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Abstract

Given climate change, trend detection is gaining increasing attention in the context of multivariate
frequency analysis. In this paper, we propose new statistical tests for multivariate trend detection.
The first one, a multivariate overall trend (MOT) test, is designed to detect trend in all components
of the multivariate distribution (margins and dependence structure) whereas the second test is a
multivariate dependence trend (MDT) test focusing on detecting trend in the dependence structure.
A simulation study is used to evaluate the performance of the proposed tests. Results show that the
proposed MOT test performs well when trend is present in margins, in the dependence structure
and/or in both. Likewise, results of the proposed MDT test indicate an interesting power when the
trend is in the dependence structure. Moreover, an application to a real dataset is provided.
Performing the proposed tests with the univariate tests provides a complete overview of trend

detection.
Keywords: Trend, Hydrology, Multivariate, Non-stationarity, Copula, dependence structure.
Highlights

e Two multivariate trend tests for multivariate hydrological series are proposed.

¢ New multivariate overall trend (MOT) test dealing with trend in all the components of the

whole multivariate distribution.

e New multivariate dependence trend (MDT) test focuses on trend in the dependence

structure.

Vast simulation study is considered to evaluate the performance of the tests.

The developed tests show high performance, with increasing power observed as the trend
slope and sample size increase..

Software and/or data availability
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Software:

Data:

The code used for developing the multivariate trend tests and the simulation study
scenarios, implemented in the R language, can be found on GitHub at the following
link: https://github.com/GOUDO5/Multivariate-Trend-Tests.git

Repository creator: Dorsaf Goutali.
Creation date: 2024.

Contact Information: Dorsaf.goutali@inrs.ca.

Program Language: R version 4.1.3 (64bit).
Required Software: R (Download from https://cran.r-project.org/), RStudio

(Download from https://www.rstudio.com/).

Cost: free.
Required R Packages:

- copula https://cran.r project.org/web/packages/copula/index.html,

- Kendall , https://cran.r-project.org/web/packages/Kendall/index.html),

- resample , https://cran.r-project.org/web/packages/resample/index.html,
- VGAM: https://cran.r-project.org/web/packages/VGAM/index.html,

- openxlsx: https://cran.r-project.org/web/packages/openxlsx/index.html,

- gtools: https://cran.r-project.org/web/packages/gtools/index.html.

Used Hardware: Computer with Windows 10, Intel i5 8th Gen processor 8 GB RAM,
256 GB storage.

This study relies on the generation of synthetic data as a requisite part of the
methodology to conduct simulations study. The provided code on GitHub generates
data and simultaneously calculates the performance of the tests. The data used in

the illustrative applications will be available on request.
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1. Introduction

Hydrological frequency analysis (HFA) is widely used for modeling extreme hydro-
meteorological events like floods, droughts, and storms (e.g. Hamed & Rao, 1998). Such events
are often identified by correlated features, such as peak, volume, and duration for floods (e.g.
Chebana & Ouarda, 2021; Grimaldi & Serinaldi, 2006). These dependent features highlight the
need for a multivariate HFA approach, supported by various studies (e.g. Genest & Chebana, 2017;
Li et al., 2019; Requena et al., 2013). Univariate HFA can provide only limited assessment of
extreme events and their probability of occurrence (e.g. Chebana & Ouarda, 2011; Joyce et al.,
2018).

Commonly, HFA is based on the assumptions of stationarity, homogeneity, and serial
independence. In the multivariate context, checking these assumptions, particularly stationarity,
attracted less attention compared to modeling (e.g. Chebana & Ouarda, 2021; Gu et al., 2018).
Ignoring the testing step of these assumptions can lead to inaccurate results and potentially wrong
decisions (e.g. Chebana et al., 2013). Indeed, this step contributes to the choice of the appropriate
model, which should integrate possible trends in some or all components of the multivariate
distribution (margins and dependence structure). The stationarity assumption has long been
compromised by climate change and human activities such as deforestation, and overuse of
extraction from surface water and ground water (e.g. Milly et al., 2008; Tan & Gan, 2015; Vidrio-
Sahagun et al., 2024). Related to theoretical considerations, it is no longer valid to believe that the
design flood is always stationary (e.g. Aissia et al., 2014; Kang et al., 2019; Milly et al., 2008).
Therefore, in recent years, increasing attention has been paid to hydrological designs under non-
stationarity (NS) conditions and particularly in the multivariate setting (e.g. Chebana & Ouarda,

2021; Li et al., 2016; Zhang et al., 2022).
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A wide variety of parametric and non-parametric tests has been employed for trend detection (e.g.

De Luca & Napolitano, 2023). The Mann-Kendall (MK) and the Spearman rank order correlation

Table 1: Overview of existing tests for trend in univariate and multivariate framework
(SR) tests are among the most non-parametric considered univariate trend tests (e.g. Chong et al.,

2022; Conover, 1980; Kendall, 1975; Ouarda et al., 2018). In addition, Chebana et al. (2013)
presented an overview of the available multivariate extensions of the univariate MK and SR tests.
Being non-parametric and powerful is the main advantage of these multivariate tests. However, the
latter were initially developed and designed for water quality analysis even though they have been
directly employed later in HFA. Moreover, these multivariate tests are essentially based on their
univariate counterparts (component-wise tests), do not take into account the dependence between
the variables, and cannot identify the affected component . On the other hand, it seems that testing
for trends in the dependence structure has not been explored yet.. Furthermore, upon reviewing the
literature, it appears that there are no recently developed trend tests and recent studies (e.g. Chebana
& Ouarda, 2021; Chebana et al., 2013; Jalili Pirani & Najafi, 2020; Kang et al., 2019; Karahacane
et al., 2020; Modarres, 2018; Xu et al., 2023) consider multivariate tests reviewed by Chebana et
al. (2013). In Table 1 the univariate and multivariate trend tests are summarised including their
advantages and drawbacks.

In order to overcome the drawbacks of the multivariate trend tests, the objective of the present
paper is to propose two multivariate trend tests. The first proposed test is a multivariate overall
trend (MOT) test dealing with trend in all the components of the whole multivariate distribution
(margins and the dependence structure). The second proposed one, a multivariate dependence trend
(MDT) test, focuses on trend in the dependence structure. Therefore, the proposed tests, along with
the existing univariate trend tests, allow dealing with the multivariate distribution as whole as well

as its components.
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Covariance
Sum test (CST)

hydrological
context (e.g. sample size,
distributions)

Essentially based on their
univariate counterparts
(component-wise tests)
Simple combinations of
univariate tests and do not
take into account the
dependence between the
variables

® Cannot identify  the
affected components

Tests Advantages Drawbacks Some references
Mann-Kendall o Both tests have been recommended by | e The existence of positive | Mann (1945); Yue et al.
(MK) the World Meteorological autocorrelation in the data | (2002)
Organization as standard increases the probability of | Bihrat and Bayazit (2003)
nonparametric procedures detecting trends when | Yue and Pilon (2004)
Univariate Spearman'srho | e Powerful actually none exist, and Rutkowska (2015)
tests (SR) « Robustness against missing values vice versa Wang et al. (2020)
and outliers e Inability to detect non- | Hamed and Rao (1998)
o Making very few assumptions monotonic trend structures
o Detect increasing decreasing trend
o Simple to apply
Covariance- o Non-parametric tests do not make any | e Designed for water quality | Dietz and Killeen (1981)
Inversion test assumption or precondition about the analysis and not for | Hirsch and Slack (1984)
(CIm) models hydrological fields, | Lettenmaier (1988)
o Detect increasing/decreasing trends existing comparisons and Loftirs] et a:. 51991;

I Covariance- o Si evaluations of these tests | Smith et al. (1993
Multivariate Eigenvalue test Simple to apply are often based on | Thasetal. (1998)
component (CET) scenarios that do not align | Chebana et al. (2013)
wise tests with  the

The developed tests, MOT and MDT, are based on multivariate extension of Kendall's T and not

on combinations of univariate statistic tests. A simulation study to evaluate and compare the

performances of the proposed tests is presented. The proposed tests are general and can be

considered in other contexts and applications dealing with trends.

The paper is organized as follows. A brief theoretical background, related to the developed tests,

is presented in Section 2. The proposed statistical tests for trend are described in Section 3. The

simulation study to evaluate the performance of the tests is given in Section 4. The conclusions are

reported to Section 5.

2. Available multivariate trend tests

In this section, we briefly present the available univariate and multivariate tests for trend. In

statistical hydrology, mainly two non-parametric rank-based statistical tests are considered, namely
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the MK and SR tests. Even though, they have the same aim and similar performance, the univariate
SR tests are less employed than MK ones (e.g. Sneyers, 1990; Yue et al., 2002). More details about
multivariate SR tests are provided in Chebana et al. (2013). In the following, we focus on
presenting MK tests. Either in the univariate or multivariate settings, the null hypothesis of no trend
TR is Hy: TR = 0 against the general alternative hypothesis of a monotonic trend H; : TR # 0 and
there exists at least a component u such that TR™is monotonic (e.g. Chebana et al., 2013).

