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Abstract

Bit-interleaved coded modulation (BICM) is one of the popular modulation tech-
niques used in most of the existing wireless communication standards, e.g., HSPA,
IEEE 802.11a/g/n etc. In BICM, the channel encoder and the modulator are sepa-
rated by a bit-level interleaver which allows the designer to choose the code rate and
the constellation independently. BICM maximizes the code diversity, and therefore
is better than trellis coded modulation in fading channel. However its flexibility and

ease of implementation makes it popular in non-fading channel too.

In BICM, receiver considers the reliability metrics of the transmitted bit which are
calculated in the form of log likelihood ratios (L-values) and the main goal of this
research is to find the probabilistic model of L-values that allows for a simple and
accurate evaluation of the performance of (BER) considering the effect of unequal

error protection.

To this end we proceed in two steps. First we replace the exact form of the PDF's
of L-values with simple to manipulate Gaussian functions. Next we interpret these
simplified form into the BER evaluation based on the saddle point approximation. To
deal with multiple terms appearing in the expressions which complicate the solution
of the so-called saddlepoint equation; we use quadratic approximations which lead to
the closed form solutions. The resulting formulas are validated in the case of M-QAM
and M-PSK constellation with arbitrary labellings e.g. Gray, Set Partitioning (SP),
Modified Set Partitioning Labelling (MSP) and Mixed labelling (ML).
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Chapitre 1

Résumé

Présentement, on ne peut pas imaginer la vie sans Internet. Les gens profitent de
la vitesse de plusieurs dizaines de Mbps méme en liaison sans fil, ce qui était un
réve quelques années avant. Les habitudes dans le travail et méme plus généralement,
toutes les facons dont nous interagissons ont été modifiées par la possibilité de com-

¢

muniquer “ n‘importe ou, & tout moment ” - répondre a des emails dans un café est
devenu une activité commune. Un systéme de communication sans fil complexe fonc-
tionne derriére ce scénario, il suit certaines normes de communication. Ces normes
définissent comment des systémes de communication sont mis en ceuvre pour répondre

a la demande.

1.1 Introduction

La modulation codée par bit entrelacé (BICM) est une technique connue utilisée
dans la plupart des normes existantes de communication sans fil par exemple HSPA
[1], IEEE 802.11a/g/n, les normes DVB (DVB-T2 [15], DVB-S2 [16] et le DVB-C2
[17]). Le BICM-OFDM est également considéré comme un candidat potentiel pour
les systémes de communication par ligne d’alimentation. La modulation codée par bit

entrelacé a été introduite par la Zehavi dans [35]. L'avantage majeur du BICM est sa
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simplicité et flexibilité, car un code binaire unique ne peut étre utilisé avec plusieurs
modulations sans d’autres adaptations. Le BICM maximise la diversité du code, il
est donc meilleur que la modulation codée en trellis dans le canal a évanouissement.
Dans cette, nous étudions les modeles probabilistes de mesures de fiabilité de la trans-
mission du BICM qui permettent une évaluation simple et précise de la performance
(TEB) en considérant les effets de la protection d’erreur inégale. Nous supposons
que les paramétres de fiabilité du bit transmis sont calculés dans la forme de rap-
ports de vraisemblance log (valeurs L) en utilisant une approximation max-log pour
réduire la complexité mathématique [4], et nous proposons également une nouvelle
approximation du point de selle qui est une des techniques populaires pour calculer

la performance de BICM.

1.2 Modele de systeme

1.2.1 Convention de notation

Dans cette these, nous utilisons la lettre minuscule  pour désigner un scalaire,
et la lettre & pour désigner une séquence. Le vecteur nul et le vecteur unitaire sont
désignés par 0 et 1, respectivement. L’ensemble des nombres réels est noté par R. Les
variables aléatoires sont dénotées en lettres majuscules Y, les probabilités par Pr{-},
la fonction densité de probabilité (PDF) du vecteur aléatoire Y par fly). L'espérance
d'une variable aléatoire Y est dénotée par E(Y). Une matrice est dénotée par T. Un
ensemble de symboles est dénoté par X. Une distribution gaussienne avec une valeur
moyenne y et la variance o2 est dénoté par N, ,2()\), la fonction-erf par erf(z) £

1, >0
\/l; 5 exp(—t?)dt et la fonction échelon unité par u(z) £

0, <0



1.2.2 Principes de BICM

Un systeme BICM est composé d'un encodeur binaire, un entrelaceur de bits
() et un mappeur sans mémoire (M) du coté de la transmission. La fonction du
mappeur est de rendre les regles de correspondance biunivoques qui mappent les
vecteurs binaires aléatoires de longueur ¢ = [}, ..., ¢.] dans un symbole X, c’est dire
M : {0,1}" — X. Les symboles sont envoyés a travers le canal dont la sortie est
donnée par y = h -z + n ou h est le gain du canal complexe et n est un échantillon
de bruit blanc Gaussien réel de variance Ny et moyenne nulle. Comme le mappage
est sans mémoire, tant le bruit comme les échantillons complexes du gain du canal

sont indépendants et identiquement distribuées. Du co6té du récepteur il existe une

