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PEP-1-1
STANDARD PEP MODEL
SINGLE-COUNTRY, STATIC VERSION

PREFACE

This paper documents the PEP-1-1 model developed by four members of the PEP research network. The
PEP-1-1 model is the first major output of a project that emerged spontaneously from the long-standing
association between the co-authors. Our ambition is to crystallize years, even decades for some of us, of
CGE modeling experience, and to share the result with the PEP MPIA Network, and with the modeling
community at large. In addition, PEP-1-1 is to be our basis, from which to further deepen our
understanding of CGE analysis and develop modeling techniques that will tackle new problems. But, both
in sharing our experience and exploring new paths, we want to remain in the realm of operational model
building. So our intentions are all at once pedagogical, experimental, and practical. And, besides, we

enjoy working together: it’s just plain fun !

A first, provisional edition of the PEP-1-1 documentation was issued in July 2009, in response to the
interest shown by participants of the June 2009 PEP Network meeting in Santiago, Chile. So the authors
have responded by hastening to make this paper available as soon as possible.

The model presented in this edition contains a few improvements relative to the provisional version. The
principal changes are:
— The value added production function is now CES, rather than Cobb-Douglas.
— Investment demand distinguishes between gross fixed capital formation (GFCF) and changes in
inventories.
— The aggregate output of each industry consists of several products, consistent with rectangular
input-output tables which are now the standard.
— Several intermediate variables have been added to make the theoretical underpinnings of the

model more explicit, and to link model variables to national accounting concepts more closely.
In addition, a new appendix contains the detailed mathematical derivations of model equations.

Of course, we have tried to eliminate as many errors and « misprints » as possible. Needless to say, we
welcome comments that will help us improve either the model or its presentation. Readers are invited to

send their comments to André Lemelin at the following address: andre_lemelin@ucs.inrs.ca

Bernard Decaluwé, André Lemelin, Héléne Maisonnave, and Véronique Robichaud
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INTRODUCTION

This paper proposes a static computable general equilibrium (CGE) model designed for the study of a
national economy. This CGE model is intended to be an operational tool for PEP Network researchers
and other users, so we hope. With it, they will be able to develop a relatively standard model, and easily
apply it to their country, whatever the particular structure of their social accounting matrix (SAM). The
present model differs significantly from Decaluwé, Martens and Savard’s (2001) EXTER model, which
has been used extensively in the past by network researchers who had been trained in one of the many
modeling « Schools » held over the years in many parts of the world. In many respects, the PEP-1-1
model is richer than the more pedagogical EXTER. First, the PEP-1-1 model distinguishes several
categories of workers and of capital. Also, PEP-1-1 is capable of taking into account a broader set of tax
instruments, and it models all possible transfers between institutions (agents). Finally, the GAMS code,
presented in a separate document, has been written in a general form, thanks to the use of sets. This will
facilitate the application of PEP-1-1 to variously aggregated SAMs, by means of a few simple steps to
make the SAM directly readable into the GAMS program. We are currently working on extensions of the

PEP-1-1 model, to guide researchers in building dynamic or multi-country world models®.

In what follows, we present the model equations and state their underlying hypotheses. Appendices
contain the complete list of equations, sets, variables and parameters. Our presentation begins with the
production equations, from which are derived factor-demand equations and price equations. This follows

the method of exposition suggested in Decaluwé, Martens and Savard (2001).

5 PEP-1-1 stands for single-country, single-period model. Forthcoming are: (i) single-country, multi-period, recursive dynamic
model PEP-1-t, (ii) single-period world model PEP-w-1, and finally, (iii) multi-period, recursive dynamic world model PEP-
w-t.
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1. PRODUCTION

The set of productive activities is represented by indices j, jjeJ = iJl,...,J j }

Firms are assumed to operate in a perfectly competitive environment. So each industry’s representative
firm maximizes profits subject to its production technology, while it considers the prices of goods and

services and factors as given (price-taking behavior). Chart 1 describes the nested structure of production.

Chart 1: Nested structure of production

Output (XST;)
Leontief
Value added (VA;) Agfgﬁgﬁﬁﬁ;ﬂfmcei;ate
CES Leontief
\
Composite Labor (LDC;) Composite capital (KDC;) Product 1 (Dly;) | | Product 2 (Dl;)
CES CES
Labor 1 (LD, j)||Labor 2 (LD,;)| ... |Capital 1 (KDy;)|| Capital 2 (KD,;)

Such nested structures are common in CGE models. It is usually expected that the elasticity of
substitution is greater at lower levels of the hierarchy. There are other possible specifications, and, in the
end, it is up to the modeler to decide which combination of specifications best fits the situation.

At the top level (equations 1 and 2), the sectoral output of each productive activity j combines value
added and total intermediate consumption in fixed shares. In other words, the two aggregate inputs are
considered to be strictly complementary, without any possibility of substitution, following a Leontief

production function.
1. VA, =V, XST,

2. Cl, =io;XST,
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where
Cl i Total intermediate consumption of industry j
VAJ. : Value added of industry j

XSTJ. . Total aggregate output of industry j
ioj : Coefficient (Leontief — intermediate consumption)

Vi Coefficient (Leontief — value added)

At the second level, each industry’s value added consists of composite labor and composite capital,

following a constant elasticity of substitution (CES) specification.

VA
P
va| A o T ( VA) i

3. VAJ. :Bj ﬂj LDCJ. +11 ,Bj KDCJ.
where

KDCJ. . Industry j demand for composite capital

LDCJ. : Industry j demand for composite labor

B\j/A Scale parameter (CES - value added)

ﬂ\j/A : Share parameter (CES — value added)

p\j/A :  Elasticity parameter (CES — value added) ; —1< p\j/A <o

Profit maximization (or cost minimization) by the firms leads them to employ labor and capital to the
point where the value marginal product of each is equal to its price (the wage rate and the rental rate of
capital respectively). With a CES production function, such behavior is described by the demand for labor

relative to capital of equation 4 (Appendix C1).

VA

O .
pA Rrc. |
4. LDC;= T KDC,
1- ﬂ\j/A WC;
where
RCJ. : Rental rate of industry j composite capital

WCJ. : Wage rate of industry j composite labor
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o-\j/A : Elasticity of transformation (CES — value added) ; 0< a\j/A <o
1-o'A
In accordance with the algebra of CES aggregator functions, p\j/A = VA{ (Appendix C1).

i
At the bottom level on the value added side, the wvarious categories of labor, indexed as

lelL= {Ll LI,...}, are combined following a constant elasticity of substitution (CES) technology

(equation 5), which reflects the imperfect substitutability between different types of labor. The firm
chooses its labor composition so as to minimize its labor cost given the relative wage rates. Labor demand
of each type derives from the first-order conditions of cost minimization by the representative firm,
subject to the CES technology (equation 6) (Appendix C2). Likewise, composite capital is a CES

combination of the different categories of capital, indexed as k e K = {Kl,..., Kk,...}. As in the case of

labor, it is assumed that different categories of capital (land, buildings, machinery and equipment, etc.)
are imperfect substitutes (equation 7). The demand for each type of capital results from cost minimization

(equation 8).

PP
_p}-D
_ plD LD
5. LDC; =B, ?ﬂu LD, ;
o-P
ﬁlLD WC ) ] D o'jLD -1
6. LD =|—1—1 (B. ) LDC
1)

N
KD

_ KD
_ nKD KD J
7. KDC; =B/ {Zk:ﬂk,j KD, | }

KD

prORe 1 it
8. KD . =|—1—1 <) koc.
|
where
KD, i Demand for type k capital by industry j
LD Demand for type | labor by industry j

WTI J Wage rate paid by industry j for type I labor, including payroll taxes
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RTI, i Rental rate paid by industry j for type k capital, including capital taxes
B:.(D Scale parameter (CES — composite capital)
B:.'D Scale parameter (CES — composite labor)
,Blf'jj : Share parameter (CES — composite capital)
,BIL'J.D : Share parameter (CES — composite labor)

KD . . : SO KD
Py Elasticity parameter (CES — composite capital); —1 < pj <o

LD . . : . LD
Py Elasticity parameter (CES — composite labor); —1 < pj <®
UFD : Elasticity of substitution (CES — composite capital); 0 < G:.(D <o
a}'D : Elasticity of substitution (CES — composite labor); 0 < a}-D < oo

KD 1-0}" LD 1-07"
In accordance with the algebra of the CES production function, pi = T[J) and pj = L[J)
O . O .

J J
(Appendix C2).

Finally, returning to the second level, but on the intermediate consumption side, aggregate intermediate
consumption is made up of various goods and services. Here it is assumed that intermediate inputs are
perfectly complementary, and are combined following a Leontief production function. No substitutions
are possible.

9. Dli,j =alji’jC|j

where

DI, i Intermediate consumption of commodity i by industry j

aij.

i Input-output coefficient



PEP-1-1, second revised edition,October 2009 13

2. INCOME AND SAVINGS
The PEP-1-1 model offers the possibility of several categories of households and businesses, respectively
indexed as h,hjeH < AG = {Hl, o Hp {, and f, fijeF cAG-= {Fl,..., Feo.. } together with

government, designated as GVT, and the rest of the world, ROW. Elements of the set AG of all agents are

designated as:

ag,agj € AG = H UF U{GVT,ROW} = {H,,... Hy oo, oo Fy . GVT, ROW .

2.1 Households

Household incomes come from three sources: labor income, capital income, and transfers received from
other agents.
10. YHh = YHLh +YHKh +YHTRh

where
YH, : Total income of type h households
YHK, : Capital income of type h households
YHL, : Labor income of type h households

YHTR, : Transfer income of type h households

Each household type receives a fixed share of the earnings of each type of labor (equation 11). Likewise,
total capital income is distributed between agents, including households, in fixed proportions (equation
12). Finally, transfer income is simply the sum of all transfers received by type h households (equation
13).

_ WL
11 YHL, _le;th,l (WIZLDI.J'J
]

_ RK
12.  YHK, = %Zh,k [Z Rk,jKDk,j]
]

13 YHTR =2>'TR, ..
ag
where

R i Rental rate of type k capital in industry j
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TRh‘ag . Transfers from agent ag to type h households

W, Wage rate of type | labor

ﬂggk : Share of type k capital income received by agent ag

ﬂ\(]v'l‘ : Share of type | labor income received by type h households

Subtracting direct taxes and household transfers to government yields type h household disposable
income (equation 14). Indeed, since household transfers to government are mostly contributions to
various social programs, our calculation of disposable income is consistent with national accounts.
Whatever disposable income is left after savings and transfers to other agents is entirely dedicated to

consumption (equation 15).

Finally, household savings are a linear function of disposable income. This differs from the frequently
used specification where savings are a fixed proportion of income. Equation 16, by contrast, allows for
the marginal propensity to save to be different from the average propensity. This choice is motivated by
the fact that it is common for certain household categories to have negative savings. Now, if it is assumed
that the marginal propensity to save is equal to the average propensity, and if that parameter is calibrated
on negative observed savings, then there results an undesirable consequence: a fall in the income of these
households increases their savings, or a rise in income leads to more endebtedness. Our formulation
avoids this pitfall, but introduces an extra free parameter: instead of just having to calibrate the average
propensity to save, the modeler must also determine the marginal propensity. Usually, it is the latter that
is handled as a free parameter, and its value is determined from the literature or by econometric
estimation. Once the marginal propensity has been determined, the savings function intercept is calibrated
from the SAM. For household categories with negative savings, the intercept will be negative, while the
slope (the marginal propensity) is positive. In addition, equation 16 makes it possible to fully of partially
index the intercept to changes in the consumer price index. This is especially useful for testing the
model’s homogeneity, in which case price elasticity 7 is set to 1.

14.  YDH, =YH, —-TDH_ _TRgvt,h

15. CTH, =YDH, -SH - > TR
agng
16.  SH, = PIXCON"sh0, +shl YDH,

where

CTH Consumption budget of type h households

h :
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PIXCON : Consumer price index

SH, : Savings of type h households

TDH, :  Income taxes of type h households

YDH, : Disposable income of type h households

n Price elasticity of indexed transfers and parameters
shOh : Intercept (type h household savings)

shlh : Slope (type h household savings)

agng: Index of non-government agents;

agng € AGNG < AG = H UF U{ROW} = {H,,... H, ... Fjruee, F .. ROW |

2.2 Businesses

Business income consists, on one hand, of its share of capital income, and, on the other hand, of transfers
received from other agents (including the transfer part of interest on consumer debt).

17, YR, =YFK, +YFTR,

_ RK
18.  YFK, _Zk:/lf’k (ZRk,jKDk,jJ
]

19. YFTR; =X TR;
ag

where
YF; Total income of type f businesses
YFK, Capital income of type f businesses

YFTR, : Transfer income of type f businesses

Deducting business income taxes from total income yields the disposable income of each type of business
(equation 20). Likewise, business savings are the residual that remains after subtracting transfers to other
agents from disposable income (equation 21).

20. YDFf :YFf —TDFf

21. S, =YDF -3 TR,
ag

where
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SF, : Savings of type f businesses
TDF, :  Income taxes of type f businesses
YDF, : Disposable income of type f businesses

2.3 Government

In the PEP-1-1 model, it is possible to take into account a large variety of tax instruments. Indeed,
equation 22 says that the government draws its income from household and business income taxes, taxes
on products and on imports (TPRCTS), and other taxes on production (TPRODN). According to the 1993
System of National Accounts (SNA93), taxes on products (not « production ») and imports consist of
indirect taxes on consumption, taxes and duties on imports, and export taxes, while other taxes on
production consist of payroll taxes, taxes on capital, and taxes on production (see Appendix B1). In
addition to these various forms of fiscal revenue, government receives part of the remuneration of capital
and transfers from other agents. Equations 22 to 34 describe the different government revenue sources.
22. YG =YGK +TDHT + TDFT + TPRODN + TPRCTS + YGTR

RK
23. YGK = %’Igvt,k [Z Rk,jKDk,jJ
]

24. TDHT = Z:TDHh
h

25. TDFT = Z:TDFf
f

26. TPRODN = TIWT +TIKT +TIPT

27, TIWT =3 TIW, |
lj ’

28. TIKT = ZTIKk i
K, j ’

29. TIPT = ?TIPJ.

30. TPRCTS =TICT + TIMT +TIXT
31. TICT = ZTICi

32. TIMT =} TIM_
m

33, TIXT =) TIX,

X
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34. YGTR= ) TR

where
TDFT :

TDHT
TICi :
TICT :

TIKk,j :

TIKT :
TIM_
TIMT :

TIP. :
J

TIPT :

TIWI o
')

TIWT :

TIX

Y
TIXT :
TPRCTS :
TPRODN :
YG:

YGK :
YGTR:

Similarly to what

gvt,agng
agng

Total government revenue from business income taxes

Total government revenue from household income taxes

Government revenue from indirect taxes on product i

Total government receipts of indirect taxes on commaodities

Government revenue from taxes on type k capital used by industry j

Total government revenue from from taxes on capital

Government revenue from import duties on product m

Total government revenue from import duties

Government revenue from taxes on industry j production (excluding taxes directly

related to the use of capital and labor)

Total government revenue from production taxes (excluding taxes directly related to the

use of capital and labor)

Government revenue from payroll taxes on type | labor in industry j
Total government revenue from payroll taxes

Government revenue from export taxes on product x

Total government revenue from export taxes

Total government revenue from taxes on products and imports
Total government revenue from other taxes on production®
Total government income

Government capital income

Government transfer income

has been done with household savings, income taxes are described as a linear function

of total income, whether it be for households (equation 35) or for businesses (equation 36). That way,

6 That is, taxes on production other than taxes on products and taxes and duties on imports (see Appendix B1).
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when a non-zero intercept is applied, the marginal rate of taxation is different from the average rate. Such
an arrangement can be useful for simulating fiscal changes: for instance, marginal rates of taxation can be
computed from fiscal parameters’; given these marginal rates, the intercept is then calibrated from SAM

values. Moreover, the intercept may be partially of fully indexed to changes in the consumer price index.
35. TDH h= PIXCON ’7ttdh0h + ttdhthH h
36. TDF; = PIXCON’7ttdf0f +ttdf 1, YFK,

where

ttdf O, : Intercept (income taxes of type f businesses)

ttdf 1, : Marginal income tax rate of type f businesses

ttdhOh . Intercept (income taxes of type h households)

ttdhl, :  Marginal income tax rate of type h households
As mentioned earlier, the model allows for taxes on production factors (payroll taxes and capital taxes), as
well as for taxes on production itself (together, these three forms of taxation constitute « other taxes on
production » in the SNA93 — see Appendix B1). First, as regards taxes on factors of production, the
model notation distinguishes tax rates by industry, and also by type of labor or capital. Each rate then

applies to the corresponding transactions (equations 37 and 38). Next, a tax may be applied to the total

value of production (equation 39).

37. TIWI,j ZttiWI,jWILDI,j

38. TIKk,j = ttikk,ij,jKDk,j

39. TIPJ. = ttipj PPJ. XSTJ.

where

PPJ. : Industry j unit cost, including taxes directly related to the use of capital and labor, but

excluding other taxes on production

ttik i Tax rate on type k capital used in industry j
ttipj : Tax rate on the production of industry j

ttiw, i Tax rate on type | worker compensation in industry j

7 This opens the door to applying the « marginal effective tax rates » (METR) approach in the CGE (Decaluwé et al., 2005 and
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Finally, the government can implement three types of taxes on products (for the definition of « taxes on

products », see Appendix B1). Equations 40 and 41 describe how these taxes are levied in the cases of

non-imported and imported products. It should be noted that these taxes apply on the sales value

including margins (trade and transport margins are discussed in Appendix B3) and custom duties

whenever the latter exist. Other taxes collected are taxes and duties on imported products (equation 42),

and export taxes (equation 43).

40. TICnm:tticnm(PanJrZPCi tmrg. jDDnm
1

i,nm

41 TIC :tticmMPLm +2.PC tmrgi’mjDDm +((1+ttimm)PWMm e+ PC, tmrgilm) IMm}

42.  TIM __=ttim PWM e IM
m m m m

_ ti X
43.  TIX =ttix, [PEX +ZPCi tmrgi’X] EXD,

8

where
DD, : Domestic demand for commaodity i produced locally
e: Exchange rate8; price of foreign currency in terms of local currency
EX, : Quantity of product x exported
IM_ Quantity of product m imported
PE, : Price received for exported commodity x (excluding export taxes)
PL Price of local product i (excluding all taxes on products)
PWM World price of imported product m (expressed in foreign currency)
ttic, : Tax rate on commodity i
ttimm . Rate of taxes and duties on imports of commodity m
ttixX : Export tax rate on exported commodity x
tmrgilij . Rate of margin i applied to commodity ij
2006).

In the standard model, exchange rate e is chosen as the numeraire.
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tmrgixX . Rate of margin i applied to export x

The current government budget surplus or deficit (positive or negative savings) is the difference between
its revenue and its expenditures. The latter consist of transfers to agents and current expenditures on

goods and services.