The univariate MK test is the most used test to detect monotonic univariate trends. Given a data

series (x;, x,,, ..., x,) Of length n, the MK test statistic is given by

M= nz_f Zn: sgn (x]- — xi) (1)

i=1 j=i+1

where x; and x; are both values in the series, and sgn (.) is a sign function:

sgn(x) = —1ifx < 0, =0ifx =0, =1ifx> 0 (2)

Under Ho, the test statistic M has asymptotically normal distribution with mean E(M) = 0 and

nn — 1)(2n + 5)
18

Var(M) = (3)

Multivariate extensions of the univariate MK tests have been established to analyze multivariate
trends in the hydrological context. Table 2 gives an overview of the main properties of those
existing multivariate MK tests covering their expression and the asymptotic distributions.

For all the tests presented in Table 2, let M be the univariate MK test statistic for the observed

time series Xl.(”),i =1,...,n and component u = 1, ..., d. For a given u, M™ is defined as:

M® = 2 sgn (xj(u) - xi(u)) 4

1<isjsn
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Under the null hypothesis H, of no trend, M™ is asymptotically d-dimensional normal with zero

mean and covariance matrix Cy = (Cyuv)up=1...qa With Cy,= cov(M @ M®) which is estimated

by

where

o

" up foru+v (5)
S san (2 - ) - x) ©
sgn ((x,iu) - xj(“))(x,?’) — xl.(v))) @)

Table 2: Summary of the available multivariate MK-based trend $sts

Expression of the test statistic

Asymptotic distribution under Ho
and decision rule

Covariance Inversion test (CIT)

where C,;'is the inverse matrix of Cy,

D = M'Cii*M

e Itis asymptotically y*(q) distributed under Ho, where g
is the rank of the matrix

1<g<d.

e The null hypothesis is rejected: if the value of D
exceeds the critical threshold determined according to

x> () distribution quantile, depending on the fixed
significance level q.

Covariance Sum test (CST)

d
H= Z M®
u=1

o The statistic H is asymptotically normal under Ho, with
mean E(H) = 0 and variance:

var(H) = Zd var (M%) + ZZd'v_l Cyuv (10)
u=1

v=1u=1

where
Cup = cov (M@, M) (11)

with an estimator as given in (5)
o The null hypothesis is rejected: similar to CIT

Covariance Eigenvalue test (CET)

d
L= My
u=1

e The statistic(M™)) for u=1, ...,d are asymptotically
normally distributed with zero mean and the approximate
variance is

0% = var (M™) asin (3)
o If (M® are independent, The statistic L would be
asymptotically o%x?(q)- distibuted under Ho where qis the
rank of the covariance matrix as given in (5)

Notations: n is the sample size and d is the dimension or the number of components. More details about multivariate

tests are provided in Chebana et al. (2013)
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3. Proposed multivariate trend tests

To overcome the drawbacks mentioned above, the developed multivariate tests rely on two main
aspects. The first one is the multivariate extension of the rank correlation coefficient Kendall’s t.
This idea draws from Kendall’s t relationship with the univariate MK trend test statistic. The
second ingredient is the moving window technique over the dependence.

Kendall’s T and univariate MK test

Kendall’s t is defined, in the bivariate and usual case, as the difference between the probabilities
of concordance and discordance between two variables X and Y respectively with series x; , x,

Xy and yq, v,,..., ¥, (e.9. Kendall & Gibbons, 1990):

(X, V), = ﬁ Z(Kj) sgn (x; —x;)(v; — ) (13)
Hence, the statistic of the univariate MK test statistic is a particular case of Kendall’s 1 (e.g. Dietz
& Killeen, 1981; Hamed & Rao, 1998). Indeed, Kendall’s t has also been used to test the
significance of trends in univariate data if the values in Y are replaced by T the time order of the
time series X, i.e. T =1, 2,...,, n,. In that case, the test is called as Mann-Kendall test and the
equations in (1) and (13) become the same (e.g. Hamed & Rao, 1998; Hirsch & Slack, 1984).
Therefore, in an analogous way, the multivariate proposed test statistics are based on multivariate
extension of Kendall’s t.
Kendall’s T in d-dimension and the proposed tests
In the literature, two extensions of Kendall’s T have been proposed in higher dimensions (e.g.
Genest et al., 2011). Consider a random vector X taking values in R with cdf H(x) = P(X < x) and
continuous marginal distribution Fi...., Fa. Referring to Joe (1990), the first option of d-variate

version of Kendall’s t for H is defined by:
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29E,{H(X)} - 1

24-1 _ 1 (14)

T (X) =
where [E; denotes the expectation with respect to H. Note that E;{H(X)} = E-{C (U)}, where C
is the copula of H and U = (F1 (X4), ..., Fda (Xd)). The second option was established by Kendall and

Smith (1940). It is defined as the average value of Kendall’s t taken over all possible pairs (Xr, Xs),

withr,s =1, ..., dand r # s, viz. and H, s is the bivariate cdf of (Xr, Xs):

1
() = 37— > T X Xy (15)

r¥S

To develop the proposed tests, we used the d-variate extension given in the first option in (14).
Indeed, this extension has the advantage to be expressed in terms of copulas. The use of copula
allows to take into account the whole dependence structure instead of only dependence between
pairs as in (16) (e.g. Genest et al., 2011; Li et al., 2011). Further, Nelsen (1996) mentioned that
when d = 3, both extensions (14) and (15) coincide leading to:

r= th= g (0 (K )+ T (K K) H e (K X)) (16)
In our developed tests, the moving window technique has been employed in order to take into
account the dependence evolution according to time. Indeed, contrary to the margins, the evolution
of the dependence structure cannot be directly seen (e.g. Chebana & Ouarda, 2021). Moreover, the
result of Kendall’s t between two series is a single value that represents the strength of the
dependence and not the evolution of the dependence structure over time. Consequently, in order to
bring out the aspect of the trend in dependence, Kendall’s t should be used in a series. This has
been achieved by employing a moving window technique. The chosen window size, denoted s,
should be selected in a way to be neither too large nor too small, in order to perform reliable
analysis and adequate number of values for the identification of the dependence structure (e.g.

Bender et al., 2014; Chebana et al., 2013).

10
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Based on multivariate extension of Kendall’s T 75 in equation (16) developed by Joe (1990), let's
substitute X; with X, X, with Y, and replace X5 with the time order T =1, 2,..., n,. Let t,, denote
the empirical version of bivariate Kendall’s 1. In this context, we introduce the first proposed test
statistic, Ty o7 IS given by:

Tuor = 5 (1K, 4 1 (1T 4 1, (i (61, T an
where t,,, IS the series of the empirical Kendall’s r obtained through moving window for
corresponding series X and Y (see Figure 1). T"is the new series of time order that has the same
length of z,,,. Note that the length q of the obtained series z,,, is related to the sample size n and
the width s of the window as q = n — s + 1. Choosing the size of s involves a trade-off. On one
hand, a small s increases the number of rolling window series q for reliable analysis. On the other
hand, a large s is necessary to have a sufficient number of values to identify the dependence
structure, but this might decrease q (e.g. Bender et al., 2014; Chebana & Ouarda, 2021). In addition,
the selection of the width s of the windows is a common challenge to various tests (e.g. Biicher et
al., 2019; Chebana, 2022). To the best of our knowledge, and considering the existing literature,
formal statistical inference procedures specifically designed to address this purpose appear to be
not clearly established (e.g. Biicher et al., 2019; Kojadinovic & Yan, 2011).

Note that the window step in the moving windows shifts point-by-point in this study. Previous
studies by Vidrio-Sahagun and He (2022) have shown that a potential bias is introduced due to the
fact that data points located in the center of the series would be counted more times than those
located at the bounds, thereby exerting a significant influence on the estimates.

We employed the square of each term in order to avoid them cancelling each other or reduce the
final value of the statistics. This is similar when passing from the test CST in (10) to the test in

(12). This test is designed to test overall trend in a multivariate series. Indeed, the first two terms

11
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7,(X,T)?and t,, (Y, T)? focus on the univariate trends in the variables X and Y, respectively, with
respect to the time order T. However, the last term t,, (t,,,,(X,Y),T")? introduces a distinctive
multivariate perspective by considering the Kendall’s 7 between X and Y with a moving window
applied through T'. Unlike other available multivariate trend tests, this term allows to integrate the
dependence between the variables in the proposed test. Hence, the developed overall multivariate
trend test Ty, o7 considers the trend both in margins and in the dependence structure.

In order to focus on the trend in the dependence structure, the following multivariate dependence
trend (T),pr) test is proposed:

Typr = Th (T (X, Y),T") (18)

It represents the last term in (17) dealing only with dependence.

12
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T=valuee (1,1

Figure 1: Illustration of evolution of the dependence structure obtained through moving
windows for corresponding series X and Y

To evaluate the p-values corresponding to the proposed tests, the bootstrap procedure is considered
(e.g. Good, 2005). The asymptotic distribution of the proposed statistics is beyond the framework
of this paper since the distributions of these statistics Ty,or and Ty pr under the null hypothesis
depend on the unknown copula. Moreover, asymptotic results could be inappropriate in the context
of HFA, and other fields dealing with extreme values, since the series are usually very short (e.g.
Nasr & Chebana, 2019; Rutkowska, 2015).

