARMM-ACHG 

Séries chronologiques des débits Quotidien la rivière Matapédia (Canada) 

ARMMI-ACHG asymétrique 

Panneau B: études de cas multivariés 

Relation de pluie-débit Quotidien Saint-Laurent bassin (Canada) Diagonal VECH et CCC 

Relation de Indice standardisé de précipitation Mensuel Les Stations Oroomieh et Shiraz (Iran) 

(ISP) et indice d'oscillation australe (IOA) et Diagonal VECH et Diagonal BEKK 

Oscillation Nord Atlantique 

relation de fracture de la hanche et des conditions Quotidian Région de Montréal (Canada) 

de temps ARMMX-ACHG et CCC 

relation de MCG et température Quotidian La station de l'Aéroport de Bagotville (Canada) Diagonal VECH et CCD 
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4. Résultats et discussions 

Les résultats de cette étude sont résumés ici en 3 sections principales. La première section 

présente les résultats des modèles de variance conditionnelle montés sur les différentes 

variables hydrologiques et climatiques. Dans la section 2, les résultats des modèles de 

covariance conditionnelles sont présentés et discutés. Finalement, les résultats des tests de 

non-linéarité et non-stationnarité des différentes variables et leur structures variance­

covariance conditionnelle sont brièvement discutés. 

4.1. Résultats sur la variance conditionnelle 

La variance conditionnelle estimée par les modèles ACHG montre différentes 

caractéristiques pour les différentes variables hydrologiques et climatiques. Par exemple, 

le tableau 2 montre les paramètres ACHG pour certaines variables hydrologiques et 

climatiques considérés dans cette étude. 

On constate que les précipitations, l'Oscillation Nord Atlantique (ONA) et certaines 

séries chronologiques de CMCG ont un grand nombre de paramètres ACHG qui 

présentent une mémoire forte pour la variance conditionnelle. Ceci indique que la 

variance à chaque pas de temps est fortement dépendante de la variance au pas de temps 

précédent. En revanche, la sécheresse, l'indice d'oscillation australe (IOA) et la plupart 

des séries chronologiques de CMCG n'indiquent pas une persistance à long terme dans la 

variance conditionnelle. Parmi ces variables, les débits, la température minimum et de 12-

mois séries chronologiques de indice standardisé de précipitation (ISP) montrent le plus 

grand degré de volatilité comme paramètre ACH (a) est relativement plus élevé que le 

paramètre ACH pour d'autres variables hydrologiques et climatiques. Le tableau 2 

indique également une forte densité persistance de la plupart des variables dans le cas où 

les mesures de la persistance de clôture sont a + ~ = 1. 
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De plus, plus dans le long et le court tenne de la persistance de la vanance 

conditionnelle des différentes variables, certaines autres caractéristiques importantes sont 

observées par l'application du modèle ACHG dans cette étude. Par exemple, la 

perfonnance du modèle ARMMIS pour la modélisation des séries temporelles des 

précipitations ne montre pas une amélioration significative après ajustement du modèle 

ACHG pour les résidus obtenus avec un modèle d'erreur ARMMIS- ACHG. 

Tableau 2. Estimations de modèle ACHG univariées pour certaines variables 
hydrologiques et climatiques dans cette étude 

Les paramètres la mesure 
Les Les de 

données séries persistance 
w a {3 a+{3 

Indice atmosphérique IOA 0,34 0,39 0,34 0,73 
ONA 0,12 0,05 0,82 0,87 

sécheresse 3-mois ISP 0,51 0,50 0,07 0,57 
12-mois ISP 0,05 0,89 0,02 0,91 

Débit la station de 0,10 0,71 0,21 0,92 
Beaurivage 

la station de Bras 0,13 0,86 0,11 0,97 
D'Henri 

précipitation la station de St, Pierre 0,81 0,05 0,93 0,98 
la station de St, severin 0,42 0,04 0,94 0,98 

Température La station de l'Aéroport 8,06 0,46 0,50 0,96 
maximale de Bagotville 

Température La station de l'Aéroport 6,82 0,63 0,33 0,96 
minimale de Bagotville 

humidité spécifique 0,02 0,19 0,79 0,98 
modèles de MSLP 0,55 0,40 0,06 0,46 

circulation générale La vitesse du vent 0,71 0,16 0,11 0,27 
(MCG) La composant U 0,62 0,34 0,01 0,35 
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Le modèle ACHG semble supprimer l'hétéroscédasticité restant dans les résidus du 

modèle SARMMI mais pas nécessairement pour améliorer les performances du modèle 

linéaire. En outre, la transformation de Box-Cox (1964) pour la stabilisation de la 

variance semble être en mesure de retirer la fonction de variance temporelle des séries de 

précipitations pour que le modèle ACHG, avec plus de paramètres, ne soit pas nécessaire 

pour une modélisation plus poussée. 

D'autre part, la modélisation hétéroscédastique montre l'avantage du modèle ACHG 

exponentiel asymétrique pour améliorer l'efficacité d'un modèle ARMMI pour la 

modélisation des séries chronologiques des débits. Cependant, d'autres modèles ACHG 

asymétrique ne présentent pas cet avantage. La figure 2 montre le débit observé contre le 

débit estimé par les différents modèles ACHG asymétriques. Il est clair que le modèle 

ACHG exponentiel surpasse les modèles ARMMI et les autres pour la modélisation des 

séries temporelles de débit. 

Un autre résultat important est associé aux modèles ACHG consacrés à la modélisation 

ainsi que le test de la variance conditionnelle de l'indice d'oscillation australe (lOA). La 

variance conditionnelle de l'IOA est illustrée à la figure 2. Cette figure révèle un 

changement significatif dans la variance conditionnelle après 1976 (qui est identifié 

comme le point de changement). On peut voir que la variance conditionnelle de l'IOA est 

2 à 3 fois plus élevée après 1976. Le paramètre ACH pour IOA a augmenté de 0,29 à 0,42 

alors que le paramètre AC HG a diminué de 0,42 à 0,35. En d'autres termes, la volatilité 

est de plus en plus forte alors que la mémoire de la variance va en s'affaiblissant au cours 

de ces dernières années. 
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Figure 1. Diagramme de dispersion des débits observés contre estimés pour les différents 

modèles GARCH 

4.2. Résultats sur la covariance conditionnelle 

Le principal objectif de cette recherche est de développer et d'estimer la covanance 

conditionnelle entre les différentes variables hydrologiques et climatiques. Dans ce qui 

suit, nous décrivons les principaux résultats de la modélisation des différents processus 

ACHGM pour les variables hydroclimatiques prises en compte dans cette recherche. 
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Figure 2. Les séries variances conditionnelles temporelles de SOI avant et après 1976 

4.2.1. La Covariance conditionnelle de processus précipitation-débit 

Les modèles VECH bivariés (1,1) et CCC (1,1) ont été développés pour étudier la 

structure de covariance conditionnelle dans un processus pluie-débit pour un sous-bassin 

du bassin versant du Saint-Laurent (sud-est), dans la province de Québec. Le modèle 

diagonal VECH indique que la persistance à court terme ou co-volatilité entre les 

précipitations et les débits n'est pas forte alors que le paramètre ACHGM indique une 

mémoire forte de la covariance entre les précipitations et les débits qui en fait une mesure 

forte de la persistance. 
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La variance conditionnelle de précipitations est beaucoup plus forte que celle des débits, 

ce qui suggère que la force de la covariance conditionnelle peut provenir de la forte 

variance des précipitations. On observe que la covariance conditionnelle n'est pas restée 

élevée pendant une longue période. L'effet des caractéristiques physiques du bassin 

versant telles que la superficie du bassin versant sur la covariance conditionnelle devrait 

être mentionné comme facteurs de modification. 

Dans la figure 3, la matrice conditionnelle de variance-covariance d'un processus pluie­

débit, dérivé du modèle diagonal VECH, est illustrée à titre d'exemple. La série 

temporelle de covariance conditionnelle pour un processus pluie-débit permet de 

constater que la covariance ne peut pas rester élevée pendant une longue période avant de 

retomber à un niveau plus bas. 

Les résultats du modèle CCC sont identiques aux résultats du modèle VECH diagonal, ce 

qui implique une forte mémoire de la covariance conditionnelle entre les précipitations et 

le débit. Par ailleurs, un exemple de la corrélation conditionnelle entre les précipitations 

et le ruissellement est présenté à la figure 4. Cette corrélation conditionnelle a été estimée 

au moyen du modèle VECH diagonal. 

La figure 4 montre que la corrélation entre les précipitations et les débits varie 

rapidement dans le temps et n'a pas tendance à rester à un niveau haut ou bas pendant 

une longue période. Cette fluctuation montre également que l'hypothèse de la corrélation 

conditionnelle constante (CCC) pour un processus pluie-débit n'est pas réaliste et le 

modèle CCC ne peut pas être approprié pour la modélisation de la covariance 

conditionnelle pour un processus pluie-débit. 
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Figure 3. La matrice de variance-covariance conditionnelle entre les précipitations à la 
station Saint-Séverin et les débits à la station de Beaurivage 

Finalement, l'expérience de simulation révèle que le ACHGM (1,1) est suffisant pour la 

modélisation de la structure de covariance des processus précipitations- débit et les 

modèles d'ordre supérieur tels que ACHGM (2,2) n'améliorent pas l'efficacité du modèle 

tandis qu'ils augmentent le nombre de paramètres. 
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Figure 4. La corrélation conditionnelle entre les débits à la station de Beaurivage et des 

séries chronologiques des précipitations 

4.2.2. La Covariance conditionnelle pour les effets du climat sur les fractures de la 

hanche 

Le modèle CCC indique une relation non linéaire entre l'incidence des fractures de la 

hanche et les variables climatiques sur la région de Montréal, Canada. Parmi les 

différentes variables climatiques, la hauteur de neige, la température minimale et la 

longueur du jour sont les plus importants facteurs météorologiques régissant la fracture 

de la hanche chez les deux sexes (hommes et femmes) et les deux groupes d'âge (40-74 et 

75 +) à l'étude. La covariance conditionnelle entre les fractures de la hanche et les 

variables climatiques est fonction du taux de fracture de la hanche chez les deux sexes et 

les groupes d'âge, à titre d'exemple dans les figures 5 et 6 pour les séries chronologiques 

de durée 3 jours de la fracture de la hanche. 
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Figure 5. Covariance conditionnelle en fonction du taux de fracture de durée 3 jours de la 

hanche (HFr). L'exemple est pour les hommes en âge de 40-74 (FI) et les femmes de 75 

ans et plus (F2) 

Ces figures indiquent une forte relation non linéaire entre le taux de fracture de la hanche 

et de la variance des variables climatiques. On observe que la covariance entre l'incidence 

des fractures de la hanche et les variables climatiques est très faible ou linéaire pour un 

petit nombre de fractures de la hanche tandis que l'incidence de cette association 

augmente rapidement et de façon non linéaire pour des valeurs de la hanche plus élevées. 
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Figure 6. La covariance conditionnelle en fonctinon du taux de fracture de la hanche de 

durée 3 jours (HFr). L'exemple est pour les hommes de 40 à 74 ans (Ml) et des hommes 

de l'âge 75 + (M2) 

Par exemple, la covariance conditionnelle entre Flet la profondeur de la neige est 

presque constante ou nulle pour le taux de fracture de la hanche <1 et elle commence à 

augmenter de façon exponentielle par la suite. Ces résultats montrent des fortes 

associations non linéaires entre les variances des variables climatiques et les taux de 

fractures de la hanche, ce qui signifie que le risque de fracture élevé dépend plus 
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fortement des conditions météorologiques sévères que des conditions moyennes. En 

conséquence, le risque de fracture de la hanche semble augmenter lorsque les conditions 

climatiques spécifiques, tels que les fortes chutes de neige ou de basses température se 

produisent et perdurent pour une période de temps. (Par exemple deux ou trois jours). Le 

modèle non linéaire appliqué dans cette étude justifie sans conteste cette affirmation. 

4.2.3. La Covariance conditionnelle de MCG et de la température 

Les Modèles climatiques globaux (MCG) sont considérés comme des outils appropriés 

pour reproduire les variables atmosphériques. Dans l'approche de la mise à l'échelle 

statistique (ES), les variables climatiques à l'échelle locale peuvent être obtenues à partir 

des prédicteurs de MCG à l'échelle globale. Cette recherche développe la covariance 

conditionnelle entre les prédicteurs de MCG des séries temporelles de température 

maximale et minimale. 

Les modèles VECH diagonal et DCC révèlent la structure de covanance entre les 

différents prédicteurs des MCG et des séries chronologiques de la température de l'air. 

On observe que la covariance entre les prédicteurs de MCG et des séries chronologiques 

de température (maximale et minimale) dépend fortement du produit croisé des chocs. 

Cela donne à penser que les chocs de la volatilité des prédicteurs à chaque pas de temps 

dépendent de la volatilité précédente. Selon les modèles de covariance, les MCG peuvent 

être divisés en trois groupes: 

Le premier groupe a une relation caractérisée par une forte covanance avec la 

température comme l'humidité spécifique. Le deuxième groupe comprend les MCG qui 

ont à la fois une persistance à court terme et à long terme avec des paramètres GARCR 

positifs tels que la vitesse du vent et la hauteur géopotentielle. Le troisième groupe est 
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caractérisé par les paramètres ACHG négatifs et montre une relation négative entre la 

variance de la MCG et la température. 

La covariance conditionnelle entre l'humidité spécifique et les séries chronologiques de 

température est donnée à la figure 7 à titre d'exemple. La covariance conditionnelle entre 

les prédicteurs des MCG et la température montre une saisonnalité hiver-été pour la 

plupart des MCG à l'exception de l'humidité spécifique et la température à une hauteur de 

2 mètres (T2 ) qui montrent une variation temporelle de la covariance différente de la 

saisonnalité. 

Les modèles de DCC révèlent aussi une persistance significative à court terme pour la 

covariance conditionnelle pour tous les modèles de circulation générale tandis que les 

paramètres de covariance ne sont pas significatifs pour certains MCG. Ceci suggère 

l'hypothèse irréaliste du modèle de corrélation conditionnelle constante. La variation 

quotidienne de corrélation conditionnelle entre certaines variables de sortie des MCG et 

des séries chronologiques de température est donnée dans les figures 8 et 9 pour chaque 

jour de l'année au cours de 1980-2000. 

Les résultats montrent que les coefficients de corrélation (en moyenne) sont peu élevés, 

montrant une faible association entre la plupart des prédicteurs MCG et la température. 

De plus ils restent au même niveau au cours de l'année, sauf pour certaines variables 

issues des MCG tels que l'humidité spécifique, (T2 ), la hauteur géopotentielle et la 

direction du vent avec les variations saisonnières et des coefficients relativement élevés. 

En outre, la variation annuelle des coefficients de corrélation conditionnelle pendant 

1980-2000 ne révèle aucun changement significatif pour l'association entre les variables 

de sorties de MCG et la température au cours de la période d'étude de 20 ans. 
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4.2.4. La Covariance conditionnelle pour l'analyse de la sécheresse 

Les deux principaux indices océaniques et atmosphériques, l'Indice d'Oscillation Australe 

(IOA) et l'Oscillation Nord Atlantique (ONA), sont censés influencer les conditions 

climatiques dans le monde. Cette recherche étudie la covariance et la corrélation 

conditionnelle entre ces indices et l'indice de précipitations standardisée (IPS) dans les 

stations Oroomieh et Shiraz en Iran. 

La covariance conditionnelle estimée par les modèles VECH diagonal et BEKK diagonal 

est faible et la plupart du temps négative, entre les indices atmosphériques et la 

sécheresse. On observe que la persistance à court terme n'est pas très forte, sauf pour la 

persistance à court terme entre le IOA et l'indice de sécheresse pour les deux stations. 

Cela implique que la variation des indices IOA et ONA peut avoir une influence rapide à 

court terme sur les variations de sécheresse dans les stations visées dans cette étude. 
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Figure 7. La covariance conditionnelle entre l'humidité et a) la température maximale et 

b) la température minimale. 
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Figure 8. Les Exemples de corrélation conditionnelle quotidienne entre certains 
prédicteurs de MCG (humidité spécifique, la vitesse du vent) et de la température 
maximale. 
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Figure 9. Les exemples de corrélation conditionnelle quotidienne entre certains 
prédicteurs de MCG (température moyenne du niveau des mers et la direction du vent) et 
la température minimale. 

Bien que les deux modèles diagonaux VECH et BEKK montrent la même structure de la 

covariance conditionnelle, la simulation montre que le mode diagonal VECH est plus 

performant que le modèle BEKK pour estimer la covariance conditionnelle. Les tableaux 

3 et 4 indiquent les critères de performance du modèle pour les deux modèles à des 
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stations sélectionnées. A titre d'exemple, la covariance et la corrélation conditionnelle 

IPS entre 12 mois (IPS 12) et des indices atmosphériques sont donnés dans les figures 10 

et Il, en utilisant le modèle diagonal VECH. 

Ces figures montrent que les covariances et les corrélations conditionnelles n'ont pas 

tendance à rester dans un niveau haut ou bas pour longtemps et leurs fluctuations sont 

élevées. Cela implique que l'association entre la sécheresse et les indices atmosphériques 

a fortement fluctué et non persistante au fil du temps pour notre étude de cas. En outre, 

aucune variation saisonnière remarquable n'est observée pour cette association. La 

variation annuelle des coefficients de corrélation ne montrent pas de tendance 

significative ni de tendance dans la relation entre les indices atmosphériques et de l'indice 

de sécheresse dans les stations sélectionnées au cours de la période de 1954 à 2010. 

4.3. La stationnarité et la non-linéarité 

Il existe deux principales hypothèses pour l'analyse et la modélisation hydrologique, 

stationnarité et la non-linéarité. Cette étude présente une enquête sur la non-linéarité et la 

stationnarité des différentes variables hydroclimatiques et leur structure de variance-

covanance. 

Les résultats des tests KPSS, pp et ADF ont révélé la stationnarité pour toutes les 

variables hydroclimatiques et leurs associations. Cependant, certaines preuves de 

tendance non-stationnaire sont observées pour l'association des MCG et des séries 

chronologiques de la température. Cette non-stationnarité est généralement associée à 

l'existence de valeurs aberrantes dans une série chronologique. 
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Tableau 3. Estimations des critères de performance des modèles de covariance 
conditionnelle à la station Oroomieh (Iran) 

série de VECH diagonal BEKK diagonal 
covanance BIAS RMSE BIAS RMSE statistique DM 

normalisé normalisé normalisé normalisé 
IOA-IPS3 0.42 7.97 0.64 3.86 -4.19" 

ONA -IPS3 0.82 12.94 -1.5 20.94 -17.4 
IOA-IPSI2 -0.48 6.1 0.61 8.3 3.16 
ONA-IPSI2 -0.63 17.08 -0.8 8.7 -7.31 

* Significatif au niveau de 5% et mieux 

Tableau 4. Estimations critères de performance des modèles de covariance 
conditionnelle à la station Shiraz (Iran) 

Les série de VECH diagonal BEKK diagonal statistique 
covanance BIAS RMSE BIAS RMSE DM 

normalisé normalisé normalisé normalisé 

IOA-IPS3 0.24 8.32 0.62 17.45 -3.14 
ONA-IPS3 0.45 9.8 -0.41 51.87 -8.02 
IOA-IPSI2 -0.14 12.98 -1.64 54.36 -10.7" 
ONA-IPSI2 -0.29 13.1 -2.09 12.52 -2.72 

* Significatif au niveau de 5% et mieux 
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Figure 10. La covariance conditionnelle entre IOA et IPS12 aux stations Oroomieh (a) 

et Shiraz (h). 
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Figure Il. La corrélation conditionnelle entre IOA et IPS 12 aux stations Oroomieh (a) et 

Shiraz (b). 

En outre, la méthode BDS montre un haut degré de la non-linéarité pour tous les 

covariances conditionnelles et la corrélation entre les variables hydroclimatiques. Les 

résultats du test BDS montre qu'il existe des mécanismes de non-linéarité plus forts et 

plus compliqués agissant sur la covariance conditionnelle pour les séries chronologiques 
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quotidienne que les covariances conditionnelles pour les séries chronologiques 

mensuelles entre les différentes variables hydrologiques et climatiques. 

Cependant, il semble que le processus pluie-débit a le plus grand degré de la non-

linéarité. Ceci suggère l'effet du processus de captage physique derrière la relation non 

linéaire pluie-débit et sa structure de covariance. Le tableau 5 montre les résultats du test 

BDS pour quelques exemples de processus hydroclimatiques dans cette recherche. 

Tableau 5. Exemples de résultats de test BDS pour les différents processus hydrologiques 
et climatiques 

Processus m=2 m=3 m=4 
résultats p-valeur résultat p-valeur résultat p-valeur 

0,15 ° 0,25 ° 0,31 ° précipitation-débit 0,15 ° 0,26 ° 0,33 ° 0,14 ° 0,24 ° 0,30 ° 0,14 ° 0,24 ° 0,30 ° 0,17 ° 0,28 ° 0,35 ° 0,04 ° 0,07 ° 0,08 ° 0,13 ° 0,21 ° 0,26 ° 0,15 ° 0,25 ° 0,32 ° 0,05 ° 0,08 ° 0,09 ° MGC-Température 0,02 ° 0,04 ° 0,06 ° 0,05 ° 0,08 ° 0,09 ° 0,18 ° 0,30 ° 0,40 ° 0,12 ° 0,19 ° 0,23 ° 0,03 ° 0,06 ° 0,08 ° 0,03 ° 0,06 ° 0,08 ° 0,05 ° 0,09 ° 0,12 ° IOA-IPS3 0,04 ° 0,07 ° 0,09 ° 0,10 ° 0,18 ° 0,22 ° ONA-IPS 0,01 ° 0,02 ° 0,03 ° 0,05 ° 0,10 ° 0,13 ° 
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5. Conclusions 

L'approche de la modélisation des séries temporelles est une méthode populaire en 

hydrologie, climatologie, pour la gestion des ressources en eau et les sCIences de 

l'environnement. Bien que les modèles de séries chronologiques furent appliqués depuis 

des décennies en hydrologie, les modèles non linéaires de séries chronologiques n'ont pas 

été inspectés et mis au point. Cependant, la relation non linéaire entre les phénomènes 

hydrologiques dans l'espace et le temps est devenue plus intéressant au cours des 

dernières années. De nombreux chercheurs ont essayé d'appliquer différentes méthodes 

pour modéliser cette relation non linéaire. 

Dans cette thèse, une approche de la classe non linéaire multivariée temporelle est 

introduite pour le développement, l'adaptation et l'application en hydrologie et en 

climatologie. Les modèles univariés et multivariés autorégressifs conditionnels 

hétéroscédastiques généralisés sont utilisés pour modéliser la variation temporelle du 

moment de second ordre de différentes variables hydroclimatiques et leur relation à 

travers la structure de covariance conditionnelle. 

La plupart des variables de cette étude montrent une faible mémoire de la variance 

temporelle dans le temps ou la variance conditionnelle, sauf les précipitations, l'ONA et 

certaines séries chronologiques MCG. 

Les autres séries hydrologique et climatiques ont montré un paramètre ARC fort ou assez 

fort, qui est un indicateur de groupement de la volatilité de ces variables. Cependant, on 

peut également constater que la mesure de la persistance (a + ~) reste élevée pour la 

plupart des variables considérées dans cette étude, ce qui indique que le moment de 

second ordre des variables hydroclimatiques n'est pas constant dans le temps, si la 

50 



dépendance augmente sur des pas de temps précédents ou si la volatilité des processus 

aléatoire régissant leurs innovations varie. 

La structure de covariance conditionnelle entre les différentes variables de l'atmosphère, 

climatiques et hydrologiques ont également montré des structures positives et négatives. 

La plus forte covariance positive conditionnelle a été observée pour les processus pluie­

débit et la covariance entre certaines variables issues des sorties de MCG telles que 

l'humidité spécifique et des séries chronologiques de la température. 

Cependant, cette recherche a montré qu'il n'y a pas une forte association entre les 

moments du second ordre de la plupart des variables hydroclimatiques. Il semble que la 

covariance conditionnelle entre les variables hydroclimatiques dépend en grande partie 

des produits croisés de chocs (variable aléatoire ou innovations). 

En d'autres termes, le regroupement de co-volatilité et la volatilité est plus forte que la 

covariance entre les variables climatiques et hydrologiques, du moins pour ceux étudiés 

dans cette recherche. La mémoire dans la matrice de covariance, donc, repose en grande 

partie sur la volatilité du choc précédent plutôt que la variance au pas de temps précédent. 

En outre, si nous pouvons interpréter la non-linéarité dans la structure de variance­

covariance comme une valeur au carré, la comparaison de la non-linéarité des variables 

hydroclimatiques indique une forte différence et le degré de non-linéarité. Les résultats 

des tests nous disent que la variance-covariance quotidienne a une forte non-linéarité 

temporelle pour les séries chronologiques mensuelles. 

Il a également été observé que les processus pluie-débit ont le plus haut degré de non­

linéarité des différents processus hydroclimatiques examinés dans cette étude. Les autres 

variances-covariances entre les variables climatiques montrent presque le même degré de 
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non-linéarité à l'exception de la covariance entre certains MCG et des séries 

chronologiques de la température. En outre, le test de stationnarité de la variance­

covariance conditionnelle a révélé une stationnarité pour la plupart des associations entre 

les différentes variables. Les résultats ont indiqué la stationnarité pour tous les niveaux, 

alors que l'hypothèse nulle de stationnarité de tendance de certaines associations de 

variance-covariance peut être rejetée. 

L'application des modèeles ACHG et ACHGM dans cette étude a également montré 

quelques avantages et certains inconvénients pour l'hydrologie et la climatologie. Le 

principal avantage des méthodes proposées est d'explorer la structure de covariance entre 

les différentes variables hydrologique et climatiques et est signalé pour la première fois 

dans cette étude. Les modèles ACHGM peut aussi estimer la variation temporelle des 

covariances et des coefficients de corrélation pour l'ensemble des séries chronologiques. 

Cette capacité offre l'avantage de permettre d'enquêter sur le changement (ou tendance) 

dans l'association entre différentes variables hydrologique et climatiques dans les 

perspectives locales, mondiales et des changements climatiques. Les résultats indiquent 

également l'avantage des modèles ACHG asymétriques pour augmenter les performances 

des modèles traditionnels de séries chronologiques, i. e ARMMI, pour la modélisation 

moyenne conditionnelle de débit. Cependant, le modèle ACHG symétrique n'a pas 

montré d'avantage sur le modèle SARMMI pour la modélisation de séries de 

précipitations mensuelles. Il semble que le modèle ACHGM symétrique suppnme 

uniquement l'hétéroscédasticité des résidus du modèle linéaire SARMMI. En règle 

générale, les approches ACHG univariées et multivariées sont des méthodes utiles pour 

développer et appliquer dans les domaines de l'hydrologie et de la climatologie. Ces 
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modèles peuvent capter la non-linéarité univariée et multivariée existant dans les 

variables hydrologiques et leurs processus multidimensionnels non linéaires dans l'espace 

et le temps. L'approche ACHGM, issue de l'économétrie et de la finance semble être une 

approche intéressante pour l'analyse, modélisation et simulation non linéaire de 

phénomènes hydrologiques et climatologiques. 

6. Les Recommandations pour les travaux futurs 

Bien que cette étude a élaboré des modèles ACHGM multivariés pour les différentes 

variables hydroclimatiques, il reste encore des sujets intéressants pour les travaux futurs. 

Par exemple, les structures de variance-covariance de certaines autres variables telles que 

la vitesse du vent, la température, l'évapotranspiration, d'autres prédicteurs MCG, la 

température de l'eau, etc, peuvent être considérés pour de futures études. Par ailleurs, 

l'étude des variables physiques qui influencent la covariance conditionnelle et les 

paramètres des modèles ACHGM dans les applications hydrologiques reste un défi 

important pour des études futures. La répartition spatiale de la structure de variance­

covariance entre les variables hydrologiques et climatiques est un élément important à 

étudier. Dans le contexte du changement climatique à venir, le changement dans le 

moment du second ordre de différentes variables climatiques et leur impact sur la 

variance des autres variables climatiques et hydrologiques est un sujet important pour de 

futures études. 
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Abstract 

The existence of time dependent variance or conditional variance, commonly called 

heteroscedasticity, in hydrologic time series has not been thoroughly investigated. This 

paper deals with modeling the heteroscedasticity in the residuals of the seasonal 

autoregressive integrated moving average (SARlMA) model using a Generalized 

Autoregressive Conditional Heteroscedasticity (GARCH) model. The model is applied to 

two monthly rainfall time series from humid and arid regions. The effect of Box-Cox 

transformation and seasonal differencing on remaining the seasonal heteroscedasticity in 

the residuals of the SARlMA model is also investigated. It is shown that the seasonal 

heteroscedasticity in the residuals of the SARIMA model can be removed using Box-Cox 

transformation along with seasonal differencing for the humid region rainfall. On the 

other hand, a transformation and a seasonal differencing could not remove 

heteroscedasticity from the residuals of the SARlMA model fitted to rainfall data in the 

arid region. Therefore, the GARCH modeling approach is necessary to capture the 

heteroscedasticity remaining in the residuals of a SARIMA model. However the 

evaluation criteria do not necessarily show that the GARCH model Improves the 

performance of the SARlMA model. 

Keywords: nonlinear time series, Heteroscedasticity, GARCH, Engle's test, SARlMA 

model, seasonality, Box-Cox transformation 
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1. Introduction 

During the last deeades, hydrologieal time series analysis and modeling have reeeived 

considerable attention for hydrologie prediction, simulation and foreeasting. One of the 

main eoncems of hydrologie al time series modeling is whether the hydrologie variable is 

govemed by a linear or a nonlinear proeess through time. 

The application of the linear time series models has been widely diseussed in the 

literature for different hydrologie and c1imatie variables sueh as rainfall (Astel et al., 

2004, Maehiwal and Jha, 2008), streamflows (Ouarda et al., 1997; Adeloye and 

Montaseri, 2002), floods (Toth et al., 1999), droughts (Modarres, 2007) and water quality 

variables (Worrall and Burt, 1999). 

Although there is a growing interest in nonlinear analysis of hydrologie time series, 

relatively few efforts have been done in this field. The Generalized Autoregressive 

Conditional Reteroseedastieity (GARCR) approaeh whieh is eommonly used in modeling 

the time variation of the second order moment or the variance of finaneial time series ean 

be an appropriate method for nonlinear modeling of hydrologie time series. Though the 

time variation of the variance of hydrologie variables has been mentioned in the 

literature, few studies have applied the GARCR approaeh to model this phenomenon in 

hydrologie variables. 

In a pioneering study, Wang et. al., (2005) applied the GARCR approaeh to model the 

heteroseedastieity of daily and monthly streamflow time series of the upper Yellow River 

at Tangnaihai in China. They eonc1uded that the eonventionallinear time series models, 

Autoregressive model and the deseasonalized Autoregressive Moving Average (ARMA) 
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model, are not sufficient to describe the time dependent variance of streamflow and a 

GARCH model needs to be fitted to the residuals of an ARMA model to capture the time 

variation behavior of the streamflow variance. Chen et al., (2008) applied linear ARMA 

and nonlinear ARCH models to model 10-day streamflows of the Wu-Shi River in 

Taiwan and verified that nonlinear time series models are superior to the traditionallinear 

approaches such as an ARMA model. They reported an increase of the coefficient of 

efficiency (CE) from 0.28 for an ARMA model to 0.76 for an ARCH model white the 

mean absolute error (MAE) reduced from 60.45 for an ARMA model to 41.35 for an 

ARCH model. However, no seasonal or integrated time series model was applied to 

compare with a GARCH model in their study. 

In another application of the GARCH model, Romilly (2005) fitted a Seasonal 

AutoRegressive Integrated Moving Average (SARIMA) model to the global mean 

monthly temperature and mentioned the existence of heteroscedasticity in the residuals 

and the need for applying a GARCH model to remove it from the residuals. However, the 

model comparison in this study indicated that the SARIMA model performs slightly 

better than the GARCH model for the global mean temperature time series modeling 

according to R2 =0.772, mean absolute error (MAE=0.084) and the root mean squared 

error (RMSE=0.111) for the SARIMA model against R2 =0.771, MAE=0.084 and 

RMSE=0.112 for the GARCH model. 

In addition to the fact of rare GARCH model applications in hydrology, rainfall is a 

missing variable in heteoroscedastic time series modeling. Rainfall plays a vital role for a 

successful development and implementation of water resources tools to assess 

engineering and environmental problems such as flood control, reservoir operation, 
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hydropower generation, water quality control, etc. Henceforth, the efficient rainfall 

estimation, modeling and forecasting is a critical mission in hydrology, water resources, 

and environmental sciences. 

The main objective ofthis study is therefore, to illustrate the advantages/disadvantages of 

a GARCH approach for mode1ing the monthly rainfall time series against the SARlMA 

model commonly used for monthly hydrologie time series modeling. In addition, the 

effect of Box-Cox transformation on stabilizing the variance of rainfall data and its effect 

on the advantages/disadvantages of a GARCH mode1 is also investigated. 

2. Methods 

2.1. SARIMA model 

The SARlMA time senes model has a general multiplicative form, 

SARlMA(p,d,q)x(P,D,Q) (Hipel and McLeod, 1996). The first set of brackets contains 

the order of the nonseasonal parameters while the orders of the seasonal parameters are 

listed inside the second set of brackets. 

The mathematical formulation of a SARlMA(p,d,q)x(P,D,Q) model can be written as the 

following: 

(1) 

where Yt is the observed time series, rlp(B) is a polynomial of order p, Bq(B) is a 

polynomial of order q, <1>1' and e Q are the seasonal polynomials of order P and Q, Vd and 

vf are the nonseasonal and seasonal differencing operators, respectively, B is the 

backward operator, S represents the number of seasons per year and at is an independent 
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identically distributed (i.i.d) nonnal error with a zero mean and standard deviation (J"a 

respecti vel y. 

The SARlMA model in eq. (1) is referred to as a multiplicative model as the nonseasonal 

and seasonal Autoregressive operators are multiplied together on the left hand side while 

the two Moving Average operators are multiplied together on the right hand side (Hipel 

and McLeod, 1996). Building the above SARIMA model from the observations includes 

three steps; model identification, parameter estimation and goodness-of-fit test or 

checking model adequacy. When the order of parameters of an initial model is identified 

according to the structure of the autocorrelation function (ACF) and its (significant) 

parameters are estimated using a method of estimation such as the method of moments or 

the method of maximum likelihood, the model adequacy should be checked. The details 

of model building can be found in Hipel and McLeod (1996). 

For checking the adequacy of a model, the autocorrelation function (ACF) of the 

residuals of a SARlMA model (Ii) is first inspected. It is well-known that for random and 

independent series of length n, the lag k auto correlation coefficient is nonnally 

distributed with a mean zero and a variance lin and the 95% confidence limits are given 

by ± 1.96/ fn . If aIl autocorrelation coefficients fall within the confidence limits, the 

adequacy of the time series model is accepted. 

More fonnally, the Ljung-Box lack-of-fit test (commonly called the portmanteau lack-of­

fit test) is also used to test the adequacy of the SARlMA model. The Portmanteau lack­

of-fit-test (Ljung and Box, 1978) computes a statistic Q, which is X2 distributed with 

(L - p - q) degrees of freedom and is given by: 
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L 

Q=N(N t2)I(N -kr1rk
2(ê) (2) 

k=l 

Where N is the sample size, L is the number of autocorrelations of the residuals included 

in the statistic, which can be 15 to 25 for nonseasonal models and 2S to 4S for seasonal 

models (Hipel and McLeod, 1996) , and r k is the sample autocorrelation of the residual 

time series, li, at lag k. If the probability of Q is higher than a = 0.05, there is a strong 

evidence that the residuals are· time independent and the model is adequate. If this 

probability is less than a = 0.05, it is reasonable to conclude that the residuals are time 

dependent and the model is inadequate and we need to repeat the process of model 

building to achieve an adequate model (Hipel and McLeod, 1996). 

2.2. GARCH modeling approach 

By applying a SARIMA model, the dependence of an observation at time t, Yt, to the 

previous observations, Yt-[, Yt-2, ... , Yt-p, or the conditional mean, is considered for time 

series modeling. Though, the errors or the residuals of a SARIMA model may exhibit the 

adequacy, conditional variance or time dependent variance may exist in the residuals 

which can be captured by a GARCH model. This type ofmodel is also called SARIMA-

GARCH error model as the conditional variance of the residuals of a SARIMA model 

will be modeled by a GARCH approach. To describe a GARCH modeling approach, the 

Autoregressive Conditional Heteroscedasticity (ARCH) model is [IfSt described. 

If the conditional mean is described by a SARIMA model, the Vth order of the 

Autoregressive Conditional Heteroscedasticity or the ARCH(V) model for the conditional 

variance of the residuals of a SARIMA model, ( CYt ), is defined as the following (Engle, 

1982): 
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(3) 

et ~ Normal (0,1) (4) 

Where, &1 indicates the residuals of the SARIMA model which are uncorrelated but have 

variances that change over time, CI denotes a real valued i.i.d random variable with mean 

o and variance 1, independent of past realizations (et-l,et - 2, ... ), al, ... ,av are the 

parameters of the ARCH model and m is a constant (Wei, 2006). In this model, the 

variance of the error is time varying and depends on the V past errors, &f~l' &f~2'···' &(-v 

through their squares. 

The generalized ARCH (GARCH) model, introduced by Bollerslev (1986), improves the 

original specification by adding lagged conditional variance, which acts as a smoothing 

term. 

The Generalized Autoregressive Conditional Heteroscedasticity model, GARCH(V,M), is 

defined as follows : 

V M 

cr; = m + Iav&;-v + If3Mcr;-M (5) 
i=l j=l 

et ~ Normal (0,1) (6) 

Where al' ... ' av and fJp ... ,j3M are the parameters of the GARCH(V,M) process. 

Therefore, the SARIMA-GARCH(V,M) model is one in which the conditional mean is 

described by a SARIMA model while the conditional variance is described by a 

GARCH(V,M) model. 