44, SG=YG- ) TRagng,gvt -G
agng
where
SG Government savings
G: Current government expenditures on goods and services

2.4 Rest of the world

The rest of the world receives payments for the value of imports, part of the income of capital, and
transfers from domestic agents (equation 45). Foreign spending in the domestic economy consists of the
value of exports, and transfers to domestic agents. The difference between foreign receipts and spending
is the amount of rest-of-the-world savings (equation 46), which are equal in absolute value to the current

accoung balance, but of opposite sign (equation 47).
_ RK
45.  YROW = ez PWM_IM +§/’row,k [Z Rk’ j KDk’jJ+ Z(:jTRrow,agd
m | ag

46.  SROW =YROW - > PEFOPEXD - 2 TRagd row
X agd ’

47. SROW = -CAB
where

CAB: Current account balance
PE)'(:OB . FOB price of exported product x (in the national currency)

SROW : Rest-of-the-world savings
YROW :  Rest-of-the-world income

2.5 Transfers

The way to treat transfers in a CGE model is not obvious. In most cases, indeed, these are payments
without any real counterpart, and they are not explicitly related to a specific form of economic behavior.
For lack of information on the precise nature of each type of transfer, they should be treated in the most

neutral way possible, to prevent them from becoming a factor modifying economic agents’ behavior. So
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household transfers to non-government agents and business transfers are simply proportional to
disposable income. As for household transfers to government, they are akin to social program
contributions: as such, they are treated in the same way as household income taxes. All other transfers are

initially set equal to their SAM values, and indexed, fully or partially, to the consumer price index.

_ 4IR
48. TRy = Ao nYDH,

_ n
49. TRgvt,h = PIXCON"tr0, +1trl, YH,_
_ R
50. TRag’f _/lag,fYDFf
_ 1RO
51. TRagng’gvt = PIXCON TRagng’gvt
_ 17RO
52. TRagd,mW = PIXCON TRagd,row
where
TR . :
iag‘ agj - Share parameter (transfer functions)
trogvt n o Intercept (transfers by type h households to government)
trlgvt he Marginal rate of transfers by type h households to government
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3. DEMAND

The demand for goods and services, whether domestically produced or imported, consists of household
consumption demand, investment demand, demand by public administrations, and demand as transport or

trade margins (for the treatment of margins in the SNA93, see Appendix B3).

It is assumed that households have Stone-Geary utility functions (from which derives the Linear
Expenditure System). A characteristic of these utility functions is that there is a minimum level of
consumption of each commodity (which may be zero for some commaodities). Contrary to Cobb-Douglas
utility functions, often used in the literature, this specification imposes neither zero cross-price elasticities
between all pairs of goods, nor unit income-elasticities for all goods. Thus, it offers a degree of flexibility
with respect to substitution possibilities in response to relative price changes. Type h household demand
for each good (equation 53) is determined by utility maximization subject to the budget constraint
(Appendix C4).

53.  C,,PC; =CMINpC, +[FS [CTHh -> ciin PCij]

ij
where

C Consumption of commodity i by type h households

ih-

CM}'N : Minimum consumption of commaodity i by type h households

PC, : Purchaser price of composite comodity i (including all taxes and margins)
;/iLES : Marginal share of commaodity i in type h household consumption budget

Investment demand includes both gross fixed capital formation (GFCF) and changes in inventories. The
two components of investment demand are quite different. In particular, GFCF cannot be negative (even
though net investment, that is, gross investment minus depreciation, may be), whereas changes in
inventories in the SAM may be positive or negative: roughly speaking, GFCF can be thought of as
irreversible, while inventory accumulation is almost fully reversible. Endogenizing negative inventory
changes is difficult to achieve satisfactorily in a CGE model. To avoid these complications, inventory
changes are exogenous in PEP-1-1, fixed in volume. GFCF, on the contrary, is endogenous in the default
closure of PEP-1-1, where total investment expenditure is determined by the savings-investment
equilibrium constraint (equation 92), with savings endogenous. GFCF expenditure, obtained by
subtracting the cost of changes in inventories from total investment expenditure (equation 54), is

distributed among commodities in fixed shares (equation 55); implicitly, the production function of new
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capital is Cobb-Douglas. So, for a given amount of investment expenditures, the quantity demanded of
each commodity i for investment purposes is inversely related to its purchaser price. The same hypothesis
is made regarding government current expenditures on goods and services (equation 56). With a given

current expenditure budget, the quantity demanded of each commaodity varies inversely with its price.

54. GFCF =IT - ) PC, VSTK,

55.  PC,INV, = "V GFCF

56. PC.CG, =7°"G

where
GFCF :  Gross fixed capital formation
INV; Final demand of commodity i for investment purposes
IT: Total investment expenditures

VSTK; : Inventory change of commodity i

7/i'NV . Share of commodity i in total investment expenditures
CG;: Public consumption of commodity i (volume)
;/iGVT . Share of commaodity i in total current public expenditures on goods and services

In addition to being required for final demand, goods and services are used as inputs in the production

process. Intermediate demand for each commodity is the sum of industry demands.

57. DIT, :ZDIi,j
J

where

DIT, : Total intermediate demand for commodity i

Finally, some services, such as transport and retail and wholesale trade, are used to move commaodities
and make them available to the market. So margin rates are applied to the volume of domestic production
and imports to determine the quantities of these margin services required to distribute commodities to

buyers (trade and transport margins are discussed in Appendix B3).

X
58.  MRGN; =2 tmrg; .DD; + > tmrg;  IM_+> tmrg” EXD,
ij m X

where

MRGN; : Demand for commodity i as a trade or transport margin



PEP-1-1, second revised edition,October 2009 24

4. PRODUCER SUPPLIES OF PRODUCTS AND INTERNATIONAL
TRADE

In this section, we define the trade relations with the rest of the world, that is, the supply of exports and
the demand for imports. This is achieved through specifying domestic buyers’ behavior with respect to
the different supply sources, and domestic producers’ supply behavior. The latter comprises two aspects:
first, how composite output translates into the supply of products, and, second, how the supply of each
product is directed to destination markets. The small-country hypothesis is adopted, in the sense that the

world price of traded goods (imports and exports) is exogenous.

The section on production describes how industries combine inputs to produce total aggregate output

XST;. Industries usually produce more than one product. The Leontief-style one-to-one correspondence

between products and industries is a special case, and the 1993 System of National Accounts recommends
constructing input-output tables in the rectangular format, where there are generally more goods than
industries. If an industry’s aggregate output were simply the sum of its products, the profit-maximizing
firm would concentrate all of its output on the product with the highest price. Here, however, it is
assumed that, although an industry can reorganize its production to change the proportions of goods
produced, the different products are not perfectly « transformable » into one another. This is represented
by means of a constant elasticity of transformation (CET) function that describes how easily the product-

mix can be adjusted in response to price changes (equation 59):

pXT
_pXT XT )
59.  XST, =B {izﬂ” XS, }

where
XSJ. i Industry j production of commaodity i
BJ?(T © Scale parameter (CET — total output)
B JXIT : Share parameter (CET - total output)
XT . ‘i . XT
Py Elasticity parameter (CET - total output) ; 1 < pj <»

Producers allocate output among products so as to maximize sales revenue, given product prices, subject
to equation 59. Individual product supply functions (equation 60) are derived from the first-order

conditions of revenue maximizing (Appendix C5).
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O .
XST. P .
60.  XS;;= 1J XTJ
(B ?(T J 'Bj,i PT]
J
where
Pj . Basic price of industry j’s production of commodity i
o JXT © Elasticity of transformation (CET - total output) ; 0< & J?(T <o
1+ X7
In accordance with the algebra of the CET transformation function, p J?(T = T; (Appendix C5).
o

I

Next, the output of every product of an industry is shared out among markets (domestic or export), again
with the goal of maximizing the firm’s total revenue, given the demand in each market and the various
taxes that apply. It is assumed that production directed to one market is somewhat different from
production directed to another market. This imperfect substitutability is represented in PEP-1-1 by means

of a constant elasticity of transformation (CET) aggregator function that describes how readily production

can be redirected from one market to another.®

1
Pl
X | ox gy i X i

61. XSJ.‘X = lex ﬂj,XEXj’X +(1—/3LX)DSJ.1X
where

DSJ. - Supply of commodity i by sector j to the domestic market

B JXX : Scale parameter (CET — exports and local sales)

yij J.XX : Share parameter (CET — exports and local sales)

pj?(x : Elasticity parameter (CET — exports and local sales) ; 1 < pj?(x < oo

Obviously, for products that are not exported to the world market, total output is simply equal to supply
on the domestic market.
62. XS. =DS.

X J,n

J,n X

9 Equation 61 implies that there is a single trading partner, the « Rest-of-the-world ». It is left up to the modeler to adapt the
model, whenever appropriate, to distinguish more than one trading partner.
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Relative supply functions are derived from the first-order conditions of revenue maximizing subject to the

CET aggregator function (equation 61) (Appendix C6).

1- % PE i
j!X X

63. EX._ = DS.
JX X j,x
'Hj,x PL,
where
aj?(x ; Elasticity of transformation (CET — exports and local sales) ; 0< O'J?(X <o
X 1+ a?(x
In accordance with the algebra of the CET transformation function, Pix= —xj (Appendix C6).
J,X

To summarize, producers’ supply behavior is represented by nested CET functions: on the upper level,
aggregate output is allocated to individual products; on the lower level, the supply of each product is

distributed between the domestic market and exports.

Many CGE models presume that producers can always sell as much as they wish on the world market at
the (exogenous) current price; we take a different view (and, in so doing, we depart from the « pure »

form of the small-country hypothesis): equation 64 says that a local producer can increase his share of the

world market only by offering a price PE)'(:OB that is advantageous relative to the (exogenous) world

price PWX,. The ease with which his share can be increased depends on the degree of substitutability of

the proposed product to competing products; in other words, it depends on the price-elasticity of export

demand. Equation 64 also makes it possible to simulate an exogenous variation in world demand for the
product, through a change in the variable EXD)C() .

XD

o

of e PWX. |

64. EXD, = EXDY| ——*
PEXO

where

EXD, : World demand for exports of product x

PE)'(:OB . FOB price of exported commodity x (in local currency)

PWX_ : World price of exported product x (expressed in foreign currency)

ol Price-elasticity of the world demand for exports of product x
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Buyer behavior is symmetrical to producer behavior, in that it is assumed that local products are imperfect
substitutes for imports, or, in other words, that goods are heterogenous with respect to their origin. So
commodities demanded on the domestic market are composite goods, combinations of locally produced
goods and imports. The imperfect substitutability between the two is represented by a constant elasticity

of substitution (CES) aggregator function (equation 65).

1
M
M| oMy T M “om "

65. Q. =B | A, M~ + (1— B )DDm
where

Q. Quantity demanded of importable composite commodity m

Br';" : Scale parameter (CES — composite commodity)

,Bn':" : Share parameter (CES — composite commodity)

pn'\1/| : Elasticity parameter (CES — composite commodity); —1 < pr'T\]/l < oo

Naturally, for goods with no competition from imports, the demand for the composite commodity is the
demand for the domestically produced good.
66. Q.. =DD

Just as sellers seek to maximize revenue, buyers minimize expenses, subject to the CES aggregation
function (equation 65). Relative demand functions derive from the first-order optimum conditions
(Appendix C7).

M
M Om
PD
67. IM_= [LM—”‘] DD,
1-8, PM_
where
PD,: Price of local product m sold on the domestic market (including all taxes and margins)
PM_: Price of imported product m (including all taxes and margins)
an'\q" ; Elasticity of substitution (CES — composite commaodity); 0 < o-r':]/l <

1_oM
—M_ (Appendix C7).
(o3

In accordance with the algebra of CES aggregator functions, pnl\]/l =

3z|9
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While equation 67 specifies the (relative) demand for imports, the supply function of imports in PEP-1-1
is implicit. According to the small-country hypothesis, the price-elasticity of import supply is assumed to
be infinite at the going world price: this is what is implied by fixing the world price of imports as

exogenous in equation 82 below.
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5. PRICES

5.1 Production

The different prices and price indexes naturally depend on the hypotheses and functional forms already
stated. In aggregations, the price of an aggregate is a weighted sum of the prices of its components. The
weights are determined by equating the value of the aggregate to the sum of the values of its components,
given the quantity of the aggregate (which is determined from the aggregator function). The weight
assigned the price of each component is therefore the ratio of its volume (or quantity) to the volume (or
quantity) of the aggregate0. Only in Leontief fixed-proportions aggregations are the weights invariant to
relative price changes; in other cases, component proportions, and, consequently, component price
weights, change in response to relative price changes, and they change more or less sharply, depending on
the elasticity of substitution or transformation. For instance, the unit cost of an industry’s output
(including taxes directly related to the use of capital and labor, but excluding other taxes on production) is
a weighted sum of the prices of value added and aggregate intermediate consumption (equation 68).
PVAJ.VAJ. + PCI J.CI i

68. PP. =
) XST,

Here, the weights are VAJ./XSTJ. and ClI j/XSTJ. . Multiplying both sides of equation 68 by XST; yields
the value accounting identity PPJ. XSTJ. = PVAJ.VAJ. + PCI J.CIJ. . The same principle applies to the prices

of other aggregates. The price of aggregate intermediate consumption is a combination of the commodity
prices of the industry’s intermediate inputs (equation 70), just as the price of value added is a combination
of the prices of composite labor and composite capital (equation 71). So is it with the prices of composite
factors. The price of an industry’s composite labor is a weighted sum of the wage rates (including payroll
taxes) of the different categories of labor used by that industry (equation 72). In the same way, the price
of an industry’s composite capital is a weighted sum of the rental rates of the different types of capital

used by that industry (equation 74).

Since various forms of taxation appear in the model, it is necessary to define the relationship between

prices before taxes, and prices including taxes. The basic price of production (for a definition of « basic

10 Note that, in general, the weights do not add up to 1. An alternative, mathematically equivalent, modeling approach would
have been to determine aggregate prices from the cost (or value) functions dual to the aggregation functions, and then to
compute the quantity indexes of the aggregates from the identities between the value of an aggregate and the sum of its
components’ values.
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price », see Appendix B2) is obtained from the unit cost by adding taxes on production (other than taxes
on labor or capital, already included in the unit cost) (equation 69). Likewise, wages paid by industry
differ from wages received by workers by the amount of payroll taxes (equation 73). The same applies to
the rental rate of capital (equation 75). The principles of price aggregation and tax accounting yield the

following price equations, in addition to equation 68, stated earlier.

69. PT, =(L+ttip JpP.

chimij
70. PCI. = -
) Cl.
J
WC .LDC. + RC.KDC.
71. PVA, =—J J ] J
) VA.
J
ZWTII,jLDIlj
72. WC. =
) LDC,

73 WTI =W, (1+ttiwllj)

Zk:RTIk,jKDk,J

74. RC. =
J KDC;
5. RTI =R, etk )
where
PTJ. : Basic price of industry j’s output
PCI i Intermediate consumption price index of industry j

Finally, the rental rate received by the owners of capital, Ry ;, is determined in one of two manners,

depending on the option selected by the user regarding the mobility of capital. In PEP-1-1, parameter
kmob acts as a switch. If kmob = 1, capital is assumed to be perfectly mobile, and the aggregate supply of

type k capital KS, is exogenous, fixed at its initial SAM value, so the use of capital by the industries is

constrained by the supply-demand equilibrium condition (equation 91). In that case, the allocation of
capital between industries is the result of the arbitrage process that makes the rental rate received by
owners equal across industries (equation 76). If kmob =0, capital is assumed to be industry-specific,

equation 76 is not in effect, the KDy j are exogenous, fixed at their initial SAM values, and rents paid on

the use of capital are Ricardian rents.
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76. Rk,j = RK,,

if capital is mobile
where
RK, : Rental rate of type k capital (if capital is mobile)

5.2 International trade

Exporting industries have the possibility of selling their output on the international market or the domestic
market. So the price of their aggregate production is a weighted sum of the price obtained on each market,
following the price aggregation principle. The weight assigned to each market is proportional to the
quantity sold on that market (equation 77); these weights vary in response to relative price changes, more
or less sharply, depending on the elasticity of transformation in the CET. The basic price (for a definition,
see Appendix B2) obtained by industry j for exportable product x is a weighted sum of its basic price on
the domestic market and its basic price on the export market (equation 78). The FOB price paid by
purchasers on the export market is different from the one received by the producer, since margins and
export taxes must be added on (equation 80). And of course, for products not exported by an industry, the
price obtained is the domestic market price (equation 79).

2Py XSy,
77, PT. =
) XST,
PE EX. +PL DS.
8. P = X 1X X IX
! S

79. P._=PL

j.nx nx

80. (PEX + 3 PC; tmrg; J (1+ ttix, )= PE FOB
1
As was previously explained, commodities purchased on the domestic market are composites. For goods
facing import competition, the price of the composite is a weighted sum of the price paid for domestically
produced, and imported goods (equation 83). The price paid for the local product is the sum of the price
received by the producer, margins, and indirect taxes (equation 81). Similarly, the price paid for the
imported product is the world price, translated into the local currency, plus taxes and duties on imports,
margins, and domestic indirect taxes (equation 82). The price of commodities for which there is no

competing import is simply the price paid for the local product (equation 84).
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8l. PD, = (1+ttici ){PLi +2.PC, tmrgij,iJ
1

82. PM_ =(1+tticm )((1+ttimm)e PWM JFZPCi tmrgi’mj

|
_PM,IM_ +PD DD
m
Qm

83.

84. PC_=PD__

5.3 Price indexes

Finally, four price indexes have been defined: the GDP deflator (equation 85), the consumer price index
(equation 86), the investment price index (equation 87), and the public expenditures price index (equation
88). The first is a Fisher index, the second is a Laspeyres index, and the third and fourth are exact price
indexes, dual to the Cobb-Douglas functions which describe commodity demand for investment purposes

and for public consumption (Appendix C8).

Z PVA\VAO, Z PVAVA,

85. PIXGDP = | ]
> PVAO VAO. > PVAO VA,
i J J j I |

0
Z PC; ZCi,h
86. PIXCON =%
Z PCijzcij,h
ij h
INV
pc. V'
87.  PIXINV =]]| —-
i PCiO

7
PC. |
88. PIXGVT:H{—'J

i | PC?
where
PIXGDP : GDP deflator
PIXGVT : Public expenditures price index

PIXINV : Investment price index
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6. EQUILIBRIUM

Whether it be for the goods and services market or the factor market, supply and demand equilibrium
must be verified. Thus, equation 89 defines the equilibrium between the supply and demand of each
commodity on the domestic market. Equations 90 and 91 ensure the equilibrium between total demand for
each factor and available supply. Likewise, total investment expenditure must be equal to the sum of
agents’ savings (equation 92). The sum of supplies of every commodity by local producers must be equal
to domestic demand for that commodity produced locally (equation 93). And finally, supply to the export

market of each good must be matched by demand (equation 94).