The methodology of the proposed tests is based on two well-known notions in statistics and
applications, i.e. Kendall’s T extension and the moving window technique. Regarding the moving

window technique, used to integrate the evolution of the dependence structure, it has been

13
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considered in other studies for different reasons, such as in econometrics (e.g. Selvin et al., 2017),
in finance (e.g. Siami-Namini & Namin, 2018), in medicine (e.g. Dinh et al., 1999) and in statistic
(e.g. Genest & Rémillard, 2004).

The proposed tests have several conceptual advantages (along with their performance presented
below). Indeed, they allow overcoming some drawbacks of the existing multivariate tests (Table
1). In fact, the proposed overall statistic test T,,or IS designed to detect the trend in different
components (both margins and dependence structure) and it is not componentwise. The second
proposed test Ty, pr IS constructed to focus on detecting trend in dependence structure. Then, the
use of the proposed tests Tyor and Typr, along with the univariate testing for each margin,
provides an attractive and complete procedure for testing trend in the multivariate framework. Even
though the proposed tests are introduced and evaluated as part of multivariate HFA, they can be
considered in other fields and application dealing with multivariate trends such as economics,
finance, medicine, and climatology. It is important to recall that these tests are designed to test

monotonic trends only.

4. Simulation study

A Monte Carlo simulation study is conducted to evaluate the performance of the proposed
multivariate trend tests (e.g. Hirsch et al., 2015; Hirsch & Slack, 1984) and compare them with the
existing multivariate tests. Since the test CST has already lower performance compared than those
of CIT and CET (e.g. Modarres, 2018), then CST test is not considered. In addition, CET test is
the one recommended among the available multivariate ones (e.g. Chebana & Ouarda, 2021;

Chebana et al., 2013; Lettenmaier, 1988; Modarres, 2018).

14



270

271

272

273

274

275

276

277

278

279

280

281

282

283

284

285

286

287

288

289

290

291

292

4.1 Simulation design

Given that a multivariate distribution can be composed of margins and dependence structure, a
trend can affect these components in different ways. Therefore, we considered the following
scenarios for the bivariate case:

a) Trend only in the dependence structure

b) Trend only in one margin

¢) Trend in both margins with the same direction (increasing)

d) Trend in both margins with different directions

e) Trend in both margins and also in the dependence structure.
The above scenarios were considered in different levels and values in order to evaluate the possible
effects on the performances of the considered trend tests with different factors (direction and
magnitudes of the trend, degrees of dependence and sample size).
Data are generated from representative margins and copulas in hydrometeorology analyses to
evaluate the performance of the considered tests (e.g. Nasr & Chebana, 2019; Salvadori & De
Michele, 2010; Zhang & Singh, 2006). The employed copulas are in two groups: Archimedean
(Clayton, Frank, Joe and Gumbel), and Extreme-Value (Galambos and Husler-Reiss).
.Even though, a large number of univariate distributions are available, the generalized extreme
value (GEV), lognormal (LN2) and three-parameter lognormal (LN3) have been those developed
in non-stationarity hydrological framework (e.g. Chebana & Ouarda, 2021). In this study, we have
opted for the GEV as the marginal distribution as by previous studies (e.g. El Adlouni et al., 2007;
Gado, 2016).
The GEV distribution is parameterized with location (p), scale (), and shape (&) parameters. As

in previous studies, the non-stationary aspect is introduced by allowing the location parameter to

15
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be linear function of time (u,), while keeping the scale and shape parameters constant (i, + u;t, o,
&) where t is the time order.

In this study, the location parameter that characterize the non-stationarity are selected to have weak
trends, a condition frequently observed in hydrometeorological series (e.g. EI Adlouni et al., 2007;
Gado, 2016). As in Gado (2016), the location parameter was chosen in the range of -0.3 < p;<
+0.5 and u, = 0 in order to test the sensitivity of the proposed tests to the values of a variety of
trends. The scale and shape parameters were fixed at =1 and &= -0.1 respectively (e.g. El Adlouni
et al., 2007). Other values of the shape parameter, such as -0.3 as considered by EIl Adlouni et al.
(2007), have been checked. The obtained results showed no significant changes leading to similar
conclusions (for space limitations, those results are not presented).Note that, given the main
contribution of the present study is in the multivariate framework, the focus is not on univariate
aspects (e.g. selection of marginal distributions and their parameters).

In order to consider trend in the dependence structure, we generated random samples from time-
dependent copula C; where the corresponding parameter 6, in terms of Kendall’s t 7, is assumed
to be linear with respect to time, similarly to Nasri et al. (2019). Each copula has a specific
parameter range and related to Kendall’s t (e.g. Chebana, 2022). On the other hand, in the majority
of flood events, the Kendall’s t is between 0.3 and 0.8 (e.g. Nasr & Chebana, 2019; Requena et al.,
2013; Zhang & Singh, 2007). Hence, we considered three values of T = 0.2, 0.6, 0.8, representing
weak, moderate, and strong dependence respectively.

Different factors could affect the performance of a trend test, either univariate or multivariate,
specifically the sample size n and magnitudes of the trend (e.g. Bihrat & Bayazit, 2003;
Lettenmaier, 1988; Rutkowska, 2015; Yue et al., 2002). Moreover, the proposed tests could be

affected by dependence strength and copula type (e.g. Quessy et al., 2013). Hydrologic series are

16



316

317

318

319

320

321

322

323

324

325

326

327

328

329

330

331

332

333

334

335

336

337

usually characterized by small sample sizes. Hence, we considered sample sizes of n =30, 50 and
100 as in other studies (e.g. Barth et al., 2017; Nasr & Chebana, 2019; Santhosh & Srinivas, 2013).
Since the size s of the rolling window series is related to the sample size n (e.g. Chebana & Ouarda,
2021), the window size s is selected respectively as s = 10, 15, 20 for n = 30, 50, 100 similarly to
Nasr and Chebana (2019). This is short enough to have large rolling window series and lengthy
enough to have an adequate number of values for identifying the dependence structure (e.g. Bender
et al., 2014). While the challenge of choosing the size s of moving windows is common to other
tests in the literature, formal statistical inference procedures for this purpose are lacking in the
literature (e.g. Kojadinovic & Yan, 2011). However, Biicher et al. (2019) discussed this matter and
suggest, considering values such as s = 2, 3, or 4 and depending on the ultimate interest, one might
also consider choosing s differently. Chebana and Ouarda (2021) consider s =12 for 27-sample
size. In the case of Bender et al. (2014), the time window length is set to s = 50 years for 191 years.
It is important to note that, across all scenarios, Ng;,, =1000 samples are generated to ensure stable
results. Preliminary trials were conducted to assess convergence, and stability in results was achieved
with Ng;,,, =1000 samples. Note that, no significant differences have been observed with other values
greater than N;,,, = 1000 such as Ng;,,, = 5000.The first kind error, or nominal level, « is set to the
usual value @ = 5%. To compare the considered tests, we evaluate their ability to estimate « as

well as to quantify their power (1-£). Figure 2 summaries the conducted simulation study.

4.2 Simulation results
This section presents the obtained results of simulation study by estimating the nominal level and

evaluation the power of the considered tests.

Figure 2: Diagram of the simulation study
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4.2.1. Nominal level estimation

This section reports the estimates of of a for the proposed tests Tyor , Typr @long with the

Table 3: First type error estimates (%) by the proposed multivariate tests (T yor. T ypr) and
the existing ones (CIT, CET)
multivariate existing tests CIT and CET for different factors: sample sizes, dependence strengths

and different copula types as presented in Table 3. From Table 3, we observe that the proposed
tests Tyor and Typr provide estimates o close to the selected significance level o = 5 % for
different factors. The first type error should be close to the chosen significance level o to be exact

which is the main advantage of proposed tests.

Results from Table 3 show that the proposed tests Ty o and Typr are generally not sensitive to
different factors. First, it can be seen that the proposed tests are almost insensitive to the copula

type regarding the estimation of o. Indeed, as an example, for Tyor and Typr tests, o is

respectively in the range 3.8-5.9%, and 3.8-5.5%, for T = 0.6 and n = 50 for different copula type.

Regarding the dependence strength, for a given sample size, it has almost no effect on the
estimation of o by Ty or and Ty pr tests. As an example, when considering the Frank copula with
n = 50, the estimation ranges between 3.5-4.5% for Ty,or and 3.9-5.3% for Ty pr, for different
values of z. We have similar results regarding the effect of the sample size n. For example,
considering a dependence strength 7 of 0.6 and employing the Clayton copula, estimated o for

Tyor ranges from 5.1-5.9%, and for Ty, pr, it varies between 3.8-5.0% across different sample sizes.

As we can see under H,, the results presented in Table 3 indicate that existing multivariate CIT
and CET tests lead to estimates of close to the selected significance level a = 5 % for different
factors (in the range 3.1-6.6%). Not that, in the context of water quality, Lettenmaier (1988) found

that CIT and CET tests provide under-estimations of the nominal values.
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359
360 4.2.2. Power evaluation
361 In this section, we examine the power of the proposed tests in detecting the trend in the margins

362  and dependence structure (combined or separately).