2.3. Tests for the ARCH effect 
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Although the ACF of the residuals and the Ljung-Box lack-of-fit test are usually used for 

time series model adequacy analysis, the variance time dependent characteristics of the 

residuals can not be inspected by the ACF of the residuals. Bollerslev (1986) stated that 

the ACF of the standardized squared residuals (SSRs, hereafter) is useful for identifying 

and checking the heteroscedasticity of residuals. In order to check if the variance of the 

residuals is conditional on its past history or, in other words, if the residuals exhibit an 

ARCH effect, we apply the commonly used Ljung-Box and Engle's Lagrange Multiplier 

tests for the SSRs. 

The Ljung-Box lack-of-fit test for SSRs is calculated through equation (2) but for the 

SSRs time series (&2) : 

L 

Q=N(N +2)~)N _k)-lr/(&2) (7) 
k=1 

Under the null hypothesis of no ARCH effect in the residuals, the test statistic IS 

asymptotically chi-square distributed. 

The Engle's Lagrange Multiplier test for the ARCH effect was proposed by Engle (1982). 

The test statistic is given by NR2
, where R is the sample multiple correlation coefficient 

computed from the regression of &(2 on a constant and &t2_1' •.• '&(_v and N is the sample 

size. The null hypothesis of no ARCH effect is accepted if the test statistic is 

asymptotically distributed as a chi-square distribution with v degrees of freedom. The 

test can also be used to investigate the GARCH effect of SSRs (Bollerslev, 1986). 

2.4. Data transformation 

Although a few studies have applied GARCH models in hydrology, the existing of 

conditional variance in hydrologic variables has already been addressed for a long time 
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and sorne methods have been used to stabilize this variance. The Box -Cox class of power 

transformation technique (Box and Cox, 1964) is the most common method for variance 

stabilization. The Box-Cox transformation can be expressed by the following equation: 

if À*O 
(8) 

if À=O 

Where r,B-C is the Box-Cox transformed data, Yt is the original time series and À is the 

power parameter chosen to ensure that the transformed data are approximately Gaussian. 

The Box-Cox transformation is assumed to stabilize the variance of a time series so that 

no further ARCH effect is observed in the residuals of a time series mode!. The optimum 

value of À is chosen based on Box-Cox normality plot which indicates the variation of À 

against the correlation coefficient of a normal probability plot. The value of À 

corresponding to the maximum correlation is then the optimal choice for }, (Lye, 1993). 

2.5. Comparison approach 

The time series modeling approaches used in this study are compared through a multi-

criteria comparison by applying a set of evaluation metrics (Modarres, 2009). The 

evaluation metrics can be classified into three groups, metrics which calculate the 

absolute error, metrics which calculate the relative error and the dimensionless metrics 

(Dawson et al., 2007). In this study, the following evaluation metrics of the above 

categories are used: 

- metrics for calculating absolute errors 

Absolute Maximum Error (AME) 

AME = max~Q -Qil) (9) 
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Peak Difference (PDIFF) 

PDIFF = max( Qi) - max( Q) 

Mean Absolute Error (MAE) 

MAE = ± LIQi -Qil 
Root Mean Squared Error (RMSE) 

- metrics for calculating relative errors 

Relative Absolute Error 

ÎIQi-Qil 
RAE = .!.:i=:.!...I __ _ 

ÎIQi-Qil 
i=1 

Mean Relative Error 

MRE =! t[Qi-Qi] 
n i=1 Q 

- Dimensionless metrics 

Coefficient of detennination (R-squared) 
2 

Il 

L(Qi -Q)(Qi -Q) 
i=1 

n Il 

.~~(Qi _Q)2~(Qi _(2)2 

Coefficient of Efficiency (CE) 

i=1 

Index of Agreement (IoAd) 

JoAd = 1- _---'-=i="'-1 -----

Î~Qi -QI+IQi -Qlf 
i=1 

(10) 

(11) 

(12) 

(13) 

(14) 

(15) 

(16) 

(17) 
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In these equations, Qi is the observed time series, Qi is the predicted time series, Q and 

Q are the mean of the observed and predicted time series, respectively. 

Thought the above criteria allow us to sort models based on their accuracy, it is also 

important to test whether the improvement of model accuracy between two competing 

models is statistically significant. To address this issue, a test statistic proposed by 

Diebold and Mariano (1995) which is already used in financial time series, is applied and 

reported for the fIfst time in hydrological sciences. Although this test is usually used for 

out-of-sample forecasting accuracy analysis (i. e. Mohammadi and Su, 2010), here we 

use it for within-sample prediction accuracy testing. In our case, this test can indicate if 

there is a significant difference between SARIMA and SARIMA-GARCH's 

performances for predicting (estimating) rainfall time series. 

Formally, let el,! and e2,! , t=I, ... ,n, denote mode} errors from SARIMA and SARIMA-

GARCH models and g( el ,t) and g( e2,t) are their associated loss functions and 

dl = g( el,t) - g( eZ,t) . Diebold and Mariano (1995) defined the B statistics 

d 
B~ H. -N(O,I) (18) 

Where dis the sample mean, s is the variance of loss differential and n is the number of 

observations. Under null hypothesis of zero mean loss differential, the null hypothesis of 

equal modeling accuracy is rejected if the test statistic is negative and statistically 

significant. 
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3. Applications and case studies 

In this section we illustrate the application of the above methods for two monthly rainfall 

time series, one from a humid and the other from an arid region. These two rainfall data 

sets are selected to investigate and compare the ARCH effect of rainfall in the two 

regions and to evaluate the GARCH model efficiency and advantage for modeling the 

rainfall heteroscedasticity in the humid and arid regions. 

3.1. Rainfall for a humid region 

3.1.1. Data 

The first case study includes the monthly time series of the Campsie station, (540 07' N 

latitude and 1140 40' W longitude), Alberta province (station elevation: 670.6 m), 

Canada. The mean annual rainfall in the Campsie station is 343 mm for the period of 

1950-2008. The monthly rainfall time series of the Campsie station is illustrated in Figure 

(la). The monthly distribution of the mean and standard deviation (STDEV) of rainfall 

(Figure (lb)) indicates seasonality in both rainfall depth and variance in the Campsie 

station. In the following sections, the results of time series models fitted to both original 

and transformed data are given and discussed. 

3.1.2. Results for modeling original data 

Since the ACF of rainfall time series (Figure (2a)) indicates a strong seasonal structure, 

the SARlMA(l,O,l)12 model is fitted to rainfall data. This model includes two seasonal 

autoregressive and moving average parameters of order 1 which are significant at 95% 

level and does not include any non-seasonal parameters. 
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· ---------------------------------

The adequacy of the SARlMA(1,O,l)12 model is verified using the Ljung-Box statistics 

and the ACF of the residuals. The ACF of the residuals (Figure (2b)) indicates no 

autocorrelation structure in the residuals as all coefficients fall within the confidence 

limit. No seasonality is observed in the residuals as the coefficients at lags k=12, 24, 

36, ... also faB within the confidence interval. 

The results of the Ljung-Box test (Figure (3a)) also show the adequacy of the model as 

the p-values of Ljung-Box statistic (Q) exceed the critical value (a = 0.05). Therefore, 

the null hypothesis ofno autocorrelation structure in the residuals can not be rejected. 

Although the residuals seem statistically uncorrelated according to the ACF and no 

seasonal structure is observed in the residuals, the ACF of the SSRs is investigated to 

check the presence of the ARCH effect. The ACF of the SSRs has been given in Figure 

(3b) which illustrates the existence of an ARCH effect in the SSRs of the 

SARlMA(1,O,l)12 model. A seasonal hetero sc edasticit y is also observed in the SSRs of 

the SARIMA(l,O, 1)12 model as the auto correlation coefficients exceed the confidence 

limit at lags k=12, 24, 36, .... The p-values of the Engle's test for the ARCH effect of 

SSRs of the SARIMA(1,O,l)12 model are presented in Figure (3c) which illustrate the 

presence of heteroscedasticity in the SSRs of the SARIMA(1 ,0, 1)12 model. For alliags, 

the p-values of the test are less than the critical value ( a = 0.05) and the null hypothesis 

of no ARCH effect is rejected. In other words, the heteroscedasticity of the residuals of 

SARIMA(1,O,l)12 model is significant and we need to apply a GARCH approach to 

remove it from the residuals of the SARIMA(1,O,l)12 model. 

As seasonality is also observed in the SSRs of the SARlMA(1 ,0, 1)12 model, we first try 

to remove this seasonal variance by adding a seasonal differencing parameter and fitting a 
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SARIMA(1,1,2)12 model to rainfall data. This model includes a seasonal autoregressive 

parameter, two seasonal moving average parameters and a seasonal differencing 

• D operatmg, vs. 

The ACF of the residuals is first investigated for validating the adequacy of the mode!. 

The ACF of the residuals (Figure (4a)) indicates the appropriateness of the model as the 

autocorrelation coefficients are within the confidence interval of ACF. The Ljung-Box 

test for the residuals also indicates the adequacy of the SARlMA(1,1,2)12 model for the 

rainfall time series of Campsie station (Figure (4b)). AlI p-values of the test lie outside 

the criticallevel (a = 0.05) and reject the existence of an autocorrelation structure in the 

residuals. 

For testing the ARCH effect, the Engle's test IS used for the SSRs of the 

SARIMA(1,1,2)12 mode!. The p-values of the test (Figure (4c)) show that the null 

hypothesis of no ARCH effect in the SSRs of the SARIMA(1,1,2)12 model is rejected and 

no improvement of the seasonal heteroscedasticity stabilization is also observed in the 

SSRs of the SARlMA(1,1,2)12 mode!. Therefore, adding a seasonal differencing 

parameter can not remove the seasonal heteroscedasticity and we try fitting a GARCH 

model to the residuals of both SARlMA(1,O,l)12 and SARlMA(1,1,2)12 models to 

stabilize the heteroscedasticity. 

A GARCH(1,l) model is fust fitted to the residuals of the SARIMA(l,O,l)12 mode!. To 

test the existence of an ARCH effect, the ACF of the SSRs of the SARlMA(l,O,l)12-

GARCH(1,l) (given in Figure (Sa)) is inspected. The figure indicates sorne reduction in 

the autocorrelation structure of the residuals comparing to the ACF of SSRs for 

SARIMA(l,O,l)12 model given in Figure (3b). For example, the autocorrelations at lags 
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k=1 to k=lO and k=13 to k=20 in the ACF of the SSRs of SARIMA(1,O,I)12-

GARCH(1,I) (Figure (5a)) are within the confidence interval while these auto correlations 

are significant in Figure (3b). However, the seasonality still exists in the SSRs of 

SARIMA(1 ,0, 1 )12-GARCH(1, 1). 

The p-values of the Engle's test for the ARCH effect are also shown in Figure (5b). It can 

be seen that except for the first four lags (k= 1- 4), all p-values are significantly below the 

critical value, (a = 0.05), and the null hypothesis of no ARCH effect is rejected. 

Therefore the SARIMA(l,0,1)12-GARCH(I,I) model is not able to remove the 

conditional variance, specially the seasonal conditional variance, of the monthly rainfall 

of Campsie station. 

In the following, a GARCH(I,2) model is fitted to the residuals of the SARIMA(1,1,2)12 

model. The ACF of the SSRs of the SARIMA(1,1,2)12-GARCH(I,2) mode1 is presented 

in Figure (6a). This figure illustrates no significant autocorre1ation structure as all the 

coefficients at different lags are within the confidence interval up to lag k=39. The 

significant autocorrelation at lag k=39 could be considered as a random effect in the 

heteroscedasticity of rainfall. 

The major feature of Figure (6a) is that the seasonal autocorre1ation coefficients at lags 

k=12, 24, 36 and 48 are not significant. This is an important advantage of using a 

seasonal ARIMA model with an appropriate differencing parameter together with a 

GARCH approach to remove the seasonal heteroscedasticity from the seasonal 

hydrologic time series. The p-values of the Engle's test given in Figure (6b) also verifies 

the advantage of GARCH modeling approach together with a seasonal differencing to 

stabilize the conditional variance of rainfall time series. AlI p-values are larger than the 
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critical value (a = 0.05) and the null hypothesis of no ARCH effect in the residuals of 

SARIMA(1,1,2)12--GARCH (1,2) model can not be rejected. 

3.1.3. ResuUs for modeling transformed data 

In addition to the investigation of the effect of seasonal differencing on stabilizing the 

seasonal heteroscedasticity, the Box-Cox transformation is also used to stabilize the 

variance of the rainfall time series. The power parameter of the Box-Cox transformation 

isÂ = 0.112. 

To ensure investigating the effect of a seasonal differencing on removmg the 

heteroscedasticity from residuals, two SARlMA models are fitted to the transformed data. 

In the first mode1 no seasonal differencing parameter is added while for the second model 

a seasonal differencing parameter is also included. 

The first SARlMA model for Box-Cox transformed rainfall time series of Campsie 

station includes two seasonal and two nonseasonal parameters of order 1 to have the 

SARlMA(1,O,l) x(1,O,l) model. The ACF and the p-values of Ljung-Box test for the 

residuals of the model, given in Figures 7(a) and 7(b), respective1y, indicate the 

acceptance of the null hypothesis of model adequacy. However, if the SSRs of the model 

are examined for an ARCH effect, a seasonal heteroscedasticity can be observed in the 

residuals of SARIMA(1,O,l)x(1,O,l) model (Figure 7(c)) as the autocorrelation 

coefficients at lags k=12, 24 and 36 are significant while other autocorrelation 

coefficients are within the confidence level. The p-values of Engle's test for SSRs are 

also given in Figure (7d). It can be seen that most of the p-values, but not aIl ofthem, are 

larger than the critical value (a=0.05). Sorne p-values at lags k=12 to k=16 are less 
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than the critical value and suspect the existence of an ARCH effect in the residuals. The 

Engle' s test indicates that the Box -Cox transfonnation has stabilized the 

heteroscedasticity of the residuals to a very low level but sorne seasonal conditional 

variances still remain in the residuals. This suggests the need of a GARCH model to 

stabilize the remaining heteroscedasticity of the SARlMA(l,O,I)x(l,O,l) model fitted to 

the Box-Cox transfonned data. Therefore, we fit a GARCH(l,l) to the residuals of 

SARlMA(l,O,l)x(l,O,l) model. The residuals of the SARIMA(l,O,l)x(l,O,l)­

GARCH(l,l) model are then checked for the ARCH effect inspecting the ACF of SSRs 

and the p-values of the Engle's test. The results are given in Figure (8). This figure 

illustrates that the autocorrelation coefficients are within the confidence level of ACF and 

are not significant. The seasonal autocorrelation coefficients at lags k=12, 24, 36, ... are 

also insignificant. The result of the Engle's test also indicates no ARCH effect in the 

SSRs of the GARCH model. Therefore, the SARIMA(l,O,l)x (l,O,I)-GARCH(l,l) is 

sufficient for modeling the conditional variance of rainfall time series of Campsie station. 

From the above analysis, a GARCH model seems to be required for modeling the 

heteroscedasticity in the residuals of the SARIMA(l,O,l)x (1,0,1) model fitted to the 

Box-Cox transfonned rainfall without using a seasonal differencing parameter. However, 

the seasonal differencing parameter is also inc1uded in the model to check if the seasonal 

differencing can remove the heteroscedasticity from residuals so that no ARCH effect 

remains to be modeled by a GARCH approach. Adding a seasonal differencing parameter 

to the SARIMA(1,O,l)x(1,O,l) model, we fit a SARIMA(l,O,l)x(l,l,l) model to the Box­

Cox transfonned rainfall time series. The adequacy of the model is confinned by 

inspecting the ACF of the residuals and using the Ljung-Box test. 
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The ACF and the p-values of the Engle's test of SSRs (Figure 9) indicate that if an 

appropriate seasonal differencing is used with a Box -Cox transfonnation, the seasonal 

heteroscedasticity will be stabilized. N either nonseasonal nor seasonal heteroscedasticity 

can be observed in the ACF of the SSRs ofSARlMA(I,O,I)x(l,I,I) model fitted to Box­

Cox transfonned rainfall data. The p-values ofEngle's test are also larger than the critical 

value and no ARCH effect exists in the residuals. Therefore, we agree that an appropriate 

transfonnation and deseasonlization approach would -result in removing the ARCH effect 

from the residuals of the SARIMA model for monthly rainfall of Campsie station and no 

further GARCH model is necessary for stabilizing the conditional variance of rainfall 

data. 

3.2. Rainfall for an arid region 

3.2.1. Data 

The second case study deals with modeling the monthly rainfall time series of the Isfahan 

station (32°37'N latitude and 51°40'E longitude), Isfahan province (Elevation: 1550.4 

m), Iran. The station is located in the semi arid region of Iran with the mean annual 

rainfall of 122.8 mm for the period 1951-2005. The Monthly rainfall time series of the 

Isfahan station and the monthly distribution of the rainfall mean and standard deviation 

are given in Figure (lOa) and Figure (lOb), respectively. 

In the following two sections, we present the results of time series modeling for the 

original and Box -Cox transfonned rainfall data of Isfahan station to discuss the ARCH 

effect of the rainfall in an arid region. 
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3.2.2. Results for modeling original data 

The ACF of the rainfall (Figure (lIa)) indicate the seasonal behavior of rainfall in the 

Isfahan station. Therefore, the SARIMA(O,O,I)x(1,O,I) model is first fitted to rainfaH 

data. This model has three parameters, one nonseasonal moving average parameter and 

two seasonal autoregressive and seasonal moving average parameters, all of order 1. The 

ACF of the residuals of this model (Figure lIb) and the p-values of Ljung-Box test 

(Figure Il c) indicate the adequacy of the model. The existence of an ARCH effect in the 

SSRs of the above model is investigated through inspecting the ACF of SSRs and using 

the Engle's test. The ACF (Figure 12a) indicates neither nonseasonal nor seasonal 

heteroscedasticity in the residuals as the auto correlation coefficients are within the 

confidence limits. However, at lags k=8 and k=20, two autocorrelation coefficients faH 

outside the confidence level on the other hand. The p-values of Engle's test (Figure l2b) 

proves no ARCH effect in the SSRs of the SARIMA(O,O,I)x(l,O,I) model and suggests 

that the significant autocorrelation coefficients at lags k=8 and k=20 could be considered 

as random effects on conditional variance of rainfaH in Isfahan station. 

Adding a seasonal differencing to the above model to have a SARIMA(O,O,l)x(l,l,l) 

model shows the same adequacy of the model according to the ACF and p-values of 

Ljung-Box test and the same ARCH structure in the residuals as those for the SARIMA 

(O,O,l)x(1,O,I) model. No seasonal heteroscedasticity is observed and the autocorrelation 

coefficients are still significant at lags k=8 and k=20. 

The significant autocorrelation coefficients at lags k=8 and k=20 could be considered as 

random conditional variances of rainfall in Isfahan station. These random effects could be 

related to an uncertainty in climate conditions in the arid regions. The timing and amount 
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of precipitation indicate a high irregular fluctuation in the arid regions and may impose 

random effects on the conditional variance of rainfal1. 

One can accept that the SAR1MA(O,O,l)x(1,l,l) is enough for modeling the rainfall time 

series of the 1sfahan station at this level considering the lags k=8 and k=20 as random 

ARCH effects and does not feel necessary to use a GARCH model to remove these 

random effect. Nevertheless, we continue our modeling approach by fitting a GARCH 

mode1 to the residuals of the SARIMA model in order to investigate the 

advantage/disadvantage of the GARCH mode1s. 

Trying to remove the random ARCH effect from the residuals by fitting a GARCH 

model, the SAR1MA(0,0,1)x(1,0,1}-GARCH(0,2) and SAR1MA(O,O,l)x(1,l,l}­

GARCH(0,2) are used. As the ACF and the Engle's test for the residuals of both above 

models are the same, we illustrate the ACF of the SSRs and the p-values of Engle's test 

for SARIMA(0,0,1)x(1,1,1}-GARCH(0,2) mode1 in Figure 13(a) and 13(b), respective1y. 

No ARCH effect is observed in the residuals of SARIMA(O,O,l)x(1,l,l)-GARCH (0,2) 

model as all autocorrelation coefficients fall within the confidence interval of the ACF 

and all p-values are larger than the critical value. 1t is important to note that neither 

nonseasonal nor seasonal heteroscedasticity is observed in the residuals of the GARCH 

model and the random conditional variances at lags k=8 and k=20 have also been 

removed from the residuals. This suggests the appropriateness of a GARCH approach for 

mode1ing heteroscedasticity of rainfall time series in the arid region where rainfall 

indicates irregular temporal fluctuations and variation. 
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3.2.3. ResuUs for modeling transformed data 

Time series modeling of the original rainfall ofIsfahan indicates the advantage ofusing a 

GARCH model to remove conditional variance of the residuals of a SARIMA model. 

However, we also apply a transformation method to check if it will reduce the 

heteroscedasticity of rainfall data that no ARCH effect remains to be modeled by a 

GARCH approach. 

The Box-Cox transformation method with À = 0.056 is applied to transform rainfall of 

the Isfahan station. Two SARIMA models with and without differencing parameter are 

then fitted to transformed data in order to see the adequacy of Box -Cox transformation 

for removing heteroscedasticity from the residuals of the SARIMA models. 

The SARlMA model fitted to the transformed data without applying seasonal 

differencing is SARIMA(O,O,2)x(1,O,2). The model is adequate according to the ACF 

(Figure 14a) and p-values of Ljung-Box (Figure 14b) of the residuals. 

The heteroscedasticty remaining in the residuals of the above model is investigated by 

checking the ACF of SSRs (Figure 15(a)) and using the Engle's test for an ARCH effect 

(Figure15(b)). The ACF of the SSRs indicates the existence of both nonseasonal and 

seasonal heteroescedasticity. The results of Engle's test also indicate an ARCH effect in 

the residuals ofSARIMA(O,O,2)x(1,O,2) model fitted to the Box-Cox transformed data. 

By adding a seasonal differencing operator to the above model, the effect of seasonal 

differencing on stabilizing the seasonal heteroscedasticity is examined. The 

SARIMA(O,O,2)x(1,1,2) model is also adequate according to Ljung-Box test for the 

residuals. However, both seasonal and nonseasonal heteroscedasticity are still observed in 

the SSRs (Figure 16(a)). The Engle's test indicates sorne improvement of modeling 
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heteroscedasticity of the residuals by adding a seasonal differencing to the model since 

sorne of p-values are larger than critical value (a = 0.05) in Figure 16(b). However, 

ARCH effect is still remaining in the residuals and we need to apply a GARCH approach 

to model this heteroscedasticity in the residuals. 

The GARCH model is then fitted to the residuals to have a SARlMA(0,0,2)x(1,0,2)­

GARCH(2,3) model. To check the ARCH effect of the residuals, the ACF of SSRs and 

the p-values of Engle's test are given in Figure (17). The ACF of SSRs (Figure 17(a)) 

indicates the adequacy of the GARCH approach for modeling the heteroscedasticity of 

rainfall time series. However, a very weak seasonal heteroscedasticity is observed as the 

seasonal autocorrelation coefficients at lags k= 12 and k=24 fall outside the confidence 

level. Ifwe fit a GARCH model to the residuals of the SARlMA(0,0,2)x(1,1,2) model to 

have a SARIMA(0,0,2)x(I,1,2)-GARCH(2,2) model, the evidence of the weak 

heteroscedasticity is also removed. The ACF and the p-values of the Engle's test for the 

above model are given in Figure (18a) and Figure 18(b), respectively. It is clear that the 

GARCH model has removed both seasonal and nonseasonal heteroscedasticity from the 

residuals. 

Modeling the transformed data suggests that Box -Cox transformation and seasonal 

differencing can not remove conditional variance from the residuals of Isfahan station 

without applying a GARCH model. 
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4. Model comparison 

This section provides the criteria for model performance evaluation and cross-comparison 

of the SARIMA and GARCR models fitted to rainfall data at the Campsie and Isfahan 

stations. 

Firstly, the criteria for the Campsie station are considered (Table 1). For the original 

rainfall data, the SARIMA model with seasonal differencing parameter, 

SARIMA(l,1,2)12, indicates a slightly better performance than other models according to 

RMSE, AME and PDIFF. It suggests the SARIMA(1,1,2)12 is a better model for 

predicting peak rainfall in the Camp sie station than other models. Though, the 

performance of the SARIMA and GARCR models look almost the same based on the 

error and dimensionless metrics, the DM statistic indicates a significant difference 

between SARlMA and SARlMA-GARCR's performances with and without seasonal 

differencing. Nevertheless, the model with seasonal differencing parameter indicates a 

more negative DM statistics comparing to the model without differencing. 

On the other hand, for Box-Cox transformed data, the SARIMA and GARCR models 

seem to relatively outperform the SARIMA and GARCR models fitted to the original 

rainfall data according to dimensionless metrics. Rowever, no improvement in model 

accuracy is observed comparing the GARCR model to the SARIMA model for Box-Cox 

transformed rainfall time series of the Campsie station according to DM statistic. This 

suggests that the application of a GARCR model for rainfall of the Campsie station, as a 

sample of humid region, does not necessarily improve the performance of a SARIMA 

model after Box-Cox transformation 
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Looking at the criteria for the Isfahan station in Table 2 also suggests that a GARCR 

model does not improve the performance of the SARIMA model fitted to the original 

rainfall time series. 

Rowever, for Box-Cox transformed rainfall time series, the GARCR mode1s perform 

better than the SARMA models. Both global metrics, R2 and RMSE, show the best 

performance for SARIMA(0,0,2)x(1,1,2)-GARCR(2,2) mode!. Based on other error 

metrics, the GARCR model gives also the lowest error. The dimensionless metrics also 

suggest a better agreement between the GARCR modeled and observed rainfall than that 

of the SARlMA mode!. Rowever, the null hypothesis of equal accuracy is rejected for all 

SARlMA-GARCR against SARIMA models. This suggests that there is not a remarkable 

difference in the performance of the SARIMA-GARCR against a SARIMA model for 

Isfahan rainfall time series. It is also important to note that the performance of the time 

series models fitted to transformed rainfall data, both in arid and humid regions, is much 

better than the models fitted to the original data, especially for rainfall of the Isfahan 

station, for which the performance of the model is doubled after Box-Cox transformation 

according to R2 and CE. 

Neverthe1ess, the DM test results indicate that the null hypothesis of equal mode1ing 

accuracy is only rejected for SARIMA-GARCR models for original rainfall time series at 

Campsi station. Therefore, one can see that the main advantage of a GARCR mode1 is 

the ability of capturing the heteroscedasticity of the residuals of a SARlMA model (as 

was also reported by Romilly (2005) for global mean temperature time series modeling) 

and there is no guarantee to have a better performance by a GARCR model, at least for 

our case study. 
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5. Discussion 

The volatility, the time-dependent vanance or the conditiona! heteroscedasticity, is 

usually neglected in hydrologic time series mode!ing. The present study shows that 

although the seasona! ARIMA mode! seems to be adequate for modeling the conditional 

mean of the monthly rainfall time series and its seasonal variation, a seasonal ARCH 

effect remains in the residuals. Fitting a SARIMA mode! to the samp!e rainfall data set 

used in this study we noticed the inadequacy of SARIMA models for capturing the 

seasonal conditional variance of monthly rainfall for both sample data sets coming from 

the humid and arid regions even by adding a seasonal differencing parameter to the 

model. 

Adding a seasonal differencing parameter to a SARIMA model does not remove the 

seasonal heteroscedasticity from the residuals of the model. This phenomenon is 

observed for both rainfall data from humid and arid regions. However, the Box-Cox 

transformation together with a seasonal differencing seemed to be an efficient approach 

for capturing seasonal heteroscedasticity of rainfall data of the humid region (the 

Campsie station) but not a sufficient method for rainfall data from the arid region (the 

Isfahan station). However, these results are explanatory and future analyses are necessary 

to generalize them. 

This suggests that there may be a very irregular conditional variance in rainfall data in 

arid regions which can not be removed by a seasonal differencing and a Box-Cox 

transformation. The remaining of an ARCH effect in the residuals of the SARIMA model 

for Box-Cox transformed rainfall data in the arid region may be due to the perturbations 

of temperature and evapotranspiration fluctuations and non-equilibrium interaction of the 
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earth and atmospheric components in the arid regions. The reasons for the irregular 

ARCH effect in the rainfall of the Isfahan station and its relationship to (local or regional) 

c1imate fluctuations should be carefully examined using a larger database in different arid 

regions of the world. 

The investigation of the causes of the seasonal ARCH effect and the causes of the 

inadequacy of the linear models commonly used for seasonal hydrologie time series 

modeling is out of the scope of the present study. However, it can be assumed that the 

seasonal heteroscedasticity may be the result of the seasonality of the atmospheric and 

c1imatic factors and components which influence the seasonal variance of hydrological 

variables. The irregular pattern of the c1imate fluctuations in the arid regions may result 

in an irregular conditional variance of rainfall in these regions as illustrated by the 

Isfahan rainfall case study. The above statement on irregular conditional vanance 

requires a more careful investigation which may be the topic of future studies. 

Although the GARCH model indicates the capability of modeling conditional variance, it 

does not improve the efficiency of the SARIMA models, especially for rainfall data in the 

arid region. However, the performance of both SARIMA and GARCH models fitted to 

transformed rainfall data in the arid region is twice better than that of the models fitted to 

the original rainfall data according to multi-criteria error evaluation. This can be an 

important aspect of the rainfall time series modeling in the arid regions that should be 

carefully considered. The Box-Cox transformation seems to be an effective method to 

reduce the (hidden) variance of rainfall in the arid regions which also improves the 

performance of time series models. 
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It should also be mentioned that the Diebold-Mariano (DM) test did not show a notable 

difference between SARlMA and SARIMA-GARCH prediction performances, except for 

the non-transformed rainfall time series from humid region. 

The results of the present study suggest that using the GARCH approach together with an 

appropriate transformation technique may increase the performance of the time series 

models in sorne cases, such as our example of the Campsie station and may stabilize the 

heteroscedasticity of rainfall time series. However, from parsimonious point of view, and 

as a disadvantage of GARCH modeling approach, it seems that adding more parameters 

into rainfall time series mode1s by a GARCH mode1 may not guarantee achieving better 

rainfall prediction accuracy. 

6. Conclusions and future work 

This study illustrated the GARCH modeling approach for a rainfall time series with 

seasonal variation and showed the advantage of a GARCH approach to model the 

conditional vanance of rainfall data. In order to better understand the 

advantage/disadvantage of the GARCH modeling approach for hydrologie time series 

modeling, especially for rainfall in arid regions, the use of a larger data base from 

different regions of the world is strongly recommended in future studies. Simulation­

based studies are also necessary to confirm and generalize the results of the present study. 

Space limitations prevented this from being done in the CUITent study, and this should be 

the topic of the future research efforts. In addition, the advantage/disadvantage of 

GARCH models over SARIMA models for out-of sample forecasting would be important 

to be considered in the future investigations. 
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An interesting topic for future GARCH modeling efforts deals with the modeling non­

stationary hydrological time series through c1imate change conditions, especially time 

series with change in higher order moments such as the variance, skewness and kurtosis. 

The application of multivariate GARCH mode1s in order to investigate the shift of the 

conditional variance from one variable such as rainfall into another variable such as 

streamflow is also an interesting topic for future works. Using a combination ofGARCH 

models with other time series modeling approaches such as fractional and periodic time 

series models would be useful for modeling persistence and periodicity in the variance of 

different hydrologie and c1imatic variables. Coupling GARCH mode1s with smoothing 

approaches and nonparametric methods would also he1pful in mode1ing conditional 

variance of the hydrologie time series. 
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TABLE CAPTION 

Table 1. Model criteria for the Campsie rainfall time series 

Table 2. Model criteria for the Isfahan rainfall time series 

FIGURE CAPTIONS 

Figure 1. a) monthly rainfall time series and b) monthly distribution of rainfall mean and 

standard deviation of the Campsie station for 1956-2008 

Figure 2. a) ACF of monthly rainfall time series and b) ACF of the residuals of 

SARIMA{l ,0, 1)12 model for the Campsie station 

Figure 3. a) p-values of Ljung-Box test of the residuals, b) Autocorrelation function and 

c) p-values of Engle' s test for the SSRs of SARIMA(l ,0, 1)12 model 

Figure 4. a) Autocorrelation function of the residuals, b) p-values of Ljung-Box test of 

the residuals and c) p-values of Engle's test for the SSRs ofSARIMA(l,1,2)12 model 

Figure 5 a) Autocorrelation function and b) p-values of Engle's test for the SSRs of 

SARIMA(l ,0, 1 ) 12-GARCH(l , 1) model for rainfall of the Campsie station 

Figure 6. a) Autocorrelation function and b) p-values of Engle's test for the SSRs of 

SARIMA(1,1,2)12-GARCH(l,2) model for rainfall of the Camp sie station 

Figure 7. a) Autocorrelation function of the residuals b) p-values of Ljung-Box test for 

the residuals c) Autocorrelation function of S SRs and d) p-values of Engle' s test of S SRs 

of SARIMA(l,O,I)x(l,O,I) model for Box-Cox transformed rainfall of the Campsie 

station 

Figure 8. a) Autocorrelation function and b) p-values of Engle's test of SSRs of 

SARIMA(l,O,I)x(l,O,I)-GARCH(l,I) model for Box-Cox transformed rainfall of 

Camp sie station 

Figure 9. a) Autocorrelation function and b) p-values of Engle's test of SSRs of 

SARIMA(l,O,l)x(I,I,I) model for Box-Cox transformed rainfall of the Campsie station 
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Figure 10. a) monthly rainfall time series and b) monthly distribution ofrainfall mean and 

standard deviation of Isfahan station for the 1951-2005 

Figure Il. a) ACF of Isfahan rainfall time series, b) ACF of the residuals and c) p-values 

of the Ljung-Box test of SARIMA(O,O,I)x(I,O,l) model for the Isfahan station 

Figure 12. a) Autocorrelation function and b) p-values of Engle's test of SSRs of 

SARIMA(O,O,I)x(1,O,I) model for the Isfahan station 

Figure 13. a) Autocorrelation function and b) p-values of Engle's test of SSRs of 

SARlMA(0,0,I)x(1,1,I}-GARCH(0,2) model for the Isfahan station 

Figure 14. a) ACF of the residuals and b) p-values of the Ljung-Box test ofSARIMA 

(0,0,2)x(I,0,2) model for Box-Cox transformed rainfall of the Isfahan station 

Fig. 15. a) Autocorrelation function and b) p-values ofEngle's test of SSRs of 

SARlMA(0,0,2)x(I,0,2) model for Box-Cox transformed rainfall of the Isfahan station 

Fig. 16. a) Autocorrelation function and b) p-values ofEngle's test ofSSRs of 

SARlMA(0,0,2)x(I,I,2) model for Box-Cox transformed rainfall of the Isfahan station 

Fig. 17 a) Autocorrelation function and b) p-values ofEngle's test of SSRs of 

SARIMA(0,0,2)x(I,0,2}-GARCH(2,3) model for Box-Cox transformed rainfall of the 

Isfahan station 

Fig. 18. a) Autocorrelation function and b) p-values ofEngle's test of SSRs of 

SARlMA(0,0,2)x(I,I,2}-GARCH(2,2) model for Box-Cox transformed rainfall of the 

Isfahan station 
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Figure 1. a) monthly rainfall time series and b) monthly distribution of rainfall mean and 
standard deviation of the Campsie station for 1956-2008 
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Figure 2. a) ACF of monthly rainfall time series and b) ACF of the residuals of 
SARIMA(I,O,I)12 mode1 for the Campsie station 
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Figure 3. a) p-values of Ljung-Box test of the residuals, b) Autocorrelation function and 
c) p-values ofEngle's test for the SSRs of SARIMA(l,O,1)12 model 
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Figure 4. a) Autocorrelation function of the residuals, b) p-values of Ljung-Box test of 
the residuals and c) p-values ofEngle's test for the SSRs of SARIMA(1,1,2)12 model 
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Figure 5. a) Autocorre1ation function and b) p-values of Engle's test for the SSRs of 
SARIMA(1,O,1)12--GARCH(1,1) model for rainfall of the Campsie station 
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Figure 6. a) Autocorrelation function and b) p-values of Engle's test for the SSRs of 
SARIMA(1,1,2)12-GARCH(1,2) mode! for rainfall of the Campsie station 
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Figure 7. a) Autocorrelation function of the residuals b) p-values of Ljung-Box test for 
the residuals c) Autocorrelation function of SSRs and d) p-values ofEngle's test of SSRs 
of SARIMA(1,O,I)x(1,O,I) model for Box-Cox transformed rainfall of the Campsie 
station 
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Figure 8. a) Autocorrelation function and b) p-values of Engle's test of SSRs of 
SARIMA(l,O,I)x(l,O,I)-GARCH(1,I) model for Box-Cox transformed rainfall of 
Campsie station 
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Figure 9. a) Autocorrelation function and b) p-values of Engle's test of SSRs of 
SARlMA(l,O,l)x(l,l,l) model for Box-Cox transformed rainfall of the Campsie station 
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Figure 10. a) monthly rainfall time series and b) monthly distribution of rainfall mean and 
standard deviation of Isfahan station for the 1951-2005 

103 



l·lm----,mm--m----nmmm~------n-m--'--mT'-------.n----____ ; __ n_ ~ 1 ~.: -----------:- ~- ! ___ L - --~- ----------:-- m - ------ - -- ~- ~--- - -- -- -I-~--- --- - --~ --- - ~-~ ---- - .. 