89. Q = %ci,h +CG, + INV, +VSTK. + DIT. + MRGN_
9. LD, =LS,

i
91. XKD, ; =KS,

=~k

92. IT =) SH, +> SF, +SG+SROW
h f

93. 2 DSj,i = DD,
]

94. ZEXLX = EXD,
J

where
LS, : Supply of type | labor
KS, : Supply of type k capital
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7. GROSS DOMESTIC PRODUCT

GDP at basic prices is equal to payments made to factors, plus taxes on production other than taxes on
labor or capital already included in factor costs (equation 95). On the other hand, GDP at market prices
from the final demand perspective is the sum of net final expenditures: household consumption, current
public expenditures on goods and services, investment expenditures, plus the value of exports, minus the
value of imports (equation 98). As for GDP at market prices from the income perspective (equation 97), it
is equal to the sum total of income paid to labor and to capital, plus taxes on products and imports
(TPRCTS — equation 30), plus other taxes on production (TPRODN - equation 26). GDP at market prices
exceeds GDP at basic prices by exactly the amount of taxes on products and imports (TPRCTS). For a

discussion of GDP concepts according to the SNA93, see Appendix B4.

95. GDP® = 3 PVAVA, +TIPT
j

96. GDPMP — GDPBP 4 TPRCTS

1B
97. GDP™ = IZ‘W| LDI,j +§Rk,jKDk,j + TPRODN + TPRCTS
’J ’J

ED FOB
98.  GDP™ =) PC, %Ci,h_'_cei +INV 4VSTK. |+ > PE “"EXD, —e) PWM_IM _
1 X m

where

GDPEP : GDP at basic prices
GDPP : GDPat purchasers’ prices from the perspective of final demand
GDP'B:  GDP at market prices (income-based)

GDPMP . GDP at market prices
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APPENDIX A: EQUATIONS, SETS, VARIABLES AND PARAMETERS

Al. Equations

Al.1 PRODUCTION

1. VAj:VjXSTj

2. CIj = |onSTJ.

YA A
3. VAj:B\J./A{ﬁ\j/ALDCj +(1—,B\J./A)KDC. ]

oV
gA RC. |

4, LbC. =|—1 1| KpC.

j 1_ﬂ\j/A w, j

1

P

_pLD
_ nplLD LD J
5. LDC, =B, [;ﬂ” LD, ]

LD
LD 7j oHP1
A B®) Loc.

6. LD, . = J

1] wrl, ]

_pKD
_ pKD KD J
7. KDC; = B; {Zk:ﬁk‘j KD, |

KD
o. KD ]

KD ] o
ﬁm,j RCj (

]
RTIk,j
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Al.2 INCOME AND SAVINGS

Al1.2.1 Households

10.  YH_ =YHL, +YHK, +YHTR,

_ WL
11 YHL = leﬂhyl (WIZLDUJ

]

_ RK

12. YHK, = %/Ih,k [Z Rk’jKDk,jJ
]
13. YHTR =2TR .
ag
14.  YDH, =YH, —TDH -TR
15.  CTH, =YDH -SH - > TR .
agng
16.  SH, = PIXCON7sh0, +shl YDH,
Al.2.2 Firms

17. YF, =YFK  +YFTR,

_ RK
18.  YFK, _%/1”( (ZRMKDKJ

I
19. YFTR; =2 TR, .
ag

20. YDF, =YF, -TDF,
21.

SF, = YDF, —ZTRagyf
ag

Al.2.3 Government

22.

23.

24.

YG =YGK + TDHT + TDFT + TPRODN + TPRCTS + YGTR
_ RK
YGK = %;tgvt,k [z Rk,jKDk,j]
]

TDHT = > TDH,
h

37
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25. TDFT =Y TDF,
f

26.  TPRODN =TIWT +TIKT +TIPT

27 TIWT =3 TIW,
]

28.  TIKT = 3 TIK, .
,j

29. TIPT = Zj:TIPj

30. TPRCTS =TICT +TIMT +TIXT
31. TICT = ZTICi

32. TIMT =X TIM_

m

33 TIXT =) TIX,

X

3. YGTR= > TR
agng

gvt,agng

35. TDH, = PIXCON "ttdh0, +ttdhl YH
36. TDF]c = PIXCON"ttdfOf -‘rttdflfYFKf
37. TIWI,j = ttiWI,jWILDI,j

38. TIKk’j:ttik R .KDk’

K.j k. j

30. TIP, =ttip, PP, XST,

40. TIC_ =tticnm(Pan +ZPCi tmrgiynmjDDnm
|

4. TIC, :ttichPLm £y PC, tmrgi‘m]DDm +((1+ttimm)PWMm e + Y PC, tmrgi‘mj IMm}

42.  TIM_ =ttim PWM elIM

43 TIX =ttix [PE +ZPC.tmrg.XjEXD
X X X - 1 1, X X
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44. SG=YG- Y TR\ -G
agng

Al.2.4 Rest of the world

m

45.  YROW =e) PWM_IM _+ erow K [Z Ry i %Dk, j]+ Z:,jTRmW,agd
j ag

B FOB
46.  SROW =YROW -3 PEFOBEXD ZTRagd row
agd

47. SROW =-CAB

Al1.2.5 Transfers

48. TR on = ,ggng YDH,

49. TR, = PIXCON"tr0, +1trl, YH,

50. TR, ¢ = /’L;g (YDF,

51. TR, ig.gvt = PIXCON ”TRggng ot

52. TR, o = PIXCON ”TRgg d.row
Al.3 DEMAND

MIN LES MIN
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Al.4 PRODUCER SUPPLIES OF PRODUCTS AND INTERNATIONAL TRADE
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Al.7 GROSS DOMESTIC PRODUCT

95. GDP® = 3 PVAVA, +TIPT
j

96. GDPMP — GDPBP 4 TPRCTS

1B
97. GDP™ = ZWI LDI,j +§Rk,jKDk,j + TPRODN + TPRCTS
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A2. Sets

A2.1 INDUSTRIES AND COMMODITIES

All industries: j, jj e J = {Jl,...,Jj,...}

All commodities: i,ij € I ={l ..., 1.,...}

Imported commodities: meM c | ;M = {Ml,...,Mm,..
Non imported commodities: nme NM < 1 ; NM = {NM

Exported commodities: xe X | ; X = {Xl,...,XX,...}

Non exported commodities: nx e NX < I ; NX = {NX

A2.2 PRODUCTION FACTORS

Labor categories: | e L=1{L,,....L; ,...|

Capital categories: k e K = {Kl,..., K|< }

A2.3 AGENTS

All agents: ag,agj € AG = H UF U{GVT ,ROW |=1{H,

Household categories: h,hj e H c AG = {Hl,..., Hh,...}

Firm categories: f,fje F c AG = iFl,..., F]c }

Non governmental agent:

agng € AGNG c AG =H UF U{ROW} = {H,,... H

P e

1o

3

1o

m

NM . fiNMAM =@

NX . fiNX A X =@
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Domestic agents: agd € AGD « AG =H UF U{GVT}={H,,...H ... Fy,... F( .., GVT |

A3. Variables

NOTE: In what follows, the word “taxes” should be understood as “taxes, minus subsidies”.

A3.1 VOLUME VARIABLES

Cip:
CMIN .
ih -
CGi :
Cl.:
i
DD. :

DI. . :
i]

DIT. :

INV. :
KDk,j :
KDCJ. :
KS
LD

LDC. :

LS

MRGN; :

Consumption of commodity i by type h households
Minimum consumption of commodity i by type h households
Public consumption of commodity i

Total intermediate consumption of industry j

Domestic demand for commodity i produced locally
Intermediate consumption of commaodity i by industry j
Total intermediate demand for commodity i

Supply of commodity i by sector j to the domestic market
Quantity of product x exported by sector j

World demand for exports of product x

Quantity of product m imported

Final demand of commodity i for investment purposes
Demand for type k capital by industry j

Industry j demand for composite capital

Supply of type k capital

Demand for type | labor by industry j

Industry j demand for composite labor

Supply of type | labor

Demand for commodity i as a trade or transport margin

Quantity demanded of composite commodity i
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VA. :

J
VSTK, :
ij,i :
XST. :

J

Value added of industry j

Inventory change of commodity i

Industry j production of commodity i

Total aggregate output of industry j

A3.2 PRICE VARIABLES

e:
Pj,i :
PC. :

PCIJ.:

PD. :

PE

‘-
FOB .
PE, ¢
PIXCON:
PIXGDP:

Exchange rate11; price of foreign currency in terms of local currency

Basic price of industry j’s production of commodity i

Purchaser price of composite comodity i (including all taxes and margins)
Intermediate consumption price index of industry j

Price of local product i sold on the domestic market (including all taxes and margins)
Price received for exported commodity x (excluding export taxes)

FOB price of exported commaodity x (in local currency)

Consumer price index
GDP deflator

PIXGVT :Public expenditures price index

PIXINV :
PL :

PM

m"

PP. :
i

PTJ.:

PVAJ. :

PWM

Investment price index

Price of local product i (excluding all taxes on products)

Price of imported product m (including all taxes and tariffs)

45

Industry j unit cost, including taxes directly related to the use of capital and labor, but

excluding other taxes on production

Basic price of industry j’s output

Price of industry j value added (including taxes on production directly related to the use

of capital and labour)

World price of imported product m (expressed in foreign currency)

11 The default choice of numeraire in PEP-1-1 is the exchange rate e. This is implemented by fixing the value of e as
exogenous. But the choice of numeraire in a CGE model is arbitrary (although the interpretation of results can be more or less
easy, depending on which numeraire is selected).
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PWX

.
Rk’j:

RCJ.:

WTII’J.:

World price of exported product x (expressed in foreign currency)
Rental rate of type k capital in industry j

Rental rate of industry j composite capital

Rental rate of type k capital (if capital is mobile)

Rental rate paid by industry j for type k capital, including capital taxes
Wage rate of type | labor

Wage rate of industry j composite labor

Wage rate paid by industry j for type I labor, including payroll taxes

A3.3 NOMINAL (VALUE) VARIABLES

CAB:
CTHh:

G:

GDPEP -
GDPFP -
GDP'B :

GDPMP

GFCF:
IT:

SFf :
SG:

SHh :
SROW :
TDF

TDFT :

TDH

Current account balance

Consumption budget of type h households
Current government expenditures on goods and services

GDP at basic prices
GDP at purchasers’ prices from the perspective of final demand
GDP at market prices (income-based)

GDP at market prices

Gross fixed capital formation
Total investment expenditures

Savings of type f businesses

Government savings

Savings of type h households

Rest-of-the-world savings

Income taxes of type f businesses
Total government revenue from business income taxes

Income taxes of type h households
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TDHT :
TIC, :
TICT

TIKk,j :

TIKT

TIM

m:

TIMT :

TIP. :
J

TIPT :

TIWI,j :

TIWT

TIX
X

TIXT :

TPRCTS :
TPRODN :

TRag,agj :

YDF, :

YDHh :
YFf :
YFK
YFTRf :

YG:
YGK :

Total government revenue from household income taxes

Government revenue from indirect taxes on product i

Total government receipts of indirect taxes on commaodities

Government revenue from taxes on type k capital used by industry j

Total government revenue from from taxes on capital

Government revenue from import duties on product m

Total government revenue from import duties

Government revenue from taxes on industry j production (excluding taxes directly

related to the use of capital and labor)

Total government revenue from production taxes (excluding taxes directly related to the

use of capital and labor)

Government revenue from payroll taxes on type | labor in industry j
Total government revenue from payroll taxes

Government revenue from export taxes on product x

Total government revenue from export taxes

Total government revenue from taxes on products and imports
Total government revenue from other taxes on productionl2

Transfers from agent agj to agent ag
Disposable income of type f businesses
Disposable income of type h households
Total income of type f businesses
Capital income of type f businesses
Transfer income of type f businesses

Total government income

Government capital income
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YGTR:
YH, :
YHKh :
YHLh :
YHTRh :

YROW :

Government transfer income

Total income of type h households
Capital income of type h households
Labor income of type h households
Transfer income of type h households

Rest-of-the-world income

A4. Parameters

aiji’j :

BKD.
i
BLD.
i
BM .
m -

VA
B:™:
i

BX :

Ix

XT
B&
J

Input-output coefficient

Scale parameter (CES — composite capital)
Scale parameter (CES — composite labor)

Scale parameter (CES — composite commodity)
Scale parameter (CES - value added)

Scale parameter (CET — exports and local sales)
Scale parameter (CET - total output)

Share parameter (CES — composite capital)
Share parameter (CES — composite labor)

Share parameter (CES — composite commodity)
Share parameter (CES - value added)

Share parameter (CET — exports and local sales)

Share parameter (CET - total output)
Price elasticity of indexed transfers and parameters

Share of commaodity i in total current public expenditures on goods and services

48

12 That is, taxes on production other than taxes on products and taxes and duties on imports (see Appendix B1).
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ag,agj -

Share of commaodity i in total investment expenditures

Marginal share of commaodity i in type h household consumption budget

Coefficient (Leontief — intermediate consumption)

Share of type k capital income received by agent ag

Share parameter (transfer functions)

Share of type | labor income received by type h households
Elasticity parameter (CES — composite capital); —1 < p;@ < o0
Elasticity parameter (CES — composite labor); —1 < p;‘D < oo
Elasticity parameter (CES — composite commodity); —1 < pr':]/l < 0
Elasticity parameter (CES — value added) ; —1< p\j/A <o

Elasticity parameter (CET — exports and local sales) ; 1< p J?fx <00
Elasticity parameter (CET - total output) ; 1< pj?(T <o

Elasticity of substitution (CES — composite capital); 0 < a;(D < o0

Elasticity of substitution (CES — composite labor); 0 < o}-D <o

Elasticity of substitution (CES — composite commaodity); 0 < ar'r\]/' <o

Elasticity of transformation (CES — value added) ; 0< a\j/A <o

Elasticity of transformation (CET - exports and local sales) ; 0< o JXX <o

Price elasticity of the world demand for exports of product x

Elasticity of transformation (CET - total output) ; 0< aJ?(T < o0

Intercept (type h household savings)
Slope (type h household savings)

Rate of margin i applied to commodity ij
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tmrgi%(X :
trOh :
trlh :
ttdfOf :
ttdflf :
ttdhO, :
ttdhlh :
ttic, :
ttikk,j :
ttim
ttip i
ttin,j :
ttix

V..
J

Rate of margin i applied to exported commaodity x
Intercept (transfers by type h households to government)
Marginal rate of transfers by type h households to government
Intercept (income taxes of type f businesses)

Marginal income tax rate of type f businesses

Intercept (income taxes of type h households)

Marginal income tax rate of type h households

Tax rate on commodity i

Tax rate on type k capital used in industry j

Rate of taxes and duties on imports of commodity m
Tax rate on the production of industry j

Tax rate on type | worker compensation in industry j
Export tax rate on exported commodity x

Coefficient (Leontief — value added)

50



PEP-1-1, second revised edition,October 2009 51

APPENDIX B: MODEL VARIABLES AND CONCEPTS OF THE 1993
SYSTEM OF NATIONAL ACCOUNTS (SNA93)

This Appendix is dedicated to clarifying the following concepts, on the basis of the 1993 System of
National Accounts (INTER-SECRETARIAT WORKING GROUP ON NATIONAL ACCOUNTS, 1993)13:

Taxes on production and imports

Taxes on products

Other taxes on production

Basic prices and value added at basic prices

Producers’ prices and value added at producers’ prices

Purchasers’ prices

GDP at basic prices

GDP at market prices

B1. « Indirect » taxes
Paragraph 7.49 of the SNA93 says that taxes on products are a subset of taxes on production, rather than
a separate category. Taxes on production, together with taxes and duties on imports, constitute the set of

Taxes on production and imports.

7.49. Taxes on production and imports consist of:
taxes on products payable on goods and services when they are produced,
delivered, sold, transferred or otherwise disposed of by their producers; they include
taxes and duties on imports that become payable when goods enter the economic
territory by crossing the frontier or when services are delivered to resident units by non-
resident units; when outputs are valued at basic prices, taxes on domestically produced
products are not recorded in the accounts of the System as being payable by their
producers

plus:

other taxes on production, consisting mainly of taxes on the ownership or use of
land, buildings or other assets used in production or on the labour employed, or
compensation of employees paid.
Taxes on the personal use of vehicles, etc., by households are recorded under current
taxes on income, wealth, etc.

13 http://unstats.un.org/unsd/snal993/toctop.asp.
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The word « other » is important here. This implies the following classification scheme:

Taxes and duties on imports

Taxes on production

and imports Taxes on products

Taxes on production

Other taxes on
production

Paragraph 7.50 defines taxes on production, and says that they correspond grosso modo to « indirect
taxes », although that expression is no longer part of the national accounts terminology (it is nonetheless

still used, by Statistics Canada, among others — see box below).

7.50. At the level of an individual enterprise, taxes on production are recorded as
being payable out of its value added. Similarly, in business accounting, taxes on
production, except invoiced VAT, are usually regarded as costs of production that may
be charged against sales or other receipts when calculating profits for tax or other
purposes. They correspond grosso modo to "indirect taxes" as traditionally
understood, indirect taxes being taxes that supposedly can be passed on, in
whole or in part, to other institutional units by increasing the prices of the
goods or services sold. However, it is extremely difficult, if not impossible, to
determine the real incidence of different kinds of taxes, and the use of the terms "direct"
and "indirect" taxes has fallen out of favour in economics and is no longer used in the

System.

B1.1 OTHER TAXES ON PRODUCTION

As indicated in 7.49, and detailed in 7.70 below, Other taxes on production include payroll taxes, taxes

on capital, as well as property or real estate taxes. But they do not include taxes on products, defined in

Paragraph 7.62 below.

3. Other taxes on production (D.29)

7.70. These consist of all taxes, except taxes on products, that enterprises incur as a
result of engaging in production. Such taxes do not include any taxes on the
profits or other income received by the enterprise and are payable irrespective of the
profitability of the production. They may be payable on the land, fixed assets or labour
employed in the production process or on certain activities or transactions. Other taxes
on production include the following:

(a) Taxes on payroll or work force: these consist of taxes payable by enterprises
assessed either as a proportion of the wages and salaries paid or as a fixed amount per
person employed. They do not include compulsory social security contributions paid by
employers or any taxes paid by the employees themselves out of their wages or salaries
(GFS, 3; OECD, 3000);

(b) Recurrent taxes on land, buildings or other structures: these consist of
taxes payable regularly, usually each year, in respect of the use or ownership of land,
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buildings or other structures utilized by enterprises in production, whether the
enterprises own or rent such assets (GFS, 4.1; OECD, 4100);

(c) Business and professional licences: these consist of taxes paid by enterprises
in order to obtain a licence to carry on a particular kind of business or
profession. However, if the government carries out checks on the suitability, or safety
of the business premises, on the reliability, or safety, of the equipment employed, on
the professional competence of the staff employed, or on the quality or standard of
goods or services produced, as a condition for granting such a licence, the payments are
not unrequited and should be treated as payments for services rendered, unless the
amounts charged for the licences are out of all proportion to the costs of the checks
carried out by governments (GFS, 5.5.1; OECD, 5210). (See also paragraph 8.54 (c) of
chapter VIII for the treatment of licences obtained by households for their own personal
use.);

(d) Taxes on the use of fixed assets or other activities: these include taxes
levied periodically on the use of vehicles, ships, aircraft or other machinery or equipment
used by enterprises for purposes of production, whether such assets are owned or
rented. These taxes are often described as licences, and are usually fixed amounts
which do not depend on the actual rate of usage (GFS, 5.5.2 and 5.5.3; OECD, 5200);

(e) Stamp taxes: these consist of stamp taxes which do not fall on particular
classes of transactions already identified, for example, stamps on legal documents or
cheques. These are treated as taxes on the production of business or financial
services. However, stamp taxes on the sale of specific products, such as alcoholic
beverages or tobacco, are treated as taxes on products (GFS, 7.2; OECD, 6200);

(f) Taxes on pollution: these consist of taxes levied on the emission or discharge
into the environment of noxious gases, liquids or other harmful substances. They do not
include payments made for the collection and disposal of waste or noxious substances by
public authorities, which constitute intermediate consumption of enterprises (GFS, 7.3;
OECD, 5200);

(g) Taxes on international transactions: these consist of taxes on travel abroad,
foreign remittances or similar transactions with non-residents (GFS, 6.5 and 6.6; OECD,
5127).