Test Copula under t=0.2 t=0.6 t=0.8
Ho n=30 n=50 n=100 n=30 n=50 n=100 n=30 n=50 n=100
Clayton 4.0 4.9 5.6 5.9 5.2 5.1 3.2 5.6 3.9
Frank 4.9 4.5 4.6 45 45 6.1 4.6 3.5 45
Tyor Joe 4.7 5.2 4.9 6.1 5.9 4.8 4.3 4.3 4.4
Gumbel 5.8 3.9 5.4 3.8 4.9 4.7 3.8 4.7 5.0
Galambos 4.6 4.7 6.3 4.9 4.4 4.5 4.9 4.9 4.1
Husler-Reiss 4.2 5.1 4.9 3.3 3.8 5.5 2.9 4.4 5.4
Clayton 5.3 4.7 4.8 5.0 3,8 3.9 3.9 35 6.0
Frank 4.8 53 4.3 3.4 4.1 4.0 3.6 3.9 6.5
Joe 4.2 5.2 5.4 3.6 5.4 5.4 3.6 4.5 4.8
Typr Gumbel 3.9 4.9 3.9 4.4 4.4 4.2 3.6 4.0 5.3
Galambos 4.2 53 4.5 4.4 55 5.2 4.9 4.2 3.7
Husler-Reiss 4.3 5.2 4.7 45 4.9 4.6 4.3 5.6 4.4
Clayton 4.6 6.1 6.1 4.2 5.2 53 4.7 4.8 4.5
Frank 3.1 3.7 5.9 5.5 5.7 3.9 3.5 4.4 6.0
Joe 5.1 4.7 5.5 4.9 4.8 53 4.6 4.4 5.8
CIT Gumbel 4.6 5.1 4.9 4.1 53 5.2 5.6 4.4 5.7
Galambos 4.7 4.6 4.6 6.1 5.4 5.4 4.9 5.3 4.7
Husler-Reiss 5.7 5.3 6.0 3.8 45 5.4 3.9 4.4 5.9
Clayton 5.1 6.3 5.7 4.6 4.9 55 5.8 5.3 3.7
Frank 3.1 4.6 6.1 5.5 6.6 3.9 4.7 5.3 45
Joe 5.5 4.2 4.9 5.1 5.2 6.1 5.5 4.1 5.0
CET Gumbel 5.3 5.6 4.9 4.2 5.7 5.0 45 4.8 5.4
Galambos 5.4 5.2 4.3 6.0 5.0 6.5 4.4 5.9 4.8
Husler-Reiss 6.0 6.0 5.9 5.2 5.9 3.8 4.4 5.9 5.8
363 a) Trend in the dependence only

364  The power of the proposed tests in detecting the trend in the dependence structure is studied.
365  Results for different sample sizes, different copulas and dependence strengths, are displayed in
366  Table 4. One can see overall from Table 4 that the proposed tests Ty, and Ty,pr Stand out with

367  high power, in contrast to the CIT and CET tests.
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From Table 4, one first notes that the type of the copulas and dependence strength seems to have
little influence on the power of the Ty and Ty pr tests; it is rather the sample size that have a
significant impact. Indeed, we can see that the power of the tests Ty, and Ty, py IS inCreasing with
the sample size. For instance, for Ty,or test with Clayton copula, the power increases from 37.0%
when n =30 to 94.7% when n =100 (similarly for Ty, pr from 36.7 % to 95.5%). These results
align with the results from other tests, which also observed that power increase with the sample
size (e.g. Hirsch et al., 1982).

It is also of interest to note that the power of Ty,or and Ty, pr has less variability regarding copula
type. For instance, for Ty test with n =50, powers are 66.6% and 64.4% when considering
Clayton copula and Frank copula respectively. As another example, in the Ty, pr test with n = 100,
the powers are 95.5% for the Clayton copula and 94.8% for the Galambos copula. These values are
considerably high. Moreover, the power of Ty,or and Ty pr, remains well regardless of the trend
direction in the dependence structure. No significant differences were observed in the powers when
considering various trend directions. For the sake of simplicity and brevity, the results pertaining

to the decreasing trend direction are not presented.

Overall, with some exceptions, both proposed tests lead to similar powers. According to the sample
size, the power is low values (roughly 30 to 45%), moderate (55 to 67%) to very high (88 to 95%).
In trend or non-stationarity studies, it is important and appropriate to have n as high as possible.

Hence, the proposed tests are adapted to this context.

In the comparison of performance between the proposed tests(Tyor ,Tupr) and the existing tests
CIT and CET, a notable observation is that the latter exhibit inability to detect any trend in the

dependence structure across all examined scenarios. For instance, for CET test, the power estimate

20
Table 4: Power estimates (%) of the proposed tests (T yor, Tupr) and existing tests (CIT,
CET)-trend in in the dependence structure
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consistently ranges between 3.8%-8.8%, close to those in Table 3. These very low values are

expected since these tests ignore the dependence structure explicitly in their construction.

Sample Archimedean ExtremeValue
size Test Clayton | Frank | Joe |Gumbel*|Galambos HFl; s-Ier-
eiss

Tvor 37.0 383 | 419 36.3 43.2 32.2

Tupr 36.7 35.0 | 439 37.6 45.6 315

n=30 cit 8.8 4.0 6.5 5.2 6.1 5.1

CET 6.8 4.7 8.0 4.7 4.9 4.7

Twor 66.6 64.4 | 64.1 59.6 67.2 55.6

Tupr 67.2 59.1 | 65.5 59.7 67.5 56.1

n=50 CcIT 6.9 55 7.3 49 4.8 4.9

CET 6.0 51 6.6 4.6 3.8 3.9

Tuor 94.7 923 | 923 90.1 95.3 87.5

Tupr 95.5 92.1 | 94.7 88.3 94.8 88.3

n=100 CIT 5.4 5.2 6.3 5.5 5.5 4.3

CET 5.0 4.3 6.2 5.3 4.2 3.8

This table presents the power of the proposed test at significance level a=5%, for different scenarios. The Gumbel™ copula belongs
both to the class of Archimedean and extreme value copulas

b) Power evaluation: trend in one margin only

The results corresponding to this scenario are presented in Table 5. Since in this section we are
only interested in the marginal distributions, we consider only two families of copula (Clayton and
Galambos) with fixed Kendall’s 7, T = 0.6.

Table 5 show higher powers of the statistical test T,,,r as both the sample size and the trend slope
increase, eventually reaching 100%. These high power values demonstrate the efficacy of Ty,or In
detecting trends in one margin. From Table 5, we can see that the impact of sample size n on the
power. For a given slope of location parameter . and a copula, the power increases with n. For
instance, we consider the case with a location parameter slope u; = 0.1, generated from a Clayton
copula. In this case, the power of the Ty,,r test rises notably from 17.5% at n = 30 to 100% at n =

100. These high powers, highlighting the effectiveness of the Ty,,r test in detecting trend within
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405  one margin. In addition, no differences in growth are observed between different copulas. For
406  example, for n =100 and t = 0.6, powers of Ty tests are 100% for Clayton and Galambos

407  copulas.

408 Table 5 shows also high powers of the T, o test, particularly when the trend slope increases.
409  Indeed, for sample size n =50 and Galambos copula, power estimates of the Ty, test increase
410  from 42.2% to 100% when slope u, passes from 0.1 to 0.3. This finding is expected and it is in
411  agreement with the literature dealing with univariate trend (e.g. Yue et al., 2002). Moreover, from
412  Table 5, when considering a Galambos copula with n = 100, the Ty, o7 test demonstrates very high
413  powers, reaching 100% for both increasing trend (u; = 0.1) and decreasing trend (¢, = -0.1). This
414 result demonstrates the effectiveness of the Ty,or test, highlighting its ability to capture trends in

415  margins irrespective of their direction.

416  Results from Table 5 show that the proposed test Ty, IS NOt able to detect any trend in margins.
417  In all cases, the power estimates are less than 3.7%. This is not surprising since this test is intended

418  to capture trend only in dependence structure.