~. ! " " u ~ ~ ~ « ~ ~ 

(c) 
Lae 

Figure Il. a) ACF of Isfahan rainfall time series, b) ACF of the residua1s and c) p-values 
of the Ljung-Box test of SARIMA(O,O, 1 )x(l ,0, 1) mode! for the Isfahan station 
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Figure 12. a) Autocorrelation function and b) p-values of Engle's test of SSRs of 
SARlMA(O,O, 1 )x(1 ,0,1) mode! for the lsfahan station 

105 



(a) 

(b) 

~'~--~----~1~'----~1!~--~1~'-----~2!~--~~----~'~'----+'~----~'~'----~M 
Lae 

Figure 13. a) Autocorrelation function and b) p-values of Engle's test of SSRs of 
SARIMA(O,O, 1 )x(l, 1,1 )-GARCH(O,2) model for the Isfahan station 
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Figure 14, a) ACF of the residuals and b) p-values of the Ljung-Box test of SARlMA 
(O,O,2)x(1,O,2) model for Box-Cox transformed rainfall of the Isfahan station 
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Figure 15. a) Autocorrelation function and b) p-values of Engle's test of SSRs of 
SARIMA(O,O,2)x(1,O,2) mode} for Box-Cox transformed rainfall of the Isfahan station 
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Figure 16. a) Autocorrelation function and b) p-values of Engle's test of SSRs of 
SARIMA(O,O,2)x(I,I,2) model for Box-Cox transformed rainfall of the Isfahan station 
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Figure 17 a) Autocorrelation function and b) p-values of Engle's test of SSRs of 
SARIMA(O,O,2)x(1,O,2)-GARCH(2,3) model for Box-Cox transformed rainfall of the 
Isfahan station 
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Figure 18. a) Autocorrelation function and b) p-values of Engle's test of SSRs of 
SARIMA(O,O,2)x(l,1,2)-GARCH(2,2) model for Box-Cox transformed rainfall of the 
Isfahan station 
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Table 1. Mode! criteria for the Campsie rainfall time series 

Variable Model AME PDIFF MAE RMSE RAE MRE R" CE IoAd DM 

original 
SARIMA(1 ,0, 1]12 181.18 156.12 13.36 23.35 0.43 -1.76 0.65 0.65 0.88 -14.7' 

rainfall 
SARIMA(1,O, 1)'2-GARCH(1 ,1) 181.79 157.51 13.23 23.36 0.42 -1.22 0.65 0.65 0.88 

time series SARIMA(1,1,2)'2 174.77 156.01 13.30 23.33 0.42 -1.70 0.66 0.66 0.89 
-18.01' 

SARIMA(I, l ,2)]2-GARCH(1 ,2) 182.48 162.53 13.18 23.36 0.42 -0.71 0.66 0.64 0.87 

Box-Cox transforrned 
SARIMA(l,O,I)x(1,O,I) 0.43 0.20 0.09 0.12 0.33 -0.01 0.85 0.85 0.95 

371.1 
rainfall 

SARIMA(1,O, 1 )x(1 ,0, 1 )-GARCH(1, 1) 0.44 0.19 0.09 0.12 0.32 -0.01 0.85 0.85 0.96 
SARIMA(I ,0, 1 )x(I,I, 1) 0.43 0.19 0.09 0.12 0.32 0.0 0.86 0.86 0.96 -

Notes: * slgmficant at 5% level or better. 

Table 2 Mode! criteria for the Isfahan rainfall time series 
Variable Model AME PDIFF MAE RMSE RAE MRE R CE IoAd DM 

SARIMA(O,O, 1 )x(1,O, 1) 134.13 107.80 7.85 13.03 0.70 -7.01 0.27 0.27 0.64 
0.05 

Original rainfall 
SARIMA(O,O,l)x(I,O,l)-GARCH( 0,2) 133.16 109.24 7.98 12.94 0.72 -7.07 0.28 0.28 0.65 

SARIMA(O,O,I)x(l,1,1 ) 134.43 109.49 8.01 13.15 0.71 -7.38 0.27 0.27 0.64 
0.12 

SARIMA(O,O,1 )x(l,1, J)-GARCH(0,2) 134.78 110.52 8.05 13.14 0.72 -7.44 0.27 0.27 0.64 
SARIMA(0,0,2)x(I,0,2) 5.49 1.94 1.04 1.40 0.53 0.30 0.55 0.55 0.84 

-0.07 
Box-Cox SARIMA(0,0,2)x(I,0,2)-GARCH(2,3) 5.38 1.83 1.04 1.39 0.53 0.31 0.56 0.55 0.85 

transforrned rainfall SARIMA(0,0,2)x(I,I,2) 5.25 1.85 1.02 1.39 0.51 0.32 0.57 0.57 0.85 
0.15 

SARIMA(0,0,2)x(I,I,2)-GARCH(2,2) 5.19 1.62 1.00 1.36 0.51 0.31 0.58 0.58 0.86 
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Article 2. Modeling heteroscedasticty of streamflow times series 
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Abstract 

Time series modeling approaches are useful tools for simulating and forecasting hydrologie 

variables and their change through time. Although linear time series models are common in 

hydrology, the nonlinear time series model, the Generalized Autoregressive Conditional 

Reteroscedasticity (GARCR) model, has been rarely used in hydrology and water resources 

engineering. The GARCR model considers the conditional variance remaining in the residuals of 

the linear time series models such as an ARMA or an ARIMA model. In the present study, the 

advantages of a GARCR model against a linear ARIMA model are investigated using three 

classes of a GARCR approach namely Power GARCR, Threshold GARCR and Exponential 

GARCR models. A daily streamflow time series of the Matapedia River, Quebec, Canada, is 

selected for this study. It is shown that the ARIMA (13,1,4) model is adequate for modeling 

streamflow time series of Matapedia River but the Engle's test shows the existence of 

heteroscedasticity in the residuals of the ARIMA model. Therefore, an ARIMA (13,1,4)­

GARCR (3,1) error model is fitted to the data. The residuals ofthis model are examined for the 

existence of heteroscedasticity. The Engle's test indicates that the GARCR model has 

considerably reduced the heteroscedasticity of the residuals. Rowever, the Exponential GARCR 

model seems to completely remove the heteroscedasticity from the residuals. The multi-criteria 

evaluation for model performance also proves that the Exponential GARCR model is the best 

model among ARIMA and GARCR models. Therefore, the application of a GARCR model is 

strongly suggested for hydrologie time series modeling as the conditional variance of the 

residuals of the linear models can be removed and the efficiency of the model will be improved. 

Keywords-Reteroscedasticity, GARCH, Engle's test, Exponential GARCR, streamflow time 
senes 
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1. Introduction 

Time series modeling has been an important topic in hydrology, water resources and climate 

sciences for decades as it is a useful tool in hydrologic analysis, forecasting and simulation. The 

linear time series models have been widely applied for different hydrologic and climatic 

variables such as rainfalls (Machiwal and Jha, 2008), streamflows (Ouarda et al., 1997), floods 

(Toth et al., 1999), droughts (Modarres, 2007) and water quality variables (Kurunc et. al, 2005). 

Time series models in hydrology are often linear models that usually focus on modeling and 

predicting the mean behavior, or the first moment of the variable. These models are usually 

insufficient for capturing the nonlinear properties of the processes governing the temporal 

variation of hydrologic variables. 

Recently, there has been a growing interest ln applying nonlinear time series models in 

hydrology. Investigations on nonlinearity and applications of nonlinear models to hydrologic 

variables have received considerable attentions in the recent decades. For example, Rao and Yu 

(1990) investigated the nonlinear characteristics of the annual streamflow and daily rainfall and 

temperature time series. They reported the existence of nonlinearity in daily meteorological 

series but nonlinearity was not observed in the annual streamflow time series. Chen and Rao 

(2003) investigated the nonlinear behavior of monthly hydrologic time series and indicated that 

all of the stationary segments of standardized monthly temperature and precipitation series are 

either Gaussian or linear and sorne of the standardized monthly streamflows are nonlinear. Wang 

et. al., (2006) indicated that annual streamflow time series are linear while daily streamflow time 

series are nonlinear. This nonlinearity behavior of streamflows weakens as the time scale of the 

data increases from a day to a year. 

Although the linearity in the mean or the first moment ofhydrologic variables can be captured by 

linear time series models, the variance or the second order moment of hydrologic variables, 

which may be responsible for nonlinearity is rarely considered in time series modeling. The 

Generalized AutoRegressive Conditional Heteroscedasticity model (GARCH), originating from 

econometrics, provides an appropriate framework for focusing on the nonlinearity behavior of 

the second order moment of hydrologic variables. This type of model was proposed by Engle 

(1982) for modeling the conditional variance, or time varying variance, of financial time series 

and developed by Bollerslev (1986). It represents a nonlinear model which applies the past 

variance in the explanation of the future vanance. This type of model has not received 

117 



considerable attention so far by the hydrologic community. Few studies such as Wang et. al., 

(2005), Wang (2006) and Chen et. al., (2008) have applied and discussed the advantage of 

GARCR-type model in streamflow time series modeling. 

The aim of the present paper is to apply the GARCR-type models in streamflow time series 

modeling in order to illustrate the advantages of the nonlinear models against the linear ARIMA 

model usually applied in hydrologic time series modeling. We also introduce and apply three sub 

classes of the GARCR model in the present work. 

2. Methods 

2.1. ARIMA model 

The linear time series model used in this study is the popular Autoregressive Integrated Moving 

Average model which may be applied for seasonal and nonseasonal time series. The ARIMA 

model in this study does not include the seasonal parameters and can be written as the follows 

(Ripel and McLeod, 1996): 

tPp (B)Vd~ = Bq (B)&, (1) 

where Yt is the observed time series, tPp(B) is a polynomial of order p, B/B) is a polynomial of 

order q, Vd is the nonseasonal differencing operator, B is the backward operator and &{ is an 

independent identically distributed (i.i.d) normal error with a zero mean and standard deviation 

(J'. The nonseasonal differencing operator which is selected just large enough to remove aIl of 

nonseasonal nonstationarity is given by the following equation 

Vdr; = (1- B)d r; 
(2) 

Linear model building has three steps, namely model identification, model estimation and model 

diagnostic checking. For the sake ofbrevity, the reader is referred to Ripel and McLeod (1996) 

for more details. 
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2.2. GARCH model 

2.2.1. General theory 

The nonlinear model used in this study includes the Generalized Autoregressive Conditional 

Heteroscedasticity (GARCH) model and its varieties commonly applied in econometrics. This 

approach considers the volatility or the conditional variance ((J/) of a single asset return and tries 

to model the volatility process of a univariate variable, l't. In this case we have 

(3) 

Where a} = E(Yt2 1F;_I) denotes the conditional variance that satisfies the equation 

(4) 

The first part of the above model [Ifst introduced by Engle (1982) is called an Autoregressive 

Conditional heteroscedasticity (ARCH) model of order (V): 

v 
lü+ La)';:i =lü+alY,:1 +a2Y,:z + ... +avY,:v (5) 

;=1 

Bollerslev (1986) added a lagged conditional variance (a;_) to the ARCH model which acts as 

a smoothing term and this model (Eq. 4) was then called the Generalized ARCH (GARCH) 

model of order (V,M). 

In hydrology, however, the GARCH approach is applied to model conditional variance or the 

heteroscedasticity remaining in the residuals of a linear model (ét ). This type of model is usually 

referred to as an ARlMA-GARCH error model. Therefore, the Generalized Autoregressive 

Conditional Heteroscedasticity model, GARCH(V,M), for the residuals of an ARIMA model is 

defined as the following: 
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V M 

a} = 0) + L aic(_i + L fij(J(_ j (6) 
i=l j=l 

et ~ Normal (0,1) (7) 

Wherea1, ... ,avand fJp ... ,fJMare the parameters of the GARCH(V,M) process. Therefore, the 

ARMA-GARCH(V,M) indicates that the conditional mean is described by an ARMA model (or 

any other linear models such as an ARIMA or SARIMA model) while its conditional variance is 

described by a GARCH(V,M) model. 

2.2.2. Types of GARCH models 

The general formulation of a c1assic GARCH model was presented in the previous section. 

However, the c1assical model has an important drawback; the conditional variance only depends 

on the modulus of the past variables: past positive and negative innovations have the same effect 

on the CUITent variance. However, it is not always a valid hypothesis in finance. Therefore, in 

financial time series modeling, a number of GARCH models have been developed for modeling 

and estimating asymmetric volatility in the financial assets and returns (Francq and Zakoian, 

2010). In this study we introduce the following three main versions of the asymmetric GARCH 

model for the application in the field ofhydrology and water resources. 

i. Power GARCH (PGARCH) model 

The PGARCH model (Ding, et. al., 1993) can be defined as the following: 

V M 

(J/ = 0)+ LaJlct-il)') + Lf3j(J!-j (8) 
i=l j=l 
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where 0> o. The case 0 = 2 with 5/ standard normal corresponds to the classical GARCR 

model. The specification of a varying exponent 0 has the merit of following 'long memory' in 

the shocks of conditional variance and increases the flexibility of GARCR-types models (see 

Ding et. al., 1993 and Francq and Zakoian (2010) for a broad discussion). 

ii. Threshold GARCH (TGARCH) model 

In financial time series modeling, it is assumed that positive and negative returns (ct-i > 0 or 

good news and c/_i < 0 or bad news) have different effects on conditional variance. To consider 

this asymmetric behavior of the returns, the TGARCR model (Zakoïan, 1994) is used which can 

be specified as the following 

V M r 

cy/
2 = OJ + L aict _ j 

2 
+ L pj cyt

2
_ j + L YkCt-k1t-k - (9) 

i=1 j=l k=1 

where It-k - = 1 if Ct < 0 and 0 otherwise. Rere, if r -:t- 0, the news impact on volatility is 

asymmetric. For example, if r > 0, bad news increases volatility and if r < 0 good news increase 

volatility. In other words, the current volatility, or conditional variance, depends on both 

modulus and the sign of the past observations. 

iii. Exponential GARCH (EGARCH) model 

The EGARCR model was proposed first by Nelsen (1991) and soon became popular in financial 

applications as the conditional variance is an exponential function in this case and ensures having 

a positive conditional variance: 
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(10) 

Nelson (1991) described the constraints of the general fonn of the GARCH model such as 

nonnegativity of OJ and the persistency of shocks to the conditional variance, which can be 

solved by using the logarithrn of the variance in the EGARCH model. The proofs of the 

advantage of an EGARCH model over a GARCH model can be found in Nelson (1991) and 

Francq and Zakoian (2010). 

2.2.3. Test for ARCH effect 

By using a linear time series models, it is assumed that the residuals of the model are time 

independent. However, the squared residuals sometimes remain autocorrelated. This feature is 

called an ARCH effect and, if it exists in the residuals, the variance of the residuals is assurned 

heteroscedastic. 

To test the ARCH effect in the residuals, the Engle's Lagrange Multiplier test for the ARCH 

effect proposed by Engle (1982) is used. The test statistic is given by NR2
, where R is the sample 

multiple correlation coefficient computed from the regression of S,2 on a constant and 

S'LI' ... ' st-v and N is the sample size. The null hypothesis of no ARCH effect is accepted if the 

test statistic is asyrnptotically distributed as a chi-square distribution with v degrees of freedom. 

The test can also be used to investigate the GARCH effect (Bollerslev, 1986). 

3. Model comparison 

Time series models used III this study are evaluated trough a multi-purpose multi-criteria 

comparison by applying parametric criteria and a graphical test which take into account the 

absolute and relative model errors and the global dimensionless measurements (Modarres, 2009). 
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3.1. Parametric criteria 

The parametric criteria include evaluation metrics that compare the observed and estimated 

variables. The following metrics are applied in this study (Dawson et al., 2007): 

- Absolute Maximum Error (AME) 

AME = max~Qi -Qil) 

- Peak Difference (PDIFF) 

PDIFF = max(Q)-max(Qj) 

- Mean Absolute Error (MAE) 

M4E=;LIQi- Qi l 

- Root Mean Squared Error (RMSE) 

- Relative Absolute Error 

flg-Qil 
RAE=.!..:i=::.!...I __ _ 

flQi-Qil 
i=1 

- Coefficient of determination (R-squared) 
2 

n 

L(Q; -Q)(Q; -(2) 
;=1 

- Index of Agreement (IoAd) 

(11) 

(12) 

(13) 

(14) 

(15) 

(16) 

(17) 
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In these equations, Qi is the observed time series, Qi is the predicted time series, Q and Q are the 

mean of the observed and predicted time series, respectively. 

3.2. quantile-quantile plot (qq plot) 

Drawing a Quantile-Quantile plot (qqplot) is a common graphical way for checking if the 

distributions of two data sets are different. The qqplot is a plot of the quantiles of the first data 

set against the quantiles of the second data set. If the two data sets come from a population with 

the same distribution, the points should faH approximately along a 45-degree line. The greater 

the departure from this line, the greater the evidence that the two data sets have different 

distributions. The qqplot is used to check the efficiency of the proposed method to keep the 

distribution of the estimated streamflows the same as the distribution of the observed streamflow 

time series. 

4. Data set 

The data set used in the present study includes a 12-year daily streamflow time series of the 

Matapedia River, near the Amqui basin (station code: OlBD008, 48° 29' N latitude and 67° 27' 

W longitude, drainage area: 558 km2
) in the province of Quebec, Canada. 

5. Results and discussion 

5.1. ARIMA model 

To build an ARIMA model for selected data, we first inspect the ACF of the data. The inspection 

of ACF is done to find an initial model and the initial order of the parameters. The ACF of the 
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daily time series is given in Figure (1 a). As the daily streamflow indicates a high persistence and 

nonstationarity, we apply a logarithmic transformation and d= 1 differencing operator to reduee 

this high persistence characteristic of the data. The ACF of the logarithmized time series is given 

in Figure (1 b). This figure indicates a significant reduction in nonstationarity and persistence of 

daily streamflows. Therefore, we try to fit an ARIMA model to the logarithmized time series. 

Trying different models with different parameter orders, the best model is selected based on the 

minimum Akaike Information Criterion (AIC) and testing the residuals of the model for 

adequacy. Therefore, an ARlMA(13,1,4) model is fitted to daily time series of the Matapedia 

River. The p-values of the Ljung-Box goodness-of-fit test (Figure l(c)) indicate the adequacy of 

the above model as an p-values are above the critical level (lX = 0.05). Then, we apply the 

Engle's test for testing the ARCH effect in the residuals. As shown in Figure (1(d)) for the first 

20 lag times, an p-values of the Engle's test are less than the critical level and therefore the 

existence of an ARCH effect in the residuals oftheARIMA(13,1,4) model is verified. Henee, a 

GARCH model should be applied to capture and remove the heteroscedasticity remaining in the 

residuals of the ARIMA(13,1,4) model. 

5.2. GAReR model 

It was illustrated in the previous section that the heteroscedasticity of the residuals of the 

ARIMA model is significant and we need to fit a GARCH model to capture the conditional 

variance of the residuals. The three types ofGARCH models presented in section 2.2 are fitted to 

the residuals of the ARIMA model. 

5.2.1. Power GARCH model 
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The first model fitted to the residuals of the ARIMA model is the PGARCH (3,1) mode!. The 

PGARCH(3,1) model for the residuals of the ARIMA model can be written as the following: 

a}.35 = 0.92CI&t_11)2.35 - 0.51cl&I_21)2.35 + 0.04cl &"1-3 1)2.35 + 0.58(IO"t_11)235 (18) 

Therefore, we have an ARIMA(13,1,4)-PGARCH(3,1) error model for streamflow data with 

g = 2.35. For the above model, aIl parameters are significant at 95% level and the model is 

selected according to the minimum Ale. 

In order to check the ARCH effect of the residuals of the above model, the Engle's test is 

applied. The p-values of the test are given in Figure 2. The figure illustrates the advantage of a 

PGARCH mode! against the ARIMA model as most of the p-values are larger than the critical 

value and the ARCH effect has been significantly reduced. However, sorne p-values are still 

below the critical value for sorne lags which indicates sorne ARCH effect in the residuals. 

Therefore, one can conclude that the PGARCH model has not completely removed the 

heteroscedasticity from the residuals of the ARIMA mode!. 

5.2.2. Threshold GARCH model 

The threshold GARCH model can take into account the effect of the negative and positive errors 

of the ARIMA model on the conditional variance of the residuals. The TGARCH(3,1) model can 

be fitted to the residuals of the ARIMA model according to the minimum AIC which can be 

written as follows: 

(19) 

In this model, as r *- 0, we can conclude that the negative error (observed-estimated < 0) and the 

positive error (observed-estimated > 0) of the ARIMA model have an asymmetric impact on the 
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volatility or the heteroscedasticity of the residuals. On the other hand, it is said in [mance that as 

r> 0, bad news, or & < 0, increases the volatility. In our case as an example in hydrology, we 

can say that over-estimation of an ARIMA model, or negative errors when 'observed - estimated 

= residuals < 0', will increase the heteroscedasticity in the residuals. Looking at the residuals of 

the ARIMA model indicates 61 % of the errors are over-estimations (negative errors) and 39% of 

the errors are under-estimations (positive errors) which may result in the asymmetric 

characteristic of the residuals for which a TGARCH has been fitted. In other words, the 

heteroscedasticity of the residuals of the ARIMA model of streamflow time series cornes from 

over-estimation rather than under- estimation. 

To check the efficiency of heteroscedasticity modeling, the ARCH effect of the residuals of the 

ARlMA-TGARCH model is examined by the Engle's test. The p-values of the test are given in 

Figure 3. Similar to the PGARCH model, this figure also illustrates a significant reduction in the 

heteroscedasticity of the ARlMA-TGARCH model compared to the ARIMA model. However, 

sorne p-values are still below the critical value at sorne lag times (e.g. K=I, 6, 8, 9,14, 17 and 

20) and it seems that the heteroscedasticity still exists in the residuals and the TGARCH model is 

not adequate for capturing aIl heteroscedasticity of the residuals. 

5.2.3. Exponential GARCH model 

The EGARCH model is a GARCH model for the logarithm of the conditional variance. Fitting 

an EGARCH(3,1) to the residuals of the ARIMA(13,1,4) model will give the following model 

Log(a}) =-0.98+1.38 é"'_1 -0.45 é"/_2 -0.11 é"1_3 +0.91(log(aL
j
)) (20) 

0"/-1 0"/-2 0"1_3 

AIl the parameters of the model are significant at the 95% level. The existence of an ARCH 

effect in the residuals of the ARIMA(13,1,4)-EGARCH(3,1) model is examined by the Engle's 
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test. The p-values of the test are given in Figure 4. It is clear that aIl p-values are above the 

critical level of rejecting the nuIl hypotheses of the ARCH effect and one can conclude that no 

ARCH effect is remaining in the residuals of an ARIMA-EGARCH error model. We can also see 

that the EGARCH model is much better than the PGARCH and TGARCH model in capturing 

the conditional variance of the residuals of the ARIMA model. This may be due to fact that the 

EGARCH model considers the logarithm of the variance of the residuals. 

5.3. Model evaluation 

The performance of time series models presented in the previous sections is evaluated here by 

applying different criteria which evaluate the errors of the model. Before looking at the criteria, 

we first look at the scatter plots and time series plots of the observed against estimated 

streamflow time series in Figures 5 and 6. 

The scatter plots of the observed against estimated streamflow time series (Figure 5) indicate that 

aIl models are weak in estimating the high flows but their performance is good in estimation low 

flows. The cloud of observations of high flows indicates that the performance of the ARIMA 

model and PGRCH and TGARCH models are almost the same. The variation of high flow 

observations for the EGARCH model, however, reveals the best performance among the models 

as the distribution of the observations around the best fit line is less than the other models. The 

time series plots of the observed and estimated streamflows, given in Figure 6, also confirm that 

the EGARCH model has the best performance among the models. However, the numerical 

criteria are used and discussed to evaluate the model performance. 

5.3.1. Multi-criteria evaluation 

The evaluation and comparison of the time series models is carried out through the application of 

the criteria listed in section 3.1 and are presented in Table 1. It is observed that the performance 
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of an ARIMA model is better than the PGARCR and TGARCR models according to both the 

error and dimensionless criteria. The error in peak flow estimation for the ARIMA model is also 

less than that of the PGARCR and TGARCR models which implies that the ARIMA model is 

more efficient for estimating the maximum flow than the GARCR models. It is observed that the 

EGARCR model is the best model among the models fitted to streamflow time series. AlI 

criteria, except the PDIFF, demonstrate the better performance of the EGARCR model. The error 

criteria, MAE, RAE and RMSE, indicate relatively less error for the EGARCR model than other 

models. According to R2
, the EGARCR model describes 93% of the variation of the observed 

streamflow. Therefore, the EGARCR mode) can be considered as a 'very satisfactory' mode), 

based on mode) efficiency classification of R2 given by Dawson et. al., (2007). The other models 

are considered as 'good' models according to their R2 values. 

The PDIFF is the only measurement for which the ARIMA model performs better than the 

EGARCR model. This measurement indicates the difference between a (single) maximum value 

in the observed data set and a (single) maximum value in the estimated data set and cannot 

reflect the overalI performance of a model. The scatter plots show also that the general 

agreement between observed and estimated high flows is better in the EGARCR model than the 

ARIMA model. Therefore, the EGARCR model is selected as the best model among the time 

series models applied in this study. 

5.3.2. qq-plot 

The qq-plots of the time series models are given in Figure 7. These plots show that alI models 

underestimate the high streamflow quantiles, but the low streamflow quantiles are better 

estimated. It is worth noting that the departure of estimated quantiles from the observed ones is 

almost the same for the ARIMA, PGARCR and TGARCR models. AlI models show a difference 
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between observed and estimated streamflow for values that range between 40 and 60 m3/s. This 

difference increases for higher quantiles (streamflow > 60 m3/s). For the EGAReR model, 

however, the departure of quantiles from y=x line is smaller than the other models for both 

medium and high quantiles. This represents one of the advantages of using the appropriate 

GAReR mode1: reduction of the variation of the model output and reduction of the uncertainty 

of mode1 estimation. The small departure of the EGAReR model may also be due to the 

logarithm transformation of the variance of the residuals of the ARIMA model. 

6. Conclusions 

The conditional vanance or the time-dependent variance of hydrologic variables is usually 

ignored in hydrologic time senes modeling. This study illustrates the advantages of the 

application of a nonlinear GARH approach for mode1ing the variance of streamflow time series. 

The ARMA-GAReR error model presented in this study inc1udes the common ARMA or 

ARIMA model for mode1ing the conditional mean of streamflows while the GAReR approach 

mode1s the conditional variance remaining in the residuals of the ARMA or ARIMA model. The 

Engle's test confirms that the variance of the residual of the linear model is not homoscedastic 

and shows time varying features. 

Three types of asymmetric GAReR mode1s namely Power GAReR, Threshold GAReR and 

exponential GAReR mode1s, already applied in financial sciences, are introduced an applied 

here for modeling the time varying variance of daily streamflows. These three models are based 

on asymmetric behavior of the conditional variance of a financial variable. 

Though the GAReR models show the advantage of reducing the heteroscedasticity of the 

residuals of the ARIMA model, the performances of the Power GAReR and Threshold GAReR 
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models are not better than the linear. ARIMA model. Rowever, the exponential GARCR model 

outperforms the ARIMA model and other GARCR models. The best performance of the 

EGARCR model may be due to the fact that the exponential GARCR model considers the 

logarithm of the variance of the residuals which may lead to a stabilization of variance and 

reduces the error of the model. Apart from the effect of logarithm transformation, no specific 

reason was indicated in financial literature, for example Tavares et. al (2008) and Miron and 

Tudor (2010), for a better performance of the EGARCR model against PGARCR and TGARCR 

models fitted to different financial time series, except that the data "speaks" and help us to 

decide which model is the best model (Curto, 2012, personal discussion). Therefore, we need to 

apply different hydrologic variables to examine the suitability of different asymmetric GARCR 

models in hydrology, climatology and water resources. 

Another important result is related to the significant parameter of a Threshold GARCR model 

which verifies the asymmetric effect of negative and positive errors on the remaining 

heteroscedasticity in the residuals of an ARlMA model. The effect of asymmetry on the 

heteroscedasticity is a well-known concept in financial time series modeling but it has not 

received enough attention in hydrology. In this study it was observed that the negative errors of 

the ARlMA model or the over- estimation will increase the heteroscedasticity in the residuals of 

a linear model. In other words, over-estimation causes more heteroscedastic residuals than under­

estimation. Consequently GARCR models can be considered as a serious alternative in 

hydrology when over-estimation happens. The asymmetric effect of the residuals of the ARIMA 

model on the conditional variance of the residuals could also be a promising topic for future 

studies in hydrology and water resources. 
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Finally, the results of case study suggest the advantages of (an appropriate) of sorne GARCH 

type models for both capturing the heteroscedasticity in the residuals of the linear time series 

models and improving the efficiency of the models. As a few studies have applied nonlinear 

GARCH models in hydrology, it is hoped that future studies will focus on the application of 

these models to other hydrologic and climatic variables such as rainfall and temperature at 

different time scales using different GARCH models. Although the PGARCH and TGARCH 

models do not show an advantage over ARIMA model for our streamflow data, they may show 

their advantages for other hydrologic time series with different conditional variance temporal 

characteristics. 
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TABLE CAPTIONS 

Table 1 Evaluation criteria for time series models 

FIGURE CAPTIONS 

Figure 1. a) ACF of daily streamflows, b) ACF of the lag-l differenced logarithmic daily 
streamflow, c) p-values of the Ljung-Box of the residuals and d) p-values of the Engle's test for 
SSRs of ARIMA (13,1,4) model 

Figure 2. p-values of the Engle's test for SSRs of ARIMA-PGARCH error model 

Figure 3. p-values of the Engle's test for SSRs of ARIMA-TGARCH error model 
Figure 4. p-values of the Engle's test for SSRs of ARIMA-EGARCH error model 

Figure 5. Scatter plot of observed against estimated streamflows for different models 

Figure 6. Time series plot of observed and estimated streamflows for different models 

Figure 7 qq plots of time series models 
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Table 1 Evaluation criteria for time series models 

Models 
criteria 

ARIMA PGARCH TGARCH EGARCH 

AME 54.34 58.23 58.33 42.11 

PDIFF 11.44 33.70 32.25 19.33 

MAE 2.46 2.93 2.92 2.03 

RMSE 5.66 7.15 7.10 4.86 

RAE 0.27 0.32 0.32 0.22 

R2 (%) 86 81 81 93 

IoAd (%) 94 89 90 96 
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Abstract 

El/Nino-Southem Oscillation (ENSO) is by far the most energetic climate signal. Any change in 

ENSO characteristics will have serious consequences on the global climate system. This work 

suggests a different view at the change in ENSO properties in addition to change in its 

descriptive statistics. The volatility or the conditional variarice of ENSO is tested and modeled 

by two approaches, ARMA-GAReR error and GAReR models, to investigate the change in 

short-run and long mn persistency of the second order moment of ENSO before and after a 

change point which is detected by the Bayesian change point detection method. Nonparametric 

tests first revealed a significant change in statistical characteristics such as the mean, the 

(unconditional) variance and the probability distribution ofENSO after the change point in 1975. 

The heteroscedasticity in the residuals of the ARMA model fitted to SOI time series is not 

significant before 1975 while it appears after this change point. The GAReR model indicates an 

increasing short mn persistency after 1975 and decreasing long run persistency. A seasonal shift 

of extreme heteroscedasticity is observed from summer to winter season. In addition, the 

nonlinearity and nonstationarity of the SOI volatility have increased in recent decades. This may 

be due to an increase in frequency and magnitude of extreme volatilities after 1975. The results 

of this study indicate that ENSO has become more dynamic and uncertain in recent decades. The 

increase in frequency of extreme events together with extreme conditional variance after 1975 

may increase the prediction uncertainty of ENSO driven climate phenomenon. 

Keywords: SOI, GAReR, volatility, climate change, conditional vanance, Bayesian change 

point detection 
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1. Introduction 

El Nino/Southem Oscillation (ENSO) phenomenon is a strong climate dominant mode in the 

Pacific which has major effects on global climate and the ecosystem as weIl as significant socio­

economic consequences around the globe (e.g. Chen et al., 2002) . Therefore, any change in 

ENSO characteristics and ENSO variation in the past, present and future has been a topic of 

interest in recent decades. Many studies have reported changes in the ENSO. For example, it is 

reported that the change in statistical moments of ENSO is an important indicator of human 

induced climate change (Timmermann, 1999). The period and growth rate of the ENSO, itself, 

can also be affected by the strength of the ocean-atmospheric feedbacks (Wang, 2007). Over the 

last century, ENSO characteristics underwent significant changes (e.g. An and Wang 2000). Qian 

et al., (2011) applied empirical mode decomposition (EMD) and investigated changes in 

frequency of ENSO and indicated 30% increase in amplitude of ENSO interannual variability 

around 1937. More recently, Wu et al., (2013) also showed the change of ENSO by EMD 

method. 

One of the important aspects of ENSO characteristics is nonlinearity. The nonlinearity of ENSO 

is important because, as a global climate driven phenomenon, any change in nonlinearity of 

ENSO may have big unpredictable and complex influences on the global atmospheric cycle. 

Different studies have mentioned nonlinearities in ENSO cycle from different views (e.g. Philip 

and van Oldenborgh, 2009; Boucharel et al., 2011) and have tried to discuss the influencing 

factors on the nonlinearity ofENSO. 

While changes in the properties of ENSO have already been examined, very few studies have 

paid attention to the second order moment or the variance of ENSO. For example, Cobb et al., 

(2013) showed that the twentieth-century ENSO variance is significantly higher than average 
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fossil Coral ENSO variance. Xue et al., (2003) showed the interdecadal change of standard 

deviation (SD) of SST nonnals. Stahle et al., 1998, showed the long-tenn heteroscedasticty 

(conditional variance) in reconstructed winter SOI. 

The present study aims to look at the change of ENSO from a new perspective; the change in the 

time varying second order moment, the conditional variance or the heteroscedasticity of ENSO. 

The investigation of this change is carried out based on the Southem Oscillation Index (SOI) 

time series during 1940-2011 (Figurel), calculated from the monthly or seasonal fluctuations in 

the air pressure between Tahiti and Darwin, and obtained from the national weather service. 

2. Methodology 
2.1. Change point detection 
Because of the growing evidence of c1imate change, change point analysis in hydrologic and 

c1imatic time series requires revision with new methods. One of these new methods is the 

Bayesian change point detection (Seidou and Ouarda, 2007). While c1assical statistics may give 

the most probable position of the change point, the advantage of Bayesian method is that it 

provides a full posterior probability distribution of its position. By applying the Bayesian change 

point detection, the posterior distribution of probability of the number of changes is first 

estimated. The number of detected change point with the highest probability of occurrence is 

chosen. Then, the Bayesian inference provides the time position of each selected change point 

and their respective distribution of probability of occurrence (see more details in Ehsanzadeh et 

al., 2011). In this study, we apply this method to find a change point in SOI time series in order 

to compare the statistical and stochastic features of SOI before and after that change point. 
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2.2. Volatility modeling 
The volatility or the heteroscedasticity or the time varying variance of a time series, Yt , is 

estimated using a Generalized Autoregressive Conditional Heteroscedasticity (GARCH) 

approach (Engle, 1982, Bollerslev, 1986). The GARCH(v,m) model can be specified as follows: 

v ni 

ht
2 = (j) + l a)~=v + l Pjht~ j (1) 

i=l j=l 

Where (j) is a constant, a and f3 are parameters of the model to be estimated, v and m are the 

order of the model, ht2 is the conditional variance at time t and ht~ j is the conditional variance at 

time step t-j. 

In this model, the short-run persistency in conditional vanance is defined by the ARCH 

parameter (a) while the long-run persistency in conditional variance is defined based on the 

GARCH parameter ( f3). The high value of a + f3 indicates a high intensity of persistence in the 

conditional variance of the time series. 

In hydrology and climatology, the GARCH approach is usually applied to model and remove the 

heteroscedasticity in the residuals of the Autoregressive Moving Average (ARMA) mode!. This 

type of mode1 is called ARMA-GARCH error mode!. In other words, in this mode1, the 

conditional mean of a variable is modeled by an ARMA model while the conditional variance 

remaining in the residuals is mode1ed and removed by a GARCH approach (Modarres and 

Ouarda, 2012). 

Therefore, an ARMA(p,q) model for SOI time series can be written as follows 

(2) 
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Where <Pp (B) is the polynomial of order p, 8q (B) is a polynomial of order q and B is a backward 

operation. The heteroscedasticity of in the residuals, Et, of the ARMA model or a~t' can be 

modeled by a GARCH approach. 

Tt is therefore important, tirs t, to test the existing of the time varying variance, or the ARCH 

effect, in the residuals of an ARMA model. The main approach to test the ARCH effect is the 

Engle's Lagrange Multiplier test (Engle, 1982). The test statistic is given by NR2
, where Ris the 

sample multiple correlation coefficient computed from the regression of Elon a constant and 

El-l"" El-v and N is the sample size. The null hypothesis of no ARCH effect cannot be rejected 

if the test statistic is asymptotically distributed as a chi-squared distribution with v degrees of 

freedom. We consider p=0.05 as the rejection level of the null hypothesis of no ARCH effect in 

the residuals of the ARMA model. 

2.3. Test methods for statistical comparison 
In order to compare the change in SOI statistical characteristics before and after change point, 

three nonparametric tests are used (Conover, 1999); 1) the Wilcoxon test which is a robust test to 

construct the hypothesis of equality of the mean of two different populations; 2) the Levene's 

test which hypothesizes the equality of two population variances; and 3) the Kolmogorov-

Smimov (KS) test which hypothesizes the equality of cumulative distribution functions (CDFs) 

of two populations. 

Moreover, to test the change in stationarity and nonlinearity of the SOI and its heteroscedasticity, 

the Augmented Dickey Fuller (ADF) test (Dickey and Fuller, 1979) for stationarity and the BDS 

test (Brock et al., 1996) for nonlinearity are applied to compare the SOI and its volatility before 

and after the change point. For the details of formulations of these tests the reader is referred to 

Wang (2006). 
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3-Results and Discussion 
3.1. Bayesian change point detection 
Using the Bayesian method, one change point in SOI time series can be detected in 1975. 

Partitioning time series based on the detected change point and fitting a regression line to each 

segment (Figure 1), SOI is divided into two segments, 1940-1975 and 1976-201l. This change 

point indicates a shift in the magnitude of SOI time series during the study period. The next step 

is to compare statistical and stochastic features of SO 1 before and after 1975. 