B1.2 TAXES ON PRODUCTS

Taxes on products are defined in 7.62.

2. Taxes on products (D.21)

7.62. A tax on a product is a tax that is payable per unit of some good or service. The
tax may be a specific amount of money per unit of quantity of a good or service (the
quantity units being measured either in terms of discrete units or continuous physical
variables such as volume, weight, strength, distance, time, etc.), or it may be calculated
ad valorem as a specified percentage of the price per unit or value of the goods or
services transacted. A tax on a product usually becomes payable when it is produced,
sold or imported, but it may also become payable in other circumstances, such as when
a good is exported, leased, transferred, delivered, or used for own consumption or own
capital formation. An enterprise may or may not itemize the amount of a tax on a
product separately on the invoice or bill which they charge their customers.

B1.3 CORRESPONDING VARIABLES IN PEP-1-1

Variables In PEP-1-1 which correspond to these concepts are:
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TICi : Government revenue from indirect taxes on product i;
part of SNA93 « taxes on products »

TIK, Ik Government revenue from taxes on type k capital used by industry j;
part of SNA93 « other taxes on production »
TIM_:  Government revenue from import duties on product m;

part of SNA93 « taxes and duties on imports »
TIP. : Government revenue from taxes on industry j production (excluding taxes directly

related to the use of capital and labor);
part of SNA93 « other taxes on production »
TIW, i Government revenue from payroll taxes on type | labor in industry j;
part of SNA93 « other taxes on production »
TIX : Government revenue from export taxes on product x;
part of SNA93 « taxes on products »
TPRCTS : Total government revenue from taxes on products and imports;

correspond to SNA93 « taxes on products »
TPRODN : Total government revenue from other taxes on production;

correspond to SNA93 « other taxes on production »

B2. Price concepts

B2.1 PRODUCERS’ PRICES AND BASIC PRICES

Value added is defined at the level of individual producer units, and is aggregated to sectors or industries,
or to the whole economy. It is calculated by subtracting the value of intermediate consumption from the
value of production. Now, the values of intermediate consumption and production depend on which price
concepts are used in their measurement. Consequently, SNA93 defines price concepts in reference to the

valuation of production and intermediate consumption.

Price concepts differ according to which taxes are included or excluded. Taxes on imports are recorded
only at the level of the total economy, as they are not payable out of the values added of domestic
producers: consequently, they are not relevant in the valuation of production. Output valued at basic
prices excludes all taxes (subsidies) on products payable (receivable) on the goods or services produced
as outputs, but includes other taxes on production (see Paragraph 7.53 below). Producers’ prices also
include all taxes or subsidies on products payable or receivable on outputs, except invoiced VAT or

similar deductible taxes as invoiced VAT is never included in the value of output.
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7.52. In the generation of income account, taxes on imports are recorded only at the level of
the total economy as they are not payable out of the values added of domestic
producers. Moreover, at the level of an individual institutional unit or sector, only
those taxes on products that have not been deducted from the value of the
output of that unit or sector need to be recorded under uses in its generation of
income account. These vary depending upon the way in which output is
valued. When output is valued at basic prices, all taxes (subsidies) on products
payable (receivable) on the goods or services produced as outputs are
deducted from (added to) the value of that output at producers' prices. They
do not, therefore, have to be recorded under uses in the generation of income
account of the units or sectors concerned, being recorded only at the level of the
total economy, in the same way as taxes on imports. When output is valued at
producers' prices, all taxes or subsidies on products payable or receivable on
outputs have to be recorded under uses in the generation of income accounts
of the units or sectors concerned, except invoiced VAT or similar deductible
taxes as invoiced VAT is never included in the value of output. Non-deductible
VAT and similar taxes are recorded under uses only at the level of the total economy,
like taxes on imports.

7.53. Other taxes or subsidies on production - i.e., taxes payable on the land, assets,
labour, etc., employed in production - are not taxes payable per unit of output and
cannot be deducted from the producer's price. They are recorded as being payable out
of the values added of the individual producers or sectors concerned.

The implications of the above are presented in the two following figures: in Figure B1, value added is
recorded at basic prices; in Figure B2, it is recorded at producer prices. In both cases, the starting point is
production at producers’ prices. But in the calculation of value added at basic prices, taxes on products
are immediately deducted to obtain production at basic prices. It follows that taxes on products do not
appear in the « Generation of income account » when value added is at basic prices, but they do when

value added is at producer prices.
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Figure B1 — Value added of a single producer unit at basic prices

Production account

Generation of income

account

e

Production at

producers’ prices

Production at basic

prices

Value added at basic

prices

Operating surplus
or mixed income

Workers’
compensation

Other taxes, less
subsidies, on
production
(excludes taxes on
products)

Intermediate
consumption at

purchasers’ prices

Taxes on products

56



PEP-1-1, second revised edition,October 2009

Figure B2 — Value added of a single producer unit at producers’ prices
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B2.2 PURCHASERS’ PRICES

The reader will have noticed that, in computing value added, whether at basic prices or at producers’

prices, intermediate consumption at purchasers’ prices is deducted from the value of production. This is

justified, particularly in the case of value added at basic prices, by the fact that « From the point of view

of the producer, purchasers' prices for inputs and basic prices for outputs represent the prices actually paid
and received » (SNA93, Paragraph 6.226).

As a general principle, the SNA records product uses at purchasers’ prices, which include taxes and

margins.

3.81. Usually, the producer and the user of a given product perceive its value differently owing

to the existence of taxes and subsidies on products, transport costs to be paid and the
occurrence of trade margins. In order to keep as close as possible to the views of the
economic transactors themselves, the System records all uses at purchasers’
prices including these elements, but excludes them from the value of output of
the product.

The most explicit definition of purchasers’ prices is given in Paragraph 3.83 (and repeated in 6.215):

3.83. Use of products is recorded at purchasers’ prices. The purchaser’s price is defined as

the amount payable by the purchaser, excluding any deductible VAT or similar
deductible tax, in order to take delivery of a unit of a good or service at the time and
place required by the purchaser. The purchaser's price of a good includes any
transport charges paid separately by the purchaser to take delivery at the required
time and place.

But there may be more than one definition of purchasers’ price for a given product, when it goes through

several successive transactions before its final use.

6.216. When comparing the purchaser's price with the producer's or basic price, it is

important to specify whether they refer to the same transaction or two different
transactions. For certain purposes, including input-output analysis, it may be
convenient to compare the price paid by the final purchaser of a good after it has
passed through the wholesale and retail distribution chains with the producer's
price received by its original producer. In this case the prices refer to two different
transactions taking place at quite different times and locations: they must differ at
least by the amount of the wholesale and retail trade margins.

Paragraph 6.217 is useful in that it indirectly confirms that the difference between producer price and

basic price is indeed « the value of any taxes less subsidies on the product (other than VAT) ».

6.217. When the prices refer to the same transaction, that is, the purchaser buys directly

from the producer, the purchaser's price may exceed the producer's price by:

(a) The value of any non-deductible VAT, payable by the purchaser; and

(b) The value of any transport charges on a good paid separately by the
purchaser and not included in the producer's price.
It follows that the purchaser’'s price may exceed the basic price by the amount
of the two items just listed plus the value of any taxes less subsidies on the
product (other than VAT).
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The existence of a value-added tax (VAT) is a complicating factor (see Paragraphs 6.207 to 6.214, not

reproduced here).

B2.3 CORRESPONDING VARIABLES IN PEP-1-1

Variables In PEP-1-1 which correspond to these concepts are:

Pj : Basic price of industry j’s output
= SNA93 « basic price » of aggregate output
PCI i Intermediate consumption price index of industry j
= SNA93 « purchaser price » index of intermediate consumption
PC. : Purchaser price of composite comodity i (including all taxes and margins)
= SNA93 « purchaser price »
PD. : Price of local product i sold on the domestic market (including all taxes and margins)
= SNA93 « purchaser price »
PM_:  Price of imported product m (including all taxes and margins)
= SNAO93 « purchaser price »
PE. : Price received for exported commodity x (excluding export taxes)
= SNA93 « basic price » of exports
PE)'(:OB . FOB price of exported commodity x (in local currency)
= SNAO93 « producer price » and « purchaser price » of exported products
PL : Price of local product i (excluding all taxes on products)
= SNAO93 « basic price » of local products sold on the domestic market

PPJ. : Industry j unit cost, including taxes directly related to the use of capital and labor, but

excluding other taxes on production
= SNAB93 « basic price », minus taxes on production not directly related to the use of
capital and labor

There is no variable in PEP-1-1 corresponding to producer prices, except for PE)'(:OB. Subtracting

margins from PD; would yield producer prices of local products sold domestically.

B3. Trade and transport margins

In the SNA93, the output of wholesale and retail trade is not measured by the value of their sales, but
rather by the value of the services rendered as intermediaries between producers and buyers. The value of

these services is the gross trade margin. In the SNA, a purchase is recorded as two simultaneous flows:
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one is the value of what is purchased, and the other is the trade margin that is included in the price paid by

the buyer.14

3.30. The System's recording of transactions for wholesalers and retailers does not
mirror the way in which those involved view them. The purchases of goods for
resale by wholesalers and retailers are not recorded explicitly, and they are
viewed as selling, not the goods, but the services of storing and displaying a
selection of goods in convenient locations and making them easily available for
customers. This partitioning implements the System's measure of output for
traders, which is by the value of the margins on goods they purchase for
resale.

Transport services are treated both as margins and as directly purchased services. But transport services

produced for own use within enterprises are not recorded separately (see SNA93 Paragraph 6.103).

Trade and transport margins appear in the supply part of the supply-and-use table. SNA93 Table 2.10,
reproduced after section B4.3 below, provides an example of how trade margins are recorded in the
System.

2.214. The upper part of the table shows the origin of the resources of goods and
services. In the rows, the various types of products are presented according
to a classification which can be used at various levels of detail. In the
columns, starting from the right side, imports are shown first. Then a matrix
showing the output of industries, according to the activity classification,
appears. This is the make matrix. It may be valued either at basic prices or
at producers' prices in the absence of a value added tax (VAT), or at
producers’ prices in the presence of VAT. The actual figures in the table are
at basic prices which is the preferred method of valuation for output. The
column for total industries records the total output of industries for each kind
of product. The output of a given industry may cover a number of different
products, the principal and the secondary ones.

Text refers to: table 2.10.

2.215. Taxes, less subsidies, on products - with varying content according to the
valuation of output - and trade and transport margins are recorded in two
columns in order to get total supply of each type of product valued at
purchasers' prices. The corresponding trade and transport services are
deducted globally at the intersection between the relevant rows and the
column for trade and transport margins. Thus the total of the latter is zero.

Text refers to: table 2.10.

In column (2) of the SNA93 Table 2.10, the production of trade and transport services as margins is
subtracted from total supply (-68 for trade, and —10 for transport), so that the column total is zero. In

PEP-1-1, margins are treated in a different, but arithmetically equivalent, manner. In the underlying SAM,

14 Also see SNA93 Paragraphs 6.110 to 6.114 (not reproduced here).
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there is a « Trade and transport margins » column in the use table (bottom part of the supply-and-use
table): margins are formally treated as a (fictitious) industry. Its sales are the amount of trade and
transport margins included in the supply of goods and services (78 =2+ 2+ 74); its intermediate
purchases are trade services (68) and transport services (10); no value added is generated. The only
difference with Table 2.10 is that total supply of trade services (line 6 of the supply table — top part of
Table 2.10) is then increased by 68, and that of transport services (line 7) by 10, while total uses of these
services are increased by the same amounts (lines 6 and 7 of the use table — bottom part of Table 2.10).
See variable MRGN; in equations 58 and 89.

B4. GDP concepts

B4.1 GDP AT BASIC PRICES AND AT PRODUCERS’ PRICES

GDP is the sum of value added of all resident producer units. So, just as value added can be evaluated at

basic prices or producer prices, so can GDP be evaluated at both sets of prices.

2.172. Basically, GDP is a concept of value added. It is the sum of gross value added of
all resident producer units (institutional sectors or, alternatively, industries)
plus that part (possibly the total) of taxes, less subsidies, on products which
is not included in the valuation of output.* Gross value added is the difference
between output and intermediate consumption.

* If basic prices are used for valuing output, GDP is equal to the sum of gross
value added of all resident producer units plus all taxes on products (less
subsidies on products). If producers' prices are used for valuing output, GDP is equal
to the sum of gross value added of all resident producer units plus taxes and duties on
imports, less import subsidies - in absence of a value added tax system - or plus taxes
and duties on imports (less import subsidies) and value added type taxes - when such
a taxation system does exist.

GDP at basic prices is computed from gross value added at basic prices, defined as:

6.226. Gross value added at basic prices is defined as output valued at basic prices
less intermediate consumption valued at purchasers' prices. Although the
outputs and inputs are valued using different sets of prices, for brevity the value added
is described by the prices used to value the outputs. From the point of view of the
producer, purchasers' prices for inputs and basic prices for outputs represent the prices
actually paid and received. Their use leads to a measure of gross value added which is
particularly relevant for the producer. The resulting measure has also some convenient
properties for aggregation purposes as explained later, although there is no named
aggregate in the System which corresponds to the sum of the gross values
added of all enterprises measured at basic prices.

GDP at producers’ prices is computed from gross value added at producers’ prices, defined as:

6.227. Gross value added at producers' prices is defined as output valued at
producers’ prices less intermediate consumption valued at purchasers’
prices. As already explained, in the absence of VAT, the total value of the
intermediate inputs consumed is the same whether they are valued at producers’ or at
purchasers' prices, in which case this measure of gross value added is the same as one
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which uses producers' prices to value both inputs and outputs. It is an economically
meaningful measure that is equivalent to the traditional measure of gross value added
at market prices. However, in the presence of VAT, the producer's price excludes
invoiced VAT, and it would be inappropriate to describe this measure as being at
"market" prices.

The difference between the two measures of GDP is the sum of taxes included in value added at

producers’ prices and at basic prices:

6.228. Both this measure of gross value added and that described in the previous section use
purchasers' prices to value intermediate inputs. The difference between the two
measures is entirely attributable to their differing treatments of taxes or
subsidies on products payable on outputs (other than invoiced VAT). By
definition, the value of output at producers' prices exceeds that at basic prices by the
amount, if any, of the taxes, less subsidies, on the output so that the two associated
measures of gross value added must differ by the same amount.

B4.2 GDP AT PURCHASERS’ PRICES FROM THE PERSPECTIVE OF FINAL DEMAND

GDP can also be computed from final demand. Since final demand is valued at purchasers’ prices, this

measure of GDP is different from gross value added aggregations:

2.173. Next, GDP is also equal to the sum of the final uses of goods and services (all
uses except intermediate consumption) measured in purchasers® prices, less
the value of imports of goods and services.

B4.3 GDP FROM THE INCOME PERSPECTIVE

Finally, GDP can be computed as the sum of incomes distributed by resident producer units:

2.174. Finally, GDP is also equal to the sum of primary incomes distributed by resident
producer units.

This is detailed in Paragraph 2.222. This paragraph refers to Table 2.10, which may be downloaded from
the SNA93 site (reproduced on the following page).

2.222. The three approaches to GDP (1,854) appear in the supply and use table, as well as in
the integrated economic accounts:

From the production side, GDP is equal to total output (3,604) minus total
intermediate consumption (1,883) plus taxes, less subsidies, on products (133) not
included in the value of output.

From the demand side, GDP is equal to final consumption expenditure (1,015 + 16
+ 156 + 212) plus gross capital formation (376 + 28 + 10) plus exports (540) minus
imports (499).

From the income side, GDP is equal to compensation of employees (762)
plus taxes, less subsidies, on production and imports (191), plus mixed
income, gross (442), plus operating surplus, gross (459).
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Systemn of Mational Accounts 1993 1
Table 2.10. Supply and use (reduced format)

Supply of products

w— o =
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retail trade, interme- health,
Agri- repair matar diatian, personal
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supply Trade less hunting,  Mining Manufac- and hshid storage, ather pub. admin industry,
at and subsidies  forestry  and turng, Construc-  goods, hotels,  and come- business and in Imports of
purchasers' transport  on fishing quarrying electricity  tion restaurants munication  services defense basic goods and
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Intermediate :Dnsu&gmﬂ in industries (by ISIC categories) Final consumption expenditure Gross capital formation
Wholesale, Financial Education,
retail trade, interme- health,
Agri- repair matar diatian, personal
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4. Manufaduring (2-4) 2160 22 7 675 a0 26 422 557 0 0 2 161 B 10
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B4.4 WHAT ABOUT GDP AT FACTOR COST?

This concepts no longer exists in the System of National Accounts. Nonetheless, GDP at factor costs can
easily be computed. In the absence of other taxes on production, GDP at factor costs is identical to GDP

at basic prices.

6.229. Gross value added at factor cost is not a concept used explicitly in the
System. Nevertheless, it can easily be derived from either of the measures of gross
value added presented above by subtracting the value of any taxes, less subsidies, on
production payable out of gross value added as defined. For example, the only taxes
on production remaining to be paid out of gross value added at basic prices consist of
"other taxes on production”. These consist mostly of current taxes (or subsidies) on
the labour or capital employed in the enterprise, such as payroll taxes or current taxes
on vehicles or buildings. Gross value added at factor cost can, therefore, be derived
from gross value added at basic prices by subtracting "other taxes, less subsidies, on
production”.

6.230. The conceptual difficulty with gross value added at factor cost is that there is no
observable vector of prices such that gross value added at factor cost is obtained
directly by multiplying the price vector by the vector of quantities of inputs and outputs
that defines the production process. By definition, "other taxes or subsidies on
production” are not taxes or subsidies on products that can be eliminated from the
input and output prices. Thus, despite its traditional name, gross value added at factor
cost is not strictly a measure of value added.

6.231. Gross value added at factor cost is essentially a measure of income and not output. It
represents the amount remaining for distribution out of gross value added, however
defined, after the payment of all taxes on production and the receipt of all subsidies on
production. It makes no difference which measure of gross value added is used
because the measures considered above differ only in respect of the amounts of the
taxes or subsidies on production which remain payable out of gross value added.

6.232. Claims on gross value added, other than payments of taxes, less subsidies, to
government used to be described as "factor incomes"”. While the concept of factor
income is no longer used in the System, gross value added at factor cost could be
interpreted as measuring the value of the fund out of which so-called "factor incomes"
can be paid: it follows that it is equal to the total value of the "factor" incomes
generated by production.