Table 5: Power estimates (%) of the proposed tests (T yor, Tupr) @nd existing tests (CIT, CET)-
trend in one margin only

419
7=06

Test | Copula py = 0.1t py = 0.3t py = 0.5t py =-0.1t
n=30 [ n=50 | n=100 [ n=30 | n=50 [ n=100 | n=30 [ n=50 | n=100 | n=30 | n=50 | n=100
. Clayton | 175|408 | 100 | 96.6 | 100 | 100 | 100 | 100 | 100 | 17.0 | 39.4 | 100
MOT | Galambos | 15.0 | 42.2 | 100 | 96.0 | 100 | 100 | 100 | 100 | 100 | 17.3 | 425 | 100
o Clayton | 29 | 28 | 31 | 11 |08 | 06 [ 04 |04 | 00 | 37 | 19| 16
Galambos| 29 | 21 | 13 | 06 | 06 | 00 [ 05 | 03 | 01 | 26 | 22 | 21
oI Clayton [ 99.9 | 100 | 100 | 100 | 100 | 100 | 100 | 100 | 100 | 99.7 | 100 | 100
Galambos [ 100 | 100 | 100 | 100 | 100 | 100 | 100 | 100 | 100 | 100 | 100 | 100
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Clayton 943 | 100 | 100 | 100 | 100 | 100 | 100 | 100 | 100 | 94.4| 100 100
Galambos | 94.0 | 100 | 100 | 100 | 100 | 100 | 100 | 100 | 100 | 93.7 | 100 100
This table presents the power of the proposed test at significance level a=5%

CET

As part of comparison, Table 5 reports also the performance for the existing CIT and CET tests.
Through Table 5, those tests have high power values almost always 100%. These high power values
of CIT and CET tests are different from the literature (e.g. Hirsch & Slack, 1984; Lettenmaier,
1988). This can be attributed to distinct simulation conditions. Initially developed for monthly
water quality data, the CET and CIT tests are not specifically adapted for hydrological data, as in
our case. The primary purpose of these tests is the detection of trends in time series, not the
frequency analysis of hydrological data. This dissimilarity in objectives and context introduces
several differences in simulation conditions. For instance, Hirsch and Slack (1984) and Lettenmaier
(1988) based their analyses on sample sizes ranging from 5 to 20, with a slope value from 0.0065
to 0.05, specifically chosen to match the features of water quality time series. When we applied
some of these features (n = 20, slope = 0.05), the power of the CET test decreased significantly to
11%.

c) Power evaluation: trend in both margins
We present the power values here when trend is present in both margins. Table 6 shows that
except Ty pr, the power of all tests is very high and can reach 100%. The high power of the
developed multivariate Ty,7 test clearly emphasizes its effectiveness in detecting trends in both
margins. Moreover, Tyor power significantly increases with n. For instance, with a Galambos
copula and slopes u; =-0.1 and u, =-0.1, the power values for the T}, test increase from 56.4%
atn = 30 to a 100% at n = 100.
Table 6 demonstrates also the impact of the trend direction between both margins on the power of

Tyor- Regardless of whether the trend is increasing or decreasing, the Ty or test exhibits high
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power. As an example, when examining different trend directions for both margins with location
parameters set at u; =0.3, u, =-0.3, and considering Clayton copulas, the power remains at a high
level of 100% across all sample sizes n. This high power demonstrates the effectiveness of the

Tyor test in detecting trends across both margins under diverse directions.

Table 6: Power estimates (%) of the proposed tests (T por, Tupr) and existing tests (CIT,
CET)-trend in both margins
Table 6 provides also insights about the effect of the trend slope on the power on the power of the

proposed tests. In fact, the proposed test Ty performs clearly better when the slope of trend
increases. As an example, considering n = 30 and Clayton copula, the test power increases from

53.2% if slope are u; =-0.1, u, =-0.1to 100 % when the slopes are y; =0.3, u, =0.3.

The powers here increased (except for the T),p) compared to Table 5 specifically for Ty;or. The
reason is that we have additional component with trend in the margins. Moreover, Ty, pr as designed
and expected, is not detecting such a trend. CET and CIT continue to slowly increasing to reach
100% in all cases which similar to the previous case (Table 5). However, importantly, Tyor 1S
adapted to the situation with an increase that is realistic. The reason that tests, except Ty pr, reach
100% is that the trend in the margins is dominating the non-trend in the dependence (e.g. Bender

etal., 2014).

As part of comparison, the two classical tests CIT and CET are able to detect the trend in both
marginal distributions with a high performance =100% in all cases. These obtained results are
different from the literature and the reasons are explained in the previous case (trend in one margin
only). As anticipated, Table 6 affirms that the proposed statistic Ty,py iS not able to detect any
trend in both margins, aligning with its specific design focused on capturing trend solely within the

dependence structure. In all instances, the powers remain below 7.8%.
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t=0.6

u =-0.1t uw =03t w = 0.3t u, =0.3t
Test Copula 1, = -0.1t 1, =-0.3t 1, = -0.1t 1, = 0.3t
n=30 | n=50 | n=100 | n=30 | n=50 | n=100 | n=30 | n=50 | n=100| n=30 |n=50 |n=100
T Clayton 53.2199.8| 100 | 100 | 100 | 100 | 100 | 100 | 100 100 100 | 100
MOT

Galambos | 56.4 | 100 | 100 | 97.0 | 100 | 100 | 99.9 | 100 | 100 100 100 | 100

T Clayton 32 51| 54 [36]01| 68 |24 | 13| 05 34 48 | 55
MDT | Galambos| 49 | 46 | 52 | 15| 03 | 78 | 1.7 | 1.4 | 17 5.0 42 | 52
oIt Clayton [ 100 | 100 | 100 | 100 | 100 | 100 | 100 | 100 | 100 100 100 | 100

Galambos | 100 | 100 | 100 | 100 | 100 | 100 | 100 | 100 | 100 100 100 | 100
Clayton | 100 | 100 | 100 | 100 | 100 | 100 | 100 | 100 | 100 100 100 | 100
Galambos | 100 | 100 | 100 | 100 | 100 | 100 | 100 | 100 | 100 100 100 | 100

This table presents the power of the proposed test at significance level a=5%

CET

d) Power evaluation: trend in both margins and dependence

In this case, we considered a large number of possibilities since all the components of the bivariate
distribution have trends. Note that similar results are obtained when examining either an increasing
or a decreasing trend in the dependence structure, as well as for the direction of the trend
(increasing/decreasing) in both margins. For the sake of brevity, we do not present all the results.
Form, results highlight the high power of the Ty, tests across various copulas and sample sizes.
Notably, the Ty o7 test exhibits high performance, reaching 100% power even with weak slopes
and short sample sizes.

Notably, as shown in Table 7, similar to the preceding scenario, the performance of trend Tyor
tests is influenced by the sample size. Specifically, a larger sample size correlates with higher
power. This observation is most apparent for a very weak slope u, =-0.1 for both margins. As an
example, considering Gumbel copula, the test power increases from 83.9 % for a sample size n =
30 to 100% when n =100. These powers are considerably high. In this instance, the presence of
trends in all components (margins and dependence structure) leads to a rapid increase in

performance compared to the previous Tables (Table 5 and Table 6).
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Moreover, the power of Ty increases with the slope of the trend. For instance, considering
Husler-Reiss copula with n = 30, the power is 88.6% when p; = -0.1, u, = -0.1 and increases to
100% when p, = 0.3, u, = 0.3. However, no significant differences were found between powers
when considering different copulas. Indeed, as an example, for n = 30 and y; = -0.1, u, = -0.1,
the test power is between 83.9% and 94.0% for all different copulas.

From Table 7, we can see also that power of Ty,,r IS very high when considering the same trend
direction in margins and dependence. As an example, from Table 7 when considering time-varying
location parameters for u; = 0.3, pu, = 0.3t, and increasing trend in dependence structure, the
power is always 100%. Further, it can be seen from the same Table 7 that power estimates of the
proposed test Ty o7 IS NOt sensitive to the different direction of trend between both margins and
dependence. For instance, when both margins exhibit a decreasing trend (¢, =-0.1, u, =-0.1) and
the dependence shows an increasing trend, the power ranges from 83.9% to 100% across different
sample sizes n and copula types. Moreover, it is important to emphasise that the proposed statistic
Tyor performs well in detecting trend even when considering different directions between both
margins. For instance, for time-varying location parameters of y; = 0.3, u, = -0.3, and increasing
trend in dependence structure, the power estimates are 100% for all different sample size and
copulas. This is because of the terms in the test T,,or are squared to avoid cancelling the trend
with different signs. Through Table 7, considering overall test Ty, it is very important to note that
the powers are around 100% in the majority of simulation cases. The first column is the only one
that does not reach 100% for the different copula types. Indeed, the power range between 83.9%
and 94% when n = 30. This is because this column represents the lowest slope (-0.1). This is a high
results despite the weak slopes of marginal distributions were chosen according to the hydrological

flood context and only the location parameter (u;) is assumed to be a linear function of time.
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Table 7: Power estimates (%) of the proposed tests T yor and Ty pr — trend in both margins
and the dependence structure

Uy =-0.1t Uy, = 0.3t uy = 0.5t u = 0.3t
Test Copula U, =-0.1t U, = 0.3t U, = 0.3t U, =-0.3t
N=30 | n=50 |n=100| n=30 | Nn=50 |n=100| n=30 | n=50 |Nn=100| n=30 | n=50 | n=100
Clayton 93.1 99.8 100 100 100 100 100 100 100 100 100 100
Frank 94.0 100 100 100 100 100 100 100 100 100 100 100
Tuor | Joe 92.0 100 100 100 100 100 100 100 100 100 100 100
Gumbel 83.9 100 100 100 100 100 100 100 100 100 100 100
Galambos 92.4 100 100 100 100 100 100 100 100 100 100 100
Husler-Reiss | 88.6 100 100 100 100 100 100 100 100 100 100 100
Clayton 25.4 37.6 70.5 26.5 34.9 78.4 11.0 20.2 50.4 7.2 9.6 15.4
Frank 31.4 59.3 91.8 22.7 36.3 79.8 14.2 22.4 54.1 8.4 10.3 19.6
T Joe 30.4 58.6 93.7 26.5 47.8 84.5 18.7 28.4 61.7 7.2 11.5 11.5
MDT | Gumbel 349 | 554 | 921 | 295 | 494 | 89.1 | 164 | 27.8 | 595 7.8 12.1 | 17.8
Galambos 29.8 63.3 95.2 37.6 60.8 95.0 14.0 25.3 62.6 6.5 11.3 14.4
Husler-Reiss | 21.7 47.8 89.0 28.3 47.7 90.3 13.5 23.9 54.3 5.7 10.1 15.7
50 This table presents the power of the proposed test at significance level a=5%