It should be noted that Latif and Keenlyside (2009) also noticed a slight inter-annual variability 

during the last century or the so-called regime shift in the mid-1970s in the Tropical Pacific 

climate system according to SST anomalies along the pacific equator. However, they did not 

mention the exact change point of SOI. Robbins et al., (2011) showed a possible shift point for 

the mean (first order moment) of SOI in 1978 by applying SOI time series during 1950 to 1987, 

which seems to be too short for investigating change point in SOI. 

3.2. Statistical comparison of SOI before and after 1975 
Considering 1975 as a change point in SOI time series, the change in the descriptive statistics of 

SOI is first investigated. It is observed in Table 1 that the descriptive statistics such as the 

(unconditional) me an, standard deviation, skewness and kurtosis show remarkable change after 

1975. The average SOI has changed from zero to -0.22 and the (unconditional) variance has 

increased. Moreover, the distribution of SOI has become more skewed and peaked. These 

changes in symmetric characteristics of ENSO are reported to be a reflection of nonlinearity of 

the tropical Pacific system (Hannachi et al., 2003). 

Figure 2 shows the explanatory data analysis before and after 1975. The normal histograms 

(Figure 2a) and quantile-quantile plots (Figure 2b) reveal a change in the lower tail of SOI after 

1975 where extreme El Nino events are observed for the second period. The Jarque-Bera test for 
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normality (results not shown) indicates that the null hypothesis of normality cannot be rejected 

for the first period while it can be strongly rejected for the second period. This suggests the effect 

of extreme negative values (El Nino events) on the asymmetry, or the non-normality, of SOI 

frequency distribution in the second period. 

The autocorrelation function (ACF) of SOI (Figure 2c) suggests no difference between two. 

periods while the ACF for the squared or the (unconditional) variance of SOI (Figure 2d) shows 

a change in ACF in the second period. It is observed that the autocorrelation coefficients at lag 

times k= 1 and k=2 are higher for the second period than those for the first period. This suggests 

that the time varying variance or the conditional variance is becoming stronger after 1975. 

Finally, the monthly SOI boxplot (Figure 2e) reveals no significant change in the monthly 

variation of SOI after 1975, except for January and February. Extreme El Nino events are 

observed in January and February in the second period while the extreme events in the first 

period are observed in summer season. 

Although the graphical methods and descriptive statistics indicate changes in SOI characteristics 

in recent years, the nonparametric tests (Wilcoxon, Levene's, and Kolmogorov-Smimov tests) 

are also applied to test the validity of the explanatory analysis for the statistical features of SOI 

time series. The results of nonparametric test are given in Table 2. The Wilcoxon test shows a 

strong difference (significant at 1 % level) in the mean value of SOI before and after 1975. The 

standard deviation of SOI shows a slight change at 5% significant level according to the 

Levene's test. Finally, the nonparametric KS test reveals a significant change in the distribution 

function of SOI after 1975 at 5% significant level. 

Finally, the stationarity and nonlinearity of SOI time series before and after change point are 

evaluated using ADF and BDS tests. The results are presented in Table 3. The ADF statistics 
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indicate both SOI time senes are stationary and we cannot reject the stationarity at 1% 

significance level. The more negative ADF statistic indicates a stronger rejection of the 

hypothesis of a unit root. Therefore, one can see that the stationarity of the SOI time series for 

1976-2011 is less than that for 1940-1975. In addition, the results of BDS test also revea1 the 

increasing nonlinearity after 1975. For all dimensions (m1-m5), the nonlinearity is significant for 

both periods but the test statistics are larger for the second period which implies the existence of 

a higher degree ofnonlinearity in the SOI time series after 1975. 

3.3. ARMA and ARMA-GARCH error models for SOI 
The parameters of the ARMA model for twoSOI time series, 1940-1975 and 1976-2011, are 

given in Table 4. The ARMA(1,!) model is selected based on the minimum Akaike Information 

Criteria (AIC) in favor ofhigher order ARMA models. 

Thep-values of Engle's test results for ARCH effect (Figure 3) indicates that there is no ARCH 

effect in the residuals of the ARMA(I,I) model for the first SOI time series, 1940-1975, as none 

of the p-values falls below the critical p=0.05 threshold. On the other hand, it is observed that the 

firstp-value of the test (at lag k=l) for the second SOI time series, 1976-2011, is less than the 

critical value. This implies that the null hypothesis of no ARCH effect in the residuals of the 

ARMA(1,l) model for the second SOI time series cannot be rejected. Therefore, it is c1ear that 

the time varying variance, or the heteroscedasticity, has appeared in the residuals of the ARMA 

model after 1975. To remove this heteroscedasticity, a GARCR model is fitted to the residuals of 

the ARMA model to obtain an ARMA-GARCR error model. The parameters of the ARMA-

GARCR error model for second period of SOI are given in Table 4. It can be seen that the 

ARCR parameter (a) is statistically significant while the GARCR parameter (f3) is not 

statistically significant and can be eliminated from the model. This implies the rising of a 
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heteroscedasticity in the residuals, white noise or innovations, of the SOI in recent decades. 

However, the intensity of persistence (a + (J) of the volatility seems not to be very strong 

(a + (J = 0.25). 

3.4. GARCH models for SOI 
In addition to investigate the ARCH effect in the residuals of an ARMA model, we fit a GARCH 

model to SOI time series before and after 1975 to evaluate the change in heteroscedastic feature 

ofSO!. 

The parameters of the GARCH model for SOI time series (Table 5) are statistically significant 

for both periods. The GARCH(1, 1) model has been selected based on the minimum AIC in favor 

of higher order models. 

The conditional variance of SOI time series are also illustrated in Figure 4 in addition to monthly 

distribution of conditional variance through a box-plot illustration (Figure 5). The model 

parameters suggest a significant change in short-ron persistence characteristic of SOI after 1975 

where the ARCH parameter has increased from 0.29 to 0.43. The degree of long fUll persistence 

shows a reduction from 0.43 to 0.32 and the intensity of persistence, a + fJ, has increased 

slightly. It can be seen that the degree of variability (volatility) of SOI has increased while the 

memory of the second order moment of SOI has decreased due to reduction of fJ. In other 

words, the dependence of SOI variance on previous time steps is decreasing and the degree of 

instability (volatility) of the variance has been increasing during recent decades. 

The Conditional variance time series (Figure 4) shows a 2 to 3 times augmentation in the second 

period, especially in 1982-83 when the unprecedented ENSO event has occurred. Although the 

monthly average of conditional variance remains around 1 for both periods (Figure 5), the 

extreme values of conditional variance show a remarkable increase for the second period. 
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For both periods, the extreme heteroscedasticities (outside ±2.7a) are observed but the number 

of extreme hetereoscedasticities has increased on the second period for winter and autumn 

seasons and decreased for summer. This seasonal shift of conditional variance can also be 

detected using the QQ plot of heteroscedasticity (Figure 6). If the conditional variances before 

and after 1975 have the same distribution function, the points should faB approximately along 

the 45-degree reference line. The greater the departure from the reference line, the greater the 

evidence that the two conditional variances have different distribution functions. 

Except for December, September and November, aB other months show a remarkable departure 

from the reference line. The upper tail of quantile function of heteroscedasticity departs from the 

45-degree reference line for most of the month, but the change in lower parts (quantiles) is not 

significant. It is observed that this departure tends to move above the 45-degree reference line 

after 1975 for January to April (and also for October) and to move below the 45-degree reference 

line from May to August. This implies a seasonal shift of the extreme volatility of SOI from 

summer to winter season after 1975. 

Finally, in Table 6, the stationarity and nonlinearity of conditional variance of SOI are presented. 

From the ADF test result, the stationarity of the conditional variance is c1ear while the level of 

stationarity for the second period is lower than that for the first period. Moreover, the conditional 

variance for both periods demonstrates nonlinearity while the degree of nonlinearity is higher for 

the second period. These results indicate a notable change in the second order moment of SOI 

toward more instability, variability and nonlinearity in recent decades. 

4. Summary and Conclusions 
In this paper, the conditional variance or volatility of ENSO is tested and modeled and its 

changes in recent decades are explored for the first time. Using a Bayesian change point method, 
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a significant change point was detected in 1975. Comparing SOI time series before and after 

1975 shows a remarkable change in descriptive statistics, stationarity and nonlinearity properties 

of SOI time series after the change point in 1975. It was shown that the mean and (unconditional) 

variance of SOI has increased and the distribution of SOI has become non-normal and skewed 

with higher peakedness after 1975. It was also observed that the SOI has become less stationary 

and more nonlinear after 1975. The major reason for becoming more asymmetric seems to be 

due to more (negative) extreme events after 1975. 

The heteroscedasticity was not significant in the residuals of the ARMA mode1 for the fifSt 

period (1940-1975) while it has become significant in the residuals of the model after the change 

point. It is also observed that the volatility of SOI has increased both in magnitude and frequency 

of extreme volatilities. The GARCR parameters indicated an increasing in the volatility and 

decreasing in the memory of the variance of SOI. This augmentation in the volatility and second 

order moment may lead to an increasing frequency of extreme events such as extreme 

precipitation and temperature (Riggins et al., 2001; Arblaster and Alexander, 2012) or extreme 

drought conditions (Rajagopalan et al., 2000, Balling and Goodrich, 2007) in relation with 

extreme ENSO phases. These changes may also lead to an increase in ENSO driven climate 

uncertainty and variability and devastate the potential climate predictability in both regional and 

global context (Tang and Deng, 2010). 

5. Perspectives for future work 
For future works, it would be very interesting to investigate the change in ENSO volatility for 

longer historical SOI dataset and also upon the change in El Nino and La Nina phases separately 

using asymmetric GARCR mode1s. It is also recommended to apply and test volatility of other 

elements of the tropical ocean-atmosphere system in future studies so that the source of volatility 
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changes and feedbacks are revealed. It will be interesting to investigate the ability of the 

ensemble global climate models for simulation and projections of the future changes in ENSO 

volatility. The seasonal shift of the extreme ENSO condition and the shift in the seasonal 

volatility are also interesting topics for future studies. 
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Table 1 descriptive statistics of SOI time series 
SOI Series Mean (Unconditional) Skewness Kurtosis maXImum mimmum 

vanance 
1940-2011 -0.11 1.18 -0.19 3.54 2.9 -4.6 

1940-1975 -0.0014 1.02 0.078 -0.137 2.9 -2.7 

1976-2011 -0.22 1.34 -0.31 0.756 2.9 -4.6 

Table 2 nonparametric test results 
SOI Series Wilcoxon Levene Kolmogorov-Smimov 

statistic -2.62 4.03 1.48 

p-value 0.009 0.04 0.024 
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Table 3 Stationarity and non-linearity test results for SOI 
Test ADF BDS 

1940-1975 1976-2011 
1940-1975 1976-2011 m2 m3 m4 mS m2 m3 m4 mS 

statistic -6.21 -5.61 0.05 0.08 0.10 0.11 0.06 0.11 0.13 0.14 
p-value 0.001 0.001 0.001 0.001 0.001 0.001 0.001 0.001 0.001 0.001 

Table 4 ARMA-GAReR models for SOI time series (p-values of t-statistics for each parameter 
are given in parenthesis) 

SOI Series cp () a f3 
1940-1975 0.89 (0.001) -0.50 (0.001) - -

1976-2011 0.87 (0.001) -0.39 (0.001) 0.25 (0.001) 0.03 (0.82) 
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Table 5 GAReR models for SOI time series (p-values of t-statistics for each parameter are given 
in parenthesis) 

SOI Series w a p a+p 

1940-1975 0.28 (0.007) 0.29 (0.007) 0.43 (0.008) 0.72 

1976-2011 0.33(0.001) 0.43 (0.001) 0.32 (0.008) 0.75 

Table 6 Stationarity and nonlinearity test results for conditional variance 
Test ADF BDS 

1940-1975 1976-2011 
1940-1975 1976-2011 m2 m3 m4 m5 m2 m3 m4 m5 

statistic -8.73 -7.77 0.08 0.13 0.16 0.17 0.10 0.16 0.20 0.22 
p-value 0.001 0.001 0.001 0.001 0.001 0.001 0.001 0.001 0.001 0.001 
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Abstract 

This paper alms to introduce a multivariate GARCH (MGARCH) modeling approach by 

developing and applying the bivariate diagonal VECH, the Constant Conditional Correlation 

(CCC) specifications and the ARMAX-GARCH model to estimate the time varying variance­

covariance relationship of the rainfall-runoff processes for a sub-basin in the Saint Laurent 

(south-east) catchment, Quebec province, Canada. The stationarity and nonlinearity of the 

rainfall-runoff s conditional variance-covariance process are also tested. The proposed methods 

indicate that the residuals of a linear ARMAX model show a Heteroscedastic effect which can be 

removed by a GARCH model. However, the nonlinearity still exists in the residuals. The 

bivariate diagonal VECH-GARCH(1,1) and CCC-GARCH(l,l) models indicated both short-run 

and long-run persistency in the conditional variance-covariance matrix of the rainfall-runoff 

process. The conditional variance of rainfall appears to have a stronger persistency, especially 

long-run persistency, than the conditional variance of streamflow which shows a short-lived 

drastic increasing pattern and a stronger short-run persistency. The conditional covariance and 

conditional correlation coefficients seem to be different for each bivariate rainfall-runoffprocess 

with different degrees of stationarity and nonlinearity. The spatial and temporal pattern of 

variance-covariance features may reflect the signature of different physical and hydrological 

variables such as drainage area, topography, soil moisture and ground water fluctuations on the 

strength, stationarity and nonlinearity of the conditional variance-covariance for a rainfall-runoff 

process. 

Key words: Rainfall-Runoff, Bivariate GARCH, ARMAX-GARCH, conditional covariance, 

diagonal VECH, Conditional Correlation. 
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1. Introduction 

Hydro-meteorological processes have a dynamic and complex structure in space and time and 

most of their properties are not well understood. One of these properties is the nonlinearity of the 

hydrologie variables in space and time. A major concem in hydrologie modeling is, therefore, 

whether the undedying process should be modeled as linear or nonlinear. 

The rainfall-runoff (R-R) process is a well-known highly complex and nonlinear phenomenon in 

hydrology with obvious relevance for water resources management. A considerable effort has 

been devoted to develop models for runoff estimation from rainfall data and to understand the 

dynamic features of the R-R process. Deterministic (physical), conceptual and parametric 

(empirical) models are the terms used for R-R model classification (Dawson and Wilby, 2001). 

The [Ifst model is based on physicallaws of mass and energy transfer while the second provides 

a simplified representation of hydrological processes. In practice, the lack of sufficient (physical) 

data often impedes the application of these types of mode1s. The third category represents the 

mathematical transfer functions to transfer meteorological variables into runoff. These methods 

are popular and commonly used for modeling hydrological processes such as the R-R process as 

they are often cheaper, simpler to implement and require less data than other models. 

Statistical methods such as multivariate regression models (Wang et al., 2008; Hundecha et al., 

2008; McIntyre and AI-Qurashi, 2009, among others), artificial neural networks (Kumar et al., 

2005; Nayak et al., 2007; Machado et al., 2011, among others) and multivariate time series 

models have been considered in the third category for R-R modeling. 

Although time series models are weIl known and applied in hydrology, climatology and water 

resources management, the multivariate time series approaches are rarely applied for the 

modeling of hydrologie processes such as the R-R process (e.g. Cooper and Wood, 1982; 
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Camacho et al., 1987). More recently, Niedzielski (2007) applied a multivariate Autoregressive 

(MAR) technique for regional scale R-R process. However, nonlinear multivariate time series 

approaches have not been investigated and applied for R-R modeling. 

One of the most common nonlinear time series models is the Generalized Autoregressive 

Conditional Heteroscedasticity (GARCH) model which has been very popular in finance and 

econometrics since the seminal papers of Engle (1982) and Bollerslev (1986) which extended 

traditional ARMA models for the conditional mean to essentially analogous models for 

conditional variance. These models are now commonly used to describe changes in the volatility 

of financial time series. Further extension of this univariate model to a multivariate model, 

usually analogous to the extension from the ARMA to the vector ARMA was proposed by Engle 

and Kroner (1995). The Multivariate GARCH (MGARCH) models have then been commonly 

applied to study the relations between the volatilities and co-volatilities of several markets (e.g. 

De Goeij and Marquering, 2004; Serban et al., 2007; Cai et al., 2009; Syllignakis and Kouretas, 

2011). 

The objectives of the present paper are twofold. First, it aims to fill the gap of developing 

nonlinear time series models in hydrology and water resources using MGARCH model for a 

rainfall-runoffprocess. The MGARCH approach is not a rainfall-runoffmodel such as physically 

based models or artificial neural networks which are already applied in hydrology. This approach 

aims to model volatility and co-volatility or the conditional variance-covariance structure 

existing in a rainfall-runoffprocess. In addition to introducing MGARCH models, this studyalso 

investigates and compares the stationarity and nonlinearity of the conditional variance 

covariance for different rainfall-runoff processes in a catchment scale. 
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In order to pursue the above objectives, the paper is organized as follows: after the introduction 

section, the model specifications ofboth linear and nonlinear multivariate time series models and 

the testing materials are presented in sections 2 and 3. The paper continues to section 4 with an 

example of conditional variance and covariance modeling of the R-R process. The conclusions 

and suggestions for future work are finally presented in sections 5 and 6. 

2. Model specifications 

2.1. ARMAX model with multiple inputs 

The general Autoregressive Moving Average model with multiple eXogenous variables for R-R 

modeling (adapted from Ripel and McLeod, 1996) can be expressed as: 

(1) 

where Yt is the observed runoff time series, Xt is the observed rainfall time series, ~p(B) is a 

polynomial of order p, (}q(B) is a polynomial of order q, w is the transfer function, B is the 

backward operator, Et is an independent identically distributed (i.i.d) normal error with a zero 

mean and variance CJ; respectively. 

The basic assumption of the above model is that the R-R process is a linear function and the 

residuals of the model are time independent. Although this assumption is usually tested and 

verified in time series model building, the time varying variance, CJ;, is often ignored. In the 

next section, a procedure is presented for testing the existence of a time varying variance in the 

residuals of a linear model. 
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2.2. Testing for ARCH effect 

Testing the existence of a time varying variance, or heteroscedasticity, in the residuals of an 

ARMAX model or testing for an ARCH (Autoregressive Conditional Heteroscedasticity) effect 

is usually carried out by the Engle's Lagrange Multiplier test. 

The Engle's Lagrange Multiplier test for the ARCH effect was proposed by Engle (1982). The 

test statistic is given by NR2
, where R is the sample multiple correlation coefficient computed 

from the regression of St
2 on a constant and S(2_l' .•. ' St~V and N is the sample size. The null 

hypothesis of no ARCH effect is accepted if the test statistic is asymptotically distributed as a 

chi-square distribution with v degrees of freedom. The test can also be used to investigate the 

Generalized ARCH (GARCH) effect in the residuals (Bollerslev, 1986). 

In the presence of an ARCH effect or time varying variance in the residuals of a (linear) time 

series model, an ARCH or a GARCH model is fitted to the squared residuals of the model in 

order to remove the heteroscedasticity from the residuals. In the next section, the details of the 

ARCH/GARCH models are presented. 

2.3. Univariate GARCH model 

Assume a univariate serially uncorrelated, zero mean process, Ut. The Ut is said to follow an 

Autoregressive Conditionally Heteroscedastic process of order v (or ARCH(v)) if the conditional 

distribution of Ut, given its past observations, U t - b U t -2' ... , has zero mean and conditional 

vanance 

(1) 

utlJ2t - 1 -N(O, (Tt) (2) 
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Where fl t - 1 is the conditional distribution function, (fl is the conditional variance and a is the 

model parameter. This ARCH process was first introduced by Engle (1982) and allows the 

conditional variance change over time as a function of past observations. 

The above ARCH model was then developed by Bollerslev (1986) to the Generalized ARCH 

(GARCH) model by entering the lagged conditional variance. The GARCH model is then written 

as follows 

21 1 - ,\",V 2 ,\",M P 2 
(ft t - - ao + L.i=l ai U t - i + L. j=l j (ft- j (3) 

Where ai and Pj are the model parameters to be estimated. For the above GARCH model, the 

higher the a + p, the higher the intensity of persistence in volatility of the time series. 1t should 

also be noted that the ARCH parameter, a, and the GARCH parameter, p, indicate short-ron and 

long ron persistence, respective1y. 

The model in which the conditional mean is modeled by an ARMAX mode1 and the conditional 

variance remaining in the residuals of the ARMAX model (c,) is captured by the GARCH 

model is referred to as ARMAX-GARCH error (or ARMAX-GARCH) model. This model has 

two advantages. First, the heteroscedasticity has been eliminated from the residuals and second, 

the effect of eXogenous variables (XI) on the dependent variable ( y; ) has also been eliminated. 

Therefore, the residuals of an ARMAX-GARCH model are supposed to be innovation or white 

noise of the dependent variable free from the effects of the eXogenous variables. 

2.4. Multivariate GARCH model 

2.4.1. Background 

The multivariate GARCH model is the extension of the univariate model for modeling the 

temporal relationship between the conditional variance oftwo variables. For example in our 
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case, we are interested in understanding if there is a link between the variance of rainfall and 

streamflow and how this link changes through time. 

Having a K-dimensional zero mean, serially uncorrelated process Ut = (ult , ... , Ukt)', which can 

be represented as 

Lill 
U = li 

t 'II - l ' 
(4) 

Where Et is a k-dimensional i.i.d. white noise, Et- i. i. d (O,Ik ) and" is the conditional 
L.·"lt-l 

covariance matrix of Ut, given Ut-l' Ut -2, .... 

By defining the conditional distribution of Ut in the following form 

(5) 

(6) 

We can then define the MGARCH mode1 as the following 

v m 

VECH(Ltlt_1 )=0)0 + Lr>ech(ut_Ju;_) + LGj vech(Lt-ilt_i-1 ) 
i=I j=I 

(7) 

Where VECH denotes the half-vectorization operator which stacks the columns of a square 

matrix from the diagonal downwards in a vector, UJo is a !K(K +1)- dimension vector of 
2 

constants and the rj 's and G j 's are (~K(K + 1) x ~K(K + 1» coefficient matrices. 

For example, a bivariate GARCH(1,l) mode! is 
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] [U"'I'_' 1 [ W,,] [r" r ] VECH[U'"IH 
Y12 Yl3 Ul,t_1 

0"12,111- 1 

0" = 0"12,111- 1 = lû]2 + Y21 Y21 Y 23 U~I_I U 2,t-1 
0"12,111- 1 22,11 1- 1 lû 

Y32 0"22,11 1- 1 22 Y31 Y33 U 2,1_1 

(8) 

[g" 
gl2 

g" r"-'I'-' 1 + g21 g21 g 23 0"12,1-111-2 

g31 g32 g33 0"22,1-111- 2 

The above vech parameterization of MGARCH model has an important drawback The number 

of parameters in Eq, (8) equals (K(K + 1 )/2)(1+ 2(K(K + 1 )12) which becomes excessive1y large as 

K increases, For example, the above bivariate GARCH(1,l) model has 21 parameters. To 

overcome such a problem, sorne specifications of a VECH mode1 have been introduced. In this 

study, we introduce and apply the two following model specification for R-R process. 

2.4.2. Diagonal VECH model 

Bollerslev et al., (1988) suggested a diagonal MGARCH model called diagonal VECH 

(DVECH) model. The diagonal mode1 constrains the matrices rj and Gj to be diagonal. In this 

case, the conditional covariance between u:t and U~,t depends on lagged cross-products of the 

two random processes (variables) involved and lagged values of the covariance itse1f. 

The number of parameters in the diagonal GARCH(1, 1) equals 3(K(K + 1 )/2). For the bivariate 

case, therefore, we oruy have 9 parameters to be estimated instead of the 21 parameters in the 

VECH representation. The bivariate DVECH(1, 1) model can then be written as follows: 
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] [
r11 

0)22 + r21 

(9) 

It should be noted that this matrix form of a DVECH mode1 is defined using the Hadamard or 

e1ement-by-element product. The above matrix notation can be rewritten as follows to get the 

conditional variance-covariance time series: 

0Ü,t = W11 + Y11 U~t_l + 911 0'"11,t-1I t - 2 
(10) 

(11) 

CT22,t = W22 + Y22 U~,H + 922 0'"22,1-11 1- 2 
(12) 

Here, CT11,t and CT22,t are the conditional variance ofrainfall and runoffrespective1y and CT2lt 

indicates the conditional covariance or co-volatility between rainfall and runofftime series. 

2.4.3. Constant Conditional Correlation model 

Bollerslev (1990) proposed a c1ass of the MGARCH model in which the conditional covariances 

are proportional to the product of the corresponding conditional standard deviation and the 

constant conditional correlation (CCC). The CCC-MGARCH mode1 was then widely applied in 

empirical research mostly because of its computational simplicity (Tse and Tsui, 2002). 

By applying the mode1, the conditional covariance between two time series, i and j, is defined as 

(13) 

Where 

!. !. 
Dt = dia9(CTtlt ... CT;Kt) (14) 
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Where G'iit and G'jjt can be defined by any univariate GARCH model and (Pij) is the constant 

conditional correlation. This model is applied in this study to estimate the conditional correlation 

and covariance between rainfall and runoff. 

3. Simulation experiment 

In order to verify the empirical models, we simulated conditional covanances for both 

DVECH(1,I) and CCC(1,I), and DVECH and CCC(2,2) models. We consider the parameters of 

the empirical models for simulation and compare the simulated and experimental conditional 

covariances using two criteria, Normalized Root Mean Square Error (NRMSE) and normalized 

BIAS. These criteria can be written as follows 

NB/AS = ~ L~=l simccov-empccov 
k empccov 

(15) 

NRMSE = ~ L~- tmccov-emPCCOV)2 
k 1-1 empccov . 

(16) 

Where simccov and empccov denote the simulated and empirical conditional covariances and k 

is the number of estimates. 

4. Testing procedures 

As the rainfall-runoff process is usually perceived as a nonlinear or nonstationary process, 

investigation on the non-stationarity and nonlinearity of the second order moment and the 

variance-covariance structure of the R-R process are examined using the following tests: 
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~------ ---

4.1. Test for Stationary 

The stationary test of the variance-covariance structure of the R-R process is carried out using 

two methods, the Augmented Dickey and Fuller (ADF) unit root test (Dickey and Fuller, 1979) 

which tests for the presence of a unit root in the series; and the KPSS test proposed by 

Kwiatkowski et al. (1992), which tests for stationarity around a deterministic trend and around a 

fixed level. 

4.2. Test for Nonlinearity 

The nonlinearity in the variance-covariance structure is tested by the Brock-Dechert-Scheinkman 

(BDS) test (Brock et al., 1996). The BDS statistic can be used as a diagnostic tool to approve a 

deterministic nonlinear dynamic in time series. The null hypothesis is that the time series sample 

cornes from an independent identically distributed (i.i.d) process. The BDS test embeds the 

scalar time series into an m-dimensional space and calculates the correlation integral. Under the 

null hypothesis, Brock et al., (1996) exploited the asymptotic normality of the correlation 

integral and calculated the BDS statistic. For the sake of brevity, the mathematical formulation 

of the BDS test is not presented here and the reader is referred to Wang et al., (2006) for detailed 

information. In this study, we consider m=2, 3 and 4 to test the nonlinearity in our time series. 

5. Case Stndy 

To illustrate the use of the above tools, we consider a catchment with two streamflow and four 

rainfall gauging stations in a hydrologic region called south-east Saint-Laurent watershed in 

Quebec Province, Canada. The study watershed and the location of the stations are shown in 

Figure 1. 
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The two neighboring streamflow stations are Bras D'Henri and Beaurivage which are called 

"F34' and "FT' in the rest of the paper. The four rainfall stations are St. Flavien, St. Pierre, St. 

Severin and Scott stations (Table 1) which are called "F", "P", "S" and "SCT" in the following 

sections. Five years (1996-2000) of continued concurrent daily streamflow and rainfall time 

series have been used in this study to illustrate the conditional variance-covariance structure of 

the R -R process in the basin. 

5.1. ARMAX-GARCH modeling 

5.1.1. Estimating the ARMAX model 

The first step in the estimation of the model is to determine the order of the model through 

investigating the autocorrelation function (ACF) of streamflow and cross correlation between 

rainfall and streamflow time series. The cross correlation functions between streamflow and 

rainfall time series are given in Figure 2 for different lag times. This figure illustrates the 

significant, but not very strong, correlation between rainfall and runoff at lags k= 1 to k=5. This 

indicates that the model may inc1ude one to five past rainfall observations as the eXogenous 

variables. The order of the ARMA model for streamflow is identified based on the ACF and 

PACF (not shown in the figures). In this study, the logarithmic transformed streamflow is used 

for ARMAX modeling. 

Different ARMAX models are then developed for modeling the R-R time series relationship 

using different rainfall time series as eXogenous variables for each streamflow time series. The 

parameters of the models are estimated by the maximum likelihood method and the ACFs and 

P ACFs of the residuals are investigated to be time independent for testing model adequacy. In 

the case of more than one adequate model, the best model is selected according to the Akaike 
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infonnation Criteria (AIC) for each streamflow station. The order of the model and the rainfall 

time series included in each model are given in Table 2 for each streamflow time series. 

5.1.2. Testing ARCH effect in the residuals 

In accordance to the ARMAX models, the residuals (or innovations) of each model are tested for 

the time dependency and ARCH effect using ACF and Engle's test. The ACF of the residuals 

and squared residuals of the ARMAX models are given in Figure 3. The figure suggests the 

adequacy of the ARMAX model as the auto correlation coefficients are within the confidence 

level. The ACF of the squared residuals shows a significant coefficients at lag k= 1 for "F7" 

station and lag k= 1 as weIl as higher lags (k=6, k=20) for "F34" station. 

In addition, the results of Engle's test are also given in Figure 4 for k=I-15 lag times. The p­

values of the test indicate the heteroscedasticity in the residuals of the ARMAX model. It is 

observed that the test's p-values are below the criticallevel (a = 0.05) at k= 1 for "F7" and at 

lags k=1 and k=6 for "F34". Therefore, the ARCH effect exists in the residuals of the ARMAX 

model which can be removed by applying a GARCH model. 

5.1.3. Estimating the GARCH model 

As the ARMAX model for the R-R process fails to incorporate the nonlinear structure of the 

residuals, a GARCH model will be fitted to the squared residuals to take into account the time 

varying higher order moment of the R-R process. The order of the GARCH model fitted to the 

residuals of the ARMAX model is given in Table 2. The conditional variance for the residuals of 

the ARMAX models for "F7"and "F34"stations can therefore be written as follows: 

F7: CIl = 0.09 + 0.58E-E_l + 0.41CIl_2 

F34: CIl = 0.056 + 0.46Et_l + 0.21Et_2 
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The GARCH models fitted to the residuals of the ARMAX model are supposed to remove 

heteroscedasticity from the residuals. The p-values of the Engle's test for the residuals of 

ARMAX-GARCH model for the R-R process are given in Figure 5. The p-values suggest that 

the nuIl hypothesis of no ARCH effect in the residuals cannot be rejected and no 

heteroscedasticity remains in the residuals of the ARMAX-GARCH model. 

Moreover, in order to evaluate the empirical results of ARMAX-GARCH modeling, we generate 

2000 realizations of the ARMAX-GARCH model for each streamflow time series and estimate 

their (theoretical) parameters. The box-plots of the simulated parameters and the empirical 

parameters are given in Figures 6 and 7 for "F7" and "F34" time series respectively. The 

simulation results indicate that the empirical models are valid for the estimation of the volatility 

of streamflow time series as the parameters of the models (both mean and variance equations' 

parameters) faIl within the 25 and 75 percentiles of the simulated parameters. 

Referring to the above GARCH models (Eq. 15), one can see both short-mn and long-run 

persistence effect in the residuals of the streamflow at Beaurivage gauging station ("F7") as both 

ARCH and GARCH parameters are significant in the model. On the other hand, on1y short-mn 

persistence of the heteroscedasticity is observed for residuals of streamflow at Bras D' Henri 

station ("F34") as the model inc1udes on1y positive and significant a parameters. The measure of 

the persistence in volatility (a + f3) therefore confirms that heteroscedastic persistency is 

stronger for "F7" time series. 

We can also check this persistency by plotting the lagged residuals against conditional variance 

(Figure 8). As if Ut process is time independent no pattern will appear, this figure shows that the 

conditional variance at each time step depends on the previous residuals for both streamflow 

time series. As the ARMAX model is supposed to filter the effect of rainfaIl by the regression 
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process, Figure 8 suggests that the heteroscedasticity remammg m the runoff process IS 

influenced by other factors such as catchment properties rather than rainfall heteroscedasticity. 

5.1.4. Stationarity and nonlinearity test 

The results of ADF, KPSS and BDS tests for the residuals of the ARMAX and ARMAX­

GAReR model as well as the conditional variance of the streamflow' s residuals are given in 

Table 3. 

AlI the residuals and conditional variance time series appear to be stationary according to the 

ADF test and pass the KPSS stationarity test at 10% level, which shows no significant change in 

mean. The KPSS results for trend stationarity test also indicate no significant trend in the 

residuals and conditional variance time series .. 

The BDS test reveals a significant nonlinearity for all time series for all dimensions, m=2, 3 and 

4. The results show no sharp difference between nonlinearity of the residuals of the models for 

the two streamflow time series, "F7"and "F34" while the nonlinearity for "F34" is slightly 

stronger than that for "F?". 

5.2. Multivariate GAReH models 

The above analysis showed the heteroscedasticity in the streamflow innovations. In this section, 

we develop a bivariate GAReR model to illustrate the heteroscedastic features ofR-R process. 

5.2.1. Bivariate GARCH model for "F7" streamflow time series 

5.2.1.1. DVECH model estimation 

To develop the bivariate GAReR (1,1) model, we consider the streamflow time series as a 

dependent variable and the rainfall time series as an input variable and estimate 4 models for 

heteroscedastic R-R relationship for each streamflow time series. The parameters of each 
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bivariate DVECH(1, 1) model are estimated by the maxImum likelihood method. These 

parameters are significant according to asymptotic t-statistics (Table 4). For example, the 

conditional variance-covariance matrix for "S" and "FT' time series can be written as follows 

0Ù,t = 0.421 + 0.048ul~t-1 + 0.948CT1,t-l (19) 

0"21t = 0.031 + 0.055 u1,t-I l/2,t-! + 0.8620"21,1_1 (20) 

0"22,t = 0.105 + 0.708l/~1_1 + 0.2160"21_1 , , (21) 

By applying the above model, the conditional variance for "S" and "FT' time series and their co-

variance are estimated and illustrated in Figure 9. The conditional covariance between "FT' and 

other rainfall time series, "F", "P" and "SCT", are shown in Figure 10. 

According to table 4, the measure of intensity of persistence, a + f3, for R-R covariance between 

rainfall and "FT' streamflow time series are 0.917, 0.890, 0.864 and 0.864 for "S", "P", "F" and 

"SCT", respectively. These values suggest the highest covariance persistency for "S"-"F7" 

process. The results show a high persistency in R-R covariance structure as the persistency 

measurements are relatively high. Calculating the persistency measurement for rainfall 

conditional variance also reveals the highest persistency for "S" and "P" time series followed by 

"F", "SCT". On the other hand, the persistency of conditional variance of runoff time series is 

less than those for all rainfall time series, though it is still relatively high. Figure 9 also shows 

that the conditional variance of rainfall seems to be more dynamic (more volatile) than the 

conditional variance of runoff. 

The conditional covariances between rainfall time series and "FT' (Figures 9 and 10) show a low 

level of temporal fluctuation. The magnitude of covariance is different from station to station and 

from time to time. 1t can also be seen that the conditional covariance tends to decrease rapidly 

after a major increase and remains usually low for a long time before another peak. The 
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conditional covariance is almost at the lowest level during 1997 -1998 and becomes stronger 

during 1999-2000 for aIl R-R processes. 

We next move to estimate the conditional correlation coefficients in order to examine how the R­

R correlation coefficient changes over time. Figure Il shows the evolution of the estimated 

conditional correlation coefficients between "F7" and rainfall time series. The analysis of 

conditional correlation patterns reveals low level of rainfall association to direct runoff 

generation. The correlation coefficients usually remain near or below the average value during 

1996-2000, particularly during 1997-1999. The streamflow seems to have a higher correlation 

with "SCT" and "S" than other rainfall time series. 

Similar to conditional covariance, the conditional correlation does not remain in a constant 

position and tends to change from high to low values and vice versa. 1t is also interesting to note 

that the ratio of the frequency of positive to negative correlation coefficients is decreasing form 

"SCT", to "S", "P" and "F", respectively. 

5.2.1.2. CCC model 

The bivariate CCC-GARCH(1, 1) model estimation is carried out using the maximum likelihood 

method. The parameters of the conditional variance for the rainfall time series are illustrated in 

Table 5. In addition, the constant conditional correlations (Pij) between rainfall and runoff time 

series, as weIl as the unconditional correlation coefficient, are presented in this table. These 

coefficients also indicate a weak correlation between rainfall and runoff at Beaurivage River 

(station "F7"). Both constant conditional and unconditional correlation coefficients indicate the 

highest association between "SCT" and "F7" followed by "S", "P" and "F" stations (the same 

order as showed by DVECH model). 
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The parameters of each univariate GARCH model for rainfall and runoff time series are also 

given in this table. The parameters of the GARCH models indicate the higher persistency level 

for rainfall time series as the persistency measurement is higher for rainfall GARCH models. It is 

also observed that the long-run persistence of rainfall is stronger than that for streamflow time 

series in contrast to short-run persistence. These results are in agreement with the persistency 

characteristics obtained by DVECH model (Table 4). 

The R-R conditional covariances obtained by the CCC model are illustrated in Figure 12. A 

similar temporal pattern to the conditional variance of the runoff (see R-R variance-covariance 

matrix in Figure 9) is observed for conditional covariances. Indeed, it is an expected feature as 

the conditional covariance is a product of constant conditional correlation and conditional 

variance of rainfall. Furthermore, this figure illustrates a weaker covariance structure for R-R 

process than those estimated by DVECH model (Figure lO).This phenomenon may also be 

related to the weak constant conditional correlation between rainfall and runoff process. 