Statistics Canada, among other statistical agencies, has abandoned the concept of « GDP at factor costs »:

What is the difference between the GDP at factor cost and the GDP at basic prices?

Whereas in the past, Statistics Canada published net domestic product at factor cost, this practice changed with the
publication of the estimates of the first quarter of 2001 of the national economic and financial accounts. To bring the
Canadian System of National Economic Accounts into line with international standards, the valuation of production
is now done according to basic prices.

The concept of GDP at basic prices differs from the concept of GDP at factor costs in that the former includes net
indirect taxes (indirect taxes less subsidies) attached to factors of production. For example, whereas property taxes,
capital taxes and payroll taxes were not included in the valuation of GDP at factor costs, they are included in the
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valuation of GDP at basic prices. These production expenses are included in GDP at basic prices, subtracting from
them any subsidies attached to factors of production, such as subsidies allocated for job creation and training.

The concept of GDP at basic prices also differs from GDP at market prices, but in this case the difference concerns
the taxes and subsidies on the products themselves, such as sales taxes, fuel taxes, duties and taxes on imports,
excise taxes on tobacco and alcohol products and subsidies paid on agricultural commaodities, transportation services
and energy. Whereas production at basic prices excludes taxes and subsidies on products, GDP at market prices
includes taxes net of subsidies on products.

Source: http://www.statcan.gc.ca/nea-cen/fag-fog/gdp-pib-eng.htm
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APPENDIX C: MATHEMATICAL DERIVATIONS

C1. Relative demand of capital and labor

C1.1 COST-MINIMIZING PROBLEM

The production function of value added is given by equation 3:

1

VA
Pj

VA VA

' b p¥)koc,”

_ pVA| VA -
3. VA, =B/"| gj"LDC, J

The producer’s problem is to minimize the cost of value added
99. WCJ.LDCJ. + RCJ.KDCJ.

subject to 3 and the constraint VAJ. = \/_AJ Form the Lagrangian

100. A =WC.LDC, +RC .KDC. - VA, ~VA )
J J J J J ]

VA VA

-p
101. A =WC LDC; +RC,KDC; - 4 B\J./A ﬂ\j/ALDCj

First order conditions are:

102, a—A:—(\/A. —\K)zo
oA J J
AVA.
103. _ N _we _2 l -0
oLDC ) oLDC
AVA.
104, N _rec 2 l -0
oKDC; ) oKDC |

with
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OVA. YA VA
105. i __ 0 gvAgVAIpc. +(1—,8\./A)KDC. :
oLDC;  4LDC; Y ! J
OVA. - YA
106. — 1 —gYA| L | VA pc. "’ .
oLDC, j pY j j j
OVA. e
107. —J:B\J./A{ﬂ\j/ALDCJ. ’ +(1—ﬂ\j/A)KDC
aLoe,
Likewise,
OVA. YA
108. —JzB‘j/A[ﬂ\j’ALch’ +(1—,8\J./A)KDC
oKDC;

C1.2 RELATIVE DEMAND

It follows from equations 103, 104, 107, and 108 that

VA

Y VA VA
B‘j”{ﬁ\j’ALDCj ’ +(1—,B\J./A)KDCJ. ’ } {ﬂ\j/ALDCj ’ J
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i |7 j j
YA
WC BYALDC
_ J J
110. = T~
RC VA Py T
J - . .
(1 B, )|<ch
YA
LDC 1- g¥A wc.
111, | — = )
KDC, /3\]."‘ RC;
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1

p\j/A +1

LDC. (1-p"A wc.
112. LI J J
KDC, ﬁ\j/A RC;

Substituting oA = —/n— » equation 4 follows
J P +1

VA
g RC. |
4, LDC. = ) KDC.

C1.3 ELASTICITY OF SUBSTITUTION

. . . . 1 .
In C1.2 above, nothing was said about the interpretation of oA = VA Here we show that & is
J Pt + 1 j
indeed the elasticity of substitution. The elasticity of substitution between composite labor and composite
capital is defined as

LDC. aVA./aKDC. LDC.
olnl ——1 A VA § o —1
KDC. 6VA./8LDC. KDC.
113, : = ! ! :
on aVAj/aKDCj LDCJ. 5 8VAJ./8KDCj
8VAJ. /6LDCJ. KDCJ. aVAJ. /é)LDCj
GVA./aKDC.
where J 1 is the marginal rate of substitution between composite labor and composite capital
aVA./aLDC.
J J
(MRS/ ¢ ko ):
j d LDCJ. 8VAJ. /GKDCJ.
114, IVIRSLDC'KDC =— =

d kDCj 6VAJ. /8LDCJ.

Substitute from equations 107 and 108,
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The elasticity of substitution is therefore
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OVA, /oKDC, LDC. LDC.
oln| — 41 J ) J
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KDC . LDC.
Noting that ) = J , simplify as
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r va \TL
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Kch ﬂj KDCJ. ] J
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J
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Hence a\j/A = A is indeed the elasticity of substitution.
o +1
j

C2. Labor demand by category

C2.1 WAGE BILL MINIMIZING PROBLEM

The aggregator function of composite labor is given by equation 5:

N
piP
P
_ plD LD
5. LDC, =B, zllﬂ“. LD, ;

The producer’s problem is to minimize the wage bill ZWTII J.LDI j subject to equation 5 and the
| : ,

constraint LDCJ. = LDCJ. . Form the Lagrangian
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122. A= ZI:WTII,J.LDI’J. ~ltoc, - Lch)

1
5
kD .
_ LD LD
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First order conditions are:
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C2.2 RELATIVE LABOR DEMAND

It follows from equations 125 and 128 that
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ptP
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Substituting o=0 = % it follows that
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C2.3 UNIT COST OF COMPOSITE LABOR
Remembering that O-}_D = %, and substituting equation 134 into 5,

P +1
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135.
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Now, the unit cost of composite labor is defined by equation 72

72.

WCJ.

> WTI, LD
I 7L

LDCj

Substituting LDyj from equation 139 for LDy in equation 72 yields
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1
i
1
i
where
Pj
LD
142. le(ﬂl,j )
Hence,
1
143. WCJ _B.ﬁ
J
144. WC :L
] gLD
J
. |_D 1
Using o D,
/?J- +

74
o T 17
1 Pj p;.D p}_D+l
o) o )
Z l,j TII,J ZWTIIJJ ﬂLD
' lj 1j, j
1
1 ’y° poT 1 L1
p|j‘D+1 ij‘D+l p}‘D+1 pIJ-‘D+1
o) ) po) )
Z(ﬁl,j ] 2\ i,
I lj
ij_D T T . le__D 7
+1 p}_D‘Fl plj‘D+l pIJ-‘D+1
LD
TI ) = ) (\NTI..)
(W lj z lj, j lj, j
lj
1
17
1 'Dlj_D +p|.‘D
plj‘D+1 ij‘D+l !
o), )
oy g
|
p;_D+1
1 ’Dlj_D pl.‘D
plj‘D+1 ij_D+1 !
o), )
Z(ﬂm T
|
1
LD
1=oj l—o}'D
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C2.4 LABOR DEMAND FOR A SINGLE CATEGORY IN TERMS OF RELATIVE WAGE RATES

From equation 145, it follows that

ot0
J

LD
1-oj° |{_,LD o LD

LD
7] , i i
146. le(ﬂhD) (\NTII’J.) : =(BJ.LD) WC;
Substituting equation 146 into equation 139 yields

LDCJ.( o o (wTl. .

147. LDIj,j = 51D i
]

After rearranging, equation 6 follows.

b oo
gowe, |
6. LD, . = ML B | .
ol owm, .

C2.6 ELASTICITY OF SUBSTITUTION

75

In C2.2 above, nothing was said about the interpretation of o-;.'D = ;. Here we show that a:rD IS

p}‘D +1

indeed the elasticity of substitution. The elasticity of substitution between type li and type lj labor is

defined as
o LDIi,j c’)LDCj/c’)LDIj’j 5 LD“’j
L8, LDIj,j _ 8LDCJ./6LD“’J. LDIj,j
- 8LDCJ./6LDIJ.‘j LDIi,j 5 c’)LDCj/aLDijj
aLDCj/aLD"’j LDIJ.’j 8LDCJ./8LD“’j

oLDC. /oLD,. .
where J/ 1. )

8LDCJ./8LD“1j

_ dLD ; OLDC; /aLD;; |
149. MRS/} . = SRR J ].)

il =~ =
dLDijj 6LDCJ./8LD“'J.

Substitute from equation 128,

is the marginal rate of substitution between li and lj in industry j (MRS
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AP
LD LD 1
LD LD LD -
dLDI. BJ’ Zﬂl LD (’BU i LDIJ i ]
150. MRS/ ii= bl - S
—
dLDIj,j ,_D ) pIJ_D
LD
LD LD LD -1
B! Zﬂl LD [,BI |_DIIJ j

LD
LD -1 _pt
dy (/ﬂ LD} J A0 (o, )"

liJj — ptP_1) LD
dLDIj,j (ﬂILD LD“J J Bij LDy |

151. MRS/

The elasticity of substitution is therefore

—pl_‘D—l
LD BP (LD J LD
aln li,j lj,j lj,j P li,j
LD
152 Pii) Ay O, j
) LD
, o . -pi -1
o 8LDCJ/5LDILJ LDII,J /3|LD LD i
aLDCj/aLD"‘j LDIJ.Y]. ’BILD LD" j
B LD
Lb_g LD —p,-
LD. . Ao (o, V| 4 i | P
oln| — M ] l.J ﬂLD D,
LD
LDIj,j ﬂli,j LDIi,j li,
153. =
oI aLDCJ./aLDIJ.‘j LDIi,j 5 LD“,j
aLDCj/ﬁLD"lj LDIj,j LDIj,j
LD LD
-p- -1 p+1l
LDI. : ! LDIi ]!
Noting that ).) = :J , simplify as
LD,. . LD,.

li,j lj, ]
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r o, .\ 71
LD 4 Pj +1
LD, | AE (LD | ot 5 LDy ;
oln LN 4
LDy ; Finy |19y ; B3 “Di
154, ). ) _ ) I JLS
oI 8LDCJ./8LD|J.]J. LD“’j 'Bli,j 5 LD“]j
6LDCJ./6LD"1j LDIj,j LDlj,j
oln % LD o -1
LD, Lo, . | LD, .\
155. .} | (pt0 41| 1 _ 1
! |

- 6LDCJ./8LD|J.‘J.

6LDCJ./6LD"]J.

Hence oP = _ is indeed the elasticity of substitution.

J p:_D 41

C3. Demand for capital by category

The CES aggregator function of composite capital has the same form as the aggregator function of
composite labor. It is straightforward to rewrite the developments of C2 for the demand of type k capital

by industry j.
C4. Stone-Geary utility and the demand for consumer goods

The utility function of the representative agent of type h households is a Stone-Geary utility function:

LES

7i,h
156. U, = H(Ci]h —CM’N) , where

157. z ]/LES

Utility function 157 is equivalent to
LES MIN
156 Inu, =7} In(c, , ~cMN)

The representative household maximizes utility subject to the budget constraint

159. Y PCC;, =CTH,
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Form the Lagrangian:
160. A=Y yESin(c,, —cMIN)- /1[2 PCC, . - CTHhJ
i ' ' i ’
The first-order conditions are:

161, - —[Z PCC., - CTHh] =0
oA i ’

oA }/_LES
162. _ Lh = A PC; =0
Cin (Ci,h_Ci,h )

First-order condition equation 162 is equivalent to
MIN LES

163. 4 Pci(ci,h ~Cin ): Zih
Summing equation 163 over i, remembering equation 157, yields

i,h
i

MIN ) _ LES _
164. 2 Y PC/(C,, ~CMN)= /S =1
|
MIN)_ 1
165. Y Pci(ci‘h -Gy )=2
i A
And, given first-order condition equation 161,

min 1
166. CTHh _ZPCiCi,h _;
|

Substituting equation 166 into equation 165 and rearranging, one obtains demand function equation 53:

_ ~MIN LES MIN
53.  C,,PC; =C\NPC, + T [CTHh—ZCij’h PCijJ
1]

It should be mentioned in passing that methods of calibration of the Linear Expenditure System
CTH,
MIN
CTH, - Z PC.C.
1

parameters often make use of the Frisch parameter, given by: — 4 CTH, =-
i i,h

C5. Allocation of aggregate output to product supplies

C5.1 SALES REVENUE MAXIMIZING PROBLEM

The aggregator function of production sold on the domestic market and exported is given by equation 59:
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1

XT
]

pXT
_pXT XT ]
59.  XST =B; h)ﬁ” XS, }

The producer’s problem is to maximize sales revenue ij iXSji subject to equation 59 and the
=1 ,

constraint XSTJ. = XSTJ. . Form the Lagrangian
167. A= Z.: P.iXS,; — 2 [xsT, - XsT))

1

plT
o7
_ XT XT Yo
168. A=Y P, XS, ~2|BT| ¥ BIIXS,; ~ XST,
| |
First order conditions are:
169. A __(xsT. - XST:)=0
o4 j i
0 XST.
170, A =P~ 4 ]
GXSLi 8XSJ.’i
with
1
pjT
XT
Tl R BXT{ZﬁXszp’ }
' i — 77 i Ji
OXS; ;i XS .
1
0 XST. pXT pXT -1
i _pxt| 1 XT ] XT o XT ]
12— s~ | [iZﬁj,i XS ] (pj Pii S i J

0 XST. P X1
] _ pXT XT ! XT )
173. = Bj h ,BJ. ij,i } (ﬂj,ij XSj,ij ]
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C5.2 RELATIVE SUPPLY OF PRODUCTS

It follows from equations 170 and 173 that

174.

175.

176.

177.

Substituting o JXT =

178.

179.

1
—=
_ o
o7 N
XT XT
Bi Z'BJ XSj,i ﬂj,iixsj,ii
J,n _ L1 i
- 1
—
Pl ] oy
o XT et
XT XT
B 2 %S Fii %S
pXT -1
XT e’ 1
p.. (ﬂj,iixsj.ii BT (xS,
jii P jiii
B T oXT
Pl [ﬂ_Xsz.f. Pii i
1 N
prTfl
XT
S| P P
XT
XS Biii Pii
1
prTfl
XT
XSj,ii _ 'b)j,ij Joi
XT
XS B Phi
, it follows that:
pj -1
X7
J
XT
ij,ii _ ﬁj,lj Pj,ii
XT
XS B Phi
X0
]
XT
xs - | P Fii | g
L ji
i i

80



PEP-1-1, second revised edition,October 2009 81

C5.3 PRICE OF AGGREGATE OUTPUT

. 1 . . . .
Remembering that o X = —r and substituting equation 179 into equation 59,
J pXT _1
j
_L
] A
1 P}
pJXT—l
XT
B P
_RpXT XT B
180. XST; = B; Zﬂjyi T XS,
! B
_1
B XT pJXT
P}
pJXT—l
XT
ﬂ .. XT
_ RXT XT| Zgi i P
181. XST, =B; Zﬂj’i 25T XS4
! B
1
] Py
XT pJXT
A
piT -1 SXT ) ,BXT
_pXT XT) ( )J J.ij
182. XSTJ. Bj XS”J. Z [y lei .
! jiii
1
] A
o
1 pJXT P 1
X XT :
i - P

_ nXT XT )
183, XST, =BXTXS | Z(ﬂ)
i Bii
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R oy
pJXT -1 . prT p,xT
XT P ( XT) pJXT_l( )pJ'XT‘l
184. XST, =BXTXS, , il > g P,
jii
L
XT
XT pJ X'J|:
_ X# Pj pj 1
XST. Py L pXT 1 .
_ J XT ( ) ) J.ij
185, XSj5 =57 | 2V ) i X7
J : Jij

Now, the price of the aggregate output is defined by equation 77
D P XS
— T
|

77.  PT.
J XST,

Substituting XS jj from equation 185 for XSji in equation 77 yields

1
XT - -
XT g x#
— i Pyt
1 plefl XT3
XT ! Il
186. PT. =—— ) ( ) P. —
8. PT, g XT 2 ji 2Py BXT
j : 5 joij
1
pfT
1 o __ 1 o
XT 4 XT T XT
e e -2 y(@) )" ) )
' J opXxXT | &V Jii — V7 J,ij Al
B: i ij
J
where
1 prT 1 prT
pJ?<T—1 XT pJXT—l XT

188. Z(ﬂJXIT)

Hence,
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o
1 pJXT
oXT 1 XT 4
_ 1 xT) o
189 P =7 | 2 7 k)
j |
pJXT—l
pXT
1 plT
pXT 1 XT_,
1 xt) o
190. PT, =Xt Z(ﬂi,i ) (lei)
j 1
. XT 1
Given o T , we have
j P _1
1
o‘XT+1

_oXT XT

191. PTJ.:B% > JXIT) J (Pj‘i)g’ b
i

C5.4 SUPPLY OF INDIVIDUAL PRODUCTS

Using o X = T and equation 191, one obtains
j pXT _1
J
1
pT
1 N
prT_l prT—l _OFJXT
XT _ XT
192 Z jii ) (Pj,i) = Z(ﬂj,i
I 1
1
o
ot P
XT XT
Pyt X1 7]
XT ] _( XT
193 Z i ) (Pj’i) = B; ) PT,

Substituting into equation 185 yields

83
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o X7
J
XST, (oo TP
194 xs...=—’(B. ) PT. i
W gxT V) J ,B.XT
] Jj
After rearranging, equation 60 follows:
o X7
XSTJ. Pj i !
60 XSJYI - 1+UXT ﬂXT PT
XT Ji j
&)
J
C5.5 ELASTICITY OF TRANSFORMATION
In C5.2 above, nothing was said about the interpretation of oj?(T = % Here we show that o-J?(T is
pi =1
J

indeed the elasticity of transformation.

Here, the elasticity of transformation between products is defined as1°

ol it STy /XSy || XSia
195, — XSy __ OXST} |OXS i XS
OXST, [oXS XS, OXST, [oXS

8XSTJ. / 8XSJ. i

where is the marginal rate of transformation between industry j’s products ii and ij
aXST./axs. .
J j.ii
iy
(MRT“]”.).
106 wrri 2 S ST XS

d XSj.ij 6XSTJ./6XSJ..ii

Substitute from 175

15 In microeconomic textbooks, the elasticity of transformation and the elasticity of substitution are identically defined. What
differenciates them in practice is that the former is negative, while the latter is positive (think of movement along an two-
factor isoquant, compared to movement along a two-goods transformation curve, in response to changes in relative prices:
they are in opposite directions). Here the elasticity of transformation is defined with a minus sign, so it will take on positive
values.
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T
_ T
XT XT o XT ot
S oaxs, B |28 Fiii XS
197. MRTiiJij:_ o L -
' —=-1
d XS, _ E
XT XT ve /T XT vt
B | LA} XS Pii S i
_I -

BlIXS i pil L
d XS B 7T g AR XS

198. MRT.J. =-— - _ i Joij
i, ij X7 XT
The elasticity of transformation is therefore
XT o
XS Piii | i XS
oln| —L ﬂJXI XS, i o| —
XS, . ' ' XS. .
199. — A - _ 1)) -
8XSTJ./8XSJ..U. XSJ. i T Pj
oln| — 31U : B[ XS,
OXST, /XS XS. . ol il 7T,
j jiii iij 85T | xs
i jiii
ST [ PXT 1 11t
XT XT
Piiip | %S Piii | %S
XSy by it s
oln| — % Biii \ XSy Biii \ XSji
XS. . ’ ' ' '
200. - LU = -
GXSTJ./8XSJ. i XSJ. i XSJ. i
oln| ——L— 4 [ L o — 1~
8XSTJ./8XSJ.'ii ij,ij ij,ij
prT 3 l_prT
XS. i XS. i
Noting that | — 2 = , simplify as
XSJ. i XSJ. i
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aln i
201, — XSp

XT
Biii | %Sy

XT
Biii L XS5

XT

5 Piji
XT

Biii

86

XSj,ii

XS. .
L

dln
aXSTj/aXSj_ii

aln i
XS . ..
202. — 11

8XSTJ./6’XSJ._ij

XSj,ii

XS

XS, ..