503 Regarding the second proposed test, Ty, as observed in Table 7, we can see that the power

504  substantially increases with a higher sample size, specifically reaching up to 95.2% when the

505 sample size is elevated to n = 100. For example, generated data from a Gumbel copula and a slope

506 u; =0.3, u, = 0.3 and trend in dependence structure, the test power increase from 29.5% for a

507  series of length n =30 to 89.1% when n =100. It is also important to note that exceptions are

508  observed concerning Ty pr. Table 7 reveals that the T, test's power increases as the slope of both

509

margins decreases. For instance, with the Clayton copula and n = 50, the test power increases from

510  50.4% when the location parameters are set to u; = 0.5 and u, = 0.3 to 78.4% when y; = 0.3 and

511  p, =0.3. Moreover, Typr test’s performance is better when the directions of the margins are the same

512  compared to case where they differ. For example, considering the Frank copula and n =50, the
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power estimates increase from 10.3% when location parameters are set to u; = 0.3, u, = -0.3 to
36.3% when u; =0.3, u, = 0.3. This exceptions on results can be explained by the fact that
incorporating trends in the margins can dilute or mask the trend in the dependence, especially when
the trend in the margins is stronger than the trend in the dependence (e.g. Bender et al., 2014).

In order to have an overview of the power of the proposed tests, Ty,;or test performs well, especially
with more data and stronger trends. It is flexible, width different trend directions. However, Ty,pr's
power varies more, improving with larger sample sizes but sometimes decreasing with stronger
trends in margins. The T, test seems to have some exception associated with varying directions
in margins trends. Comparatively, existing tests (CIT and CET) have high powers when trends are
only in margins but fall short in spotting trends in the dependence. This highlights the importance
of Tyor and Ty,pr, Which consider both margins and dependence for a more complete picture.
Note that the performance of the existing multivariate tests CIT and CET is not interesting in this
scenario (trend in both margins and dependence). Notably, Table 4 demonstrate that both CIT and
CET do not identify any trend in the dependence structure. This demonstrates that current existing
multivariate tests fall short in capturing trends across the entire system, encompassing both margins
and the dependence structure. In particular, they neglect to discern whether a trend is present or
absent in the dependence structure.

It is important to extract information from different tables (4, 5, 6, and 7) in order to quantify the
trend in all components. We chose Clayton copula and slope of trend equal to -0.1 for both margins.
Considering T o7 test, powers of the cases of trend in both margins and dependence are higher
than in trend on the only the dependence or only in the margins. This can be explained by the fact

that the higher the trend in terms of the number components, the higher the power will be.
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From Figure 3 we can see for n = 30 that the power of the Ty, test increases from 17.5% when
trend in one margin, 53.2% when trend in both marginal distributions and to 93.1 % when trend in
all components. This test allows a quantification of the trend since it detects it in all components
unlike the multivariate existing tests. Through Figure 3, it is clear to see that T, test performs
well when a trend in dependence structure and in both components (margins and dependence
structure). Moreover, we can see that the presence of the trend in the margins influences the
performance of T,y test. For example, for n =100, Figure 3 show that the power of test increase
from 70.5% when trend in both margins and dependence, to 95.5% when trend only in dependence
structure. We note that CET test not able to detect the trend in the dependence structure. The high
power of the CET is misleading and once a gain it ignores that there is no trend in the dependence.

The proposed tests, although with lower power, provide realistic and representative results in

oT MOT CET
|| I- ‘_ |_ .| .| -|
IED n:ISD n:IED n:I3D 50

= n=100 n=100 n=5 n=100

detecting trends.

M
100 -

75 -
50- ‘
25- I
0- I

n=30 n

. Trend in the dependence only . Trend in one margin anly Trend in both margins Trend in both margins and dependence

Power estimates (%)

Figure 3: Quantification of trend by statistics Ty o7, Typr and CET test for Clayton copulas and
slope of margins equal to -0.1.
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5. Applications to Hydrological Data

In this section, the purpose is to assess the appropriateness of the proposed tests for practical use.
We apply the developed and existing tests to three real-world hydrological datasets in Canada.
They have been chosen to cover different affected components of trends. The first data series
correspond to the Southwest Margaree River. The second data series correspond to the Long Creek
stations. This station exhibits regulated flow regimes and located below Boundary dam Reservoir.
Note that reservoir construction is one of the primary factors contributing to changes in the
characteristics of natural river flow regimes (e.g. Ekka et al., 2022). The same series was
considered in Tan and Gan (2015) to study the contribution of human change impacts to changes
in streamflow of Canada. The third data series correspond to Athabasca River. The same station
has been previously employed in analysis of hydrological univariate trends and variability by
numerous studies (e.g. Bawden et al., 2014; Das et al., 2020). Figure 4 and Table 8 present
respectively the geographical location and general information about the considered stations.

Table 8: General information about the stations

Station name Province Station number | Period of records (years) | Part of RHBN*
Southwest Margaree River Nova Scotia 01FB003 1960-2021 (61) Yes
Long Creek near Estevan Saskatchewan 05NB001 1970-2023 (53) No
Athabasca River below Fort McMurray Alberta 07DA001 1970-2021 (51) Yes

* Reference Hydrometric Basin Network (RHBN), which consists of a set of stations with long records and minimal human impacts

intended for climate change studies
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Figure 4: Geographical location of stations 01FB003, 05NB001 and 07DA001

Based on hydrological literature, our emphasis is on the flood peak (Q) and volume (V) series (e.g.

Gaal et al., 2015). All the applications considered a significance level of 5%. The results are given

in Table 9.

Table 9: Univariate and multivariate stationarity testing results

Univariate MK test Multivariate MK tests
Station Variable p-value CST CIT CET* | MOT | MDT
0.627
01FB003 Q 0.668 0.528 0 0.008 | 0.029
vV 0.713
05NB001 Q 0.000052 0.00523 | 0.000040 1 0.026 | 0.574
Vv 0.000011
Q 0.0184
7DA001 1 1 .017 .037
07DA00 v 0026 0,138 0,060 0.0 0.03

The bold character indicates the rejection of corresponding null hypothesis at the 5% level.* Note that, instead of the p-value, for the CET-test the

conclusion is presented as: 1 if there is a trend, 0 if not, since this test is based on critical thresholds.
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For station 01FB003, first, results show no trend detected in the margins (as confirmed from Figure
5). In addition, a significant trend in the dependence structure detected by the proposed MDT test,
which is consistent with Figure 6. In contrast, the existing multivariate tests (CST, CIT and CET)
were unable to detect the trend in the dependence structure. This confirms the efficacy of MDT in
detecting trend in dependence structure. Furthermore, the MOT test also indicates a significant
overall trend, which confirm its ability to detect trends some components (here in the dependence
structure). Given that, this station is part of the RHBN, the presence of trends in the dependence

structure is driven by climate changes. It is noteworthy that Burn and Whitfield (2023) have

observed changes in the nival fraction at the same station.
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In station 05SNB001, we observe that all multivariate existing tests are in agreement with a
significant trend. The proposed multivariate test MOT also indicated overall trend. This can also
be verified from Figure 7. Trends are also detected by MK univariate for each variable. Given that
this station is non-RHBN and located below Boundary dam Reservoir, the observed trend detection
in the margins may be attributed to anthropogenic activity and/or potential climate change impacts.
It should be noted that no visually clear monotonic trend in the dependence structure is observable,

as shown in Figure 8, as confirmed by the MDT test.
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For 07DAO001, we observe that the univariate MK test indicates the presence of trends in both
variables simultaneously (as confirmed by Figure 9). Additionally, the MDT test detects a trend in
the dependence structure, which can also be confirmed from Figure 10. The proposed multivariate
MOT test confirms an overall multivariate trend. Among the existing multivariate tests, only CET
detects the existence of a trend in the margins. The CIT statistic value is very close to the threshold.
The CST test does not detect any trend. This confirms findings in the literature that the CST test
has lower performance compared to CIT and CET (e.g. Modarres, 2018), and the CET test is
recommended among the available multivariate tests (e.g. Chebana & Ouarda, 2021). This station
is a part of the RHBN. Thus, the observed multivariate trends in the margins and dependence
structure could be driven by climate change. Note that, recent decades have seen significant
changes in the hydrological and meteorological conditions of the Athabasca River (e.g. Bawden et

al., 2014; Beltaos & Carter, 2009).
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Figure 9: Plot of Peak, volume of the series Q (left) and V (right) with the associated regression
lines (07DA001
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(07DA001)

6. Conclusions and Perspectives

In the literature dealing with multivariate frequency analysis, in general, the stationarity assumption
is not verified. This is in part due to the absence of powerful and effective tests. However,
nowadays in climate and hydrological changing context, it is more and more important to consider
multivariate tests that can detect non-stationarity either in the margins or in the dependence
structure.