5.2.1.3. Model verification 

In order to verify the empirical MGARCH models, the conditional covariance for both low order 

(1,1) and high order (2,2) model are simulated for DVECH and CCC models. The two evaluation 

criteria, given in Table 6, show that the empirical DVECH(1,I) model is quite better than 

DVECH (2,2) model for all R-R conditional covariance. This implies that the R-R covariance at 

time t depends significantly on the variance-covariance structure at time t-l but not on t-2. 

The results also show that CCC(1,I) and CCC(2,2) models do not give significantly different R­

R conditional covariances. This is perhaps due to the constant conditional correlation assumption 

and perhaps because the 10w order GARCH(1, 1) models, fitted to streamflow and rainfall time 

series separately, are enough for conditional variance of rainfall and runoff. The low criteria 
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values for CCC models also suggest that the GARCH(1,1) model is appropriate for estimating 

the conditional variance of rainfall and streamflow time series and no higher order models are 

necessary. 

5.2.2. Bivariate GAReR model for "F34" streamflow time series 

5.2.2.1. DVECH mode} 

The same procedure is followed for estimating the R-R conditional variance-covariance matrix 

for "F34" station. Table 7 shows the estimated parameters for the bivariate GARCH(1,1) mode!. 

It is observed that these parameters are all statistically significant and indicate a meaningful 

covariance between the rainfall and runoff time series. For examp1e, the conditional variance­

covariance matrix between rainfall at station "SCT" and "F34" streamflow time series IS 

presented in Figure 13. The conditional R-R covariance can therefore be written as follows: 

lT21t = 0.061 + 0.022u1,HU2,1_1 + 0.918lT21,t-l (20) 

According to the parameters for bivariate GARCH models, the intensity of persistency for the 

conditional covariance between rainfall and "F34" time series are 0.979, 0.986, 0.966 and 0.940 

for "S", "P", "F" and "SCT", respectively. 

Based on the conditional covariance models, the temporal variation of conditional covariance 

between "F34" and rainfall time series are estimated and illustrated in Figure 14. The temporal 

pattern of conditional covariance does not show a high level of fluctuation. It shows sorne sharp 

short-lived positive covariances only in 1996 and 2000 and a sharp negative covariance in 1997 

and usually remains low before increasing. 

On the other hand, we look at the time varying conditional correlation coefficients (Figure 15). 

The figure suggests a high time varying and fluctuation in conditional correlation coefficients. 

They tend to cha~ge rapidly from one status (high or low value) to the opposite status through 
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time. Visually, sorne regular but weak fluctuation is also observed for conditional correlation 

coefficients between rainfall and runoff at Bras D'Henri basin. 

5.2.2.2. CCC model 

The bivariate CCC-GARCH(l, 1) model parameters and the constant conditional (PU) and 

unconditional correlation between rainfall and mnoff time series for "F34" time series are 

presented in Table 8. Both constant conditional and unconditional correlation coefficients 

indicate the highest correlation between "SCT" and "F34" time series followed by "S", "P" and 

"F". Moreover, one can see, again, that the persistency of the conditional variance is stronger for 

rainfall time series while the conditional variance of streamflow shows a strong short-mn 

persistence in contrast with the rainfall time series. 

The R-R conditional covariances estimated by the CCC model are presented in Figure 16. The 

same features as the conditional covariances between rainfall and "F?" time series (Figure 12) 

can be observed here. 

5.2.2.3. Model verification 

The criteria for verifying the empirical models for conditional covariance between "F34" and 

rainfall time series are given in Table 9. The NRMSE and NBIAS indicate that both 

DVECH(l,I) and DVECH(2,2) models have small and similar errors. However, following the 

parsimonious principle, the DVECH(l, 1) model is a better choice. The DVECH(l, 1) model has 

9 parameters while DVECH(2,2) model has 15 parameters. In addition, no significant difference 

is also observed between CCC(l,l) and CCC(2,2) models for estimating conditional covariance, 

regarding the error criteria. Therefore, the empirical (1,1) models seem to be appropriate and 

enough for estimating R-R conditional variance-covariance relationship. 
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5.2.3. Stationarity and nonlinearity test 

The stationarity and nonlinearity of the conditional covariance between rainfall and runoff time 

series are discussed in this section. According to Table 10, we cannot accept the unit root 

hypothesis with ADF test at 1% significance level for conditional covariances of the R-R 

process. It is observed that the stationarity of the conditional covariances between "P", "s" and 

"F34" is stronger than those corresponding to "F7" while the conditional covariances between 

"F", "seT" and "F7" seem to be more stationary than those corresponding to "F34". The 

stationarity in the mean and trend of conditional covariance is not rejected either according to 

KPSS level stationary tests. 

On the other hand, the BDS test rejects the linearity hypothesis in conditional covariance for aIl 

R-R pro cesses in the basin. It can be seen that the nonlinearity degree of conditional covariance 

is stronger between "P", "S" and "F7" than between "F", "seT" and "F7" for different dimensions 

and an opposite condition is observed for "F34". This suggests the reverse action of the 

nonlinearity and stationarity for the conditional covariance of the R -R process and the impact of 

scale (drainage area) and distance between rainfall and runoff stations on the degree of 

nonlinearity and stationarity for our case study. 

6. Summary and concluding remarks 

Multivariate nonlinear time series models have not yet been applied to investigate the time 

varying second order moment or conditional covariance for multivariate processes in hydrology, 

climatology and water resources. This study developed and applied a multivariate nonlinear 

GAReR time series modeling approach with the objective of understanding the R-R process 
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from a new perspective. From the ARMAX-GARCH and multivariate GARCH models for the 

R-R example in this study, the following conclusions can be derived: 

6.1.From the linear ARMAX model, with rainfall time series as the multiple eXogenous inputs, 

the existence of an ARCH effect or the time varying variance in the residuals is evident 

according to the Engle's test. The GARCH model removes the heteroscedasticity but the 

nonlinearity still remains in the residuals of the ARMAX-GARCH model after removing 

conditional variance and rainfall effects. This may imply the effect of watershed factors on 

the nonlinearity remaining in the residuals among which the scaling variable or the drainage 

area is the most important one (Sivapalan et al., 2002). 

6.2. The conditional variance of the streamflow's residuals appears to be stationary. The 

stationarity and persistency of the conditional variance for the larger basin is stronger than 

thos~ for a smaller basin. These fmdings may show that in a large basin, the conditional 

variance of runoff is affected by the watershed features such as the drainage area and river 

network, surface abstraction and infiltration, time of concentration, etc, which attenuate the 

response of catchment to magnitude of the conditional variance of rainfall. A higher 

persistencyand stationarity in the innovations of ARMAX-GARCH model at larger basin is 

also observed. The BDS test for nonlinearity also shows a relatively higher level of 

nonlinearity in the runoff of the smaller basin where short-run memory of the conditional 

variance is observed. This is in agreement with Wang et al., (1981) who indicated that the 

catchments become more linear with increasing catehment size. 

6.3.Using the diagonal bivariate GARCH model, it was revealed that the conditional variance of 

rainfall and runoff are dynamic through time. However, the conditional variance of rainfall 

seems to have a long-run memory while the conditional variance of runoff shows a strong 
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short-run memory which is probably indicated by a sudden sharp increase in the conditional 

vanance. 

6.4. The conditional covariance between rainfall and runoff shows a significant memory and 

persistence. However, it is observed that the conditional covariance did not remain high for a 

long time for both gauging stations. This phenomenon was also seen for the conditional 

correlation between rainfall and runoff time series. It may be attributed to the driving factors 

behind excess runoff production such as the catchment storage properties and soil moi sture 

which delay the excess runoff to be generated and reach to the drainage network. The 

interaction between surface runoff, ground water and physical characteristics may also result 

in lower level of fluctuation of conditional covariance in the larger basin. 

6.5.!t seems that the hypothesis of the constant correlation between rainfall and runoff is not 

valid and the CCC model is not an appropriate approach to show the time varying R-R 

variance-covariance relationship in a catchment scale. In the other word, the runoff 

coefficient varies in time and space as the results of catchment physical and scale 

heterogeneity. 

6.6. The conditional and unconditional correlation between rainfall and runoff differs from 

station to station. Both coefficients are larger for "F34" station which drains a (much) smaller 

basin than "F7" station. Therefore, one can conclude that the drainage area of a basin has an 

important role on the conditional correlation and covariance level for a R-R pro cess from the 

resuIts of this study. However, this needs to be examined and generalized by a larger data 

base. 

6.7. The measurement ofpersistency indicates a high level ofpersistency in the R-R conditional 

covariance. It is observed that the persistency is higher between runoff and rainfall stations 
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located upstream of the basins. This is probably an indicator of the effect of drainage area on 

the persistency of the R -R covariance process. N onetheless, this statement needs also to be 

generalized by future careful investigations. 

6.8. The stationarity and nonlinearity of the conditional covariance are different among different 

R-R processes. For example, the stationarity is stronger between "F34" and upstream 

rainfall stations while this stationarity becomes weaker for "FT'. The intensity of stationarity 

may be related to the intensity ofnonlinearity (as also stated by Wang et al., 2006) but our 

results indicate that the stationarity and nonlinearity may vary in the opposite direction. 

6.9. The simulation experiment showed an important fact that the (1,1) models seem to be 

sufficient for modeling R-R conditional variance covariance structure. Though the simulation 

is not carried out in empirical finance, the MGARCH(1,l) model is believed to be sufficient 

in almost all financial cases. In addition, sufficient low order models are important from 

parsimonious point of view, especially for MGARCH models for which the number of 

parameters increases rapidly with the order of the model. 

Generally, this study provides a nonlinear modeling and testing approach for conditional 

variance-covariance structure in R -R processes. The results indicate a strong nonlinearity in 

runoff time series which is related to rainfall nonlinearity which passes through the nonlinear 

catchment system and is recorded at the gauging stations. 
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7. Challenges for future work 

This study presented a bivariate GARCH model for R-R process. The R-R process inc1udes 

different nonlinear spatial and temporal phases and different effective parameters aIl of which 

were not considered in this study. Therefore, one can improve the variance--covariance matrix of 

the R-R process by adding other variables such as temperature, ground water or soil moi sture 

time series for future studies. The effect of upstream flow on downstream flow is not considered 

in this study which may be a good topic for generalizing the results ofthis study. However, from 

the theory of MGARCH approach, the number of parameters of a model will increase rapidly by 

adding a variable into the model. 

FinaIly, as most of the hydrologie processes are nonlinear and nonstationary due to c1imate 

change, the development and application of these models are strongly suggested for other 

multivariate processes in hydrology and c1imatology in the changing environment. 
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Table 1 List of streamflow and rainfall gauging stations 

Station / River name Station Latitude Longitude Drainage 
code in area (Km2

) 

text 
Rainfall stations St. Pierre "P" 46' 15 N 71' 13 W -

St. Severin "S" 46'20 N 71 °03 W -
St. Flavien "F" 46'30 N 71 '35 W -

Scott "SeT" 46'30 N 71 °05 W -
Gauging stations Beaurivage "FT' 46'39N 7]' 17 W 709 

Bras D'Henri "F34" 46'32 N 71 °20 W 137 
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Table 2 ARMAX -GARCH model parameters and variables for streamflow time series 

streamflow eXogeneous Rainfall Mean equation Variance equation 
senes senes 
"F7" c = 0.07 ao = 0.09 

"F", "P", "SCT" 01 = 0.93 al = 0.58 
81 = -0.09 Pl = 0.41 

"F34" c = -0.019 ao = 0.056 
"F", "S", "SCT" 01 = 0.41 al = 0.46 

O2 = 0.45 a2 = 0.21 
03 = 0.077 
81 = 0.56 
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Table 3 Stationarity and nonlinearity test results for ARMAX-GARCR models 

series Streamflow KPSS level KPSS trend ADF unit root test 
senes stationary test stationary test 

Results p-value Results p-value Results p-value 
ARMAX "FT' 0.014 >0.1 -0.0036 0.77 -11.44 0 
residuals "F34" 0.037 >0.1 -0.0012 0.38 -9.19 0 

ARMAX- "FT' 0.021 >0.1 -0.0069 0.63 -10.83 0 
GARCR residuals "F34" 0.019 >0.1 -0.0056 0.69 -10.72 0 

Conditional "FT' 0.067 >0.1 -0.0010 0.59 -9.75 0 
vanance "F34" 0.048 >0.1 -0.0017 0.17 -8.44 0 

BDS test 
senes station m=2 m=3 m=4 

statistic p-value statistic p-value statistic p-value 
ARMAX "FT' 0.035 0 0.064 0 0.082 0 
residuals "F34" 0.042 0 0.069 0 0.083 0 

ARMAX- "FT' 0.040 0 0.071 0 0.081 0 
GARCR residuals "F34" 0.046 0 0.077 0 0.094 0 

Conditional "FT' 0.055 0 0.089 0 0.104 0 
vanance "F34" 0.083 0 0.139 0 0.167 0 
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Table 4. Bivariate DVECH-GARCH (1,1) parameters for R-R model at "F7" station (p-values 
oft-statistic are given in parenthesis) 

Rainfall DVECH Parameters 
station W11 W21 W22 Yll Y21 Y22 g11 g21 g22 

"S" 0.421 0.031 0.105 0.048 0.055 0.708 0.948 0.862 0.216 
(0.001) (0.03) (0.001) (0.001) (0.003) (0.001) (0.001) (0.001) (0.001) 

"P" 0.811 0.025 0.105 0.051 0.064 0.714 0.936 0.826 0.212 
(0.001) (0.014) (0.001) (0.001) (0.001) (0.001) (0.001) (0.001) (0.001) 

"F" 0.98 0.038 0.107 0.054 0.062 0.716 0.928 0.802 0.206 
(0.001) (0.075) (0.001) (0.001) (0.001) (0.001) (0.001) (0.001) (0.001) 

"SCT" 0.51 0.068 0.101 0.048 0.058 0.72 0.947 0.806 0.216 
(0.001) (0.011) (0.001) (0.001) (0.001) (0.001) (0.001) (0.001) (0.001) 
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Table 5 Bivariate CCC-GARCR (1,1) parameters for R-R model at "F7" (p-values oft-statistic 
are given in parenthesis) 

senes GARCR parameters Constant Conditional Unconditional 
ao a f3 Correlation Correlation 

"S" 0.410 0.047 0.950 0.095 0.036 
(0.001) (0.001) (0.001) 

"P" 0.783 0.049 0.938 0.078 0.042 
(0.001) (0.001) (0.001) 

"F" 0.833 0.115 0.820 0.061 0.027 
(0.001) (0.001) (0.001) 

"SCT" 0.526 0.046 0.947 0.123 0.067 
(0.001) (0.001) (0.001) 

"F7" 0.110 0.732 0.188 - -
(0.001) (0.001) (0.001) 
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Table 6 Estimation of NBIAS and NRMSE for empirical against simulated conditional 
covariances for "F?" 

Rainfall Model 
senes DVECH CCC 

(1,1) (2,2) (1,1 ) (2,2) 
NRMSE NBIAS NRMSE NBIAS NRMSE NBIAS NRMSE NBIAS 

"S" 13.12 -0.19 22.1 -0.37 0.52 -0.06 0.52 -0.08 
"P" 11.8 0.11 25.8 0.63 0.46 0.02 0.47 0.04 
"F" 6.32 0.33 42.12 -2.19 0.51 -0.03 0.53 -0.05 

"SCT" 9.08 0.15 24.6 -0.23 0.47 -0.007 0.48 0.02 
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Table 7 Same as Table 4 but for "F34" station 

Rainfall DVECH Parameters 
station W11 W21 Wn Y11 Y:u Yn .Qll .Q21 .Qn 

"S" 0.421 0.497 0.127 0.049 0.048 0.849 0.949 0.931 0.144 
(0.001) (0.001) (0.001) (0.001) (0.003) (0.001) (0.001) (0.001) (0.001) 

"P" 0.815 0.418 0.137 0.049 0.043 0.861 0.938 0.943 0.113 
(0.001) (0.001) (0.001) (0.001) (0.008) (0.001) (0.001) (0.001) (0.001) 

"F" 0.795 0.031 0.147 0.051 0.027 0.862 0.937 0.939 0.087 
(0.001) (0.009) (0.001) (0.001) (0.001) (0.001) (0.001) (0.001) (0.001) 

"SCT" 0.517 0.061 0.154 0.047 0.022 0.887 0.948 0.918 0.065 
(0.001) (0.034) (0.001) (0.001) (0.025) (0.001) (0.001) (0.001) (0.012) 
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Table 8 Same as Table 5 but for "F34" station 

senes GARCR parameters Constant Conditional Unconditional 

an a f3 Correlation Correlation 
"S" 0.409 0.047 0.950 0.138 0.0.74 

(0.001) (0.001) (0.001) 
"P" 0.782 0.048 0.939 0.118 0.070 

(0.001) (0.001) (0.001) 
"F" 0.859 0.053 0.927 0.101 0.050 

(0.001) (0.001) (0.001) 
"SCT" 0.524 0.045 0.948 0.182 0.107 

(0.001) (0.001) (0.001) 
"F34" 0.168 0.902 0.023 - -

(0.001) (0.001) 0.33 
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Table 9 Same as Table 6 but for "F34" 

Rainfall Model 
senes DVECH CCC 

(1,1) (2,2) (1,1) (2,2) 
NRMSE NBIAS NRMSE NBIAS NRMSE NBIAS NRMSE NBIAS 

"S" 0.48 0.47 0.53 0.52 0.47 0.47 0.54 0.53 
"P" 0.44 0.44 0.50 0.49 0.44 0.44 0.51 0.50 
"F" 0.45 0.44 0.52 0.50 0.44 0.44 0.51 0.51 

"SCT" 0.52 0.51 0.57 0.55 0.51 0.51 0.56 0.55 
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Table 10 Stationarityy and nonlinearity test results for conditional covariances 

Rainfall series Streamflow KPSS level KPSS trend ADF unit root test 
senes stationary test stationary test 

Results p-value Results p-value Results p-value 
"P" "F7" 0.17 >0.05 -0.75 0.43 -11.29 0 

"F34" 0.20 >0.01 -0.16 0.85 -29.93 0 
"S" "F7" 0.15 >0.05 -0.54 0.58 -9.58 0 

"F34" 0.18 >0.01 -0.16 0.87 -27.14 0 
"F" "F7" 0.11 >0.05 -1.49 0.13 -12.1 0 0 

"F34" 0.20 >0.01 -0.45 0.65 -5.71 0 
"SCT" "F7" 0.19 >0.01 -1.03 0.29 -12.95 0 

"F34" 0.24 >0.01 -0.31 0.75 -7.58 0 
BDS test 

Rainfall series Streamflow m=2 m=3 m=4 
senes statistic p-value statistic p-value statistic p-value 

"P" "F7" 0.15 0 0.25 0 0.31 0 
"F34" 0.08 0 0.13 0 0.17 0 

"S" "F7" 0.15 0 0.26 0 0.33 0 
"F34" 0.08 0 0.14 0 0.17 0 

"F" "F7" 0.14 0 0.24 0 0.30 0 

"F34" 0.17 0 0.27 0 0.37 0 
"SCT" "F7" 0.14 0 0.24 0 0.30 0 

"F34" 0.17 0 0.28 0 0.36 0 
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Abstract 

The change III extreme meteorological variables and demographic shift towards older 

population has made it important to investigate the association of climate variables and hip 

fracture by advanced methods in order to find the most effective climate variables on hip 

fracture incidence. The nonlinear Autoregressive Moving Average with eXogenous variable­

Generalized Autoregressive Conditional Heteroscedasticity (ARMAX-GARCH) and 

multivariate GARCH (MGARCH) time series approaches are applied to investigate the 

nonlinear association between hip fracture rate in female and male patients of the ages 40-74 

and 75+ and climate variables in the period of 1993-2004, in Montreal, Canada. The models 

describe 50% to 56% of daily variation of hip fracture rate and identify the snow depth, air 

temperature, day length and air pressure as the influencing variables on the time varying mean 

and variance of the hip fracture rate. The conditional covariance between climate variables and 

hip fracture rate is exponentially increasing which shows that the effect of climate variables on 

hip fracture rate is most acute when rates are high and climate conditions are at their worst. In 

Montreal, Climate variables, particularly snow depth and air temperature, appear to be 

important predictors of the hip fracture incidence. The association of climate variables and hip 

fracture does not seem to linearly change in time and increases exponentially with the harsh 

climate conditions. The results ofthis study can be used to provide an adaptive climate-related 

public health program and allocation services for avoiding hip fracture risk. 

Keywords: hip fracture, ARMAX-GARCH, multivariate GARCH, conditional covanance, 

climate 
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Introduction 

Hip fracture is already a cause of mortality and morbidity and a growing problem in the western 

countries along with overall aging of societies. Hip fracture constitutes a significant econornic 

burden in developed countries and reduces the quality of life and makes 20% reduction in 

expected survival (Benetos et al, 2007). Tt was also reported that mortality rates after hip fracture 

continue to rise over the subsequent months and peak at 1 year, with a rate of 36% for men and 

21 % for women (Harvey and Dennison, 2010). The importance of preventing at least sorne of the 

clinical and economic consequences of hip fracture has led researchers to try to identify the 

factors affecting hip fracture incidence and risk. 

Various factors affect hip fracture risk and incidence including genetics, demography (increasing 

age and gender), chronic diseases such as osteoporosis and diabetes, medication (hormone 

replacement therapy and drug altering the central nervous system), medical and gynaecological 

history (past fractures), anthropometric variables( increased or decreased body weight), life style 

factors such as physical inactivity or activity and exposure to sunlight as well as nutrition factors 

(calcium and vitamin D intake, Benetos et al, 2007). Nursing home design and care procedures 

are also important (Quigley et al. 2013) as well as urban design (Cummings and Melton, 2002). 

Lan et al. (2010) suggested multiple risk factors for hip fracture incidence such as low 

consumption of milk, grip strength and bone -mineraI density. However, these are more clinical 

-level risk factors and seem to ignore climate factors, with the exception of the effect of sunlight 

(Bulajic-Kopjar, 2010; Edvardsen et al. 2009) and its indirect effect on physical exercise. 

Many studies have indicated the association between climate and hip fracture from which sorne 

of them are presented here. For example, the effect of co Id climate on the increasing rate of hip 

fracture in Oslo, Norway, has been reported (Lofthus et al, 2001) as well as the effect offreezing 
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rain in Montreal, Canada (Levy et al., 1998). A recent study in Valencia (Spain) showed a 

significant impact of meteorological variables on hip fracture, especially in cold seasons (Tenias 

et al., 2009). The climate and its seasonal variation influence the risk of hip fracture incidence 

for Scandinavian countries (Gullberg et al., 1993; Gronskag et al., 2010). The effect of day 

length, sunshine duration and temperature on daily activity of elderly people and high hip 

fracture risk was indicated by Mirchandari et al. (2005) and Sumukadas et al. (2009). After 

adjustment for season, trend, day-of-week and autocorrelation, Turner et al. (2011) indicated the 

effect of low temperature on fall-related hip fracture hospitalization in New South Wales, 

Australia, using a Poisson regression model. 

Time series methods are a particularly promising statistical approach for modeling the variation 

of different variables and their influence on each other through time. However, these (linear) 

models are rarely applied to address epidemiologic time-varying variables such as hip fracture 

and very few studies can be found in literature (Lin and Xiraxagar, 2006). The linear 

assumptions of these models are sometimes not enough to model the nonlinearity embedding the 

hip fracture association with climate variables. 

The main objective of this study is to introduce a nonlinear financial time series modeling 

approach, Generalized AutoRegressive Conditional Heteroscedasticity (GARCH), for modeling 

the nonlinear relationship between hip fracture and climate variables. The hypothesis here is that 

the change in the hip fracture association to climate variation is partially nonlinear and could be 

modeled by a nonlinear approach. Moreover, this study aims to model and predict daily variation 

of hip fracture and its association to weather conditions. 
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Methods 

Data collection 

The data set used in this study includes the daily hip Fracture incidences over the Montreal 

region, Quebéc province, Canada which are population-standardized for 100000 person-day from 

1993-2004. The data set includes hospital discharge data of the patients who are from the 

Montreal region and are aged of 2:40 years (total population 2:40 in mid-period census of 2001 

was about 900 000) and the main diagnosis of the admission is a hip fracture (ICD-9 codes 820); 

and excludes patients with in jury causes other than "accidentaI faU" (ICD-9 codes E880 to E888) 

or "accidents due to natural and environmental factors" (ICD-9 codes E900 to E909). Daily 

hospitalisations events extracted from Québec's hospital database (MED-ÉCHO) were supplied 

by the Institut national de la santé publique du Québec (INSPQ) and the Ministère de la Santé et 

des Services Sociaux du Quebec (MSSS) (Lambert et al. 2010). The reliability of the assessment 

of patient morbidities using Quebec' s medico-administrative data has been rated as very high for 

various diagnoses (levy et al. 1999). 

These hip fracture rates are calculated for two age groups, 40-74 years and 75 years and older, of 

the female and male patients separately. This decision was made in order to maintain sufficient 

numbers of fractures in gender groups allowing for a meaningful analysis. These female and 

male groups are called FI, F2, Ml and M2 hereafter in this study. In order for modeling the 

relationship between climate variables and hip fracture rate in this study, 12 climate variables 

from 9 stations within the Montreal region in daily time scale were gathered first. Then, the daily 

time series are averaged over the region to obtain one single time series for each climate 

variable. Figure 1 shows the geographic location of Montreal region and the location of the 

meteorological stations. 
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Methods 

Univariate ARMAX-GARCH model 

The univariate nonlinear time series modeling approach inc1udes modeling the conditional mean 

by the autoregressive moving average model (ARMAX(p,q,s) where p and q are the order of the 

autoregressive and moving average parameters and the eXogeneos variable, respectively) and 

modeling the conditional variance of the residuals (errors) by a GARCH(v,m) model where v and 

m are the order of the parameters of GARCH model. This type of model is called ARMAX­

GARCH error model (Hamilton, 1994). 

The univariate linear ARMAX time series model has the following general form (Hipel and Mc 

Leod (1996) 

(1) 

where Yt is the observed (hip fracture rate) time series, fJp (B) is a polynomial of order p, Bq (B) 

is a polynomial of order q, B is the backward operator, and CI is an independent identically 

distributed (i.i.d) normal error with a zero mean and standard deviation Œ"a. The OJs is the 

parameter of the model and X is the independent, input, regressor or eXogeneous (c1imate) 

variable. The order of the ARMA model is identified by the Autocorrelation function (ACF) of 

the sample. 

U sing independent c1imate variables, many models can be developed with different c1imate 

variables. We follow a stepwise procedure to select the final model. The stepwise procedure 

considers the c1imate variables with the highest correlation coefficients to inc1ude in the model. 

In the following, another single c1imate variable is added in order to increase the R2 of the model. 
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This procedure is repeated for different climate variables as far as the highest R2 is obtained and 

the parameters of the models are significant at 5% level. 

The nonlinear GARCH model is then used to model the conditional variance remaining in the 

residuals (SI) of the ARMAX model. The conditional variance ((Jt) is estimated by the following 

equation (Hamilton, 1994): 

V M 

(J/
2 = w+ Iais/~i + If3j (JL j (2) 

i=1 j=1 

Where a and f3 are the parameters of the model and V and M are the order of the 

GARCH(V,M) model. 

Multivariate GARCH model 

The relationship between conditional variance of two or more variables is modelled by a 

multivariate GARCH (MGARCH) model (Engle and Kroner, 1995). The MGARCH mode1 is a 

popular model in finance and econometrics. In a univariate GARCH model, the past values of 

the residuals, &, makes a sigma field, 31-1 with measurable (Jt2 . In other words, the CUITent 

conditional variance, (JI' depends on the previous variances and the residuals. 

The extension from univariate GARCH model to an n-variate model requires allowing the 

conditional variance-covariance matrix of n-dimensional zero mean random variables, E, to 

depend on the elements of the sigma field. Letting (JI be measurable with respect to the sigma 

field, the multivariate GARCH is sl3t_1 ~ N(O,(Jt) where N indicates a normal distribution. 

The parameterization for (JI as a function of 3 1- 1 allows each element of (JI to depend on v 

lagged values of the squares and cross-products of St and the m lagged values of the elements of 
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0'1' The number of these lags shows the order of the MGARCH (v, m) model. In this study, we 

propose a class of MGARCH model called the Constant Conditional Correlation (CCC) model 

(Bollerslev, 1990). 

The conditional variance in the CCC model is defined as the following for two time series, i and 

j, 

(3) 

Where 

D - d' (li li) 1 - mg 0'11/···0-NNt (4) 

ŒUI and Œiit can be defined as any univariate GARCH model and 

(5) 

Pi} is the constant conditional correlation. 

Results 

Preliminary data analysis 

A total number of 22,850 hip fracture incidences were observed during 1993-2004 in Montreal 

region among which 75.8% were females and 24.20% were male patients. The age-standardized 

hip fracture incidences for 1993-2004 period are 66, 284, 193 and 626 per 100000-person-year 

for FI, Ml, F2 and M2 groups, respectively. The female to male ratio ofhip fracture rate is 1.52 

and 2.3 for age groups 40-74 and 75+, respectively. A seasonal variation of hip fracture rate for 

the groups is observed where the hip fracture rate begins increasing from November to January 

and then decreasing to the summer time (Modarres et al., 2012). 
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The relationship between hip fracture rate and climate variables is then investigated through 

simple Pearson product correlation coefficient [see Supplemental Material, Table 1]. One can see 

that these correlations are weak and show that the fluctuation of climate variables may not 

influence the HF incidences in a daily time scale. Looking at the autocorrelation functions (ACF) 

of the hip fracture rate time series [Supplemental Material, Figure 1] indicates that the 

coefficients are statistically insignificant (fall within the 95% confidence level). Thus, the daily 

information data set is insufficient for establishing MGARCH models. 

Therefore, we transform daily time series into two new time series, in order to increase the 

autocorrelation structure. Then, in the following step, daily hip fracture rate time series are 

extracted from the output of the models fitted to new time series, to show the effect of climate 

variable on hip fracture rate in daily time scale. 

The new time series are created by adding up the daily hip fracture rate in 3- and 5-day periods. 

The 3- and 5-day aggregations are selected to have a short time scale for our analysis. The 

climate variables are also transformed to 3- and 5-day variables to keep the uniformity of hip 

fracture rate-climate time series. This transformation increases 12 climate variables to 16 

variables. The Pearson product correlation coefficients between aggregated hip fracture rate and 

climate variables are given in Tables 1 and 2. These tables show a significant association 

between climate and hip fracture rate time senes. It also indicates stronger correlation 

coefficients than the coefficients between climate variables and hip fracture rate in daily time 

scale. Therefore, the aggregated hip fracture rate time series are used for modeling in the next 

sections. 

From the ACF of the aggregated time series [see Supplemental Material, Figures 2 and 3], it is 

clear that the autocorrelation coefficients of aggregated 3- and 5-day time series are higher than 
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those for daily time series and remains significant to the higher lags. Therefore, we use the 3-day 

and 5-day data set instead of daily time series for modeling the relationship between climate 

variation and hip fracture rate in Montreal region using the proposed approaches. 

ARMAX-GARCH models 

U sing aggregated hip fracture rate time series and 16 independent climate variables for hip 

fracture rate time series, it was observed that the GARCR(1, 1) model is enough for the 

conditional variance remaining in the residuals of both time series. The final selected ARMAX­

GARCR models and the climate variables included in each model as the eXogenous variables are 

given in Tables 3 and 4 for 3-day and 5-day hip fracture rate time series, respectively. 

It can be seen that for the younger groups (FI and Ml) the snow depth and temperature are the 

most important climate variables which describe 59% and 62% of the temporal variation of 3-

day hip fracture rate, respectively. For the older groups (F2 and M2) of 3-day time series the 

maximum pressure and day length play the most important roles. These variables describe 57% 

and 56% of the variation of hip fracture incidences. 1t is also clear that the length of the day is 

the most frequent climate variables governing the hip fracture incidence in Montreal. 

For the 5-day hip fracture rate time series, the models (Table 4) indicate that the temperature and 

snow depth are also the most important climate variables for the younger groups (FI and Ml 

groups). The wind speed and maximum pressure also appear in the models. The ARMAX­

GAReR models capture 76% and 78% of the temporal variation of 5-day hip fracture incidence 

for the younger groups. On the other hand, for F2 and M2 groups the maximum pressure seems 

to be the most important factor while the rainfall depth and length of the day also appear in the 
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models. These climate variables define 73% variation of 5-day hip fracture incidences for the 

older groups in Montreal region. 

Daily hip fracture estimation 

In this section, the daily hip fracture rate time series are extracted from the model-predicted 3-

and 5- day aggregated time series to show the model performance for modeling daily hip fracture 

rate. The predicted daily time series are plotted against the observed daily hip fracture rate in 

Figures 2 and 3. The figures indicate that the model can describe (in average) 50% of daily 

variation of hip fracture rate in Montreal region in related to climate variables. Figures 2 and 3 

also appear to show that the error of the model decreases while the number of hip fracture rate 

increases. In other words, the performance of the model is better for high values of hip fracture 

rate than for low values. This suggests that the association of climate variables to the hip fracture 

incidence is much stronger when hip fracture rate is high and the influence of climate conditions 

on small number of hip fracture incidence seems to be insignificant. The small number of 

incidences which are not related to climate conditions may be due to indoor incidences or other 

factors of falling, especially for 75+ people. In the next section, this statement is examined by the 

multivariate model. 

Conditional variance and covariance 

Here, the dynamic variances and covariances of hip fracture and climate variables based on the 

CCC-GARCH model are given to show how the predictive value of climate variables for hip 

fracture rate changes across the full range of hip fracture rate values. 
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The first step for a CCC model is to estimate the conditional variance for each time series based 

on a GARCR model. The conditional variance allows us to test how the variance itself changes 

over time by comparing the variability of different hip fracture rate time series. 

For the conditional variances of the 3- and 5-day hip fracture rate [see Supplemental Material, 

Figures 4 and 5] the peak variances for FI group are observed in 1994, 1997, 1998 and 1999. AlI 

the peak variances are observed in January except the high value in April, 1997. The highest 

variances for F2 group are observed in March 1993 and January, 1998. For Ml group, the peaks 

are observed in January, 1998, 1999 and 2002 while for M2 group, the highest variance is 

observed in January 1994. 

These figures also show that the conditional vanances are not constant over time and the 

variance of the older groups (F2 and M2 groups) visually seems to have more variability and 

fluctuation than the younger groups (FI and Ml groups). This suggests that the hip fracture rate 

for F2 and M2 groups changes in a larger range than FI and Ml groups 

Moreover, a seasonality of conditional variance can also be observed. The monthly average and 

standard deviation of the conditional variance of the 3-day hip fracture rate is illustrated as an 

example in Figures 4(a) and 4(b). 

The highest average of conditional variance is observed in autumn-winter season for the younger 

group (Figure 4a) while a sharp seasonal variation is not evident for F2 and M2 groups. On the 

other hand, the monthly change of the standard deviation of the conditional variance (Figure 4b) 

for the younger groups (F 1 and Ml) is consistent with the monthly change in the average (Figure 

4a) while the standard deviation for the eIder group (M2 and F2) shows high monthly variation 

for both winter and summer months. This suggests a higher instability in the variance of the elder 

group. The seasonality of the mean was also reported by Modarres et al (2012). Therefore, one 
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can see that both linear and nonlinear characteristics of hip fracture rate time series show 

seasonality. 

It is also observed that the standard deviation of the conditional variance of winter season is 

higher than the summer time for aIl groups. The higher dispersal of the variance can also be 

observed in the boxplot of the monthly conditional variance which is given for FI group as an 

example in Figure 4c. The boxplots also reveals higher variability and range of the variance in 

winter time, especiaIly in December and January when temperature and the length of the day are 

decreasing and snow depth is increasing. 

The time varying covariance between hip fracture incidences and clim~te conditions is also 

estimated by applying equations 3 and 4. For the CCC models, we use the climate variables 

determined by the ARMAX-GARCH model for each hip fracture rate time series. Plotting the 

conditional covariance against the hip fracture rate time series shows how the conditional 

variance of the climate variables (included in the model) influences the temporal variation of the 

hip fracture rate incidences. 

The conditional covariance between different hip fracture groups and climate variables are 

plotted against the hip fracture rate (Figures 5 and 6) for 3-day hip fracture time series. Other 

figures related to 3-day hip fracture are presented in appendix Figures 6 and 7. AlI these figures 

indicate a strong and nonlinear relationship between the time varying hip fracture variances and 

the variances of the climate variables. It can be observed that the association between hip 

fracture incidence and climate variables is very weak or linear for smaIl numbers of hip fracture 

incidences while this association (climate effect on hip fracture rate) increases rapidly and in a 

nonlinear fashion for the higher hip fracture rate values. For example, the conditional covariance 

between FI and snow depth is almost constant or zero for hip fracture rate < 1 and begins 
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increasing exponentially afterward. Similar results are observed for 5-day hip fracture rate data 

and for other groups and c1imate variables [see Supplemental Material, Figures 8 to Il). 

Discussion 

This study implemented a novel m~ltivariate GARCH model to show how c1imate variables 

affect hip fracture rates in Montreal, Canada. We estimated the time varying second order 

moment or the conditional variance of the hip fracture rate and its relationship to the conditional 

variance of c1imate variables. These models demonstrate strong nonlinear associations between 

the variances of c1imate variables and hip fracture rates, implying that high hip fracture risk 

depends more strongly on severe weather conditions than on average conditions. Accordingly, 

the risk of hip fracture incidences appears to increase when specific c1imate conditions, such as 

heavy snowfall or low temperature, remain for a time period. (e.g. a couple of days). The 

nonlinear model applied in this study c1early supports this statement. 