GXSTJ./GXSJ._ii

aln i
203. - X

6XSTJ. / 0XS i

XS

oln
6’XSTJ./6XSJ.'ii

GXSTJ. / O0XS i

C6. Supply on domestic and export markets

C6.1 SALES REVENUE MAXIMIZING PROBLEM

T

is indeed the elasticity of transformation.

XSj,ii

XS

b

xt 11
—p)

The aggregator function of production sold on the domestic market and exported is given by equation 61:

61. XSj,x

.
_nX X X X
= Bj,x ﬁj,xEXj,x +(1—,B

1

X
Pjx

Py
: )DS.
JX JX

The producer’s problem is to maximize sales revenue of exportable product x:

204.

PE. EX. +PL. D.
ix X ix X

subject to 61 and the constraint XSJ. o = XSJ. . - Form the Lagrangian
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First order conditions are:

with

and, similarly,

C6.2 RELATIVE SUPPLY ON THE DOMESTIC AND EXPORT MARKETS

It follows from 208. 209, 212, and 213 that

205. A=PE. EX. +PL D —2(xs.
X X LX X X
206.

207.

208.

209.

210.

211.

212.

_ X X X
A=PE; EX, +PL D, —4|BX| BEEX +(1_ﬂ

a—Az—(XS - XS. )=0
oA X jhx
0 XS.
oA _ PE; .~ % LX
0 EXj,x 0 Exj,x
0 XS.
oA _ PLJ. ) _2 j.x
0 Dj,x 0 Dj,x
0 XS. o
ix __ 0 BXX[,BJ.XXEXJ.;X
0 Exj,x 0 Exj,x
0 XSj,x _ X 1
jx X
0 Exj,x pj,x
0 XS, pX
B X X hx X
2 EX Bj.x[ﬁj,xExj,x +(1 'Bj,x

- XS,

I

J

X
Pj.x

87
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88

1
Pl
o XS, pf 5 PlxL
IR X X X X Ix X X
a0 o g {ﬁ e )o! } b-p2 o,
J,X
1
Pl
X PJX « JX -
X | pX 1x X X X
PE . ﬂ‘Bj.x 'B]XEXJX +(1 ﬂ]X)Dj,X 'B]XEXJX
214. IX - ;
I:’Lj « ij,x
X X X
X | aX gy 0% X \p X )i
A Bj.X['BJ XEXJ X +(1_'Bj,x) J,X } [(]'_ﬂj,x)Dj,x J
Pl -1
X I
PE. (ﬂj,xExj,x
215. LX _ x1
PL X Pix=
)X {(1 ﬂj x)Dj,x J
pfx—l
EX . (1—ﬁ.x )PE
216. JX =
I:)j,x ﬂj,xPLj,x
1
pfx—l
EX . (1—,8.)( )PE.
217, x| L
Dj,x ﬁj’XPLLX
Substituting GJ?(X = , equation 63 follows:
’ p _1
J,X

X
O .
1- By, PE, |

X
ﬂj,x PL,

EX. =
jix

DS

Jx

C6.3 ELASTICITY OF TRANSFORMATION

In C2.3 above, nothing was said about the interpretation of aj?(x =

indeed the elasticity of transformation.

X
’Dj,X_

1

. Here we show that a;(x is
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Here, the elasticity of transformation between production sold on the domestic market and production

exported is defined as16

Sin EXJ.’X 8XSJ.YX/8DJ.‘X 5 EXJ.’X
210, Dj,x o axsjyx/aExj,X Dj,x
OXS . /aD. EX. OXS . /8D.
aln JrX J:X J:X a va J:X
aXSj’X/aEX iix Dj,x aXSj,x/éEX i x
OXS . X/8D. «
where 0 1X_ s the marginal rate of transformation between production sold locally and

GXSJ.’X/GEX jix
exported ( MRTJ.E? Dy:

d EX. OXS . /aD.
IX BX/ 770

220. MRTJ.E))(('D:— _
dD;, oS, JoEX,,

Substitute from equations 212 and 213

Pix
X X X
X | aX )X X X X Yy 1
d EX . Bj.x{ﬁj,xEXj,x Jr(:I'_'Bj,x)Dj,x (1_'Bj,x jix
221 MRT P = - L T
' -1
d Dj,x ) ij,x )
pi X pix-1
X | 45X Ix X Ix X Ix
Bj.x[ﬂj,xEXj,x +(1_'Bj,x)Dj,x } ('Bj,xEXj,x ]
pfx—l

X
222. MRTEX.D :_d EXjx _ 1-Bix| P
] X X
dD;, B EX

Jx Jx

ix

The elasticity of transformation is therefore

16 1n microeconomic textbooks, the elasticity of transformation and the elasticity of substitution are identically defined. What
differenciates them in practice is that the former is negative, while the latter is positive (think of movement along an two-
factor isoquant, compared to movement along a two-goods transformation curve, in response to changes in relative prices:
they are in opposite directions). Here the elasticity of transformation is defined with a minus sign, so it will take on positive

values.



PEP-1-1, second revised edition,October 2009

X Pt
EX . 1-85 | D EX
olnf ——= X 0
223. - Pix Ui N Pix X
OXS . /OD. EX . Pix1
2ln IX[_ X . 1- X \( D.
J.x J.x
GXSj’X/aEXj‘X Dj,x 0 N o
Pix jox
X I pjx’x_l I
EX . 1-p% | D, 0 : :
ol — X s Bl J\EX,
204, — Pix Pix N Hjx
OXS. /aD. EX. EX.
dln LA/ DX )X 0 1.X
GXSj’X/ﬁEXj‘X Dj,x Dj,x
pj?(,x_l l_pjx,x
D. « EX. «
Noting that | —2: - J. , simplify as
EXJ.’X Dj,x
— 1_plx‘x __1
X
X L=rix EXJ. «
EX . 1-67, | X« ) 5
olnj ——== X x 1 jx
D, B 1- B !
295 _ ix _ ix ix ix
' X
oI 8XSJ.’X/8DJ.’X Exj,x ﬂj,x 5 EXJ.’X
8XSJ.’X/8EXJ.’X Dj,x Dj,x
EXJ' X 1
dln ’ X X 77
P Pix
226, — Pix | i (1—p.x i ot 1
oXS; /oD D. 11 p. 1-p%  pX 1
aln JrX JIX va er J!X J:X
GXSj’X/aEXLX
Hence JJ?(X = is indeed the elasticity of transformation.

pj,X -1

90
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C7. Demand for local products and imports

C7.1 EXPENDITURE MINIMIZING PROBLEM

The aggregator function of composite commaodity is given by equation 65:

Pm

M
Pm

M M N M
65. Q -8M gMim "™ +f-pM)oD_

m m

The buyer’s problem is to minimize expenditure on the composite commaodity
227. PM_IM_+PD_D
m m m m

subject to 65 and the constraint Q, = q Form the Lagrangian
228. A=PM_IM_+PD D -1(Q, -Q._)
_pM

M
_ M Mpg M M
220. A=PM_IM_+PD D_-1|BM| gMim_ +(1_/;m)Dm

First order conditions are:

oA —
230. a—ﬂz—i(Qm—Qm):O
0
21 — A _pm -2 % _g
oIM_ oIM_
o
232. a—Azpo—z n 0
oD, oD,
with
1
M M ,Or!,\]/l
0 p L
233, m =B d {ﬂn':/'leer(l—ﬂM)Dmm}
oIM_ oIM_

Pm
aQ M| —1 M ~Pm M ~Pm M
234. m__ Bm [p—M}{ ﬁm IMm +(1—ﬂm )Dm (_ P
m
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1
-
M
Pm
Q, M| oMp, °M M #m M
235. P =Bm|:,[3m IM_ +(1—,Bm)Dm MM
m
Likewise,
_LM_l
Y2
R _gm| gy " i M)Dfprh"ﬂ m h-pM|p "
236. oD ~ Pm ﬂm m + _ﬂm m _'Bm m
m

C7.2 RELATIVE DEMAND FOR LOCAL PRODUCTS AND IMPORTS

It follows from equations 231, 232, 235, and 236 that

M M Cm
M Myng 7'M MY~ #m M
o B {ﬂm M " - M) } [,Bm IM
237. m _ .
PDm M M _m_l
M Myng Fm M)~ ©m M
Bm{ﬂm M " - M) } o-p
oMy
PM { M MH\A J
238. m | S m
PD_ |1-sM | D_
oMy y
239. M, - =By |PMp
D, ﬁn“{' PD_
1 1
M —pM -1 M pM+
M M
D M | PD_ 1-gM Jpm

, equation 67 follows
P +1

Substituting ar':]"

B

m
241, IM_=|-‘m__"m| p
i L—ﬂrﬁ” PMJ i
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C7.3 ELASTICITY OF SUBSTITUTION

In C7.2 above, nothing was said about the interpretation of o-r':]" = Ml . Here we show that ar'r\]/' is
Py +1

indeed the elasticity of substitution. The elasticity of substitution between imported and locally produced

commodity m is defined as

. D, _aQ, JoIm D,
a.[fﬂ@/fﬂDJ {'M} a[@Q/@DJ
0Q,, /oIM D, 0Q,, /oM
6Qm / 8Dm
aQ,, /oM

where is the marginal rate of substitution between imported and locally produced

commodity m (MRSr'n'VI D ):

dIM, Q /D,
dD,, aQ, /oM _

243. MRSM.D _ _

m

Substitute from 233 and 234

M M M
M| oMy, 7m M) 7™ M ~Pm
B {ﬂm M " - Mo, } o-p" {Dm ]
244, MRSrLM'D - _ m _
d D 1

m
M M M
M| oMypg 7m MR 7m M ~Pm
B [ﬂm m " - M)D } [ﬂm M J

M
245. MRsM.D __am, {1_/3"‘ J[ O J
m M
dD_ p

The elasticity of substitution is therefore
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-Pm -1
1- sMY\( D
IM m m IM
dln[ — pM IM o — ™
D m m D
246. m - m _
0Q /oD IM ~Pm -1
0 In[Qm/ m ] [ m] 1-pM V(D
aQ,, /oM D, 0 i Yy
m m
—pn'\q/' ) [ —pM -1 -
M M
" 1-8" | D, ] 1-pM" [ D,
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247. m =
6In{ an/aDmJ [IMmJ 6(|MmJ
aQ,, /oM D, D,
—pr'xl -1 p#]/l +1
D IM
Noting that [ m = m , simplify as
IM D
m m
pn';/l +1 pr'r\:l +1 -1

D

m —

o oQ,, /oD, IM_
oQ, /oM _ D,

6In[IMmJ
249. On = { ]
)

aQ, /oM _

1-pM (M 1-pM (M
[IMmJ M 0 M
aln B D, B D,
248.
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aln[”vlm} s AT
D IM IM
250. m :[ m} (oM +1{ m} _ 1
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oQ, /oM _

1 .. . N
Hence ar'r\]/' = is indeed the elasticity of substitution.

pn'\q/l +1

C8. Exact price indexes PIXINV and PIXGVT

The GFCF demand for commodities is given by equation 55, where total GFCF expenditure is distributed

among commodities in fixed shares:

55.  PC.INV, = "V GFCF

KWVGFCF
PC.

251. INV, =

Implicitly, the production function of new capital is a Cobb-Douglas function of the form:

K inNV
252. AK =A H INV;
1
The indirect production function is obtained by substituting equation 251 into equation 252:
INV INV

1 zi/ilNV INV i
253, AK = AKT] ﬁNVEfEE YN | A

inNV

INV
254. AK = AKGFCF[]| 1 —
i PCi

Let
GFCFD: gross fixed capital formation expenditures in the SAM
PCiO - initial commodity prices

GFCF*: expenditure necessary to produce the same quantity of new capital at current prices PC;

GFCF* is calculated by solving
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INV INV

INV INV

255, AKGFCFTT| i — — AKGFCFOTT| i
i | PC, i | PC?

An exactl’ GFCF price index is a formula which will yield the ratio GFCF*/GFCF0 as a function of

the price ratios for any initial level of expenditures GFCFO. The exact price index is therefore

INV
7i
INV
AK H 7i P
,ss GFCF™_ i (PG} n PC,
GFCF? i Pe?
K1l i
A
i | PC

which is precisely PIXINV as given in equation 87.

PC.
87. PIXINV = H —(')
i PCi

It can be shown in the same manner that PIXGVT in equation 88 is also an exact price index of

government current expenditures on goods and services.

17 Diewert, W. E. (1976) « Exact and superlative index numbers » Journal of Econometrics 4: 115-145. Reproduced in W. E.
Diewert and A. O. Nakamura (1993), Essays in Index Number Theory, Vol. 1, North-Holland Publishing Co., Amsterdam, p.
223-257. Available on line at http://www.econ.ubc.ca/diewert/hmpgdie.htm.
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APPENDIX D: NOTE ON THE RENTAL RATE AND THE RATE OF
RETURN ON CAPITAL
Throughout this document, we have been careful to avoid inappropriate uses of the expression « rate of

return on capital ». This short appendix aims at clarifying the meaning of « rate of return on capital », as

distinct from the rental rate of capital.

The rental rate of capital in PEP-1-1 is

R i Rental rate of type k capital in industry j

This is the price received by owners for allowing the use of one unit of type k capital in industry j for one
period. It enters the calculation of the capital income of households, businesses and government
(equations 12, 18, and 23):

_ RK
12.  YHK, = %Zh,k [Z Rk,jKDk,j]
]

_ RK
18. YFKf—%ﬂ,f’k ZRk,jKDk,j
]

gvt,k

23 YGK =340 | X R KD,
k i '

In the case where capital is perfectly mobile, owners will allocate their capital to the most advantageous
uses, so that the rental rate of each type of capital will be uniform across industries, equal to

RK Rental rate of type k capital (if capital is mobile)

K
as described by equation 76:
76. Rk j = RKk, if capital is mobile

The rental rate of capital Ry ; is related to

RTI Rental rate paid by industry j for type k capital, including capital taxes

K,j "

by equation 75:

75.  RTI [+ ttik, ;)

k,j:Rk,j

In turn, RT1y ; appears in the calculation of
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RCJ. : Rental rate of industry j composite capital

in equation 74:

ZRTIKJKDK‘J
74. RC;= k

KDCJ.

Finally, RC; is the rental rate of capital that enters equation 71, which determines the price of value

added:
WCjLDCj+RCjKDCj

71.  PVA. =
: VA.
J
Now, the rate of return on capital is a different concept. A rate of return is the ratio of income received
on an asset to the value of that asset. In order to compute the rate of return on capital, our model would
need a price of capital, which does not appear in the static model PEP-1-1. So let

PK Price of private investment in type k capital

K
PK( is the replacement cost of capital. The rate of return on type k capital used in industry j is

R KD, . R, .
Rho, ; = —ltl - K
PKKD, ;  PK

k

Therefore, one must be careful to use the expression « return rate on capital » only when appropriate, that

is, when the variable refered to is the ratio of capital income over the value of the asset.
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APPENDIX E: WALRAS’ LAW, REDUNDANT EQUATIONS, AND SLACK
VARIABLES (LEON)

El. Walras’ Law and the LEON slack variable

Walras’ Law states that, in a closed n-commaodity system of supply and demand equilibrium, there is one
redundant equation, due to the income-expenditure accounting identity. A CGE is such a closed system:
basically, income generated in production is used to pay for the purchase of commodities. Therefore, in a
CGE, it is necessary to eliminate one of the commodity supply-demand equilibrium conditions, to avoid
creating a model with more equations than free variables (when counting equations and variables, GAMS
does not distinguish redundant from non-redundant equations). The choice of the discarded equation is
arbitrary. It is customary — at least in the PEP tradition — to introduce a slack variable, called LEON (in
honor of Leon Walras), whose value is the imbalance in the discarded equation. This adds one equation
and one variable, and so maintains the equality between number of variables and equations. Naturally, in
a well-specified model, the equilibrium value of the slack variable is zero. Otherwise, a non-zero LEON

signals an error in the model.

In PEP-1-1, supply-demand equilibrium conditions are represented by equation 89, of which there are as
many as there are commaodities, minus 1. LEON is the excess supply on the last commodity market,

whose value is computed in the equation called WALRAS in the GAMS code.

E2. Demand for labor by category and the price of composite labor

There are, however, other redundant equations that are discarded from the model. For instance, equation

72 is inserted in the GAMS code as a mere comment, with the statement that « Given the way equation 6

is written, equation 72 is redundant ». Now, in Appendix C2, the following has been demonstrated:

e equations 5 and 134 (the latter derived from the first-order cost-minimization conditions) together
imply equation 139;

e equations 139 and 72 together imply equation 6.

We shall now see that

e equation 139 implies 134;
e equation 6 implies 134;

e equation 139 implies 5;

e equations 5 and 6 together imply 72.
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To summarize, equations 5 and 6 together make equation 72 redundant.

E2.1 EQUATION 140 IMPLIES EQUATIONS 135 AND 5

To begin, we demonstrate that equation 139 implies equations 134 and 5. It is straightforward to take the

ratio of equation 139 for LDy; ; over the same equation for LDy ;:

_ 1 1
1 'Dlj_D pl.‘D _pl-‘D+l
I-‘D-¢-1 I~‘D+1 ! :
LDCJ ( LD)pJ (\N )pl WTIli j
ao | 2] T s
i li,j
LD"’J. I |
257. =
_ -+ 1
LDlj'j 1 'Dlj_D pl.‘D _pl-‘D+l
I-‘D-¢-1 I~‘D+1 ! :
LDCJ. ( LD)pJ (\N )pl WTIlj j
gLD Z Ay i i ] LD
j Biii
B 1
ij_D+1
WTIIi,j
LD
258 LD|I i_ 'Bli,j .
Py j P
WTII. .
i
LD
Piii
which, given O-}_D =5 is equivalent to equation 134:
P +1
LD
AP WTI ‘
134. LD, = "Lé L1 Lp,

It is equally straightforward to verify in the same manner that equation 6 also implies equation 134.
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Next, the development in Appendix C2 from equations 135 to 139 can be reversed, so that equations 135

1

LD

pj +1
B2 WTI
and 139 are equivalent (each one implies the other). Finally, substituting for % LDy ;
Ao wrI '
i L

from equation 134 into equation 135, equation 5 follows.