The aim of the present paper is to develop new tests for multivariate trend to fill a gap in the
statistical and hydrological literature. The first test T),or is designed to detect trend in the affected
component (margins and dependence), and the second test Ty, IS conceived to focus on trend in
the dependence structure. In comparison to existing multivariate tests, simulation results show very

promising performances in terms of first type error and power.
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The proposed multivariate tests are adopted to hydrological context due to their good performance
when the trend is very weak and the series is short, which often happens in hydrological series. The
existing tests where not able to detect trend in the dependence structure alone or with the margins.
The mutual application of the proposed tests Ty pr and Ty,or With univariate MK test provides an
attractive procedure for testing multivariate trend and to discriminating its potential source.

In this paper, the proposed multivariate trend tests were theoretically justified and practically
demonstrated through both a comprehensive simulation study and practical illustrative
applications. However, certain limitations were observed for the developed tests. Indeed, they are
designed for monotonic trends whereas other forms of trends may exist. Thus, for a more flexible
trend detection, there is a need to advance the development of non-monotonic trend tests.
Moreover, the presence of autocorrelation in the data can influence the outcomes of tests to detect
trends. Consequently, Hamed and Rao (1998) proposed a modified univariate MK-test. Similarly,
in the multivariate framework, it would of interest to develop multivariate trend tests suited for
autocorrelated data.

Acknowledgments

This project is funded by the Natural Sciences and Engineering Research Council of Canada
(NSERC) and the University Mission of Tunisia in Montreal (MUTAN). The authors are grateful
to the Editor, the Associate Editor and the reviewers for their comments and suggestions which

helped improve the quality of the paper.

37



644
645
646
647
648
649
650
651
652
653
654
655
656
657
658
659
660
661
662
663
664
665
666
667
668
669
670
671
672
673
674
675
676
677
678
679
680
681
682
683
684
685
686
687
688

References

Aissia M-AB, Chebana F, Ouarda TB, Roy L, Bruneau P & Barbet M (2014) Dependence evolution
of hydrological characteristics, applied to floods in a climate change context in Quebec.
Journal of Hydrology 519:148-163.

Barth NA, Villarini G, Nayak MA & White K (2017) Mixed populations and annual flood
frequency estimates in the western United States: The role of atmospheric rivers. Water
Resources Research 53(1):257-269.

Bawden AJ, Linton HC, Burn DH & Prowse TD (2014) A spatiotemporal analysis of hydrological
trends and variability in the Athabasca River region, Canada. Journal of Hydrology
509:333-342.

Beltaos S & Carter T (2009) Field studies of ice breakup and jamming in lower Peace River,
Canada. Cold Regions Science and Technology 56(2-3):102-114.

Bender J, Wahl T & Jensen J (2014) Multivariate design in the presence of non-stationarity.
Journal of Hydrology 514:123-130.

Bihrat O & Bayazit M (2003) The power of statistical tests for trend detection. Turkish journal of
engineering and environmental sciences 27(4):247-251.

Biicher A, Fermanian JD & Kojadinovic I (2019) Combining Cumulative Sum Change-Point
Detection Tests for Assessing the Stationarity of Univariate Time Series. Journal of Time
Series Analysis 40(1):124-150.

Burn DH & Whitfield PH (2023) Climate related changes to flood regimes show an increasing
rainfall influence. Journal of Hydrology 617:129075.

Cannon AJ (2010) A flexible nonlinear modelling framework for nonstationary generalized
extreme value analysis in hydroclimatology. Hydrological Processes: An International
Journal 24(6):673-685.

Chebana F (2022) Multivariate Frequency Analysis of Hydro-Meteorological Variables: A
Copula-Based Approach. Elsevier,

Chebana F & Ouarda TB (2011) Multivariate quantiles in hydrological frequency analysis.
Environmetrics 22(1):63-78.

Chebana F & Ouarda TB (2021) Multivariate non-stationary hydrological frequency analysis.
Journal of Hydrology 593:125907.

Chebana F, Ouarda TB & Duong TC (2013) Testing for multivariate trends in hydrologic frequency
analysis. Journal of hydrology 486:519-530.

Chong K, Huang Y, Koo C, Ahmed AN & EI-Shafie A (2022) Spatiotemporal variability analysis
of standardized precipitation indexed droughts using wavelet transform. Journal of
Hydrology 605:127299.

Conover W (1980) Practical Nonparametric Statistics, by John Wiley and Sons Inc. New York 2.

Das A, Rokaya P & Lindenschmidt K-E (2020) Ice-jam flood risk assessment and hazard mapping
under future climate. Journal of Water Resources Planning and Management
146(6):04020029.

De Luca DL & Napolitano F (2023) A user-friendly software for modelling extreme values:
EXTRASTAR (EXTRemes Abacus for STAtistical Regionalization). Environmental
Modelling & Software 161:105622.

Dietz EJ & Killeen TJ (1981) A nonparametric multivariate test for monotone trend with
pharmaceutical applications. Journal of the American Statistical Association 76(373):169-
174.

38



689
690
691
692
693
694
695
696
697
698
699
700
701
702
703
704
705
706
707
708
709
710
711
712
713
714
715
716
717
718
719
720
721
722
723
724
725
726
727
728
729
730
731
732
733
734

Dinh TP, Perrault H, Calabrese P, Eberhard A & Benchetrit G (1999) New statistical method for
detection and quantification of respiratory sinus arrhythmia. IEEE transactions on
biomedical engineering 46(9):1161-1165.

Ekka A, Keshav S, Pande S, van der Zaag P & Jiang Y (2022) Dam-induced hydrological
alterations in the upper Cauvery river basin, India. Journal of Hydrology: Regional Studies
44:101231.

El Adlouni S, Ouarda TB, Zhang X, Roy R & Bobée B (2007) Generalized maximum likelihood
estimators for the nonstationary generalized extreme value model. Water Resources
Research 43(3).

Gaal L, Szolgay J, Kohnova S, Hlavcova K, Parajka J, Viglione A, Merz R & Bloschl G (2015)
Dependence between flood peaks and volumes: a case study on climate and hydrological
controls. Hydrological Sciences Journal 60(6):968-984.

Gado TA (2016) An at-site flood estimation method in the context of nonstationarity 1. A
simulation study. Journal of Hydrology 535:710-721.

Genest C & Chebana F (2017) Copula modeling in hydrologic frequency analysis. Chapter 30.
Handbook of applied hydrology. McGraw-Hill Education, New York :30-31.

Genest C, Neslehova J & Ben Ghorbal N (2011) Estimators Based on Kendall's Tau in Multivariate
Copula Models. Australian & New Zealand Journal of Statistics 53(2):157-177.

Genest C & Rémillard B (2004) Test of independence and randomness based on the empirical
copula process. Test 13:335-369.

Good P (2005) Multivariate analysis. Permutation, Parametric and Bootstrap Tests of Hypotheses
:169-188.

Grimaldi S & Serinaldi F (2006) Asymmetric copula in multivariate flood frequency analysis.
Advances in Water Resources 29(8):1155-1167.

Gu H, Yu Z, Li G & Ju Q (2018) Nonstationary multivariate hydrological frequency analysis in
the upper Zhanghe River Basin, China. Water 10(6):772.

Hamed KH & Rao AR (1998) A modified Mann-Kendall trend test for autocorrelated data. Journal
of hydrology 204(1-4):182-196.

Hirsch RM, Archfield SA & De Cicco LA (2015) A bootstrap method for estimating uncertainty
of water quality trends. Environmental Modelling & Software 73:148-166.

Hirsch RM & Slack JR (1984) A nonparametric trend test for seasonal data with serial dependence.
Water Resources Research 20(6):727-732.

Hirsch RM, Slack JR & Smith RA (1982) Techniques of trend analysis for monthly water quality
data. Water resources research 18(1):107-121.

Jalili Pirani F & Najafi M (2020) Recent trends in individual and multivariate compound flood
drivers in Canada's coasts. Water Resources Research 56(8):e2020WR027785.

Joe H (1990) Multivariate concordance. Journal of multivariate analysis 35(1):12-30.

Joyce J, Chang N-B, Harji R & Ruppert T (2018) Coupling infrastructure resilience and flood risk
assessment via copulas analyses for a coastal green-grey-blue drainage system under
extreme weather events. Environmental modelling & software 100:82-103.

Kang L, Jiang S, Hu X & Li C (2019) Evaluation of return period and risk in bivariate non-
stationary flood frequency analysis. Water 11(1):79.

Karahacane H, Meddi M, Chebana F & Saaed HA (2020) Complete multivariate flood frequency
analysis, applied to northern Algeria. Journal of Flood Risk Management 13(4):e12619.

Kendall M (1975) Rank Correlation Methods; Griffin: London, UK, 1975. Google Scholar.