The nonlinear ARMAX-GARCH models not only identify the most important c1imate variables 

on hip fracture incidence but also show the time-varying variance of the hip fracture rate in 

contrast to linear time series models applied by Lin and Xiraxagar (2006) and Modarres et al. 

(2012) or the Poisson regression model (tumer et al., 2011; Bischoff-Ferrari et al. 2007) which 

only considered the conditional mean (first order moment) of hip fracture and its temporal 

variation. The c1imate variables inc1uded in the models, explain 56% to 78% variation of 

aggregated hip fracture rate and almost 50% variation of daily HF incidence for both age groups. 

Furthermore, the proposed model building procedure based on estimation daily hip fracture rate 

from short-period aggregated time series suggests a good method for future studies on daily hip 

fracture time series modeling in the absence of significant auto correlation. However, it should be 

noted that the c1imate variables have been averaged over the study region. Future studies should 
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consider more dense meteorological data to achieve a better understanding of the association 

between climate variation and hip fracture in daily time scale. 

The multivariate CCC model shows a nonlinear relationship between hip fracture rate and 

climate variables for both gender and age groups. The covariances between hip fracture rate and 

climate variables are strongly significant and increase exponentiaIly. The insignificant 

covariance between low hip fracture rate and climate variables probably suggests that the 

variation in the background of low hip fracture rate may not depend on weather conditions and 

we should seek for other explanations such as indoor falls or drug consumption. Future studies 

should separate indoor and outdoor incidences in order to establish a more precise climate-hip 

fracture association. Although examining simultaneously weather variables the elderly may 

prefer to stay at home during adverse climate conditions, the MGARCH approach shows that the 

risk of hip fracture incidences may increase when the adverse climate conditions remain for 

several days. This suggests future investigation of the dynamic and social behaviour of people 

through another study, for example a questionnaire-based study, to understand the preferences of 

the elderly for staying at home or going outside during and after harsh climate conditions. This 

could lead to free automated alert systems like those already found in the field of air quality in 

countries such as Canada (Sante et servIce SOCiaUX Quebec, 

http://www.msss.gouv.qc.calsuj ets/ santepub/ environnement/index. php?cote-air-sante­

abonnement-aux-alertes-en), the United States (Airalert service for Herts and beds, 

https://www.airalert.info/hertsbeds/registration.aspx). the United Kingdom and France (Nort east 

London and city (NHS), http://www.onel.nhs.uklfor-health-professionals/severe-weather­

warnings.htm). 
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,------------ ------ ------------- - -- ------

Conclusions 

This study is the first to apply nonlinear univariate and multivariate GAReR model to show the 

influence of climate conditions on hip fracture incidence. The proposed approaches for modeling 

hip fracture rate-climate association seem to effectively establish both linear and nonlinear 

effects of climate variables on hip fracture incidences. The findings of this study indicate that the 

effect of the climate condition on hip fracture incidence in the Montreal region appears to be a 

nonlinear process, exponentially increasing and becoming more significant with adverse weather 

conditions. Given that the association of small number of hip fracture rate and climate variables 

is insignificant or linear for both gender and age groups under study, and given that the majority 

ofhip fracture incidences are caused by a fall (Masud et al., 2001), this low baseline hip fracture 

rate is most likely related to indoor falls or other known factors such as prescription drug (as weIl 

as alcohol or other drugs) consumption affecting the central nervous system or higher prevalence 

of cognitive impairment in elderly people. In addition, other possible confounders such as 

people's behavior, weekends and holiday vocations should be considered in the future studies. 

Many extreme weather conditions have shown an increase in frequency, intensity or duration in 

Quebec Province (Lemmen et al. 2001) and will most likely follow a similar trend in the future. 

It then becomes important to plan future medical services based on the most robust models that 

would include climate determinants for the best approximation of the expected incidence of such 

severe and debilitating injuries as hip fractures, especially a for short-period time scale. The 

approach proposed here will support informed decisions for a better allocation of scarce 

resources and provide a climate-related preventive message to the people at risk for hip fracture. 

Sorne climate change adaptation programs already begin to use weather data for their services 

planning currently (Oven Et al. 2012). 
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Table 1 Correlation coefficients between 3-day hip fracture rate and climate variables 

Climate variables F1r F2r MIr M2r 

Maximum temperature CC) -0.107* -0.128* -0.172* -0.137* 

Minimum temperature CC) -0.122* -0.131 * -0.200* -0.143* 

Mean Temperature CC) -0.114* -0.128* -0.188* -0.141 * 

Rainfall depth (mm) -0.029 -0.046 -0.027 -0.072 
Snow depth (mm) 0.125 0.064 0.097 0.072 

Precipitation depth (mm) 0.013 -0.017 0.018 -0.045 
Number of snowy days 0.121 0.105 0.163 0.097 
Number of rainy days -0.092* -0.079* -0.118* -0.096* 

Number of days with precipitation -0.028 -0.031 -0.020 -0.040 
Maximum snow depth (mm) 0.130* 0.079* 0.198* 0.082" 
Maximum wind speed (km/s) 0.017 0.020 0.060* -0.021 

Mean Wind speed (km/s) 0.010 0.015 0.047* -0.033 
Day Length (hr) -0.022 -0.077 -0.069 -0.069 

Maximum pressure (hp) 0.061 0.064' 0.107" 0.069" 
Minimum pressure (hp) -0.004 -0.015 -0.033 -0.023 

Mean pressure (hp) 0.035 0.024 0.056 0.048 
* p<O.OI 
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Table 2 Correlation coefficients between 5-day hip fracture rate and climate variables 

Climate variables F1r F2r MIr M2r 

Maximum temperature CC) -0.150* -0.162* -0.239* -0.177* 

Minimum temperature CC) -0.170* -0.164* -0.277* -0.186* 

Mean Temperature CC) -0.159* -0.162* -0.261 * -0.181 * 

Rainfall depth (mm) -0.057 -0.048-'- -0.072-'< -0.095 
Snow depth (mm) 0.187 0.099 0.159 0.100· 

Precipitation depth (mm) 0.017 -0.001 0.003 -0.057 
Number of snowy days 0.168 0.151 0.245 0.137 
Number of rainy days -0.137* -0.103* -0.190* -0.119* 

Number of days with precipitation -0.040 -0.027 -0.040 -0.039 
Maximum snow depth (mm) 0.182* 0.101 " 0.265" 0.109 
Maximum wind speed (km/s) 0.064* 0.029 0.039 -0.017 

Mean Wind speed (km/s) 0.046* 0.018" 0.027 -0.015 
Day Length (hr) -0.055 -0.130 -0.114 -0.105 

Maximum pressure (hp) 0.08e 0.086" 0.157" 0.094 
Minimum pressure (hp) -0.026 -0.044 -0.059---"- -0.048· 

Mean pressure (hp) 0.038 0.042 0.070 0.054 
* p<O.Ol 
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Table 3 time series models for 3-day hip fracture rate time series 

Groups model Climate variables included R" 
Ml ARMAX( 4, 1,1)- GARCH( 1.1) Snow depth. minimum temperature. Day length 0.624 
M2 ARMAX( 4, 1,1)- GARCH( l ,1 ) Maximum pressure, Day length 0.562 
FI ARMAX(4,l, I)- GARCH( I , 1) Snow depth, minimum temperature 0.596 
F2 ARMAX( 4, 1, 1 )- GARCH( 1,1 ) Day length, maximum pressure 0.578 

Table 4 time series models for 5-day HFr time series 

groups model Climate variables included R-

Ml ARMAX(6.1.1)- GARCH(l.l ) minimum temperature. maximum snow depth. maximum pressure 0.782 
Ml ARMAX(6,U)- GARCH(l,l) Maximum pressure. rainfall deplh 0.736 
FI ARMAX(6.1. I)- GARCH(l.l ) Snow depth. minimum temperature. maximum wind speed 0.767 
F2 ARMAX(6.1.1)- GARCH(l.l ) Maximum pressure. day length 0.733 
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Appendix A. Additional Analyses 

Appendix Table 1. Correlation coefficients between daily HFr and climate variables 

Climate variables F1r F2r MIr M2r 

Maximum temperature CC) -0.027 -0.064*** -0.028 -0.029 

Minimum temperature CC) -0.038 -0.070*** -0.034 -0.032 

Mean Temperature CC) -0.032 -0.067*** -0.031 -0.031 

Rainfall depth (mm) -0.016 -0.028 -0.010 -0.013 
Snow depth (mm) 0.031 0.054 -0.004 0.008 

Precipitation depth (mm) -0.008 -0.004 -0.012 -0.012 
Maximum snow depth (mm) 0.029 0.048 0.015 0.000 

Mean Wind speed (kmls) 0.003 0.018 0.021 -0.012 
Day Length (hr) -0.023 -0.038 -0.31 -0.031 

Maximum pressure (hp) 0.020 0.018 -0.012 -0.05 
Minimum pressure (hp) 0.019 -0.002 -0.012 0.004 

Mean pressure (hp) 0.022 0.014 -0.013 0.000 
*** p<O.OI,** p<0.05,* p<0.10 

265 



•• 
0,'6 

Ml 
... ,."' '~-'.--....,----,-- --',-.. _.-.-..,. -_ ..... .,..- -~-î 

0.1-' j 

flllUJllllUJlll.UIJlULUJlllllU-IklIltilt-.iIJ 
--------- -------- ------ --- - ---- -- ---- -- ~ 

.. '.'--~~I.~I~. ~ ... ~%~.~30~--",,.~ ... ~~ .. ~'" 

'""" 

Appendix Figure 1. Autoeorrelation funetions of daily HFr time series of different age and 
gender groups 