BICM Channel
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FIGURE 1.1: BICM modéle

concaténation en série du démappeur, désentrelaceur et un décodeur. La fonction
du démappeur est de calculer les valeurs L et ensuite passer au de entrelaceur et
au décodeur final. Alors les valeurs L peuvent étre appelées comme indicateurs de
fiabilité. Les mesures de fiabilité calculées par démappeur M~! sont définies comme

Pr{c; = 1y}
Pr{c; = 0|y}

ou y est un signal regu, j = 0,...,7 — 1 est la position du bit, et ¢; est le bit j-eme

£, = log ) (L1)

dans le mot codé transmis ¢ = ¢y, ..., ¢,—1]. Selon la régle de Bayes, il est possible
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d’exprimer (1.1) comme une somme de valeurs L a priori extrinseques.

b= loel e = 1) 8, = 1)) (19
= L+ L

Ou L} est la probabilité a priori. Comme le canal est sans mémoire il n'y a pas
d’information a priori, c’est a dire (L§ = 0) donc

Pr{y|c; = 1}>
Pr{ylc; =1}

S e, D=1 — al?)
> oo DAL — a?)

L; = log(

(1.3)

= log{ }

L/équation (1.3) peut étre simplifié en utilisant une approximation max-log. Alors la
forme simplifiée de 1'équation est donnée ci-dessous

. Y . Y
L; = min (7|2 — o) - min (312 - af?) (1.4)

aeXj o aeXj 1

1.2.3 Etiquetages binaires

Un T étiquetage binaire est defini en utilisant une matrice de dimensions M = 2"
par r, ou chaque ligne correspond a mots binaires distincts de longueur r M |

L& [, T

, ol ¢ = [¢i1,Ci, .., Cip]€{0,1}". Nous sommes particulierement
intéressés par le code Gray binaire reflechi (BRGC), Set-partitionnement (SP), le par-
titionnement modifié Set (MSP) et étiquetage-mixte (ML). Figure 1.2, 1.3 montrent

la représentation graphique de ces étiquetages populaires.

1.2.4 Modele de Canal

Les modeles de canal peuvent étre définis comme des modeles de canal continu
puisqu’il n'y a pas une limite pour la précision que leurs valeurs peuvent avon. Selon
la théorie de l'information, il s'agit d'une approche commune que de commencer par

les canaux sans mémoire dans lequel la distribution de probabilité de sortie ne repose
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FIGURE 1.2: (a) Etiquetages Gray et (b) étiquetages Set partitionnement [11]

I -~
» » - » L » L L
100 108 | 1100 1111 DO o0id | 0001 D010
. - . [ . - . [
ool 0010 | ool 0110 Ti0g 111D ) 1101 1110
- - . . . . . .
0100 0111 | oD oot o 0111 | o101 0110
- ™ ™ . . ™ ™ .
1101 1110 fooe 1010 1000 TOEy | 00 1010
(a) (b)

FIGURE 1.3: (a) Etiquetages Modifié Set-partitionnement et (b) étiquetages

étiquetage-mixte [12]
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que sur le canal d’entrée actuel. Un modele de canal peut étre soit numérique (quan-
tifié, par exemple binaire) ou analogique. Dans le monde réel, la transmission est
toujours affectée par le bruit. Le modele mathématique habituel est le canal AWGN
(bruit blanc gaussien additif). Le bruit AWGN est un processus Gaussien aléatoire
stationnaire de moyenne nulle [25]. Cela signifie que la sortie de chaque mesure du
bruit est une variable aléatoire Gaussienne de moyenne nulle qui ne dépend pas de
I'instant du temps ou la mesure est faite. Le signal de bande passante transmis x est

corrompue par le AWGN, résultant le signal regu
y=x+mn (1.5)

ol 1 est un bruit blanc Gaussien.

Apres avoir traversé le canal évanoui, le signal recu est atténué au niveau du récepteur
par le bruit blanc gaussien additif qui est supposé étre statistiquement indépendant
de la fluctuation d’amplitude h et se caractérise par une densité de puissance spectrale

unilatérale Ny [25]. Le signal requ peut étre représenté comme
y=h-z+n (1.6)

Puis le rapport signal bruit (SNR) peut étre défini comme

By

= h?
v N,
Et la moyenne du signal bruit (SNR) est

B,

5 = E[h2
2 []No

oll E; est 'énergie par symbole et E[h?] est la puissance de fluctuation moyenne.

La distribution de Rayleigh est principalement utilisé pour modeler I'évanouissement
sans ligne de vue (LOS). Le SNR instantané par symbole 7 est distribué selon la dis-

tribution suivante [28].

f,(7) = %exp(—%),'y >0 (1.7)
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FIGURE 1.4: BICM canal de transmission

La fonction de distribution de probabilité Nakagami-m peut étre exprimée comme

SNR par symbole, qui est distribuée selon la distribution gamma [28].