Kendall M & Gibbons J (1990) Rank Correlation Methods, New York: Oxford Univ. (Press).

39



735
736
737
738
739
740
741
742
743
744
745
746
747
748
749
750
751
752
753
754
755
756
757
758
759
760
761
762
763
764
765
766
767
768
769
770
771
772
773
774
775
776
777
778
779

Kendall MG & Smith BB (1940) On the method of paired comparisons. Biometrika 31(3/4):324-
345.

Kojadinovic | & Yan J (2011) A goodness-of-fit test for multivariate multiparameter copulas based
on multiplier central limit theorems. Statistics and Computing 21:17-30.

Lettenmaier DP (1988) Multivariate nonparametric tests for trend in water quality 1. JAWRA
Journal of the American Water Resources Association 24(3):505-512.

Li G, Xiang X & Guo C (2016) Analysis of nonstationary change of annual maximum level records
in the Yangtze river estuary. Advances in Meteorology 2016.

Li H, Wang D, Singh VP, Wang Y, Wu J, Wu J, Liu J, Zou Y, He R & Zhang J (2019) Non-
stationary frequency analysis of annual extreme rainfall volume and intensity using
Archimedean copulas: A case study in eastern China. Journal of hydrology 571:114-131.

Li J, Bardossy A, Guenni L & Liu M (2011) A copula based observation network design approach.
Environmental Modelling & Software 26(11):1349-1357.

Loftis JC, Taylor CH, Newell AD & Chapman PL (1991) Multivariate trend testing of lake water
quality 1. JAWRA Journal of the American Water Resources Association 27(3):461-473.

Mann HB (1945) Nonparametric tests against trend. Econometrica: Journal of the econometric
society :245-259.

Milly PC, Betancourt J, Falkenmark M, Hirsch RM, Kundzewicz ZW, Lettenmaier DP & Stouffer
RJ (2008) Stationarity is dead: Whither water management? Science 319(5863):573-574.

Modarres R (2018) Bivariate trend assessment of dust storm frequency in relation to climate
drivers. Natural Hazards and Earth System Sciences Discussions :1-24.

Nasr IB & Chebana F (2019) Homogeneity testing of multivariate hydrological records, using
multivariate copula L-moments. Advances in Water Resources 134:103449.

Nasri BR, Rémillard BN & Bouezmarni T (2019) Semi-parametric copula-based models under
non-stationarity. Journal of Multivariate Analysis 173:347-365.

Nelsen RB (1996) Nonparametric measures of multivariate association. Lecture notes-monograph
series :223-232.

QOuarda TB, Charron C, Hundecha Y, St-Hilaire A & Chebana F (2018) Introduction of the GAM
model for regional low-flow frequency analysis at ungauged basins and comparison with
commonly used approaches. Environmental Modelling & Software 109:256-271.

Panagoulia D, Economou P & Caroni C (2014) Stationary and nonstationary generalized extreme
value modelling of extreme precipitation over a mountainous area under climate change.
Environmetrics 25(1):29-43.

Quessy JF, Said M & Favre AC (2013) Multivariate Kendall's tau for change-point detection in
copulas. Canadian Journal of Statistics 41(1):65-82.

Requena A, Mediero L & Garrote L (2013) A bivariate return period based on copulas for
hydrologic dam design: accounting for reservoir routing in risk estimation. Hydrology and
Earth System Sciences 17(8):3023-3038.

Rutkowska A (2015) Properties of the Cox—Stuart test for trend in application to hydrological
series: the simulation study. Communications in Statistics-Simulation and Computation
44(3):565-579.

Salvadori G & De Michele C (2010) Multivariate multiparameter extreme value models and return
periods: A copula approach. Water resources research 46(10).

Santhosh D & Srinivas V (2013) Bivariate frequency analysis of floods using a diffusion based
kernel density estimator. Water resources research 49(12):8328-8343.

40



780
781
782
783
784
785
786
787
788
789
790
791
792
793
794
795
796
797
798
799
800
801
802
803
804
805
806
807
808
809
810
811
812
813
814
815
816

Selvin S, Vinayakumar R, Gopalakrishnan E, Menon VK & Soman K (2017) Stock price prediction
using LSTM, RNN and CNN-sliding window model. 2017 international conference on
advances in computing, communications and informatics (icacci). IEEE, p 1643-1647.

Siami-Namini S & Namin AS (2018) Forecasting economics and financial time series: ARIMA vs.
LSTM. arXiv preprint arXiv:1803.06386.

Smith EP, Rheem S & Holtzman GI (1993) Multivariate assessment of trend in environmental
variables. Multivariate environmental statistics. Amsterdam, Elsevier :491-507.

Sneyers R (1990) On the Statistical Analysis of Series of Observations. World Meteorol. Organ.

Tan X & Gan TY (2015) Contribution of human and climate change impacts to changes in
streamflow of Canada. Scientific reports 5(1):17767.

Thas O, Vooren LV & Ottoy J-P (1998) Nonparametric test performance for trends in water quality
with sampling design applications 1. JAWRA Journal of the American Water Resources
Association 34(2):347-357.

Vidrio-Sahagun CT & He J (2022) The decomposition-based nonstationary flood frequency
analysis. Journal of Hydrology 612:128186.

Vidrio-Sahagun CT, Ruschkowski J, He J & Pietroniro A (2024) A practice-oriented framework
for stationary and nonstationary flood frequency analysis. Environmental Modelling &
Software :105940.

Wang F, Shao W, Yu H, Kan G, He X, Zhang D, Ren M & Wang G (2020) Re-evaluation of the
power of the mann-kendall test for detecting monotonic trends in hydrometeorological time
series. Frontiers in Earth Science 8:14.

Xu P, Wang Y, Fu X, Singh VP & Qiu J (2023) Detection and attribution of urbanization impact
on summer extreme heat based on nonstationary models in the Yangtze River Delta, China.
Urban Climate 47:101376.

Yue S & Pilon P (2004) A comparison of the power of the t test, Mann-Kendall and bootstrap tests
for trend detection/Une comparaison de la puissance des tests t de Student, de Mann-
Kendall et du bootstrap pour la détection de tendance. Hydrological Sciences Journal
49(1):21-37.

Yue S, Pilon P & Cavadias G (2002) Power of the Mann—Kendall and Spearman's rho tests for
detecting monotonic trends in hydrological series. Journal of hydrology 259(1-4):254-271.

Zhang L & Singh V (2006) Bivariate flood frequency analysis using the copula method. Journal
of hydrologic engineering 11(2):150-164.

Zhang L & Singh VP (2007) Trivariate flood frequency analysis using the Gumbel-Hougaard
copula. Journal of Hydrologic Engineering 12(4):431-439.

Zhang Z, Huang J, Wagner PD & Fohrer N (2022) A method for detecting the non-stationarity
during high flows under global change. Science of The Total Environment 851:158341.

41



T: dependence
level
n: sample size
a: significance
level
s: window size

Select Copula C
Select Margins F and G

y

Obtained 6, using
inversion Kendall’s

Ay Resample widh

Svntietic NS data: Sample

replacement

1-  Trend only in one or both
margins (using copula C, F
and G):

Using the quantile distribution function
of GEV for two marginal distribution

Fort=l,....n {

Time varing location parameter p +
Het

Get (x,y) sample of length n
}

Genrate bivariate data

Define Conditional copula

a
() =PV <v[U=u)= =

€, (uv)

v

Draw Two independent uniform
(0,1) variates u and t
|

2- Trend only in the
dependence structure (using
copula C)

Fori=1,....n {

From select copula C and 7, sample
(1, Y11

Take (x1,¥1)1

From same select copula C and 7,
sample (x1,¥1)2

Take (x1, y1)2

Repeat the precedent step untili=n
Get (xy,¥1); sample of length » and
T

}

v

Set v=c;!(t)where ;! denotes
the inverse of ¢,

v

| Set x=F ~1(u) and y=G"(v)

3- Trend in both margins and
also in the dependence
structure (using copula C, F
and G)

Repeat all the steps of section 2

Get (xy,y;); sample of length » and 7;
Repeat all the steps of section 1

Get (x,y) sample of length n

I
A 4

( Compute tests statistic )

e re o]

Repeat

Nyim = 1000

Repeat ‘
N, = 1000

l New sample X* I

'

Compute tests

- N
Calculate Pygye = Ny 1 200 e

v

| Accept Hy |

| Reject Hy |

Power= d/Ng;,,

Figure 1: Diagram of the simulation study
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Figure 2: Plot of Peak, volume of the series Q (left) and V (right) with the associated
regression lines (01FB003)
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Figure 3: Plot of Peak, volume and rolling window of Kendall's t (KT) between them
against year (O5NB001)
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Figure 4: Plot of Peak, volume and rolling window of Kendall's © (KT) between them
against year (07DA001)



Two multivariate trend tests for multivariate hydrological series are proposed.
New multivariate overall trend (MOT) test dealing with trend in all the
components of the whole multivariate distribution.

New multivariate dependence trend (MDT) test focuses on trend in the
dependence structure.

Vast simulation study is considered to evaluate the performance of the tests.
The developed tests show high performance, with increasing power observed as

the trend slope and sample size increase.
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