FI F2 

~ ~ j U 

~~~~~~~~ 1 · -------------------------------------- j 
•• ~ ___ ~~ _.........L. ____ ---'-- ~~ 

"E •. ~ 

! . a:~~_ -- ________________________ ---~ 
~ 

li> 

• " H ~ Ü ~ 

Lac 

Ml 11.12 

~ 
! I,e 

t · ~------ -~, --,""--- ---- ----------
.. .. _ •. ~L--~--~-. __ --..J---~~~------"! 

• " H H ü ~ 

Appendix Figure 2. Autoeorrelation funetions of 3-day HFr time series of different age and 
gender groups 

266 



Ft F2 

= 5 c 
== == .. .. 
'il o.s 'il 0.5 .. .. .. 

i ~ 
= = « « 
i .!:! 

CI. 
E E .. " <Il <Il 

-O.S -D.S 
0 so U 10 29 30 40 SO 

Lag 

Ml M2 

= = ,g CI 

" 'i 
'il O.S ] 0.5 .. .. 
~ 

CI .. 
= ~ « < 
" i 

o ______________ --
ë. --------
E .. 
<Il .. 

-o.s -4.5 
0 10 20 30 40 50 0 10 20 30 40 50 

Lag Lag 

Appendix Figure 3. Autocorrelation functions of 5-day HFr time series of different age and 
gender groups 

Ml M2 
0.5, 

1 

0..\ 
t 1 t 
~ 1 !il 
i O.3l i . ' . 
'il j 'i 
i j 1 ! 02t l! ... = 1 ë e ' 

0.1 

0' 
0 1000 2000 3000 4000 1000 2000 

TIm. 

Appendix Figure 4. Conditional variance of 3-day HFr time series 

267 



TIm. 

°OL----l~OOO=---~WOO~---~==--~~~~ 
T_ 

Appendix Figure 5. Condition al variance of 5-day HFr time series 

268 



3.5 
FI vs. minimum tem erature 

~ 3 
!!! 
" 1 ~ t: --
" ;0-

= 1 
~ 

!1.5 
= :: 
~ 1 

= ~ 0.5 

0 05 1.5 2 2.5 3 3.5 
HFr 

200 
h 

180 
~ 

!!! 160 
li: 
t: 140 

" ~ 120 

~100 
! 80 
== :: 

60 
~ 
== 40 
~ 

20 

0 
0 5 10 15 20 25 30 35 

HFr 

Appendix Figure 6. Conditional Covariance against 3-day hip fracture rate. Example for 
FI and F2 groups 

269 



4.5 

~ 4 
~ 35 
: 3 

c5 25 

i 2, 
e ~' :L. 

~O~~ 
o 05 15 HFr 2 

o 0.5 15 HFr 2 

2.5 

220 
200 

M2 vs. maximum ressure 

180 
.. 160 

1140 
'5120 
~ 100 
U 80 

i 60 
e 40 

, 2~ c~~_!I!!III~~. 
U 0 5 10 Rir 20 25 

3.5 

3.5 

30 

Appendix Figure 7. Conditional Covariance against 3-day hip fracture rate. Example for 
Ml and M2 groups 

270 



8 
Ft vs. minimum tem erature 

.. 
~ 6 
i 
~ 

= U 4 
! 
= ;: 
!2 
= U 

2 HFr 3 4 5 

8 
Ft vs. snow de th 

.. 
1 ~ 

~ 6 
III /8 ~ 

= ~ -! 
! 
= ;: 0 

! 2 

= U 
0 

0 2 HFr 3 4 5 

8 
Ft vs. maximum wind s eed 

p 

~ 6 
f 
1 

~4 . .. 
.II 
SI 

1 
81 

0 
0 2 HFr 4 

Appendix Figure 8. Conditional Covariance between 5-day Ft time series and climate 
variables 

271 



400 
F2 vs. maximum pressure 

Col 

i300 
1 

1: 
" :. = U 200 
l = :: 
1100 = U 

0 
0 10 20 30 

HFr 
40 50 

500 
F2 vs. day length 

o 

10 20 
HFr 

30 40 50 

Appendix Figure 9. Conditional Covariance between 5-day F2 time series and climate 
variables 

272 



14 

14 

14 

~ 12 
i i 10 
~ B 8 

1 6 
~ = 4 : 

Ml vs. maximum ressure 

/ 
2 HFr 3 4 

Ml vs. maximum snow de th 

2 HFr 3 4 

Ml vs. minimum tem erature 

o 
/ 

/ 
! B 2 

o l.-____ ~~. 
o 2 HFr 3 

5 

5 

5 

Appendix Figure 10. Condition al Covariance between 5-day Ml time series and climate 
variables 

273 



o 

600 

"500 ; 
;400 
~ = 
~300 
! 
= 
!200 

= U 100 

o 
o 

1\12 vs. maximum pressure 

10 20 
HFr 

/ 
30 

M2 vs. rainfall de th 

Î 

/ 
10 20 

HFr 
30 

40 

40 

Appendix Figure 11. Condition al Covariance between 5-day M2 time series and climate 
variables 

274 



Article 6. A Generalized Conditional Heteroscedastic model for temperature 
downscaling 

275 



276 



A Generalized Conditional Heteroscedastic model for temperature 

downscaling 

a* d ab R. Modarres ,T. B. M. J. Ouar a' 

a Hydroclimate modeling group, INRS-ETE, 490 De La Couronne, Québec, QC, Canada 

Tel: +1418654-3842, Fax: +1 418654-2600, 

E-mail: Reza.Modarres@ete.inrs.ca or taha ouarda@ete.inrs.ca 

b Masdar Institute of Science and Technology, P.O. Box 54224, Abu Dhabi, UAE 

* Corresponding author 

Submitted for publication to J oumal of Climate 

277 



Abstract 
This study describes a method for deriving the time varymg second order moment, or 

heteroscedasticity, of local daily temperature and its association to large CGCM predictors. This 

is carried out by applying a multivariate Generalized Autoregressive Conditional 

Heteroscedasticity (MG ARCH) approach to construct the conditional variance-covariance 

structure between GCM predictors and maximum and minimum temperature time series during 

1980-2000. Two MGARCH specifications namely diagonal VECH and Dynamic Conditional 

Correlation (DCC) are applied and 25 GCM predictors were selected for a bivariate temperature 

heteroscedastic modeling. It is observed that the conditional covariance between predictors and 

temperature is not very strong and mostly depends on the interaction between the random 

process goveming temporal variation of predictors and predictants. The DCC model reveals a 

time varying conditional correlation between GCM predictors and temperature time series. No 

remarkable increasing or decreasing change is observed for correlation coefficients between 

GCM predictors and observed temperature during 1980-2000 while weak winter-summer 

seasonality is clear for both conditional covariance and correlation. Furthermore, the stationarity 

and nonlinearity KPSS and BDS tests showed that GCM predictors, temperature and their 

conditional correlation time series are nonlinear but stationary during 1980-2000 according to 

BDS and KPSS test results. However, the degree of nonlinearity of temperature time series is 

higher than most of the GCM predictors. 

Keywords: Multivariate GARCH, temperature, diagonal VECH, DCC, conditional covariance, 

conditional correlation, nonlinearity, stationarity, 
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1. Introduction 

Downscaling techniques have been developed for years to generate temporal and spatial 

variability of local scale climate information from large scale atmospheric variables simulated by 

Atmosphere-Ocean Global Climate Models (AOGCMs). Downscaling large-scale GCM outputs 

to a finer spatial resolution are carried out through two fundamental approaches called dynamic 

and statistical approaches. While dynamic downscaling refers to the use of Regional Climate 

Models (RCMs), Statistical downscaling methods (SDM) seek the relationship between variables 

well simulated by Global Climate Models (GCMs, usually large-sc ale fields) and regional or 

local surface climate variables. In other words, SDMs assume that there is an empirical 

relationship between upper-air circulation variables or predictors and local climate variables or 

predictants. In contrast to dynamical downscaling methods, SDMs need lower computation 

requirements, are easier for implementation, are able to provide point climate observations 

(Wilby et al., 2002, Herrera et al., 2006), can be easily transferred to other regions and are able to 

directly incorporate observations into method. On the other hand, these methods usually require 

long and reliable observation data and are dependent upon choice of predictors (Fowler et al., 

2007). 

Generally speaking, SDMs may be divided into three main approaches called transfer functions, 

stochastic weather generators and weather typing approaches. The most common and relatively 

simpler transfer function methods which derive an empirical relationship between predictors and 

predictants include linear models such as regression-based models (Hessami et al., 2008, 

Fasbender and Ouarda, 2010; Jeong et al., 2012b, Hammami et al., 2012), Principle Component 

Analysis (Huth, 2004), Canonical Correlation Analysis (Busuioc et al., 2006) and Singular Value 
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Decomposition (Oshima et al., 2002). These methods have an important drawback, the 

assumption of a linear association between predictors and predictants, which is usually violated 

as a nonlinear mechanism governs the climate system. However, the nonlinearity in this 

association between climate variables using nonlinear methods has not been fully investigated in 

the literature. A few nonlinear transfer function methods have been applied for downscaling, 

among which Artificial Neural Networks are the most common approach. For example, the 

superiority of nonlinear ANNs against multiple linear regression was demonstrated by 

Miksovsky and RaidI (2005) who used NCEP/NCAR reanalysis data for temperature 

downscaling. They showed a strong detectable non-linearity for winter season whereas the 

relationship between predictants and predictors were reported rather linear for summer. The 

ANNs were also applied by Schoof and Pryor (2001) and Cannon (2007) for precipitation and 

temperature downscaling. Another example of application non-linear methods for downscaling 

was presented by Vrac et al., (2007) who used Generalized Additive Models for precipitation and 

temperature downscaling in Western Europe. Fischer et al., (2004) introduced a multivariate 

non-linear model called Multivariate adaptive Regression Splines (MARS) for rainfall anomal y 

induced by El Nino/Southern Oscillation (ENSO). 

AlI the above methods have applied non-linear approaches to capture the non-linear associations 

between large atmospheric predictors and regional or local predictants. This study aims to have a 

new look at the nonlinear association between predictors and predictants through their second 

order moment or their variance by introducing a class of multivariate nonlinear methods 

commonly used in financial time series modeling and known as the Multivariate Autoregressive 

Generalized Conditional Heteroscedasticity (MGARCH) models. The most obvious application 
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of MGARCH models is the study of the conditional covariance structure between different 

markets. 

Although time series modeling approaches such as univariate and multivariate autoregressive 

moving average (ARMA) models are very popular in hydrologic and climatic sciences, they have 

rarely applied for downscaling (e.g. Laux et al. 2011). Traditional time series approaches assume 

that the expected value or the mean of a process at each time step, t, is conditioned on the 

previous time steps, t-1, ... , t-k, where k is the lag time. This expected value or the mean is called 

the conditional mean. In a GARCH approach, it is assumed that the variance of a process at each 

time step, t, depends on the previous time steps. This variance which varies in time is called 

conditional variance or heteroscedasticty. As mentioned above, the multivariate GARCH 

approach has been developed to establish the relationship or the co-movement of the variance of 

two processes or the conditional covariance. This study tries to look at the conditional variance­

covariance structure between Global Climate Model (GCM) outputs and the local or regional 

predictants which can be called as Heteresocsedastic Downscaling. To illustrate this new 

perspective, the MGARCH models are tirst introduced in the next section. The methods are 

followed by an illustrative example for heteroscedastic modeling. The conclusions and 

challenges for future work are given afterwards. 

2. Heteroscedastic procedures 

2.1. Univariate model 

We begin with the univariate Autoregressive Generalized Conditional Heteroscedasticity 

,GARCH(v,m) model proposed by Engle (1982) and generalized by Bollerslev (1986). Here, the 

term Autoregressive implies that the variance of a variable at a time t depends on the variance at 
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time t-l, t-2, ... ,t-m. In other words, we have conditional heteroscedasticity or time varying 

variance. In this case, GARCH model is written as follows 

(1) 

Here (fl is the conditional variance of the variable at time t, w, a Ci = 0, ... , v) and PU = 

1, ... , m) are the parameters of the model to be estimated, (fl-m is the conditional variance at 

time t-m, Er-v is the noise or the shock of the process at time t-v and v and m are the order of the 

model, or the number of parameters in the mode!. For example, a GARCH(1,l) model has one 

ALPHA or ARCH parameter and one BETA or GARCH parameter. 

The parameters of the model should be positive to ensure that the conditional variance is always 

positive and a + P < 1; where a + P captures the persistence of volatility or the persistence of 

conditional variance. It should be noted that a, and P indicate the degree of a short-term and 

long-term persistence, respectively. The intensity of persistency is therefore equal to a + p. 

2.2. Multivariate model 

2.2.1. Overview 

The Multivariate GARCH model is the extension of the univariate model to the bivariate form 

where the heteroscedasticity of one process is assumed to transfer to the other process and 

increase or decrease its volatility. 

In a multivariate model, the conditional vanance, (fl depends on the lagged shocks Et-i, 

i = 1, ... , v and on the lagged conditional covariance matrix, CIt-j , j = 1, ... , m. Therefore, the 

general form of a bivariate MGARCH (1,1) model with two series (k = 2) can be given as 

follows 

(2) 
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Where w is a ~k(k + 1) x 1 vector and Al and BI are (~k(k + 1) x ~k(k + 1)) parameter 
2 2 2 

matrices. The VECH(.) shows the operator which stacks the lower portion of a matrix in a 

vector. The above bivariate model can easily be written in the following matrix format 

[
a 2 

VECH ~l,t 
a21,t [ 

2] a 2 all,t 
12,t 2 
2 1 = a12,t = 

a22,t 2 
a22 ,t 

b13
] [a~l,t-l] 

b23 a12,t-l 
b 2 

33 a22,t-l 

(3) 

Where aft,t and af2,t are the conditional variance and afz,t is the conditional covariance between 

the two time series (predictor and predictant time series in our case). 

The above bivariate MGARCH specification is called the full bivariate VECH(l,l) model which 

has 3+9+9=21 parameters to be estimated. To reduce the number of parameters of the model, 

sorne specifications have been introduced from which, two specifications, the diagonal VECH 

model and Dynamic Conditional Correlation (DCC) models, are introduced and applied here in 

this study. The diagonal VECH model estimates the time varying conditional covariance 

between CGCMs and temperature time series while the DCC model gives the time varying 

correlation between them. 

2.2.2. Diagonal VECH model 

The diagonal VECH model was introduced by Bollerslev et al. (1988) to reduce the number of 

parameters of the full VECH model. The diagonal model constrains the matrices Al and BI to 
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be diagonal. In this case, the number of parameters of the bivariate MGARCH(I, 1) reduces to 

3(k(k + 1)/2) or 9 parameters which is relatively less than the full model. The diagonal VECH 

model can therefore be written as follows 

dVECH [O'tu 
2 1 = 

0'21,t 0'22,t 

1 [
bll ] [O'fU -l 1 

+ b21 b22 O'f2,t-l O't2,t-l 
(4) 

Using the Hadamard or element-by-element product of the above matrix, the conditional 

variance-covariance structure between the two time series can be as follows 

(5) 

(6) 

(7) 

Where O'fl,t and O't2,t denote the conditional variance of the predictor and predictant and O'12,t is 

the conditional covariance between them, respectively. 

2.2.3. Dynamic Conditional Correlation 

The dynamic conditional correlation (DCC) model was introduced by Engle (2002) to generalize 

. the constant conditional correlation (CCC) model (Bollerslev, 1990). The CCC model is a 

specification for the general MGARCH model which aims to reduce the number of parameters of 

the model and assumes that the conditional correlations between the elements of Et are time-

invariant. This implies that the conditional covariance between two time series is given by 

(8) 
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Where 

(9) 

and Rij is the constant conditional correlation between the conditional variances of the two time 

series (a[lt and ai2t, equations 5 and 7). The CCC model implies that the conditional covariance is 

proportional to the conditional variances of the two time series. Therefore, equation (8) can be 

re-written in the following form 

(10) 

The main drawback of the CCC model is the assumption of invariant conditional correlation 

which seems unrealistic for many hydro-climatic variables, especially in the context of climate 

science and climate change. Therefore, we need to apply a model which allows R to be time 

varying. For estimating time varying R, Engle (2002) introduced the DCC model. The 

conditional correlation in a DCC(l, 1) model can be written as follows 

(11) 

Where the k x k symmetric positive definite matrix Qt = (aij,t) is given by 

(12) 

Q is the k x k unconditional variance matrix of Et and 81 and 82 are non-negative parameters 

satisfying 81 + 82 < 1 which allows to capture the effects of previous shocks and dynamic 

conditional correlations on the current dynamic conditional correlation. It is obvious that when 

81 + 82 = 0 the DCC is equivalent to a CCC mode!. 
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3. Test methods 

An important issue in the failure of linear models for an accurate downscaling is the nonlinearity 

and non-stationarity in the c1imate variables. Although numerous studies have applied the 

nonlinear methods for downscaling (as sorne ofthem were mentioned above), there are very few 

studies to test the nonlinearity (e.g. Miksovsky and RaidI, 2006 by the method of surrogate data) 

and non-stationarity of GCM predictors and their link to surface c1imate variables. 

This study applies the BDS test (Brock et al., 1996) to investigate the nonlinearity of GCM 

predictors and their link to surface temperature. The test has its origin in chaos theory and is 

useful to detect both deterministic chaos and test the goodness-of-fit of a model. It is a 

nonparametric method for testing for seriaI independence and nonlinear structure in the time 

series based on the correlation integral of the series. The BDS statistic for m > 1 is defined as 

(13) 

Where M = N - (m - l)r is the number of embedded points in an m-dimensional space, ris 

radius of a sphere centered on Xi, H(u) is the Heaviside function, Xi = (Xt , Xt - r ,Xt -(m-l)r) is a 

new series generated from the main time series (xt ), Cm,M(r) counts up the number of points in 

the m-dimensional space that lies within a hypercube of radius rand (J is the standard deviation 

of the points in this space. Under the null hypothesis, {Xt } is an i.i.d process and the BDS 

statistic converges to a unit normal as M ~ 00. The BDS test in this study is applied to 

investigate and compare the degree of nonlinearity of different predictors and predictants and 

their conditional variance-covariance structure. 

The KPSS test (Kwiatkowski et al.,1992) is also applied for investigating the stationarity. It 

should be noted that the KPSS test examines the stationarity around the deterministic trend (trend 
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stationarity) and the stationarity around a fixed 1evel (leve1 stationarity) and is more powerfu1 

than other methods such as the Augmented Dickey-Fuller (ADF) test (Lahrech and Sy1wester 

(2011). Assume we can decompose {Xt } into the sum of a deterministic trend, a random wa1k 

and a stationary error in the following regression mode1 

(14) 

Where rt = rt- 1 + Ut and Ut is i.i.d - N(O, a~), Pt is a deterministic trend and Et IS a 

stationarity error. By these assumptions, the null hypothesis of 1eve1 stationarity cannot be 

rejected if P = 0 and alternative1y, the null hypothesis of trend stationarity cannot be rejected 

if a~ = O. The reader is referred to Wang (2006) for more detai1s. 

4. Illustrative example 

4.1. Data description 

To illustrate the above procedure for variance-covariance mode1ing, the following predictor and 

predictant data sets are app1ied. Dai1y maximum and minimum temperature data series (Tmax and 

Tmin , hereafter) from Bagotville Airport station (71.00
0

W, 48.33° N) in the Quebec province, 

Canada, for the period 1980-2000, are se1ected as predictants. The temperature data are obtained 

from Environment Canada, and have been homogenized by Vincent et al., (2002). The predictor 

data set inc1udes the Canadian Coup1ed Global C1imate Model (CGCM3 T47) mode1 outputs. 

The CGCM3 mode1 is an improved Canadian AOGCM mode1s (i.e CGCMI and CGCM2) with 

new components. As the proposed mode1 considers a bivariate conditiona1 variance-covariance 

structure between a predictor and a predictant, 25 predictors from one near grid point are se1ected 

to illustrate the MGARCH approach. The CGMs data set used in this study is based on the 

CGCM3 run at T47 reso1ution which provides a 3.75° x 3.75° surface grid reso1ution and covers 
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the period 1961-2000. An the CGCM3 data sets can be found in the DAI CGCM3 predictors 

(2008) documentation. Table 1 shows the predictor variables of NCEP/NCAR interpolated on a 

CGCM3 T47 grid. The location of grid points and surface sites are also illustrated in Figure 1. It 

should be noted that the CGCM predictors have a range of weak and moderate (unconditional) 

correlation with the temperature time series according to Jeong et al. (2012a). 

4.2. Data screening 

Before developing MGARCH models for heteroscedastic analysis, we look at the temporal 

variation of the mean and unconditional variance of the predictors. Here, the unconditional 

variance refers to the squared temperature time series. The daily evolution of the mean and 

variance of the observed and squared (or the unconditional variance) temperature time series are 

given in Figure2. The daily average and variance of original and squared temperature have been 

calculated for each calendar day during 1980-2000. 

It can be seen that the mean and variance oftemperature (Figure 2a) show strong winter-summer 

seasonality. However, it is observed that the squared temperature (or the unconditional variance) 

time series shows a different temporal variation from the original temperature time series. This 

may imply that the temporal variation of the second order moment, or the variance, of 

temperature is different from the mean or the first order moment. This feature has not been 

investigated in previous studies. 

Next, we examine the correlation between the original and squared predictors and predictant time 

series. Figure 3 indicates the monthly (Pearson product) correlation coefficients between sorne 

selected predictors and temperature data. This figure indicates different (monthly) correlation 
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structure between original (not squared) temperature and squared temperature (or the 

unconditional variance) and GCM predictors. This phenomenon was neither investigated on 

previous studies. For example, the correlation coefficient between temperature and MSLP moves 

completely in a different direction of the variation of the correlation between squared 

temperature and MSLP. This feature can also be seen for ClO predictors. Tt is observed that the 

correlation between squared (unconditional variance) temperature and predictors are relatively 

weaker than that for original (non-transformed) time series. One can also see that the difference 

in correlation coefficient is remarkable for winter and faH seasons while for the summer, there is 

not a significant divergence between the two correlation coefficients. AH these suggest that the 

predictor-predictant variance relationship is different from the relationship between their means, 

which is considered in different statistical downscaling (SD) procedures. 

Moreover, the stationarity and nonlinearity test results for selected time series are presented in 

Table 2. The results show a significant level stationarity for aH predictors and predictants 

according to the KPSS test. The temperature time series indicate a significant trend non­

stationarity during 1980-2000. Among the GCM predictors, Hs, U10 , Xs, Zs and Zs also indicate 

significant trend non-stationarity. 

The BDS test reveals nonlinearity for aH temperature and GCM predictors. The temperature time 

series shows a higher degree of nonlinearity than most of the GCM predictors, except for Tz , 

specific humidity and Z 5 at aH dimensions. An other predictors indicate almost similar degree of 

nonlinearity for aH m dimensions. We also do not observe a significant nonlinearity difference 

between different geopotential heights. 
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4.3. Univariate GARCH models 

Before applying the bivariate GARCR models for heteroscedastic GCM predictors-temperature 

variance-covariance modeling, we look at the conditional variance of the GCM predictors and 

temperature time series. The parameters of the GARCR models for conditional variance are 

presented in Table 3. We can see that ail ARCR parameters and most of the GARCR are 

significant while the GARCR parameters for a few GCMs are not significant. 

Based on the GARCR models, the GCM predictors can be categorized into three groups. The 

first group inc1udes the predictors with insignificant or very small GARCR parameters such as 

C10' Us, U10,XS and Zs predictors. These predictors do not have a strong memory or persistence 

in the variance and conditional variance greatly depends on the previous shocks (random process 

or innovation). In other words, the short-term persistence is stronger than the long-term 

persistence for the first group. The second group inc1udes the predictors with significant large 

GARCR parameters such as specifie humidity (Hs, Hs,H10) and T2 . These predictors have a 

high degree of conditional variance memory and persistency and small ARCR parameters (short­

term persistence). The third group inc1udes other GCM predictors which show relatively higher 

ARCR and GARCR parameters than the first group. The conditional variance in this group 

depends on both previous shocks and variances at (more or less) the same degree. 

The conditional variances of sorne se1ected GCM predictors and temperature time series are 

given in Figure 4. This figure shows the dai1y average conditional variance during 1980-2000. 

Among the predictors, the temperature at 2-m height (T2 ), specific humidity (Hs) and wind 

direction (Xs) show a remarkab1e different temporal (dai1y) variation. Other predictors show 

almost the same temporal variation with winter-summer seasona1ity in the conditional variance. 
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It is also c1ear that all conditional variances show a high level of fluctuation and do not tend to 

stayat a high (low) level for a long time before changing to another low (high) level. 

4.4. Multivariate model for maximum temperature 

4.4.1. VECH model 

In order to consider the heteroscedastic model for maximum temperature (T max), the bivariate 

diagonal VECH model is first developed and estimated. The parameters of the conditional 

covariance between predictors and maximum temperature are given in Table 4. The covariance 

parameters show a relatively low level of the relationship between the variance of the predictors 

and predictants. Except for specifie humidity and T2 which show a large positive GARCH 

parameter (b21 ), other predictants have relatively small or negative GARCH parameters. 

Moreover, the ARCH parameters are also relatively small and vary between a21 = 0.15 for Hs 

to a21 = 0.60 for Us. A negative GARCH parameter is also observed for sorne of the GCM-Tmax 

covariance relationship. The covariance structure between GCM predictors and maximum 

temperature, therefore, seem to greatly depend on the cross products of shocks, signifying that 

shocks in the predictors volatility impact on future volatility of T max. The variance of T max does 

not seem to be largely influenced by the past variances of (most of) the GCM predictors and 

most the GCM predictors show a negative influence on future variance of the surface T max at the 

selected station. 

Therefore, based on the covariance structure, the GCM predictors can be divided into three 

groups; the first group with a high covariance relationship inc1udes specifie humidity 

(Hs, Hs, H10 ) and T2 ; the second group with both short-term and long-term persistence with 

positive covariance relationship with Tmax inc1uding wind speed (5s,5s,510), Us, Xs and 
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geopotential height (Zs. Z8.); and the third group with the same short-term persistence influence 

but negative covariance effect on T max inc1uding the rest of GCM predictors. The time varying 

covariance between GCM predictors and maximum temperature are illustrated in Figure 5 for 

sorne typical GCM predictors. This figure shows the average, maximum and minimum 

conditional covariance for Julian days during 1980-2000. The conditional covariance between 

GCM predictors and T max shows winter-summer seasonality for most GCM predictors such as 

those illustrated in Figure 5 except for the specific humidity and T2 which show a different 

temporal covariance variation and seasonality. 

4.4.2. DCC model 

We next move to estimate conditional correlation between predictors and maximum temperature 

using the DCC model. The parameters of the DCC model are given in Table 5. The estimates of 

(Jl are statisticaHy significant for aH GCM predictors while the estimates of (J2 are not significant 

for sorne of the GCM predictors-T max relationship. The DCC results indicate that the assumption 

of constant conditional correlation (CCC) between predictors and predictants are not supported 

empiricaHy. The effect of short-term persistence of shocks on dynamic conditional correlations is 

greatest for 

Us, MSLP and Z8 at 0.65, 0.64 and 0.62, respectively. These results shows that the short-term 

variation ofmaximum temperature is greatly dependent on Us, MSLP and Z8' 

The large st long-term influence of shocks on the conditional correlation IS observed for 

V10 , specific humidity and T2 • In addition sorne other GCM predictors such as geopotential 

height and wind direction have also long-term influence on maximum temperature. 
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Using the DCC model, the daily conditional correlation coefficient can be estimated for the 

whole 1980-2000 period. In order to illustrate the daily fluctuation of conditional correlation, the 

average, maximum and minimum estimates of the correlation coefficients for each Julian day are 

given in Figure 6 for sorne typical GCM predictors. It can be seen that (average) correlation 

coefficients show a weak association between most of the GCM predictors such as MSLP, ClO , 

Ds, Vs,Ss and Tmax and remain in the same level during the year. Sorne other GCM predictors 

such as specific humidity, T2 , geopotential height and wind direction have large correlation with 

a dynamic seasonal fluctuation. 

Having daily time series of conditional correlation, the annual variation of conditional 

correlation coefficients during 1980-2000 is also illustrated in boxplot format in Figure 7 for 

sorne GCM predictors. In this figure, each boxplot contains 365 daily conditional correlation 

coefficients (366 for leap years). These predictors (and others which are not illustrated in this 

figure) reveal no remarkable change in the association of GCM predictors and maximum 

temperature during the 20-year study period at the selected station. In other words, this figure 

shows no trend or significant periodicity in the association between GCM predictors and 

maximum temperature. 

4.4.3. Testing conditional correlation 

Finally, we look at the stationarity and nonlinearity test results for the correlation coefficients 

between GCM predictors and temperature in Table 6. The KPSS test shows level stationarity for 

correlation coefficients between all predictors and maximum temperature and a trend stationarity 

for most of the GCM predictors. However, strong (1 % significant level) trend non-stationarity 

for the correlation between Tmax and sorne GCM predictors such as T2 , specific humidity, Us, Xs 
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and Z5 and sorne weak (5% significant level) trend non-stationarity for C10 , DlO , S5, SlO are 

observed. This suggests the existence of outlier correlation coefficients which make the whole 

correlation coefficient time series not stationarity around such a basic trend line. 

The BDS test exhibits a significant nonlinear structure for conditional correlation between the 

predictants and maximum temperature. It is observed that the degree of nonlinearity in the 

correlation coefficients is almost identical among most of GCM predictors. Rowever, the 

correlation coefficients between sorne GCM predictors such as T2 , ClO, specific humidity, V10 , 

Xs, X10 and Z10 and maximum temperature are showing a much larger nonlinearity than those 

for other GCM predictors. It can be seen that these GCM predictors with high nonlinearity show 

also the trend non-stationairty according to KPSS test. 

4.5. Multivariate model for minimum temperature 

4.5.1. VECH model 

In this section, the bivariate GARCR model for minimum temperature heteroscedastic analysis is 

developed. Following diagonal VECR procedure, the estimated models are given in Table 7. 

The GARCR model for minimum reveals a relatively high degree of short-term persistency and 

low level of memory in conditional covariance for minimum temperature as the ARCR 

parameter are usually larger than the GARCR parameter. Both negative and positive GARCR 

parameters are observed. The intensity of persistency, however, is low for most of the GCM 

predictors. This suggests a high degree of volatility variation in minimum temperature and less 

remembering the past variances. It is important to note that the short-term and long-term 

persistencies are almost similar to what were observed for maximum temperature (see Table 4). 
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The conditional covariance between sorne typical GCM predictors and T min are illustrated in 

Figure 8. This figure (and the other covariances not given in this figure) shows different temporal 

(daily and seasonal) covariance structure between GCM predictors and minimum temperature. It 

seems that there is not a big difference for temporal variation of the conditional covariance 

between Tmax and Tmin and most effective GCM predictors, i.e T2 and specific humidity (see also 

Figure 5). Similar to conditional covariance for T max, a winter-summer difference is also 

observed for the covariance structure between GCM predictorss and Tmin . 

4.5.2. DCC mode} 

Next step in the heteroscedastic analysis for GCM predictors-minimum temperature relationship 

includes the estimation of dynamic conditional correlation between predictors and T min. The 

parameters of DCC estimations and the constant conditional correlations (CCC) are given in 

Table 8. For the DCC models, the strength of the persistency and the parameters are almost the 

same as those estimated for Tmax (see Table 5). The DCC parameters indicate that the 

assumption of constant conditional correlation is violated as the parameters 81 and 82 are 

significant. However, for most of the GCM predictors, 82 is not significant or is relatively small. 

This suggests that the correlation between T min and GCM predictors changes in time but it 

depends largely on the cross-products of the shocks and the covariance has an insignificant and 

small dependence on previous covariances. This table also shows that the constant conditional 

correlations are negative and relatively small for most of the GCM predictors. 

The largest long-term influence of shocks to the conditional correlation IS observed for 

T2 and Hs, Xs and Xs. In addition sorne other GCM predictors such as geopotential height, wind 

direction, vorticity and V component have long-term influence on minimum temperature. 
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Using the DCC model, the daily time varying conditional correlations between GCM predictors 

and minimum temperature are given in Figure 9 for sorne typical GCM predictors. 

This figure shows the average DCC remains around a fixed value for most of the GCM 

predictors but the daily maximum and minimum observed DCC for 1980-2000 shows that a high 

level of association between predictors and minimum temperature also exists. These conditional 

correlations usually show winter-summer seasonality. However, a few GCM predictorss such as 

T2 , specific humidity, wind direction and geopotential height have a different temporal 

(seasonality) association to minimum temperature. 

Figure 10 illustrates the annual evaluation of conditional correlation coefficients between sorne 

typical GCM predictors and minimum temperature. Similar to figure 7, each boxplot contains 

365 daily conditional correlation coefficients (366 for leap years). The annual evaluation of 

conditional correlation does not show any significant change (trend) or significant regular 

fluctuations during 1980-2000. However, the extreme (outlier) coefficients are observed for 

sorne GCM predictors such as MSLP, Za, etc. 

4.5.3. Testing conditional correlation 

The stationarity and nonlinearity test results for the conditional correlation are reported in Table 

9. This table demonstrates level-stationarity for all predictors-predictants associations. However, 

KPSS test cannot pass the null hypothesis of trend-stationarity for the conditional correlation 

coefficient between Tmin and sorne GCM predictors (i.e. Hs, Hi0 , T2 , Us, Xs and Xi0 ). 

This table also tells the existence of nonlinarity in the association of all GCM predictors and 

minimum temperature according to BDS test results. Similar to the results for Tmax, one can see 

that the degree of nonlinearity is, more or less, identical for all GCM predictors except sorne (i.e. 
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T2 , XS,XlO and Zs) which show a higher degree ofnonlinearity for all m=2, .. ,4 dimensions. Tt is 

also observed that a few GCM predictors with trend non-stationarity (i.e. T2 , XS,X10) show a 

higher degree of nonlinearity than other GCM predictors. This is in contrast to what is observed 

for Tmax (see Table 6) for which the GCM predictors with non-stationarity also indicated a higher 

degree of nonlinearity. 

5. Summary and Conclusions 

In the state-of-the-art of statistical downscaling, the first order moment or the mean of large 

atmospheric variables are transferred to the first order moment of the surface variables such as 

temperature and rainfall. Although in the downscaling literature, the (unconditional) correlation 

between the predictors and surface observations are always reported, the link between their 

second order moments (or variance) is not examined. This study showed that the association 

between the variances of the GCM predictors and temperature is different (both in magnitude 

and temporal variation) from the association in their mean which is applied in a downscaling. For 

modeling the relationship between the second order moment of predictors and predictants, this 

study developed and applied an econometric approach. Modeling the conditional variance­

covariance structure showed that except a few GCM predictors such as specific humidity and T2 

with strong variance persistency, other GCM predictors showed both short-term and long-term 

variance persistency. The conditional variance of the predictors has relatively large ARCH 

parameter and small GARCH parameters. This suggests the volatility of most of the GCM 

predictors is dynamic and the memory in the variance is usually weak. The conditional variances 

of temperature time series are also the same as most of the GCM predictors and show both 

relative dynamic volatility and memory in the variance. 
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The proposed multivariate GARCH procedures including the diagonal VECH and dynamic 

conditional correlation (DCC) specifications show that the conditional covariance structure 

between the GCM predictors and surface temperature is not very strong and does not have a 

strong persistence for most of the predictors. 

The diagonal VECH model showed a short-term covanance or comovement III predictor­

predictant re1ationship which is large1y dependent on the cross-product of the shocks of the GCM 

predictors and temperature (maximum and minimum) time series. The GARCH parameters, on 

the other hand, reveal a very weak degree of the covariance structure for GCM predictors­

temperature re1ationship. Both position and negative GARCH parameters are observed in this 

study. 

Furthermore, dynamic conditional correlation (DCC) showed that the constant conditional 

correlation (CCC) between GCM predictors and temperature is unrealistic. The same as the 

VECH model, the DCC model also reveals that the co-volatility structure between GCM 

predictor and temperature is not strong and the correlation depends strongly on cross products of 

shocks rather than covariance between them. The time varying conditional correlation estimated 

by the DCC procedure showed no significant change in the association between predictors and 

temperature during 1980-2000 while a weak seasonality is observed for the conditional 

correlation coefficients between sorne of the GCM predictors and temperature data. 

This study also investigated the stationarity and nonlinearity embedding in the predictors and 

predictants and their relationship applying two popular KPSS and BDS tests. The results showed 

level stationarity in aH predictors and predictants time series during 1980-2000. However, it was 

observed that temperature time series and sorne GCM predictors are iHustrating a significant 

non-stationarity around a deterministic trend which can usuaHy be referred to extreme events. It 
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seems that the probability of extreme event occurrence is tending to increase from 1980 to 2000. 

However, this needs to be investigated by future studies. 

Furthermore, the nonlinearity tests indicated that aIl predictors and predictants are exhibiting 

nonlinearity but the temperature and a few GCM predictors have an exceptional larger 

nonlinearity than other GCM predictors. These GCM predictors have usuaIly more influence of 

conditional mean and variance of temperature. It may suggest that the nonlinearity and non­

stationarity of the temperature time series are originating from the non-linear and non­

stationarity variation of these GCM predictors. 

The stationarity test also revealed no change in the association (correlation) between GCM 

predictors and surface temperature during 1980-2000, though a trend non-stationarity is observed 

for the correlation coefficients between sorne GCM predictors and temperature time series. The 

correlation coefficients also reveal non-linearity while the highest degree of non-linearity is 

observed for the correlation between temperature and those non-stationarity GCM predictors. AIl 

these tests show that the non-linearity and non-stationarity of temperature time series may 

largely depend on sorne particular GCM predictors such as specifie humidity, wind direction, 

geopotential height and T2 which show both non-stationarity and nonlinearity. 

FinaIly, it has to be noted that the proposed method seems to have sorne advantages and 

disadvantages. The first advantage of MGARCH approach is modeling the variance-covariance 

relationship between the GCM predictors and surface variables which are not considered in other 

models, especiaIly those currently used for downscaling. It is believed that the predictor­

predicatnt relationship is not linear and nonlinear methods should be applied for downscaling to 

describe this relationship. The MGARCH models bring this opportunity to downscale the 

variance of GCM predictors to the variance of the local climate variables. 
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Another major advantage of the MGARCH model is that it can estimate the time varying 

association (covariance and correlation) between predictors and predictants. In other words, the 

method allows us having a step-by-step variation ofthis association. For example in our study, a 

day-to-day (conditional) correlation variation was obtained. This advantage would be interesting 

for two reasons; First, for the selection of the GCM predictors for downscaling purposes and 

second for investigating the time varying change in the correlation between predictors and 

predictants in the context of c1imate change. The results of our case study revealed no significant 

change for the correlation coefficients between GCM predictors and local (maximum and 

minimum) temperature at the selected surface station during 1980-2000. However, sorne extreme 

correlation coefficients are observed in this relationship. For both maximum and minimum 

temperature time series, no trend is observed for conditional correlations during 1980-2000. On 

the other hand, the monthly variation in conditional correlation indicated a weak seasonality for 

almost all cases. 

However, the MGARCH models have two main disadvantages. The first global disadvantage is 

the number of parameters which increases rapidly with increases of the order and the variables 

inc1uded in the mode!. Though the diagonal VECH model reduces the number of parameters, it 

seems that the number of parameters is still relatively high and the parameter estimation may be 

a real problem. 

Another specific disadvantage of MGARCH models for downscaling is that although these 

models can be developed and applied for more than two variables, the conditional covariance can 

only be estimated between "one" GCM input and "one" output variable. In other words, 

dissimilar to multivariate regression model or other multivariate models, the MGARCH models 

give the conditional covariance between two variables. Therefore, it is not possible to get the 
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effect of a couple of variables (i.e GCM predictors) on a climate variable (e.g temperature or 

rainfall) in one single model, such as other typical downscaling methods (i.e. multivariate 

regression and canonical correlation analysis). 

6. Recommendations for future work 

The proposed method in this study illustrates an example of the variance-covariance link 

between Global Climate Models (GCM predictors) and maximum and minimum temperature. It 

is interesting to investigate time varying variances of other GCM predictors with different spatial 

resolutions for future studies. 

The GCM predictors of this study cover the period 1980-2000. It would be necessary and 

interesting to investigate the conditional variance of predictors covering future period (e.g. 2001-

2100) in order to explore future heteroscedastic change in GCM predictors. As this study shows 

no significant change in the correlation coefficients between GCM predictors and temperature, it 

would be interesting to estimate and examine the correlation change during last decades of 20th 

century for other GCM predictors and RCMs not included in this study. Another interesting topic 

is to test the spatial variation of the conditional variance of GCM predictors and spatial variation 

of the covariance between GCM predictors and surface climate variables. As a final point, the 

MGARCH models are strongly suggested to apply for variance-covariance modeling between 

GCM predictors and precipitation time series. Finally, it is important to investigate the physical 

basis of the conditional variance-covariance structure between different predictors and predictant 

in future studies. 
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Table 1 NCEP and CGCM3 predictors on the selected grid point 

Number 
1 
2 
3 
4 
5 
6 
7 
8 
9 
10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 
21 
22 
23 
24 
25 

NCEP/NCAR predictors (unit) 
500 hPa vorticity (5-1) 
850 hPa vorticity (5-1) 

1000 hPa vorticity (5-1) 
500 hPa divergence (5-1) 
850 hPa divergence (5-1) 
1000 hPa divergence (5-1) 
500 hPa specific humidity (kg/kg) 
850 hPa specific humidity (kg/kg) 
1000 hPa specific humidity (kg/kg) 
Mean Sea Leve1 Pressure (Pa) 
500 hPa wind speed (mis) 
850 hPa wind speed (mis) 
1000 hPa wind speed (mis) 
Temperature at 2 m (oC) 
500 hPa U component (mis) 
850 hPa U component (mis) 
1000 hPa U component (mis) 
500 hPa V component (mis) 
850 hPa V component (mis) 
1000 hPa V component (mis) 
500 hPa wind direction (mis) 
850 hPa wind direction (mis) 
1000 hPa wind direction (mis) 
500 hPa geopotential height (m2/5 2) 

850 hPa geopotential height (m2/5 2) 
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abbreviation 

Cs 
Cs 
C10 

Ds 
Ds 
D10 

Hs 
Hs 
H10 

MSLP 

55 
5s 
510 

T2 

Us 
Us 
UlO 

Vs 
Vs 

V10 

Xs 
Xs 
XlO 

Zs 
Zs 



Table 2 Stationary and nonlinearity test results for predictors and predictants 
Series KPSS level KPSS trend stationary BDS test 

stationary test test 
m=2 m=3 m=4 

Result p-value Results p-value Result p- Result p-value Result p-
s s value s s value 

T max 0.01 >0.1 0.0001 0.02 0.14 0.001 0.23 0.001 0.30 0.001 
T min 0.01 >0.1 0.0002 0.001 0.14 0.001 0.24 0.001 0.31 0.001 

Cs 0.07 >0.1 1.61 x 106 0.75 0.01 0.001 0.02 0.001 0.03 0.001 

Cs 0.7 >0.1 -2.76 x 106 0.58 0.01 0.001 0.02 0.001 0.02 0.001 

C10 0.26 >0.05 -1.92 x 106 0.71 0.01 0.001 0.02 0.001 0.02 0.001 

Ds 0.04 >0.1 9.84 x 107 0.85 0.02 0.001 0.04 0.001 0.05 0.001 

Ds 0.02 >0.1 2.60 x 106 0.61 0.02 0.001 0.03 0.001 0.04 0.001 

DlO 0.04 >0.1 1.16 x 106 0.75 0.02 0.001 0.03 0.001 0.04 0.001 
Hs 0.01 >0.1 1.12 x 105 0.03 0.07 0.001 0.11 0.001 0.13 0.001 
Hs 0.009 >0.1 1.36 x 106 0.79 0.09 0.001 0.16 0.001 0.20 0.001 

HlO 0.008 >0.1 4.51 x 106 0.37 0.13 0.001 0.23 0.001 0.29 0.001 

MSLP 0.18 >0.05 2.00 x 106 0.69 0.04 0.001 0.07 0.001 0.08 0.001 

Ss 0.14 >0.05 1.42 x 106 0.78 0.05 0.001 0.07 0.001 0.08 0.001 

SR 0.02 >0.1 -5.65 x 107 0.91 0.02 0.001 0.03 0.001 0.03 0.001 

SlO 0.08 >0.1 -7.99 x 107 0.87 0.01 0.001 0.02 0.001 0.02 0.001 

T2 0.008 >0.1 6.47 x 105 0.20 0.13 0.001 0.23 0.001 030 0.001 

Us 0.14 >0.05 2.71 x 106 0.61 0.07 0.001 0.11 0.001 0.13 0.001 

Us 0.10 >0.1 -4.36 x 106 0.41 0.05 0.001 0.07 0.001 0.08 0.001 

U10 0.07 >0.1 -1.21 x 105 0.02 0.02 0.001 0.04 0.001 0.05 0.001 

Vs 0.05 >0.1 4.96 x 107 0.92 0.02 0.001 0.04 0.001 0.05 0.001 

Vs 0.07 >0.1 3.11 x 106 0.55 0.02 0.001 0.03 0.001 0.04 0.001 

V10 0.07 >0.1 1.31 x 106 0.80 0.01 0.001 0.02 0.001 0.02 0.001 

Xs 0.31 >0.01 0.0005 0.13 0.07 0.001 0.10 0.001 0.13 0.001 

Xs 0.29 >0.01 0.0011 0.009 0.06 0.001 0.09 0.001 0.11 0.001 

X10 0.06 >0.1 0.0006 0.23 0.03 0.001 0.04 0.001 0.04 0.001 

Zs 0.01 >0.1 1.41 x 105 0.005 0.12 0.001 0.20 0.001 0.20 0.001 

ZR 0.03 >0.1 1.15 x 105 0.02 0.08 0.001 0.13 0.001 0.15 0.001 
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Table 3 GAReR parameters for selected predictors and predictants 

Variables w a 8 Variables w a {J' 
Tmax 8.06 0.46 0.50 510 0.62 0.13 0.21 
Tmin 6.82 0.63 0.33 T2 0.01 0.20 0.78 
Cs 0.74 0.13 0.14 Us 0.44 0.45 0.06 
CR 0.90 0.13 0.51 UR 0.62 0.34 0.01 

ClO 0.81 0.18 0.002 UlO 0.70 0.24 0.04 

Dr; 0.61 0.25 0.15 Vii 0.55 0.27 0.19 
D8 0.59 0.23 0.18 V8 0.66 0.23 0.13 
DlO 0.37 0.14 0.49 V10 0.88 0.15 0.03 

Hr; 0.02 0.09 0.89 Xr; 1487.3 0.77 0.03 

HJ3 0.02 0.19 0.79 X8 3713.5 0.44 0.35 
HlO 0.01 0.27 0.66 X10 10881 0.30 0.29 

MSLP 0.55 0.40 0.06 Zr; 0.10 0.44 0.43 
Sr; 0.58 0.32 0.10 Z8 0.38 0.46 0.04 
58 0.71 0.16 0.11 

Note: Entnes III bold Illdlcate that the null hypothesls IS rejected at the 5% level. 
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Table 4 Bivariate diagonal VECH parameters for conditional covariance between Tmax and 
CGCM predictors 

Predictors W71 a71 b71 Predictors W71 a71 b21 

Cs 1.32 0.29 -0.10 T2 0.12 0.19 0.77 
Cs 0.14 0.25 -0.24 Ur;, -0.51 0.60 0.05 
C10 -1.13 0.23 -0.06 UR -0.03 0.51 -0.03 

Ds -0.20 0.38 -0.14 U10 -0.63 0.37 -0.28 
Ds -1.16 0.33 -0.27 VI:; 0.001 0.40 -0.10 
D10 -1.7 0.25 -0.39 VR 1.15 0.30 -0.27 
Hs 0.05 0.15 0.83 V10 1.65 0.30 -0.11 
Ha 0.09 0.19 0.78 Xs -5.02 0.43 -0.05 
H10 0.18 0.27 0.68 XR 11.7 0.44 0.48 

MSLP -0.41 0.51 -0.13 X10 -55.8 0.27 -0.004 

Ss 0.01 0.49 0.14 Zs 0.77 0.46 0.43 
SR -0.38 0.33 0.08 ZR 1.32 0.57 0.06 

SlO -1.1 0.22 0.15 

Note: Entries in bold indicate that the null hypothesis is rejected at the 5% level. 
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Table 5 DCC parameters for conditional covariance between Tmax and CGCM predictors 

Predictors 61 62 81 + 62 CCC Predictors 81 8? 81 + 82 CCC 

(5 0.37 0.001 0.37 0.22 T2 0.21 0.76 0.97 0.91 

CR 0.23 0.31 0.56 -0.01 U~ 0.65 0.03 0.68 -0.23 

C10 0.07 0.88 0.95 -0.21 UR 0.56 0.001 0.56 -0.06 

Ds 0.43 0.001 0.43 -0.06 U10 0.40 0.001 0.40 -0.09 

DR 0.30 0.63 0.93 -0.07 V" 0.51 0.001 0.51 -0.04 

D10 0.22 0.001 0.22 -0.2 VR 0.36 0.001 0.36 0.16 
Hs 0.11 0.86 0.97 0.51 V10 0.05 0.90 0.95 0.26 

Ha 0.18 0.78 0.96 0.74 Xs 0.42 0.50 0.90 -0.07 

H10 0.21 0.76 0.97 0.88 XR 0.23 0.31 0.54 -0.01 
MSLP 0.64 0.001 0.64 -0.12 X10 0.33 0.61 0.94 -0.08 

Sr:, 0.59 0.001 0.59 -0.14 Z~ 0.36 0.58 0.94 0.80 

S8 0.40 0.001 0.40 -0.14 ZR 0.62 0.07 0.67 -0.01 

S10 0.27 0.02 0.29 -0.23 
Note: Entnes m bold md1cate that the null hypothes1s lS reJected at the 5% level. 
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Table 6 Stationary and nonlinearity test results for conditional correlations between T max and 
CGCM predictors 

KPSS level KPSS trend stationary BDS test 
stationary test test 

senes m=2 m=3 m=4 
Result p-value Results p-value Result p- Result p-value Result p-
s s value s s value 

Cs 0.11 >0.1 -1.40 x 106 0.34 0.02 0.001 0.04 0.001 0.06 0.001 

Cs 0.04 >0.1 -2.39 x 106 0.17 0.04 0.001 0.07 0.001 0.09 0.001 
ClO 0.02 >0.1 -1.96 x 106 0.05 0.15 0.001 0.25 0.001 0.32 0.001 
Do; 0.03 >0.1 -9.43 x 106 0.56 0.03 0.001 0.05 0.001 0.06 0.001 
Ds 0.06 >0.1 2.21 x 106 0.22 0.05 0.001 0.08 0.001 0.09 0.001 

D1Q 0.09 >0.1 1.56 x 106 0.07 0.02 0.001 0.04 0.001 0.06 0.001 

Hs 0.02 >0.1 -4.12 x 106 0.007 0.16 0.001 0.27 0.001 0.34 0.001 