E2.2 EQUATION 72 REDUNDANT GIVEN EQUATIONS 5 AND 6

Second, we prove that, given equations 5 and 6, equation 72 is redundant.

E2.2.1 Equations 5 and 6 together imply equation 144

The first step in the demonstration is to show that 5 and 6 together imply 144. Substitute 6 into 5, and

there results:

LD

i o
B0 we "JLD oD
. . J
250. LDC; =BIP|Y g0 4| ] (BJ.LD) LDC,
Fo | wm
Given o0 = L; :
! P +1
N
i L
,plj-D
1 o
LD LD LD 1
B WC. |p"+1 fj
260. LDC; =BIP| Y g 4| =L (BjLD) LDC.
T w
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B LD ] pJ
LD -pj
) P 1 !
S0 1 ij°+1 ﬂLD pP 41
J DL
261. LDC. =wC '  LDC, B (8P > pLo |
j j iti Vi =" wrl, |
1
. ! -p}P
LD
pD 1 P+ ﬂLD pl__D+1
262. 1=wc. [BY°) | ptp ki |7
J J ) Wl |
1
B
1 ! _p;—D
LD
PP a1 Py ﬂLD PP+l
263w, [BY) = |:plp ki |
J J o WTI, |
p|j‘D+1
PP
—ptP
LD LD
B ey
264. WC BYD =|y gD o) LI T
b T WTI, |
And equation 144 follows:
ij‘D+l
)10
1 LD
D P
pi-+1 LD
1 ) ' Py
144, WCJ. = Z I,j) WTII,j

B:P
]

E2.2.2 Equations 6 and 144 together imply equation 72

Next, from equation 6, it follows that

102
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D we. | o
lj j D)’
265. YWTI LD, . =>wWTl  |—4 1 (B. ) LDC
IvJ I'J I’J J

I I WTIIj

l1-o

LD LD %j
266. ZIZWTII’J. LD, | :ZI:WTILJ. ’ [ﬂ,ﬂ? wcj]”i (BjLD) LDC

ojP-1 otP LD 1-otP
267. ZI:WTII’J. LD, | =(BJ.LD) LbC, we zll(ﬂlLJD)"J wri,

l—o‘l-‘D

j —o‘IJ-‘D LD 1-otP
LD -1 _ LD |
268. (Bj ) LDCJ. WCJ. Z|:WTI|,J. LDI’J. _le(ﬁl,j )d’ WTII,j
. LD 1
Since o~ = o , we have
! P +1

PIJ"D 1 1 P}'D
p|j‘D+l _pl__D p:-‘D+l pIJ-‘D+1

269. (BjLD) Loc;twe, +lZWTI|lJ. LD, | =3 (g2) " wi
|

Substitute into equation 144, and find

Pj +1
) . Py°
Pj 1
o011 T b,
1 o)’ 1 Pit
270. WCJ. _B.ﬁ (Bj ) LDC:-WC ZI:WTIIJ LDI,j
J
LD 4 piLD+l
1 Pj + ij_D

Pj j
271. WCJ. =WCJ. LDCJ. {ZI:WTILJ. LDH}

LD LD ij_D+1

P+l Pj +1 HLD

p'j‘D p}_D .
272. WCJ. Lch = ZI:WTII’J. LDI‘J.

which is equivalent to equation 72.
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E2.3 SUMMARY OF THE LOGICAL STRUCTURE

The logical developments just presented are summarized in Figures E1 and E218. Figure E1 illustrates the

following relationships:

equations 5 and 134 together imply 139;
equation 139 implies 134;

equation 139 is equivalent to 135;
equations 139 and 72 together imply 6;
equation 6 implies 134;

equations 134 and 135 together imply 5;
equations 5 and 6 together imply 144;
equations 6 and 144 together imply 72.

Figure E2 is more compact, because intermediate equations 135 and 144 are kept implicit. Figure E2

illustrates the following relationships:

equations 5 and 134 together imply 139;
equation 139 implies 134;

equation 139 implies 5;

equations 139 and 72 together imply 6;
equation 6 implies 134;

equations 5 and 6 together imply 72.

18 Logical implication (« If A then B ») is represented by solid arrows (—>). Logical equivalence (« If A then B and If B then

A ») is represented by double-headed solid arrows (<—>) Braces indicate that an implication follows from the combination of
two or more equations.
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Figure E1: Logical structure of labor demand by category

Equation 5: )
_ 1
- > LD ijD
_RplD Dy n -
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S > 1 o T —
- - o o | ] l Equation 72:
Equation 134: 0= Sy o) 16’”'”)/] 1 [WT:_HDJ} YW, LD,
o M ) , ) ’ !
ﬂl|l_? WT||j j j Bj | ﬁ”’j WCJ. R
YO =| Zowry l.j LDC,
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1
1
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' 1
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: ﬁ LD o J
' AP wTl,
1 LD LD ] 1j.j
LDC. =Bt DAy 2d ) LD, .
i i ;ﬁl,, [ﬁle‘[j) WTII,j] Ij.j
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1
1
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Equation 5: % Equation 6:

LD
LD %j otP 1
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Equation 144:
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Figure E2: Logical structure of labor demand by category (compact form)

Equation 134:

ﬂliLD WT |
LD, . =|— L LD, .
li,j LD lij
['Hu,J Wy

Equation 5:

oD
_ plLD LD 1
LDC, = B h:ﬁu LD, ; }

LD

~ LDCJ.

i~ gLD
i
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s ) []
|

i PP T o )
LD i
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WC. =
) LDC

}:VVTll.LD :
| 7L
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LD we "JLD
l%,j i ﬁ3LD
WTII j
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To summarize, given the logical structure described in Figures E1 and E2, the set of equations relating to
labor demand by category and the price of composite labor may be formulated in three combinations:

e equations 5, 134, and 72;

e equations 139 and 72;

e equations 5 and 6.

The latter configuration is the one chosen in PEP-1-1, which implies that equation 72 is redundant. The

number of equations is the same in all configurations. Let N; be the number of industries, and N, the

number of labor categories. Then

e equations 5 and 72 are families of N; equations each;
e equations 139 and 6 are families of N; x N|_equations each;

e but equation 134 is a family of Nj x (N, —1) equations.

In the case of equation 134, the equation with LD; ; on the left hand side is a tautology:

LD
powtr )
273. LD, . =34 W) LD,. . = LD.,. .

1, ] LD lj,] I, ]
By Wy |

So there are only Ny x (N|_-1) independent equations 135.

The same configuration of equations that represents labor demand by category was also chosen to
represent the demand for capital by category and the allocation of aggregate output to product supplies.
The equations involved are, in the first case, equations 7, 8, and 74, and in the second case, equations 59,
60, and 77. Just as equation 72 is redundant given 5 and 6, so are 74 given 7 and 8, and 77 given 59 and

60. The underlying logical structure is similar to the one underlying the redundancy of equation 72.

On the other hand, when there are only two products or commodities involved, the configuration chosen
in PEP-1-1 is analogous to the combination of equations 5, 72, and 135. The cases in point are: value
added production (equations 3, 4, and 71), the allocation of production between domestic sales and
exports (equations 61, 63, and 78), and the Armington demand for local products and imports (equations
65, 67, and 83). Of course, in these three cases, it would have been possible to apply the same

configuration as for labor demand by category.

E3. Other slack variables

Just as the LEON variable was introduced as the imbalance of the equation chosen as redundant according

to Walras’s Law, other slack variables could be introduced for each redundant equation that was
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discarded. In complex models, this device may be useful to verify that redundant equations are satisfied.
It is illustrated in the variant PEP_Base 1-1.v1-1 slack.gms of the PEP-1-1 GAMS code.
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APPENDIX F: MODEL PARAMETRIZATION

F1. What is model parametrization?

To implement a CGE model, values must be assigned to its parameters and exogenous variables. This
process comprises two aspects: calibration of the parameters that can be determined from the information
contained in the underlying social accounting matrix (SAM), and assignment of values to the so-called

free parameters that remain.

Calibration can be considered a form of estimation. Unlike econometric estimation, however, calibration
is not based on statistical inference procedures. Rather, it consists in determining parameter values on the
basis of a detailed « snapshot » of the economy. Calibration goes back at least as far as the « structural
analysis » approach of Leontief (1941, 1951, 1953) and Stone (1951, 1953, who coined the expression
« social accounting matrix »). Indeed, Leontief input-output coefficients are computed from an input-
output table as the ratios of input purchases over the value of production. And, given the extremely
restrictive form of the Leontief fixed-proportions production function, all the parameters of the input-

output model can be determined in that manner.

CGE models can be viewed as generalizations of input-output models. Of course, the latter are usually
confined to the production system as represented by an input-output table, whereas CGE models are based
on a SAM encompassing the whole of the economy. But the major difference lies in the fact that CGE
models are, as their name indicates, models of economy-wide supply-and-demand equilibria regulated by
the price system. In order for economic agents to be responsive to price changes, at least some of the
functional forms which represent their behavior in CGE models have to be more flexible than simple
fixed-proportions Leontief functions. However, more flexible functional forms have more parameters.
Consequently, the information contained in the SAM is not sufficient to uniquely determine the values of

all parameters.

The parameters that cannot be « calibrated » (that is, determined from the SAM) are called « free », and
they must be assigned values by other methods. These include ad hoc econometric estimation, or, more
frequently, a search of the empirical literature to find plausible values for the free parameters. In the
demonstration version of PEP-1-1, the free parameters are assigned arbitrary values which, in the

experience of the authors, are reasonable ballpark figures.

The parametrization strategy involves, first, determining which parameters are to be calibrated, and which

are to be determined otherwise (in some cases, modelers have a choice of which of a given pair of



PEP-1-1, second revised edition,October 2009 110

parameters is to be calibrated). Secondly, it involves specifying adequate formulae to compute calibrated
parameters from SAM values, together with the order in which the formulae are to be applied in the

calibration procedure, which is sometimes critical.

The following pages describe the calibration procedure in the demonstration version of PEP-1-1.

F2. Assignments from SAM data

Figure F1 below reproduces the file SAM-rec.prn, which contains the SAM data that is read into the
GAMS program. The gray parts of the SAM are supposed to be empty. Superimposed cartoon balloons
describe the content of the non-empty cells of the SAM.

F2.1 NOTATION

In what follows, values retrieved from the SAM are denoted SAM{ }; inside the curly parentheses is a
mathematical expression which corresponds to the description of a cell or group of cells in the SAM
found in Figure F1. The initial values, or base values, of variables are identified by a superscript O. In the
GAMS code, this is done by adding the letter « O » to the variable name. In the GAMS language, these

initial values are parameters.

In order to economize on the number of symbols, some parameters or variables are given temporary
values. Such temporary values are topped by a horizontal stroke. Some of these temporary values are

revised more than once, so that some of the equations below are of the form x = f (X) (for example, F094

and F095); this way of writing assignments is often used in programming, but in mathematics, the two X
should be represented by different symbols, because the left-hand side X is different from the right-hand

side X.
F2.2 ASSIGNMENT OF TEMPORARY BASE VALUES TO VOLUME VARIABLES

Once the SAM has been read into the GAMS program, the following base values of volume variables are
assigned temporary values. These assignments are provisional, because SAM data are not volumes

(quantities); they are nominal values.
cO _

Foos. c0, = sam{Pc; ¢, |

F002. CGP = SAM { PC. CG, |

F003. ps© - SAM{PL. DS . }
jo 1 1l

(O (@)
]
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F005. Dlioj = SAM{PCi DI, j}

FO06. ExO -
EXS, = SAM {PE, EXJ.‘X}

FO07. Exp® = SAM{PEFOB EXD }
X X X

FO08. INv,0 = sam { PC, INV, |

FO09. vsTK® = saM { PC. VSTK |

F010. 1MO = sam{e PWM_IM |

FOLL. KDY, = SAM{Rk KD, J.}

FO12. 1P, = sAM {WILDI j}

F2.3 ASSIGNMENT OF BASE VALUES TO NOMINAL VARIABLES

Next, base values are assigned to the following nominal variables (variables defined in terms of value).

(0]
F013. SF| =SAM{SFf}
Fo14. SG° = SAM{ SG}

(6]
F015. SHO = SAM{SH, |
F016. SROWC = SAM { SROW}
Fo17. TDFO = sAM {TDF |

(0]
F018. TDHC = SAM {TDH, |
Fo19. TICO = sam{TIC, |

o _
Fo0. TIK, = SAM {TIK,

o_
Fo21. TIMO = SAM{TIM _}
F022. TIPP = SAM {Tle}

(0]
F023. TIXO = sSAM{TIX |

o _
F024. TIW, = SAM {TIWI,j}

Fo25. TRC, = SAM{TR

ag,agj ag,agj }

It should be noted that TRygq row and TRagng gy are indexed transfers, and their base value is revised

below (F4.4) given the base value of the consumer price index. However, in the present calibration
procedure of PEP-1-1, the base value of the consumer price index is 1 and the revised value of the

indexed transfers is equal to their temporary value.
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F2.4 ASSIGNMENT OF TEMPORARY VALUES TO PARAMETERS

Finally, some parameters are assigned temporary values from SAM data.
RK _ RK
FO26. A = SAM {/Iag’k [Z Rk’jKDk,j]}
i

WL _ WL
F027. ;th,l = SAM {ﬂ“h,l (WIZLDI,jJ}
J
F028. tmrgi]m =SAM {PCitmrgi’m (DDm + IM m )}
F029. tmrg.

I,nm

F030. tmrg X = SAM {PC, tmrg X, EXD |

- SAM{PC, tmrg, DD, |

1,nm

F3. Free parameters

In the demonstration version of PEP-1-1, free parameters are assigned the following values.

F3.1 PRICE ELASTICITY OF INDEXED VALUES

The price elasticity of indexed values should be set equal to one when verifying model homogeneity.

F031. n =1

F3.2 CES AND CET ELASTICITIES

F032. 0;@ =0.8

F033. cerD =0.8

F034. ar“n" -2
F035. a\j’A =15
X _
FO36. o, =2
F037. o1 =2

J

F3.3 ELASTICITY OF INTERNATIONAL DEMAND FOR EXPORTED COMMODITY X

F038. 0P =2
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F3.4 LES PARAMETERS

F039. Frisch =-1.5

F040. opgpp, =07
FO41. ofoopy =11
F042. ofrinpn =11
FO043. olgq, =1.05
FO44. oo =105

F3.4 INTERCEPTS OF TRANSFERS, DIRECT TAXES AND SAVINGS

In household savings and transfers-to-government functions, and in income-tax functions, one can choose
to assign a value to the intercept and calibrate the slope accordingly, or the other way around. This type of
modelling can be useful to take into account known marginal savings or taxation rates or to deal with
negative average saving rates in cases where savings are negative for some household groups. When no
specific information is available, one can simply set the intercepts to zero and calibrate an average rate:

this is what we do here.

F045. sh0, =0

Fo46. tr0, =0
FO47. ttdfO, =0

F048. ttdhOh =0

It should be noted that these intercepts are indexed, and their value is revised below (F4.4) given the base
value of the consumer price index. However, in the present calibration procedure of PEP-1-1, the base
value of the consumer price index is 1 and the revised value of the indexed intercepts is equal to their

temporary value.

F3.5 EXOGENOUS PRICES

The base value of some prices is arbitrary, insofar as it is constrained only by the price x quantity product.
In such cases, the arbitrary value assigned to the price implicitely determines the measurement unit of the

guantity. The most convenient arbitrary price is obviously 1.
Fo49. PLO =1
Fo50. PEO =1
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FO51.
F052.

FO53.
FO54.
FO55.

RO =1

O _po
Rk,j —-Rk

F4. Calibration

F4.1 NOMINAL VARIABLES

114

The base values of nominal variables determined in equations 10-15 are computed in the following

sequence:

FO56.

FO57.

FO58.

FO59.
F060.

FO61.

o) RK
YHKh = Zklﬂhk

0O~ WL
YHLh = ;;Lh,l

o _ (0]

YHTR' = ZTRh]ag
ag

o _ (0] (0] (0]

YH. = YHL; + YHK > + YHTR,

o _ ) (0] (0]
YDH " =YH,~ - TDH _TRgvt,h

o _ 0O oo o]
CTH. =YDH/ —SH, Z TRagng’h
agng

The base values of nominal variables determined in equations 17-20 are computed in the following

sequence:

FO62.

FO63.

FO64.
FOG5.

(0] RK
YFKY =3 485
k
o _ (0]
YFTRY = 3'TRY
ag

YF? = YFK? + YFTR?

YDF? - YF? —TDF?



PEP-1-1, second revised edition,October 2009 115

The base values of nominal variables determined in equations 23-34 are computed in the following

sequence:

F066. YGK© = Z Ak
Fo67. TDHTO = Zh:TDHr?
Fosg. TDFT® = > TDF?
f
Fos9. TICT® = > TIC?
i
F070. TIMT® =Y TIM?
Fo71. TIXTO =" TIx?
X

Fo72. TIWTO = ZTIWI J

F073. TIKTC = ZTlKI?J
K, j ’
o _ (0]
Fo74. TIPT —ZTIPJ.
J
FO75. TPRODN® = TIWTO + TIKT® + TIPT®

F076. TPRCTS® =TICTC + TIMTC + TIXTO

o _
Fo77. YGTR Z TRgvt agng
agng

F078. YG° = YGKC + TDHT® + TDFTC + TPRODN® + TPRCTSC +YGTR®
From equations 45 and 47:
F079. YROW® = Z MO +Z,1rowk + ZTRmW agd

F080. caBC = SROWO

Equation 92 yields

Fog1. 1T =3 sH? + Y SF? + G + SROW®
h f
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F4.2 REVISED PARAMETER ASSIGNMENTS

Revised values are assigned to some parameters which had been assigned temporary values.

RK
RK ag,k
Fog, ARK = 89X
kS KDO
- |
]
ﬂWL
WL h,l
Fog3, AVk = 0
"SI

~ 1]
]

F4.3 PARAMETERS

F4.3.1 Miscelaneous

TRO
h
Fog4, AR - —_20N9.1
2N ypH©
TRO
TR ag, f
FO85. Ayq f =
7 ypFo
SH? —sho,
F086. Shl = —"—/-—
YDH[
o .
Fo87. trl, = —TRGVT'“O_UO“
YH S

F4.3.2 Investment and government expenditure shares

caP
GVT
Foss. 7 = S
ZCGij
ij
INV.O
INV
F089. 7, = = '

BESINVE)
Z INVij
ij
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F4.3.3 Margin rates, tax rates, prices and volumes

TDF? ~ttdf 0,

F090. ttdfl, =

YFK?

0 ——
TDH —ttdhOh

F091. ttdhl =
h YHE’

0 0] P 0 0
DD +IM - +Ztmrgilm +TIC, +TIM -
|

FO092. 0 _
" pp° 1 IM©
m m
(0] I (0]
o0 ) DD Jthmrgi]nm +TIC
. _ |
PCO = —
m
tmrg, .
F094. tmrg; ;i =—%
7 pC
< tmrgixi.
FO95. tmrg;, = d
" pc?
o DD
F096. DD = —
PLY
(0]
IM
F097. IMQ =—— ™
e® pwmO
m
tmrg
Fogg. tmrg, | =——="
i,nm DDO
nm
tmrg.
F099. tmrg. =— "0
"M ppO 4 MmO
nm + m
TIcO
tticO_ = nm
F100.  nm o o o
Pan+ZPCi tmrg; o [PBpm
1
TIcO
tticO = m
F101. M

0 0 o [.0 0 0 0
[PLm +ZPCi tmrgi‘mJDDm +(e PWM - JFZPCi tmrgi’mJle
1 |
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0 - 0 0
F102. PD; :(1+tt|ci )(PLi +ZPCij tmrg.j’iJ
ij

O
TIM ©

F103. ttim =
o} o O
e2PWM 1M O

From equation 82:

F104. PM [ = (l+tticm)((1+ttimm)e° PWM +ZPCi°tmrgi’mj

Ex‘?X
F105. EX?X: J(')
PEC
X
tmrg
X X
tmrg” =
- J.X
J
" ﬂXS
F107. ttiX, =—=*——
X ExDO - TIx©?

From equation 80, compute the FOB price of exports:

FOB_O 0 X .
F108. PE, " =" =PE_ (1+ZtmrgilXJ(1+ttlxx)
|

Next, in order that the base value of EXD, be consistent with equation 64, set

gFOB_O
F109. wa‘XD S S—

eO

And then revise the temporary values of the following:

o ExD?
F110. EXDX = O—XO
e PWXX

From equations 62 and 79:

F111. XS© = ps©

j,nx j.nx

O _pO
F112. PO =PLO,

j,nx
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0]

DS!
F113. DSP =—L
pLO

The following assignment may be seen as a normalization rule which implicitely defines the measurement

unit of XS;,, the base value of its price given PL(; and PE)?, and the parameter BJ?(X given the

aggregator function of equation 61.

0 _ neO 0
F114. ij,x = DSJ.]X + EXLX
From equation 78:

PL°Ds® +PECEXO
X ], X X ], X

F115. PJ.OX - =
XSLX
The following assignment may be seen as a normalization rule which implicitely defines the measurement

unit of XST;, the base value of its price given the Pjox, and the parameter BJXI given the aggregator

function of equation 59.

o _ (0]
F116. XST; —Zi:XSj,i

From equation 77:
0 vcO
Z PiXST;
F117. pTO = 1
! XSTJ.O
The following assignment may be seen as a normalization rule which implicitely defines the measurement

unit of Q,, the base value of its price given PMn? and PDn?, and the parameter Bn'\]’| given the

aggregator function of equation 65.

F118. Q¥ =IM? +DD°
From equation 66:
F119. Q0 =DD°

From equation 58:

o_ 0 o) X £y O
F120 MRGN; —Ztmrgi,ijDDij +Ztmrgi’m IM -+ Ztmrgilx EXS,
ij m

. X
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Conversion of other temporary base values of volume variables into true volumes:

~0
F121. co - S
' pc?
(0]
F122. cgP = CG;
' pc?
DI
F123. O _ _Li
" pcO
(0]
F124. |NnvO :%
' pc?
(0]
F125. ysTK O _ VSTK;
' pc?

From equation 54:
F126. GFCF® =119 - pCO vsTK?
i

The following assignment may be seen as a normalization rule which implicitely defines the measurement

unit of ClI j (the aggregate intermediate demand of industry j), and, hence, the base value of its price given
the PCiO, and also, given equation 9, implicitely scales the aij; ; input-output coefficients so that their

sum is equal to 1.

F127. CIY = >°DI,
i

From equation 57:

o _ 0
F128. DI = > DI,
J

Applying the definition of total government expenditures on goods and services yields

F129. G° =Y PC? cGP
i
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The price of industry j’s aggregate intermediate input, given the PCiO , Is given by

ZPCiO Dlioj
F130. pC1© = 1
J (e}
CI¢
J
TIWIOj
F131. ttiw, . =——

From equations 73 and 75:
F132. wTi I?j =w° (1+ ttiwlyj)
Tlng

KDISj

F133. ttikk’j =
0O _po :
F134. RTIk,j = Rk’j (1+tt|kk’j)

Conversion of temporary base values of labor volume variables into true volumes, given wage rates WIo :

(0]

LDC.
F135. LD, = i
N W|O

The following assignment may be seen as a normalization rule which implicitely defines the measurement
unit of LDC; (the aggregate labor demand of industry j), and, hence, the base value of aggregate wage rate

WC; given the WTI ,?j , and the parameter BjLD given the aggregator function of equation 5.

o o
F136. LDCJ :ZI:LD”

From equation 72:

S WTIP,LDP,
F137. wc =1t~
J LDc‘J?

Conversion of temporary base values of capital volume variables into true volumes, given rental rates

o .
RO
)
kDO
F138. kDP  =—
| RO
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The following assignment may be seen as a normalization rule which implicitely defines the measurement

unit of KDC; (the aggregate capital demand of industry j), and, hence, the base value of aggregate rental

rate RC; given the RTIEJ. , and the parameter BJKD given the aggregator function of equation 7.
o _ 0
F139. KDC; _Zk:KDk’j

From equation 91:

(0] 0
F140. KS' = > KD,
J

From equation 74, the base value of aggregate rental rate RC; given the RTIEJ. is computed to be

consistent with the normalization rule applied above:

Y.RTIY KDY,
F141. RCS = K —

KDC?

The following assignment may be seen as a normalization rule which implicitely defines the measurement

unit of VA (the aggregate value added of industry j), and, hence, the base value of its price PVA, given

WCj.j and RCJQ , and the parameter B\J./A given the aggregator function of equation 3.

F142. VA(J.D - LDC? + KDC?

Then, from equation 71:

WC?LDC? n RC?KDC?

F143. PVA? =
J VA?
TIPJ.O
ttip. =
F144. ] O (o) (o) (e}
PVADVAS +iZF>ci DIO?,
pTO
F145. PP = —

. (1+ttipj)
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The base values of price indexes are computed from equations 85-88. It is easily verified that they are all

equal to 1.

3 PVASVAC 3" pyAOVAC
IR i |

F146. PIXGDP® = |
> PVAVA® S pVASVA©
- J J i J J

J
(6] (6]
chi Zci,h
F147. PIXCON©O = h

P en
i h

GVT
7i

pcP
F148. pIXGVTC = H[_I}

i | PC?

inNV

o)
o _ PC;
F149. PIXINV® =] ]| —~

i PCiO
F4.4 INDEXED TRANSFERS AND INTERCEPTS

Indexed transfers and intercepts are now revised in accordance with the base value of the consumer price
index. Given that the base value of the consumer price index is 1, the revised values are equal to the
original ones: these assignments are executed merely as a matter of caution, so that the calibration

remains consistent in the case of changes in the calibration procedure.

TR
0 _ agd,ROW
F150. TRO | row _—(PIXCONO)U
TR
F151. TRO —__8gng.GVT
Maa o (Pixcon©)”
ttdf 0,
F152. ttdf0, = ——
(Pixcon©f!
ttdho,
F153. ttdho, =
(Pixcon©f!
sh0,

F154. ShOh = W
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F155. tr0, = ———
(Pixcon©Y

F4.5 LEONTIEF INPUT COEFFICIENTS

Leontief input coefficients are calibrated as volume ratios:

B
F156. i0. =
) XSTjO
VA‘J?
F157. V; =——5
XST|
) Dlioj
F158. aij  =—=
") u?

F4.6 CET PARAMETERS

F4.6.1 CET between commodities

In accordance with the algebra of the CET transformation function (Appendix C5),

XT
F159. o = i
' J O_?(T

J

Next comes the calibration of the ,b’JXIT First, note that these are defined only up to a factor of

proportionality. Indeed, let
F160. B = uBjy
and

1 1 1

By By 1 XT

p T
] {Zuﬁf?xsj}} = u

XT

P

XT*yo !

F161. {2 Bii XSi;
i

Now let

1
COXT
F162. B = u J BT

and it follows that
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Wl Lt
. . XT JXT pl}(T

F163. XST, =BJ?<T ZﬁXT XS = u BJXT P

A i

L

o

XT XT

F164. XST, =BT Z,BXT*XS = BXT{ZﬂXTXS }

With that in mind, develop equation 60 to obtain relative commodity supply:

i XT_U?(T
]
F165 TR TR
' XT
XSii LA P
1
Xs.. | p. gl
F166. —= = |
XSii [P Phi
1
) RV
XT
rio7. i _| Zii D
XT
XSii L Pii Bilij
l—p?(T
j XT
XS _Fii Py
F168. | xs p.. pXI
1.1 IR 1.1
XT i XT !
F169. /B P, i :’Bj,i Pj,ijxsj,ij
LpXT LpXT
XT ] XT ]
F170. %ﬂj,u PLi%Sii ‘%ﬂj,i Py %S5

= XT
F171. D3i%Sj iZjlﬂj,ij

We have shown that the ﬂJXIT are defined only up to a factor of proportionality. Therefore, we can,

without loss of generality, impose the normalization rule Z,BJXI

ij
1- pj(T

F172. T3i%Sj ZP i %S

1- pJXT

Whence

=1. It then follows that
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XT

l—pj
FI73. xr _ P XS
j,i 1,,0]?(1—
2P XS
1
Then, from equation 59
XSTO
F174. BYT = ‘ :
T
o7

a0 (xs9,)

F4.6.2 CET between exports and local production

In accordance with the algebra of the CET transformation function (Appendix C6),

X

F175. o 1
- i X

X

Following the same calibration strategy as for the CET between commaodities, develop equation 63:

Ex. [1-p% pg |
F176. —2% = LX X
' X
DSix [ Pix Phl
1
_ _pjx,x_l
EX . 1—ﬂ.x PE
F177. 1X 1X ~ 7x
X
I:)Sj,x L ﬂj,x I:’Lx_
1
_ _l’pjx,x
EX BY. pL
F17g. —LX | X X
X
DS, . |1-5;, PE|
X
“Pix X
EX i x _ Pix PL
F179. - X
DS, 1-8], PE,
l—px
X 1.x X
F180. AjxPLxPSj« =(1—ﬁj,x)PEXEX

Jx

X

rix

126
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X 1-p j( X 1-p fx X 1-p fx
F181. ﬁj,xPLxDsj,x :PEXEXJ.’X _ﬁj,xPExExj,x
X 1,pj?<’x lfvax lfpj?fx
F182. ﬁj,x PLxDSj,x +PExEXj,x :PExEXj,x
1—pfx
ﬂx _ PExEXj,x
F183. j’X l—pjxyx l—pjxYX
PLxDSj,x +PExEXj,x
And from equation 61
(6]
BX _ ij,x
er 1
Pl
F184. < (o Pix y o Pix
ﬁj,x(EXj,x) +(:I'_ﬁj,x)(DSj,x)

F4.7 CES PARAMETERS

F4.7.1 Composite good

In accordance with the algebra of CES aggregator functions (Appendix C7),

M
m

M
m

l1-o0

F185. oy =

Develop equation 67:

M
r 0.
IM pM pp "
F186. — ™= — 4
DD_ | 1-8M pPMm
m L m m
1
_ _pm
M
Fig7. My, | Bn PDy
M
DD, [1-M PM_ |
M
Pm M
| M pPD
F188. s =
DD, 1- M PM
M M
M Pm +1 _ M m +1
F189. sMPD DD " =(1- M M _IM

127
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pM+l pM+l pM+l
F190. ﬁr'r\{'(PDmDDmm +PM_IM_" ):PMmlem
oy B - PM_IM/m*
. m M+ M+
PD, DD/ ™ + PM_IM /™
From equation 65
o
M Q
F192.. Bm = m —
M M pr'r\]/l
Pm “Pm
M 0 0
pMS) T +-pM)(oD2)

F4.7.2 Composite capital

In accordance with the algebra of the CES production function (Appendix C2),

KD
F193. PP = e
-7 KD

o.
]

The calibration of the ﬂ D follows the same strategy as that of the ,8

Develop equation 8 to obtain relative demand:

oKD
KD, . | B2 RTI |
F194, i S Te
KD
KBy,i [ A, RMk,j |
1
ijD+l
KD
rr05. ki _| P BTl
KD
KByi [ A R |
p'J-<D+1
KD, | ,BKD RTI,,
F196. | ——— KD—
KD,; ﬁkj RTI,
KD Py KD Py
Flo7. AXORTI, KD =pfORTI, KD,
pKD pFD+1
KD KD
F198. ijﬂk, RTH KD | ‘Zﬂ RTl, KDy,
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K

D
F100. RTI, KD i Zﬂk” ZRTI

KD

We know that the ,Blf?, like the S JXIT , are defined only up to a factor of proportionality. Therefore, we

can, without loss of generality, impose the normalization rule Zﬂkj ; = 1. Itthen follows that
ki

KD KD
7 ko RTI,, ot "
R T Z Dy,
Whence
KD
Pl
RTICO . (kD®
F201. ﬂKD ""( "")

pJKD +1

EZRTIMJ(KDEJ)

Then, from equation 7

KDC?

1

" KD
Pj

F202. BFD -

_ KD
Pj

A8 (ko))

F4.7.3 Composite labor

In accordance with the algebra of the CES production function (Appendix C2),

LD
LD _ 1-o;
LD
o
j

F203. Pj

The calibration of the ﬂl'-? follows the same strategy as that of the ,BJXIT .

Develop equation 5 to obtain relative demand:

LD "jLD
LD, ; | A5 WTI,
F204. =
LDy | ﬂ}D\Nﬂ
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b pj +1
LDI’J. AT WTI,
F205.
LDy | ﬁl"D Wt
plj‘D+l
LD, , ﬂl"D WTI,
F206. ’
LDy | ,BILD wTI,
p|j‘D+l
LD, . LD
F207. WTI, | ] =TI, | ]
LDy ; B

P
F208. AoWTI LDI,; = AT, LD

Pj
LD LD
F209. Zﬂ| WTI, LD, | —Zﬂ. W, LDy 5

LD
LD _
e un LD %ﬁljlj —,BI ZWTI

We know that the ,BLL? , like the f JXIT , are defined only up to a factor of proportionality. Therefore, we

can, without loss of generality, impose the normalization rule Zﬂ, . =1. It then follows that
lj
LD LD
F211. WTI LD _ﬁl ZWTI
Whence
ij‘DJrl

WTI E’j (LDl‘?j )

LD
F212. f0 == i

ZWTIIJ J(LDI(J) J) J

Then, from equation 5

LDC?

F213. BjLD =

-j

ZﬁILD (LDO )
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F4.7.4 Value added

In accordance with the algebra of CES aggregator functions (Appendix C1),

1- O'\j/A
VA

o
J

F214. p\j/A =

Develop equation 4:

r 10
LDC. ,B\J./A RC, |’
F215. =
KDC; |1- ,B\J./A WC;
1
~ ~ p\j/A+1
VA
F216. LDCj _ ﬁj RCj
KDC; |1- ﬂ\J/A W,
VA
P+l
Loc; | /3\]."\ RC
F217. = —
KDC, 1- ,B\j/A we,
VA+1 \-/A+1

P P
F218. ﬁ\J_/AchKch’ :(1_ﬂ‘j’A)Jvcj|_DCjJ

Whence
VA
0 o Vi +1
WCJ. (LDCj )F'

wce? (l_Dc?)fJYA+1 +RCD (KDC?)U\"/AH

F219. A" =

From equation 3

VAJQ

F220. B\J./A -

_ p\_/A _ p\j/A

ﬁ\j’A(Lcho) n (1—,B\J/A)(KDCJ.O)
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F4.8 LES PARAMETERS

We refer to the elasticity of consumption demand for commodity i with respect to household h’s total

consumption budget CTHy, as the « income elasticity » of the consumption of commodity i by household

h19. From equation 53, the income elasticity is given by

ainC,, CTH_ oC,, CTH_ 4 in
h h
F221. o, = th _Z h Ih T h e + CTH, ZCI'JV':]NPC
" 4mCTH, C,, 4CTH, C, 4CTH PC.
i,h h i,h h i
LES
v CTH 7> 0CTH, g CTH,
F222. O-i,h _7/i’h -
C,, PC; 0CTH, PC, C; ,
This implies
oY PC. C.
F223. yipo =—0 110
CTH,

Now it is readily verified from equation 53 that the household budget constraint z PC, C,,, =CTH,
: ,

implies 27'-'55 = 1. Given equation F217, this requires the elasticities to fulfill the condition
ZGIhPCi Cih -
F224. _i =
Zy.
CTH,

As the assigned values of income elasticities may not satisfy this condition a priori, the elasticities are
adjusted proportionnally as follows:
o*.Y CTH,

Y o_
F225. o}, =

0 ~O
Zaij hPC CIJ h
]

Then, from equation F217

o' PCO Co
R

(@)
CTH,

19 If income taxes, transfers and savings were a constant proportion of income, then so would total consumption expenditure,
and the elasticity of consumption demand for commodity i with respect to household h’s total consumption budget would
indeed be identical to its income-elasticity.
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The Frisch parameter is (Appendix C4)

] CTH h
F227. Frisch=-ACTH

h=" MIN
CTH, - Y PC.CM
|

So, from equation 53

CTH
F228. C; PC, =C{"PC, +7 1>
' ' " —Frisch

CTH

F229. CMINpC _c. pc. 4y LES 2 h
i,h i i.h" =i " in :

Frisch

The calibration formula is then

CTHO
MIN O _ ~O LES h
Ci h _Ci h

F230. i

PCiOFrisch
F5. Calibration of gross domestic products

From equations 95-98,

F231. GDP®F-© = 3 PVAPVA? +TIPT®

F232. GDPMP_O _gppBP-O L TpRrCTSC

F233. GDP'®-0 = W LDP, + Y R KD, + TPRODN® + TPRCTS®
1] ok

FD_O 0 o) 0 0 0
F234., GDP"~ - ZZPCi Zh:Cilh+CGi +INV;” +VSTK,

+> PEFOB-OEX O -3 e® *pwM 1M
X m

References for Appendix F

h _~MINp~ _ LES
=Cin PCi—7i

CTH,

Frisch
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Figure F1 — Structure of the SAM (part I)

135

TDF;
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Figure F1 — Structure of the SAM (part I1)

TRagd,row
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AG.- 1 1500 343
AG. L2 137
AG. CAP 26
AG. LAND
AG. ROW / 2613 3928 6500 1691 |
3. AR T TIK, v 17834 250 210 7417
J. IND K.,j 400 12228 3470 20 241 1180
J. SER 150 18532
J. ADM 8255
T AGR 2715 1402 1327 93 2164 -600 22131
1. FOOD 825 770 1600 6857 200 19156
1. OTHIND 1102 2930 455 2100 13324
1. SER 1948 2983 3797 2086 100 60 \ 20 21190
1. ADM A 8255
X- AGR 7576 7576
X- FOOD 241 241
X- OTHIND 1200 - 1200
X. SER 2653 2653
OTH. TNV f5a55 = 8621
OTH. VSTK [0 ke -400
OTH. TOT 17095 | 25711 17539 21335 8255 | 221 13324 21190 8255 | 7576 1200 2653 8621 Q0 |

Z PC, VSTK,

PCitmrgi’m(DDm + 1M ) for imported goods ,

PE™®, EXD,

PC, tmrgi’nm DD, for non-imported goods
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