Hs 0.01 >0.1 -7.76 x 106 0.001 0.16 0.001 0.27 0.001 0.34 0.001 

H1Q 0.02 >0.1 -7.51 x 106 0.001 0.17 0.001 0.28 0.001 0.36 0.001 

MSLP 0.08 >0.1 -2.99 x 106 0.20 0.04 0.001 0.07 0.001 0.08 0.001 

Ss 0.07 >0.1 -4.31 x 106 0.05 0.04 0.001 0.07 0.001 0.08 0.001 

Ss 0.02 >0.1 2.37 x 106 0.14 0.03 0.001 0.04 0.001 0.06 0.001 

S10 0.03 >0.1 2.10 x 106 0.05 0.02 0.001 0.05 0.001 0.06 0.001 

Tz 0.04 >0.1 6.54 x 106 0.001 0.17 0.001 0.28 0.001 0.35 0.001 

Us 0.02 >0.1 -4.91 x 106 0.03 0.05 0.001 0.08 0.001 0.09 0.001 

Us 0.03 >0.1 -7.63 x 107 0.71 0.03 0.001 0.05 0.001 0.06 0.001 

U1Q 0.04 >0.1 3.82 x 107 0.80 0.03 0.001 0.05 0.001 0.06 0.001 

Vs 0.05 >0.1 1.14 x 106 0.55 0.03 0.001 0.05 0.001 0.06 0.001 

Vs 0.05 >0.1 -7.81 x 107 0.56 0.03 0.001 0.04 0.001 0.06 0.001 

V10 0.10 >0.1 1.32 x 106 0.15 0.14 0.001 0.23 0.001 0.28 0.001 

Xs 0.01 >0.1 7.63 x 106 0.03 0.17 0.001 0.28 0.001 0.36 0.001 
Xs 0.04 >0.1 -2.39 x 106 0.17 0.04 0.001 0.07 0.001 0.08 0.001 

X1Q 0.01 >0.1 4.89 x 106 0.09 0.17 0.001 0.29 0.001 0.37 0.001 
Zo; 0.06 >0.1 -4.56 x 106 0.008 0.13 0.001 0.21 0.001 0.26 0.001 
ZR 0.06 >0.1 -2.56 x 106 0.18 0.05 0.001 0.08 0.001 0.09 0.001 
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Table 7 Bivariate diagonal VECH parameters for conditional covariance between Tmin and 
CGCM predictors 

Predictors W21 a21 b21 Predictors W21 a71 b21 

Cs 0.49 0.31 -0.01 T2 0.16 0.28 0.67 

CR -0.6 0.25 -0.23 Ur:, -0.28 0.65 0.006 
ClO -1.15 0.21 -0.02 UR 0.20 0.55 -0.03 
Dr; -0.54 0.40 -0.10 UlO -0.22 0.36 -0.23 
Dg -1.02 0.31 -0.25 Vr:, 0.45 0.42 -0.09 

DlO -1.24 0.73 -0.39 Vg 1.12 0.28 -0.25 
Hr; 0.09 0.18 0.78 VlO 1.27 0.30 -0.007 
Hg 0.09 0.24 0.74 Xr; 8.98 0.45 -0.05 

HlO 0.07 0.29 0.69 XR -1.56 0.38 0.03 
MSLP -0.98 0.54 -0.11 X10 -30.1 0.29 0.01 

55 -0.11 0.53 0.06 Zr:; 0.83 0.66 0.13 

SB -0.12 0.36 0.05 Zg 0.45 0.65 0.003 
510 -0.48 0.24 0.12 

Note: Entries in bold indicate that the null hypothesis is rejected at the 5% level. 
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Table 8 DCC parameters for conditional covariance between Tmin and CGCM predictors 

Predictors (J1 (J7. (J1 + (J7. CCC Predictors (Jl (Jz (Jl + (Jz CCC 
C5 0.30 0.001 0.30 0.15 T2 0.12 0.86 0.98 0.92 
C8 0.23 0.001 0.23 -0.11 Us 0.59 0.04 0.63 -0.21 
C10 0.72 0.26 0.96 -0.27 U8 0.50 0.001 0.50 -0.11 
Dr:; 0.39 0.001 0.39 -0.07 U10 0.18 0.02 0.20 -0.07 

DR 0.28 0.001 0.28 -0.18 V" 0.41 0.001 0.41 0.04 

DlO 0.16 0.001 0.16 -0.19 V8 0.27 0.001 0.27 0.18 
Hr:; 0.74 0.24 0.98 0.57 VliL 0.11 0.02 0.13 0.27 
H8 0.16 0.001 0.49 0.83 Xs 0.31 0.65 0.96 -0.01 
H10 -0.003 0.10 0.10 0.89 X8 0.24 0.001 0.24 -0.11 

MSLP 0.48 0.001 0.48 -0.19 X10 0.26 0.70 0.96 -0.06 

S5 0.52 0.06 0.58 -0.17 Z5 0.33 0.54 0.87 0.76 

S8 0.35 0.01 0.36 -0.11 Z8 0.50 0.19 0.45 0.45 

S10 0.20 0.09 0.29 -0.17 
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CGC 
M 

Table 9 Stationary and nonlinearity test results for conditional correlations between T min and 
CGCM predictors 

KPSS level KPSS trend stationary BDS test 
stationary test test 

senes m=2 m=3 m=4 
Result p-value Results p-value Result p- Result p-value Result p-
s s value s s value 

Cs 0.09 >0.1 -3.12 x 107 0.78 0.03 0.001 0.06 0.001 0.08 0.001 

Cs 0.16 >0.05 -9.03 x 107 0.31 0.03 0.001 0.06 0.001 0.09 0.001 

ClO 0.03 >0.1 -2.30 x 106 0.17 0.06 0.001 0.09 0.001 0.12 0.001 

De; 0.06 >0.1 -1.78 x 106 0.21 0.04 0.001 0.07 0.001 0.09 0.001 

Ds 0.06 >0.1 -8.62 x 107 0.41 0.04 0.001 0.07 0.001 0.10 0.001 

D10 0.09 >0.1 2.51 x 107 0.69 0.04 0.001 0.08 0.001 0.10 0.001 

Hs 0.06 >0.1 -7.28 x 106 0.01 0.05 0.001 0.08 0.001 0.09 0.001 

Hs 0.03 >0.1 -2.16 x 107 0.22 0.03 0.001 0.05 0.001 0.06 0.001 

HlO 0.03 >0.1 8.33 x 108 0.02 0.03 0.001 0.06 0.001 0.08 0.001 

MSLP 0.03 >0.1 -2.30 x 106 0.17 0.05 0.001 0.09 0.001 0.12 0.001 

Ss 0.01 >0.1 -3.21 x 106 0.09 0.05 0.001 0.08 0.001 0.10 0.001 

S8 0.03 >0.1 1.25 x 106 0.33 0.03 0.001 0.06 0.001 0.08 0.001 

S10 0.03 >0.1 9.35 x 107 0.24 0.04 0.001 0.07 0.001 0.10 0.001 

Tz 0.04 >0.1 2.36 x 106 0.001 0.17 0.001 0.29 0.001 0.36 0.001 

Us 0.09 >0.1 -4.44 x 106 0.02 0.06 0.001 0.09 0.001 0.11 0.001 

Us 0.05 >0.1 -3.21 x 109 0.98 0.04 0.001 0.07 0.001 0.09 0.001 

UlO 0.06 >0.1 7.45 x 107 0.45 0.04 0.001 0.08 0.001 0.11 0.001 

Vs 0.03 >0.1 1.5 x 106 0.30 0.03 0.001 0.07 0.001 0.09 0.001 

Vs 0.06 >0.1 9.35 x 108 0.93 0.04 0.001 0.07 0.001 0.10 0.001 

VlO 0.10 >0.1 7.17 x 107 0.17 0.03 0.001 0.07 0.001 0.09 0.001 

Xs 0.01 >0.1 1.01 x 105 0.005 0.18 0.001 0.31 0.001 0.39 0.001 
Xs 0.16 >0.05 -9.03 x 107 0.31 0.03 0.001 0.06 0.001 0.08 0.001 

XlO 0.01 >0.1 8.16 x 106 0.01 0.18 0.001 0.30 0.001 0.40 0.001 

Zs 0.04 >0.1 -7.67 x 107 0.45 0.12 0.001 0.19 0.001 0.23 0.001 

Z8 0.02 >0.1 -1.36 x 106 0.41 0.07 0.001 0.11 0.001 0.12 0.001 
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Abstract 
Typical multivariate time series mode1s may exhibit co-movement in mean but not in variance of 

hydrologie and c1imatic variables. This paper introduces Multivariate Generalized 

Autoregressive Conditional Reteroscedasticity (MGARCR) mode1s to capture the co-movement 

of the variance or the conditional covariance between two hydrologie time series. The diagonal 

VECR and diagonal BEKK models are developed to evaluate the covariance link between 

drought and two atmospheric circulations, Southem Oscillation Index (SOI) and North Atlantic 

Oscillation (NAO) time series during 1954-2000. The univariate GARCR model tirst indicates a 

strong persistency leve1 in conditional variance for NAO and a moderate leve1 for SOI. The 

conditional variance of short-term drought index indicates low level of persistency while the 

long-term index drought indicates high leve1 of persistency in conditional variance. The 

estimated conditional covariance between drought and atmospheric indices is shown to be weak 

and negative. It is also observed that the covariance between drought and atmospheric indices is 

largely dependent on short-run variance of atmospheric indices rather than their long-ron 

variance. The nonlinearity and stationarity tests show that the conditional covariances are 

nonlinear but stationary. However, the degree of nonlinearity is higher for the covariance 

between long-term drought and atmospheric indices. It is also observed that the nonlinearity of 

NAO is higher than that for SOI, in contrast to the stationarity which is stronger for SOI time 

senes. 

Key words: Drought, Bivariate GARCR, conditional covanance, diagonal VECR, diagonal 
BEKK, SOI, NAO, Nonlinearity 
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1. Introduction 

Among natural hazards and disasters, drought is perhaps the most complex but least understood 

phenomenon with different characteristics in space and time which prohibit us to define its 

beginning and end. Drought spatial progress is slow and usually takes a long-time period to pass 

by a region. In addition, drought direct and indirect impacts on economic, social and 

environmental systems are destructive. These characteristics may have been the reasons for the 

development and application of a number of methods and approaches for drought definition, 

monitoring, modeling and forecasting over the past decades. A huge number of studies dealing 

with drought characterization can be seen in the literature. Four main types of droughts, name1y 

meteorological, hydrological, agricultural and socio-economic have been discussed in the 

literature and a number of indices and methods have been deve10ped to identify drought 

conditions and characteristics for each type of drought. 

Among different methods used for drought characterization, linear time series approaches such 

as Autoregressive Moving Average (ARMA) and related models are very popular in hydrology. 

The characteristic of seasonality in hydrologic variables, such as droughts, and an inherent 

advantage of having a mode1 with a few parameters but a reasonable result have made the time 

series approaches popular for drought time series mode1ing (e.g. Mishra and Desai, 2005; Durdu, 

2010). 

In spite of the popularity of multivariate analysis such as multivariate frequency distribution 

functions (copula functions) for hydrologic and drought probabilistic analysis (e.g Chebana and 

Ouarda, 2007; Shiau and Modarres, 2009; Shih-Chieh and Govindaraju, 2010), multivariate time 

series modeling approaches have not been reasonably investigated for drought mode1ing and 
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forecasting. The recent review by Mishra and Singh (2011) on drought modeling approaches 

indicates no multivariate time series model, such as vector ARMA model, application in the 

literature for drought analysis, though a few applications of simple multivariate autoregressive 

(MAR) time series model can be found for other hydrological variables such as streamflow 

(Niedzielski, 2007; Sohail et al., 2008; Chaleeraktrakoon, 2009). Another gap in drought 

research is that neither univariate nor multivariate "nonlinear" time series models which take into 

account the time varying variance-covariance or the conditional variance-covariance structure of 

drought, have been developed and applied in hydrological sciences or in drought research. 

The nonlinear time series modeling approach usually refers to a popular econometrics 

Generalized Autoregressive Conditional Reteroscedasticity (GARCR) model. The GARCR 

model is widely used in finance for investigating the volatility and time varying risk of the 

assets, stock markets and retums. The theoretical aspects of the model were first introduced by 

Engle (1982) and developed by Bollerslev (1986). The GARCR model has rarely been applied 

for hydrologie and climatic variables. Wang et al., (2005) and Chen et al., (2008) showed the 

advantage of univariate GARCR models over linear models. More recently, Modarres and 

Ouarda (2012a) indicated that the GARCR model does not have superiority over Seasonal 

Autoregressive Moving average (SARIMA) model for rainfall time series modeling except for 

removing heteroscedasticity from the residuals of the linear model. 

Based on the literature review and different categories of time series methods (Figure 1 ), the 

multivariate GARCR (MGARCR) models which are very popular in financial time series 

modeling have not been applied in hydrology yet. The main application of MGARCR models in 

econometrics is the study of the relationship between the conditional variance or volatility of 

different markets (Bauwens et al., 2006). 
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The aim of this study is to introduce and develop univariate and multivariate GARCH models for 

drought conditional variance-covariance, or volatility-covolatility, relationship with atmospheric 

indices. Furthermore, this study also examines and compares the nonlinearity and non­

stationarity of drought and its link to atmospheric circulations. 

This paper is organized as follows: the the0retical background of the univariate and multivariate 

GARCH models is given in the following section. The test methods applied in this studyare 

presented in section 3. Section 4 is devoted to an example of the models for drought analysis. 

The last sections are devoted to conc1uding remarks and recommendations for future work. 

2. GARCH models 

Time series models can be c1assified based on the space of variables (univariate or multivariate) 

and the hypothesis of the underlying process (linear or nonlinear). According to this perspective, 

we have four types of time series models (Figure 1). The focus of this paper is on univariate and 

multivariate nonlinear GARCH time series modeling approaches which have not been used for 

drought analysis yet. These models are described in the following sections. 

2.1. Univariate model 

The univariate nonlinear model was first introduced by Engle (1982) as a c1ass of Autoregressive 

Conditional heteroscedasticity (ARCH) model to capture the volatility c1ustering of financial 

time series. In an ARCH model, the conditional variance of the shocks (hD that occurs at time t 

is a function of the squares ofpast shocks (El-li ... , El-v). Therefore, the ARCH model of order v 

or ARCH( v) can be written as follows: 
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v 

ht
2 = OJ + Ia;éLv 

;=1 

(1) 

Bollerslev (1986) suggested adding lagged conditional vanance to the ARCH model to 

generalize the effect of past variances on the current variance, h~ in addition to the previous 

shocks. This mode1 or the Generalized Autoregressive Conditional heteroscedasticity 

(GARCH(v,m)) model can then be specified as follows: 

v ni 

h/2 = OJ + Laié/~v + L/3jh/2_m (2) 
;=1 /=1 

Where OJ is constant and a and f3 are parameters of the model to be estimated. In this model, the 

short-run persistency in conditional variance is defined by the ARCH parameter (a) while the 

long-run persistency in conditional variance is defined by (f3) parameter. The high value of 

(a + (3)indicates a high intensity ofpersistence in the conditional variance of the time series. 

2.2. Multivariate Model 

2.2.1. Overview 

Having a K-dimensional zero mean, serially uncorrelated process Et = (Clt , ••• , CK/)' represented as: 

(3) 

where z/ is a k-dimensional i.i.d. white noise, Zt ~ i.i.d(O, 1 K)' then we have Htll_l as the 

conditional covariance matrix of E / , given Ct_l' C/_2 ,... and E[E / In/-1] = '0 and E[EtE; Int-!] = Ht • 

The above definition of conditional covariance matrix H, needs to be parameterized now. 

Remember the univariate GARCH (v,m) model, in a multivariate case, one may want to allow 

Ht to depend on lagged shocks Et_p i = 1, ... , v (or the ARCH process of order v) and on lagged 
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conditional covariance matrices H
t
_

i
, i = 1, ... , m (or the GARCH process of order m). Therefore, 

the general form of a MGARCH model is written as follows: 

(4) 

Where W IS a 
1 1 1 
-K(K+l)xlvector and Aland Blare (-K(K+l)x-K(K+l»parameter 
2 2 2 

matrices. The VECH(.) denotes the operator which stacks the lower portion of a matrix in a 

vector. As the conditional covariance matrix is symmetric, VECH( HI) contains all unique 

elements of Hf and can therefore be written in a matrix form as follows: 

, ] l h', 01'-' II w," llan r ] [ h''','IH 
al2 al3 &11-1 

h 12,11 1- 1 2 
vech 2 = h 12,111- 1 = W20 + a21 a22 :23 &1~H&2,1-1 

h 2
12,llt_1 h 22,llt-1 2 

a32 h 22,tlt-1 W 30 a31 33 &2,t-1 
(5) 

lb" 
bl2 bD r"'-'I'-' l 

+ b21 b22 b23 h 212,HII-2 

b31 b32 b33 h 22,Hlt-2 

. (KCK+l))2 The number of parameters of the VECH model (au and bjj ) IS equal to (v + m) -2- + 

K(K + 1)/2. 

The main drawback of the VECH specification is that the number of parameters will become 

excessively large as K and the order of the model (v and m) increase. For example the above 

bivariate GARCH(1, 1) model has 21 parameters while the trivariate model has 78 parameters. 

Estimation of this general model may therefore be quite problematic. Therefore, sorne specifie 

diagonal parameterizations are introduced to reduce the number of parameters (Frances and van 

Dijk, 2000). Among these specifications, in this study we develop and apply the diagonal VECH 

and diagonal BEKK models and for simplicity, we discuss only the case m=v= 1. 
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2.2.2. Diagonal VECH 

One of the main disadvantages of the full VECH model is the high number of parameters, as 

mentioned above. To overcome this problem, Bollerslev et al., (1988) suggested a model by 

constraining the matrices Al and BI in (4) to be diagonal. In this case, the conditional covariance 

between Ei.t and Ej.t, depends only on lagged cross-products of the two shocks involved and 

lagged values of the covariance itself 

(6) 

Where ® denotes the Hadamard or element-by-element product. This model is then called a 

diagonal VECH model and has 3C
k (k+l)) F 1 th b' . d' 1 parameters. or examp e, e Ivanate Iagona 

2 

VECH(1, 1) model can be given as follows: 

This diagonal VECH model has therefore 9 parameters to be estimated which is much less than 

full VECH model with 21 parameters. To get the conditional variance-covariance equation from 

the above specification we can write 

(8) 

(9) 

(10) 
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2.2.3. Diagonal BEKK 

The BEKK is the acronym for the work by Baba, Engle, Kraft, and Kroner which was the early 

version of Engle and Kroners' paper (1995). The diagonal BEKK model is an alternative for the 

diagonal VECH presentation. 

In this case, the diagonal BEKK(l,l) model can be written in a diagonal form where the off-

diagonal elements are aH equal to zero (apart from the constant term): 

[ h'''/I'-' h:'''I'-' Hw" aJ [ 
2 

aJ w" Ha" &1,1_1 &,,_,~,,_,] [ a" 

h 22.111-1 W22 &2,1_1 

1 
(11) 

+[b" bJ [ h""-'IH h>'-'I'-' ] [b" bJ h 22,1-111-2 

And therefore the conditional variance-covariance equations can be written as the followings 

(Baur, 2006): 

(12) 

(13) 

h2 - W + 2 2 b2 h2 
22,t - 22 a22 Cl,t-l + 22 1 t-l (14) 

In this study, therefore, we develop and apply the two diagonal specifications to establish the co-

volatility relationship between drought and atmospheric indices. 

3. Simulation and model verification 

As MGARCH specifications have been developed to estimate the conditional covanance 

between two time series, different specifications are supposed to result in a similar covariance 

estimation. The performance of the MGARCH models for estimating conditional covariance is 
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analyzed and compared using simulation procedures and three performance criteria, normalized 

BIAS (NBIAS), normalized root mean square error (NRMSE) and Diebold and Mariano (DM) 

criteria. 

The NBIAS and NRMSE criteria allow one to sort among models based on the covariance 

estimating accuracy. These criteria can be written as follows 

NB/AS = 2:. L~- Sccov-eccov 
k t-l eCCOV 

(15) 

NRMSE = (16) 

Where Sccov and eccov denote simulated and empirical conditional covariances and k is the 

number of estimations. 

However, these criteria do not test if the improvement in conditional covariance estimation 

between different models is statistically significant or not. To address this issue, the DM statistic 

is applied. The DM test (Diebold and Mariano, 1995) is a common test in financial time series 

modeling to compare different models with a basic model to evaluate if their outputs are 

different from the basic model or not (e. g. Mohammadi and Su, 2010). The DM test is applied 

in this study in order to evaluate if the conditional covariance estimated by diagonal VECH and 

diagonal BEKK are statistically different from the simulated conditional covariance. 

Having el,t and e2,t , t=l, ... n, as the errors between simulations and diagonal VECH and 

diagonal BEKK estimations, respectively, and g(el,t) and g(e2,t) as their 10ss functions and 

dt = g(el,t) - g(e2,t) as the 10ss functions, Diebold and Mariano (1995) define the following 

statistic: 
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~ N(O,l) (17) 

Where d is the sample mean, s is the variance of 10ss differential and n is the number of 

observations. The null hypothesis of zero mean loss differential or the equal of conditional 

covariance of different models is rejected if the test statistic is negative and statistically 

significant. 

4. Testing procedures 

4.1. Test/or stationarity 

Stationarity is one of the important characteristics of hydrologic variables. It is usually the basic 

assumption for a number of hydrologic modeling approaches and further tests such as 

linearity/nonlinearity testing. The stationary test is carried out in this study for drought and 

atmospheric indices as weIl as the conditional variance-covariance between them using two tests: 

Augmented Dickey Fuller (ADF) and Phillips-Perron (PP) unit root tests (Dickey and Fuller, 

1979; Phillips and Perron, 1988). The PP test can examine the statioanrity around a deterministic 

trend (tend stationarity) and stationarity around a fixed leve1 (level stationarity). 

4.2. Test/or nonlinearity 

Natural systems, such as atmospheric processes, are commonly perceived as nonlinear. The 

nonlinear mechanism acting on drought and atmospheric circulations as weIl as their 1ink is 

investigated in this study using the BDS test (Brock et al., 1996) which has its roots in chaos 

theory. It is based on the m-dimensiona1 correlation integral where m represents the embedding 
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space in the new series {Xt } , Xt = Cxt • Xt-T' .... Xt -Cm-l)T)' which is generated from a scalar 

time series {Yt} oflength N and then we have: 

(18) 

Where M = N - Cm - 1)r is the number of embedded points in m-dimensional space, r is 

radius of a sphere centered on Xi and HCu) is the Heaviside function (Abramowitz and Stegun, 

1972, P.1 020) and therefore, The BDS statistic for m > 1 is defined as: 

BDS Cr) = .fMCmCr)-cr;'-Cr) 
m,M CT Cr) m.M 

(19) 

where a is the standard deviation of the points in the embedded m-dimensional space. Under the 

null hypothesis, {Xt } is an i.i.d process and the BDS statistic converges to a unit normal as 

M ~ 00. This convergence requires large samp1es for values of embedding dimension much 

larger than m=2, so m is usually restricted to the range from 2 to 5 (Wang et al., 2006). 

5. Applications 

5.1. Data description 

5.1.1. Drought index 

Different indices have been developed for drought analysis among which the Standardized 

Precipitation Index (SPI) introduced by McKee et al. (1993) has received widespread 

applications. The SPI can quantify the precipitation deficit for different time scale and therefore 

is a flexible index to show the impact of drought on different types of water resources in space 

and time. SPI has also the advantages of statistical consistency and the ability to describe both 

short and long-term impacts of drought on water resources (Hayes et al. 1999). Therefore, many 
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studies on modeling drought characteristics such as severity, duration and frequency as well as 

the studies on drought forecasting and drought links to atmospheric and c1imatic indices have 

applied SPI as a drought index (e.g. Bordi and Sutera, 2001; Vicente-Serrano, 2005, Ozger et al., 

2012). 

The drought data set in this study inc1udes the 3-month and 12-month Standardized Precipitation 

Index (SPI3 and SPI12, hereafter) time series for 2 stations in the northwestern and southwestern 

territories ofIran, namely, Oroomieh and Shiraz stations during 1954-2010. The location ofthese 

stations is illustrated in Figure 2 together with the c1imate zones of Iran c1assified based on the 

UNEP aridity index (Raziei and Pereira, 2012). The SPI time series of these stations are 

illustrated in Figure 3. The SPI3 and SPI12 time series are selected in order to compare the 

heteroscedastic characteristics ofboth short and long-term drought indices. 

5.1.2. Atmospheric indices 

In this study, two major atmospheric indices which are widely mentioned to influence the 

precipitation of Iran, especially over the western and southwestern territories (e.g N azemosadat 

and Ghasemi, 2004; Raziei et al., 2009), the Southern Oscillation Index (SOI) and North Atlantic 

Oscillation (NAO) are used for drought time series modeling. The monthly time series of 

atmospheric indices during 1954-2010 are given in Figure 4. 

5.2. Preliminary data analysis 

The link between atmospheric indices (SOI and NAO) and drought conditions for the selected 

stations is first investigated through a descriptive analysis inc1uding the unconditional correlation 

coefficients and cross-correlation coefficients in different lag times. The (unconditional) monthly 
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correlation coefficients between oscillations and SPI time series are given in Figure 5. As the 

figure indicates, a negative correlation between SOI and SPI for both stations and both SPI time 

series is observed. However, the negative correlation is stronger for the winter season than the 

other seasons and sorne positive (but weak) relationship is observed for the summer season. This 

is in agreement with Nazemosadat and Ghasemi (2004) who indicated the low intensity ofwinter 

drought during El Nino events and also in agreement with the weak ·correlation coefficients 

between SOI and SPI reported by Raziei et al., (2009). 

On the other hand, the NAO-SPI link shows both positive and negative associations for aU 

seasons. It is observed that the NAO-SPI association is temporaUy irregular compared to the 

SOI-SPI association and does not show a strong seasonality. However, the winter drought 

(negative SPI) seems to be related to the negative NAO phase while summer drought indicates 

both positive and negative association with NAO for both stations and time scales. 

In addition, the cross correlation coefficients given in Figure 6, panel A, indicate a weak lag time 

effect in SOI-SPI association while it is almost insignificant for the NAO-SPI association. The 

association is usuaUy weakening and becoming insignificant for lag times k > 2. This suggests a 

short-mn memory in SOI-SPI and NAO-SPI relationship. On the other hand, the cross 

correlation between squared SOI and SPI time series (Figure 6, Panel B) shows a weaker 

relationship than for the original (non- squared) data. The most interesting feature in Figure 6 

belongs to SPI time series of Oroomieh station. For example, the negative insignificant 

correlation coefficients between the original SPI3 and SOI time series have become positive and 

significant for the squared data, while it is not observed for SOI-SPI12 association. The same 

condition is observed for NAO-SPI at Oroomieh station where negative correlations for the 

original data have become positive for squared time series. For Shiraz station, it is observed that 
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the correlation coefficients between squared time series are almost weaker than those for the 

original time series. This suggests that the second order moment or the variance of atmospheric 

indices may have a different association to drought than the first order moment or the mean. This 

phenomenon has not yet been considered in previous drought studies and would be interesting to 

investigate. 

5.3. Conditional variance models 

The univariate GARCH model is developed for drought and atmospheric indices and the 

parameters are estimated using the maximum likelihood method. The order of the GARCH 

models and their parameters are illustrated in Table 1. 

This table shows that the conditional variances of atmospheric indices are different from each 

other. It can be see that the short-run persistence of SOI is much stronger than that for NAO 

while in the opposite, NAO shows a long run persistence as the f3 parameter is large. One can 

also see that NAO has a stronger intensity of persistence and variance memory than SOI as 

a + f3 is larger for NAO. The conditional variance time series of atmospheric indices are 

illustrated in Figure 7. This figure shows that the conditional variance of SOI is larger than that 

for NAO and extreme conditional variances are observed for SOI time series. It should also be 

noted that no seasonality is observed for the conditional variances of atmospheric indices. 

However, extreme conditional variances are usually observed in the winter season. 

Table 1 also shows that the short run persistence is dominant for drought time series where the ' 

GARCH parameter (f3) is much smaller than the ARCH parameter Ca) (except for SPI12 at 

Shiraz station) in the models. The ARCH parameters also indicate a stronger short-run 

persistency in conditional variance for SPI12 than for SPI3 time series, implying volatility 
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clustering in long-term drought. The conditional variance for SPI12 at both stations shows a high 

degree of intensity of persistency according to a + f3 measurement. The conditional variances 

of drought time series are illustrated in Figure 8. This figure shows that the conditional variance 

of short-term drought varies rapidly through time while the conditional variance of long-term 

drought shows sorne sudden drastic increase and less fluctuation. In addition, no sharp 

seasonality is observed for drought conditional variances. 

We next test the conditional variance of atmospheric and drought indices for stationarity and 

nonlinearity using the ADF, pp and BDS tests. The results are given in Table 2. Both ADF and 

pp tests indicate stationary conditional variance for all data series. The results for atmospheric 

indices show less stationarity for NAO time series than for SOI according to the ADF test 

statistic. It can also be seen that neither level nor trend non-stationarity is observed for the 

conditional variance of atmospheric indices. The BDS test statistics show a higher nonlinearity 

degree for the conditional variance ofNAO for aH dimensions. 

Moreover, it is observed that the stationarity for the conditional variance of SPI3 is stronger than 

that for SPI12 at both stations while the stationarity is stronger at Shiraz station. On the contrast, 

the nonlinearity of SPI12 time series is stronger according to the BDS test. However no 

significant difference is observed between drought nonlinearity degrees at the two stations. 

5.4. Conditional covariance models 

The bivariate model for conditional covariance between SPI and atmospheric indices is 

developed using two types of MGARCH model diagonal specifications, the diagonal VECH and 

the diagonal BEKK models. The results for the two stations are given in the following sections. 
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5.4.1. Modelsfor Oroomieh station 

The estimates of the parameters of the diagonal VECH (1,1) model for Oroomieh station are 

given in Table 3. These parameters are estimated using the maximum likelihood method. It is 

observed that the elements of the matrices, W, A and B, are aH statisticaHy significant for SOI­

SPI relationship. However, sorne parameters for NAO-SPI relationship in matrix B are not 

significant. These estimations lead to write the equations for conditional covariances between 

drought and atmospheric indices (given below Table 3). 

The diagonal VECH models show that the conditional covariances depend greatly on the cross 

products of the lagged shocks rather than the lagged covariances. 

We can see that f3 parameters are negative, except for SOI-SPI12, implying that the covariance 

at each time step, t, has a negative association to the covariance at time step t-1. The highest 

(negative) covariance link is observed for NAO-SPI3 with f3 = -0.80. The highest intensity of 

persistency is observed for SOI-SPI12 covariance where a + f3 = 0.8 and the lowest belongs to 

NAO-SPI12 covariance with a + f3 = 0.08. 

We next move to estimation of the diagonal BEKK model and its 7 parameters which are 

illustrated in Table 4. The diagonal matrices, A and B, are aH significant indicating both SOI and 

NAO influence the conditional variance of the SPI time series. The conditional covariance 

between atmospheric indices and drought at Oroomieh station using the diagonal BEKK model 

are given below table 4. 

Similar to the diagonal VECH model, these equations indicate also that short run persistency is 

much stronger than long run persistency in the covariance structure between drought and 

atmospheric indices. The largest persistency is observed between SOI and SPI12 (a + f3 = 
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0.79). It is also observed that the covariance between drought and NAO is negative for both 

short and long-term drought time series. The only difference between BEKK and VECH 

estimation is the f3 parameter for Eq. (26) which is much smaller than the estimation of the 

VECH model. 

In order to verify and select a MGARCH model among diagonal models, we apply a simulation 

procedure to simulate the conditional covariance between SPI and atmospheric indices. 

The criteria for conditional covariance simulations are given in Table 5. The NBIAS indicates 

that the diagonal VECH model performs relatively better than the diagonal BEKK model for 

estimating the conditional covariance. However, the NRMSE shows a better performance for the 

diagonal BEKK model to estimate the SOI-SPI3 and NAO-SPI12 conditional covariances. It is 

also observed that the uncertainty of the covariance estimation is relatively higher for the NAO­

SPI relationship than that for SOI-SPI according to both criteria. This may be due to the weak 

covariance between NAO and drought at both stations. 

On the other side, the DM statistics reveal that the estimated and simulated conditional 

covariances are statistically different among the models, except for the covariance between SOI 

and SPI12. In other words, the difference between diagonal VECH estimation and simulation 

(el) and the difference between diagonal BEKK estimation and simulation (e2) are statistically 

significant. Therefore, there is a significant difference between the two models for estimating the 

conditional covariance and the VECH model seems to give better covariance estimation. 

According to simulation results, the diagonal VECH model is used to plot the time varying 

conditional covariances and correlations between drought and atmospheric indices for Oroomieh 

station (Figure 9). This figure illustrates that SOI has a larger covariance with drought than the 

NAO for both short and long-term drought time series. The conditional correlation between 
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drought and SOI is much stronger than that between drought and NAO. The conditional 

correlation between SOI and SPI are usually falling within ±0.40 while they are usually falling 

within ±0.2 for NAO. 

In addition, the seasonal variation in the link between drought and atmospheric indices is 

investigated through drawing monthlyboxplots of conditional correlation coefficients (Figure 

10). In this figure, each boxplot includes 57 correlation coefficients. Figure 10 indicates no sharp 

seasonality in the correlation coefficients. However, a few extreme (out of the 75% Quantiles) 

correlation coefficients between NAO and SPI3 are observed from August to January. It is also 

observed that these extreme coefficients are mostly observed for the short-term drought index 

(SPI3) while long-term drought (SPI12) does not show extreme (positive or negative) correlation 

coefficients. This suggests that the link between drought and atmospheric circulation becomes 

stronger than normal condition, mostly for short-term drought events at Oroomieh station. 

The annual variation of conditional correlation between SPI and atmospheric indices are given in 

Figures Il and 12 for SOI and NAO, respectively. In this figure each boxplot includes 12 

correlation coefficients for 12 months. This figure does not show a strong fluctuation for SPI3 

but the link between SPI12 and atmospheric indices shows a weak 3-5 years periodicity, 

especially for SPI12-S01 link. 

Finally, we come to compare the degree of nonlinearity and stationarity of conditional 

covariances using BDS, PP and ADF tests. The results are given in Table 6. It is seen that the 

conditional covariances are stationary regarding both ADF and PP test results. It can also be seen 

that the covariance between SPI and NAO is more stationary than the covariance between SPI 

and SOI for both SPI3 and SPI12. However, a weak trend non-stationarity in the covariance of 
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NAO-SPI12 structure should be noticed where the p-value of the test statistic is on the level of 

hypothesis rejection (p=0.05). 

The BDS test indicates that the conditional covariance between SPI12 and the atmospheric 

indices has a higher degree of nonlinearity than the covariance between SPI3 and the 

atmospheric indices for aH dimensions. Similarly to conditional variance, the high the 

stationarity the less the nonlinearity is observed for conditional covariance. 

5.4.2. Model development for Shiraz station 

The same procedure is foHowed to estimate the conditional covariance and correlation between 

SPI and the atmospheric indices for Shiraz station. The estimated diagonal VECH and 9 

parameters are shown in Table 7. It is clear that the conditional variance of SPI depends on their 

own lags, lagged cross-products of the shocks and lagged conditional covariance. However, the 

conditional covariance parameters are not significant for NAO-SPI12 link (same as for 

Oroomieh station). Based on the parameters, the conditional covariances for drought at Shiraz 

station (Table 7) show the same covariance structure as the Oroomieh station. It is seen that the 

p parameters are negative for drought and NAO relationship and the persistency of the 

covariance structure is not very strong for NAO. However, the covariance between drought and 

SOI is significant and positive. The largest intensity is observed for SOI-SPI12 where a + p = 

0.74 which is relatively high but not very strong (a + P < 0.90). 

In the foHowing, we look at the estimates of the diagonal BEKK models for Shiraz station(see 

Table 8). The 2 x 2 parameter matrices are aImost aH significant for both drought time series. 

According to the BEKK models in this table, a weak covariance structure between drought and 

atmospheric indices at Shiraz station is observed. The SOI-SPI connection is stronger than NAO-
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SPI link. The covariance between SOI and SPI seems to depend relatively on cross- products of 

shocks and weakly on lagged covariances (which is relatively small for S0I12 (P = 0.19) and 

almost null for SPI3 (P = 0.02)). The covariance structure between NAO and SPI also depends 

dimly on cross-products of shocks. However, the lagged covariance structure between NAO and 

SPI is negative and null (P = -0.06). Similar to Oroomieh station, the largest long fUll 

persistency is observed between SOI and 12-month SPI (a + p = 0.72). 

To select between VECH and BEKK models, the performance criteria of the models are 

examined (Table 9). It is c1ear from the DM statistics that the accuracy of the two models is 

statistically different by comparing the simulated conditional covariance. Following the DM test 

results, both NBIAS and NRMSE criteria show a much better performance of diagonal VECH 

model against diagonal BEKK models for estimating the conditional covariance between drought 

and atmospheric indices. Therefore, the diagonal VECH model is applied to present the 

conditional covariance at Shiraz station. 

U sing the diagonal VECH model, we glve the time varymg conditional covanances and 

correlations for Shiraz station in Figure 13. This figure shows no significant temporal variation 

difference between SOI-SPI3 and NAO-SPI3. However, the covariance for SOI-SPI12 is much 

stronger than that for NAO-SPI12. The correlation coefficients show a much larger association 

between SOI and drought than that between NAO and drought at Shiraz station. 

The monthly and annual variation of conditional correlation coefficients is also illustrated in 

Figures 14, 15 and 16 through boxplots. The monthly distribution of conditional correlation 

coefficients is almost identical to that observed for Oroomieh station. However, the annual 

variation of the correlation coefficient seems to be more irregular than that for Oroomieh station. 
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This may suggest that the atmospheric circulations have more regular relationship with drought 

at Oroomieh station than with drought at Shiraz station. 

The stationarity and nonlinearity results for the conditional covariance are given in Table 10. The 

results indicate stationary covariances between drought and atmospheric indices regarding ADF 

and pp tests. However a non-stationarity trend is also observed at 5% significance level for the 

SOI-SPI3 and NAO-SPI12 covariances. This is perhaps due to extreme drought events which are 

strongly influenced by atmospheric indices. 

On the other hand, aIl covariances are nonlinear according to BDS test results. In contrast to 

Oroomieh station, it is observed that the degree of nonlinearity is more or less similar among 

different covariances. In other words, the covariance structure between drought an atmospheric 

indices seem to be more linear than that at Oroomieh station. 

6. Summary and Conclusions 

This paper developed and applied univariate and multivariate GARCH approaches namely 

diagonal VECH and diagonal BEKK, to investigate the association between drought and 

atmospheric indices through a new conditional variance-covariance perspective. This study 

provides this new outlook by an example of the association of SOI and NAO to short-term and 

long-term SPI time series at two stations in Iran. 

We showed that the diagonal VECH model with 9 parameters has less biased covanance 

estimations than the diagonal BEKK model with 7 parameters. Both of these models have 

reasonably fewer parameters than the full VECH model with 21 parameters, but the diagonal 

VECH model seems to give more accurate estimations for conditional covariance regarding the 
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simulation experiment. Therefore, the diagonal VECH model outputs on the variance-covariance 

link were given and discussed. 

From the example presented in this study our findings on the development of a bivariate 

heteroscedastic model for drought analysis can be summarized in the following items: 

5.1. The conditional variance of atmospheric indices demonstrated different behaviors. While 

NAO shows a high degree of memory in the conditional variance, SOI does not show either a 

strong long run or short run memory in the conditional variance. However, the intensity of 

persistency ( a + fJ) does not show a big difference between the two indices. 

5.2. The GARCH models for SPI time series indicated stronger short run persistence (ARCH 

effect) than long run persistence (GARCH effect) for both short and long-term SPI time series. 

The intensity ofpersistency is, however, higher for SPI12 time series (very close to a + fJ = 1) 

than that for SPI3 time series at both stations. 

5.3. The conditional variance of the atmosphericand drought indices seems to be stationary 

but nonlinear. The degree of stationarity is higher for long-term SPI than that for short-term SPI 

time series while the degree of nonlinearity is higher for short term SPI time series. The same 

condition for atmospheric indices is observed which suggests an inverse relationship between 

intensity of nonlinearity and stationarity. This was also reported for conditional variance of 

rainfall and runofftime series (Modarres and Ouarda, 2012b). 

5.4. The multivariate GARCH model which establishes the conditional covariance structure 

between two time series shows a low level of covariance interaction between atmospheric 

circulations (SOI and NAO) and SPI time series for our two examples in Iran. Both diagonal 

VECH and diagonal BEKK models show that the link between the second order moment of 

atmospheric circulations and drought and the long run persistency of the conditional covariance 
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between them are weak. On the other hand, the short run interaction is much stronger between 

drought and atmospheric circulations which indicates a significant relationship between the 

lagged cross-products of the shocks, or random process, of them. This implies that the variation 

of SOI and NAO may have a rapid and short-mn influence on drought variation at the stations 

under investigation. 

5.5. The conditional correlation coefficients show a range of high to low association between 

atmospheric circulation and drought time series. It is observed that the correlation coefficients do 

not remain at the same level (high or low) for the long time before changing to the next (low or 

high) status. This also suggests a low level of memory in the link between atmospheric indices 

and drought for our examples. It was also seen that the correlation coefficients do not show a 

sharp seasonality and trend during 1954-2010. 

5.6. The results of the sationarity test for conditional covanances reveal a stationary 

covariance between drought and atmospheric indices for most cases during 1954-2010. It may 

indicate that the change in the link between atmospheric circulation and drought does not show a 

significant change during 1954-2010. However, sorne covariances cannot pass the trend 

stationarity test. Although the non-stationarity around a trend could be over-affected by sorne 

outlier data which makes the whole series non-stationary around such a basic trend, further tests 

and careful analysis are necessary to reveal the exact reason for non-stationarity around the trend 

for the connection between drought and atmospheric indices. 

It should be noted that (econometric) MGARCH models show sorne advantages and 

disadvantages over hydrological models. The MG ARCH models give the opportunity to estimate 

the link between second order moments of hydrological variables. These models also provide a 

time varying, step by step, link between two variables by providing the conditional correlation 
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and covariance estimation for each time step. Therefore, one can see the temporal variation of 

the association between two variables very easily. However, the number of parameters grows 

rapidly with the order of the model and parameter estimation becomes a real problem. It is 

observed from econometric literature that the MGARCH(1, 1) model satisfies the conditional 

covariance structure between financial data. The hydrologie example in this study also indicates 

a satisfactory MGARCH(l,l) model as the link between second order moments of atmospheric 

and drought indices is not very strong. The satisfactory MGARCH(l,l) model was also indicated 

for rainfall-runoff models with a stronger conditional covariance structure (Modarres and 

Ouarda2012b). 

7. Future challenges 

First, it is recommended to investigate the relationship between other atmospheric indices and 

other hydrologie and climatic variables such as other types of drought, rainfall or streamflow. It 

is also important examine the MGARCH models for hydrologie drought and its relationship to 

meteorological drought or other atmospheric indices. It would be interesting to apply the 

MGARCH approach to investigate the effect of the time varying variance of different variables 

such as rainfall, streamflow', temperature, wind speed, evaporation, etc., on each other. The 

investigation and evaluation of the volatility and co-volatility between climate and hydrologie 

variables in the context of climate change is also vital as the second order moment of hydrologie 

variables may show a higher degree of fluctuations and nonlinearity in the future. This change in 

a climate variable may influence the other climatic and hydrologie variables in an exponential 

manner in future. Moreover, the physical variables influencing conditional covariance and the 
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parameters of the MGARCH models in hydrologie applications remains an important challenge 

for further studies. 
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Table 1 Univariate GARCH model estimations for selected time series 

Parameters Persistency measurement Order 
Data Series w a {3 a+B 

Atmospheric SOI 0.34 0.39 0.34 0.73 GARCH(I,I) 
Index NAO 0.12 0.05 0.82 0.87 GARCH(l,I) 

Oroomieh SPI3 0.51 0.50 0.07 0.57 GARCH(l,l) 
drought SPI12 0.05 0.89 0.02 0.91 GARCH(l,I) 
Shiraz SPI3 0.47 0.49 0.08 0.57 GARCH(l,I) 

drought SPI12 0.04 0.70 0.29 0.99 GARCH(l,l) 
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Table 2 Stationarity and Nonlinearity test results for conditional variance 

Data senes pp leve1 stationary pp trend stationary ADF unit root test 
test test 

Results p-value Results p-value Results p-value 
Atrnospheric SOI -12.5 >0.1 0.0001 0.29 -9.57 0 

Indices NAO -8.03 >0.1 -0.0002 0.28 -6.49 0 
Oroomieh SPI3 -17.37 >0.1 0.0003 0.78 -9.99 0 

SPI12 -4.13 >0.1 0.0003 0.65 -3.65 0.02 
Shiraz SPI3 -14.21 >0.1 -0.0008 0.25 -14.88 0 

SPI12 -5.73 >0.1 -0.001 0.22 -6.07 0 
BDS test 

Data senes m=2 m=3 m=4 
statistic p-value statistic p-value statistic p-value 

Atmospheric SOI 0.06 0 0.10 0 0.12 0 
Indices NAO 0.11 0 0.18 0 0.22 0 

Orromieh SPI3 0.05 0 0.08 0 0.10 0 
SPI12 0.16 0 0.27 0 0.34 0 

Shiraz SPI3 0.07 0 0.10 0 0.11 0 

SPI12 0.16 0 0.27 0 0.34 0 
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Table 3 diagonal VECH(1, 1) estimates for Oroomieh station 

Panel a: SOI Parameters Ale 

w A B 

SPI3 [0.37 - 0.08] 
0.44 

[0.32 - 0.13] 5.49 
0.15 

SPI12 

Panel b: 

NAD 

SPI3 

[0, 31 0.004] 
0.04 

[0.11 0.01 ] 
0.48 

[0.42 0.56] 
0.85 

[0.04 0.10] 
0.50 

[0.33 0.24 ] 
0.12 

[0, 84 - O. 80 ] 
0.03 

4.58 

5.56 

SPI12 [0.04 0.02 ] 
0.05 

[0.09 0.18] 
0.86 

[-0.13 - 0.10] 4.86 
0.05 

Note: Entnes III bold are sIgmficant at the 10% level and less 

Substituted coefficients SOI 
HSOI_SP13 = -0.08 + 0.48Cl,t_l CZ,t-1 - 0.13HsOI_SP13,t-1 

HSOI_SPI12 = 0.004 + 0.56cl,t_l C2,t-1 + 0.24HsocSP11Z,t-1 

Substituted coefficients NAO 

HNAO SPI12 = 0.02 + 0.18E1 t-1 E2 t-1 - O.lOHNAo SPI12 t-1 _ J, _, 
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Table 4 diagonal BEKK(1, 1) estimates for Oroomieh station 

Panel a: SOI Parameters Ale 

w A B 

SPI3 [0. 37 - O. 08 ] [0.64 ] [0.53 ] 5.49 
0.49 0.68 -0.21 

SPI12 [0.32 0.004 ] [ 0.64 ] [0.58 ] 4.57 
0.04 0.88 0.38 

Panel b: Parameters 

NAO 

SPI3 [0.11 0.02 ] [0.21 ] [ 0.91 ] 5.56 
0.45 0.71 -0.26 

SPI12 [0.13 0.02 ] [ 0.19 ] [-0.91 ] 4.85 
0.05 0.93 0.21 

Note: Entnes III bold are slgmficant at the 10% level and less 

Substituted coefficients SOI 
HSOI_SPI3 = -0.08 + 0.41El,t-1EZ,t-l - 0.11HsoCSPI3,t-l 

HSOI_SPIIZ = 0.004 + 0.57 El,t-l EZ,t-l + 0.22HsOUPI1Z,t-l 

Substituted coefficients NAO 

364 



Table 5 Criteria estimates for conditional covariance at Oroomieh station 

Covariance Diagonal VECH Diagonal BEKK 
senes NBIAS NRSME NBIAS NRSME DM statistic 

SOI-SPI3 0.42 7.97 0.64 3.86 -4.19~ 

NAO-SPI3 0.82 12.94 -1.5 20.94 -17.4 
SOI-SPI12 -0.48 6.1 0.61 8.3 3.16 

NAO-SPI12 -0.63 17.08 -0.8 8.7 -7.31 
*Significant at 5% level and better 
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Table 6 Stationary and nonlinearity test results for conditional covariances at Oroomieh 

station 

Indices series Drought pp level pp trend stationary ADF unit root test 
senes stationary test test 

Results p-value Results p-value Results p-value 
SOI SPI3 -17.4 >0.1 0.002 0.84 -15.1 0 

SPI12 -9.7 >0.1 -0.0006 0.47 -7.8 0 
NAO SPI3 -29.2 >0.1 0.004 0.17 -29.4 0 

SPI12 -26.1 >0.1 0.006 0.05 -26.1 0 
BDS test 

Indices series Drought m=2 m=3 m=4 
senes statistic p-value statistic p-value statistic p-value 

SOI SPI3 0.04 0 0.07 0 0.09 0 
SPI12 0.10 0 0.18 0 0.22 0 

NAO SPI3 0.01 0 0.02 0 0.03 0 
SPI12 0.05 0 0.10 0 0.13 0 
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Table 7 diagonal VECH(l,l) estimates for Shiraz station 

Panel a: SOI Parameters Ale 

w A B 

SPI3 [0.38 - 0.08 ] [0.37 0.38 ] [ 0.30 0.06 ] 5.27 
0.49 0.47 -0.08 

SPIl2 [0.39 - 0.03 ] [0.38 0.50] [0.28 0.24 ] 4.53 
0.04 0.84 0.08 

Panel h: Parameters 

NAO 

SPI3 [0.15 0.05] [0.04 0.15 ] [0.79 - 0.37] 5.31 
0.47 0.47 -0.06 

SPIl2 [0.97 - 0.01 ] [0.07 0.16] [-0.04 - 0.14] 4.73 
0.05 0.95 -0.01 

Note: Entnes III bold are slgmficant at the 10% level and less 

Substituted coefficients SOI 
HS01_SPI3 = -0.08 + 0.38E1,t-l E2,t-l + 0.06HsoUPI3,t-l 

HSOI_SPI12 = -0.03 + O.sOE1,t-l E2,t-l + 0.24HsoCSPI12,t-l 

Substituted coefficients NAO 
HNAO_SPI3 = 0.05 + 0.15E1,t-1E2,t-l - 0.37HNAO_SPI3,t-l 
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Table 8 diagonal BEKK(I,I) estimates for Shiraz station 

Panel a: SOI Parameters Ale 

w A B 

SPI3 [0.38 - 0.08 ] [0.59 ] [0.56 ] 5.27 
0.44 0.67 0.04 

SPI12 [0.39 -0.03 [ 0.58 ] [0.56 ] 4.59 
0.04 0.91 0.34 

Panelb:NAO Parameters 

SPI3 [ 0.15 0.04 ] [ 0.21 ] [0.89 ] 5.31 
0.43 0.68 -0.07 

SPI12 [0.11 - 0.02] [ 0.17 ] [0.92 ] 4.73 
0.04 0.97 - 0.06 

Note: Entries in bold are significant at the 10% level and less 

Substituted coefficients SOI 
HSOCSP13 = -0.08 + 0.40êl,t-l ê2,t-l + 0.02HsOUP13,t-l 

HSOUPI12 = -0.03 + 0.53êl,t-l ë2,t-l + 0.19HsOUPI12,t-l 

Substituted coefficients NAO 
HNAO_SP13 = 0.03 + 0.15ê1,t-lê2,t-l - 0.06HNAO_SP13,t-l 
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Table 9 Criteria estimates for conditional covariance at Shiraz station 

Covariance Diagonal VECH Diagonal BEKK DM statistic 
senes NBIAS NRSME NBIAS NRSME 

SOI-SPI3 0.24 8.32 0.62 17.45 -3.14 
NAO-SPI3 0.45 9.8 -0.41 51.87 -8.02~ 

SOI-SPI12 -0.14 12.98 -1.64 54.36 -10.7 
NAO-SPI12 -0.29 13.1 -2.09 12.52 -2.72~ 

*Significant at 5% level and better 
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Table 10 Stationary and nonlinearity test results for conditional covariances at Shiraz 

station 

Indices series Drought pp level pp trend stationary ADF unit root test 
senes stationary test test 

Results p-value Results p-value Results p-value 
SOI SPI3 -17 >0.1 -0.0001 0.02 -17.3 0 

SPI12 -22.9 >0.1 -0.0003 0.25 -22.9 0 
NAO SPI3 -22.9 >0.1 -0.0003 .0.25 -22.9 0 

SPI12 -23.8 >0.1 0.0008 0.02 -23.5 0 
BDS test 

Indices series Drought m=2 m=3 m=4 
senes statistic p-value statistic p-value statistic p-value 

SOI SPI3 0.04 0 0.06 0 0.08 0 
SPI12 0.03 0 0.04 0 0.04 0 

NAO SPI3 0.03 0 0.04 0 0.04 0 
SPI12 0.04 0 0.09 0 0.13 0 
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