_ exp(— .
= p( 7) (1.8)

1.3 Modele Probabiliste

Les L-values peuvent étre considérées comme la sortie du canal BICM qui est la
combinaison d’entrelaceur, modulateur, le canal de transmission, de démodulation et
de-entrelaceur [22] En supposant un fonctionnement avec les idéaux d’entrelacement,
est considéré comme sans mémoire [35]. La PDF de la L-values peut étre exprimée
comme la somme pondérée des PDFs fr;.()\) conditionnée a la position du bit

1 <j <r et dusymbole transmis zeX; [20].

r

fremra) = =37 37 Pr(ale = 0,) fuzan(N)

jil xerJ

1 r
= ror—1 Z Z fL|j,z,’y()\)

k=1 TeX} 1

(1.9)

La PDF des L values de M-QAM en considerant la transmission de ¢ = 1 en rem-
placant la fi|;;(A\) dans (1.9) fr ka4 (A), de table de 1.1, peut étre exprimée comme
[20].

or—1_1

5

QAM

N = =3 iV 1
=5 (1.10)

dl = ldmin



Et la PDF des L-values pour la constellation M-PSK peut étre écrite comme [20)].

2r—1-1
1
fintN) = g > [aframa (N + n6ufrema.e (V)]
=1

i — Sln(;r_)dmin (1.11)
sin(gr)
27l
6‘[ =T — 27:

Les fonctions PDF sont calculées compte tenu des sous-ensembles de points de signal
concurrentiel a savoir ¢ = 0 a une distance d;. Le coefficient n,; indique le nombre
de sous-ensembles de type k£ a une distance d;. Le tableau 1.2 montre les valeurs

numériques des ny; pour des constellations bien connues et des regles d’étiquetage.

TABLE 1.1: La fonction de densité de probabilité de fiabilité fr, kjy,q,(A) €t [z kpy,d.0,(N)

pour la transmission sur le canal AWGN

k=1 N2y 2a2+(N)

k=2 N (W) (1 = er f (3722))
k=3 2Nd2%2d27()\)u(d27 —A)

b= 4| Ny V(1 = 2er F722) yu(dPy — )
k=5 —ANpqae,(Verf(5752 ul(dy — )
k=6 Neyoe,(V)(1 —erf(tan(§)5552))

la fonction erf peut étre exprimée comme

1 —exp(—a?); a>0
erf(a) =~ ) (1.12)
exp(—a?) —1; a<0

Les PDF du tableau 1.1 peuvent étre redefinies comme pour simplifier 1'évaluation

des performances du BICM. Il ¢'agit d'utiliser la transformée de Laplace de la PDF

x1



TABLE 1.2: Valeurs du coefficient nj; pour un nombre populaires de constellation et

étiquetage. Seuls les coefficients non nuls sont affichés

4QAM GL TL171 =4
SPL nyi1 = 2, Na1 = 2
16QAM GL ny1 = 24, Nig2 = 8

SPL nip =8,ni2=4ny; =10,n31 =4,n41 =4,n5; =2

MSPL ni1 = 16, nNg1 = 4, Ng 9o = 2, ngi1 = 4, Ng1 = 47 N1 = 2

ML nig=24,n31 =38
64QAM GL ni = 112,n19 =48, n13 = 16,114 = 16
SPSK GL nip=8,nig =4
SPL N1 =06,n19=2,n9; =4
SSPL nyqp = 6,121 =06

des L-values.
Prrsls) = [ Z Fuiemr2(\) exp(—s\)dA
= [T wersemt-snar) ey 1)
= |t 00

olt ®pj—1,,(s) est la transformée de Laplace du PDF sur le canal AWGN et nous
supposons seR™. Le tableau 1.4 présente la transformée de Laplace de la PDF de six
sous-ensembles non-équivalent de points de signal concurrentiel sur AWGN canal et

Nakagami-m canal fading

1.3.1 Taux d’erreur d’approximation a l'aide de 'Union Bound

Pour prouver l'exactitude du modele approximatif, nous utilisons ce modele pour

calculer les limites sur le BER dans une transmission codé. Union limite sur le BER
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1 1
1
Case| Casell Case |l
1
Case IV Case V Case 'V

FIGURE 1.5: Six formations non-équivalentes pour I'ensemble des points de signaux

concurrentiels. Le ‘1’ représente le point de signal transmis et les ‘0’ montrent les

éléments du point de signal concurrentiel [20]

dans une transmission codée peut étre écrite comme [32]

B, <UB= Y B4 PEP(d) (1.14)
d=dtree

dee est la distance libre du code, 54 est le spectre de la distribution du poids du
code et de la PEP(d) est la probabilité d’erreur par paires qui indique. Probabilité
de détecter un mot de code avec le poids (distance) de Hamming égale a d au lieu
de transmettre tout dans un seul mot de code. Les L-valeurs sont entrelacées, par
conséquent, elles sont indépendantes. Donc la sommation de leur PDF la convolution

de chacune d’entre eux, exprimée par

T ) = FuieaO) * friea (V) % oo % fuien () (1.15)

La probabilité d’erreur par paire est égale a 'intégrale de PDF résultant dans le canal

AWGN

Lleyy

PEP(d) = / 0 £ (A)dA (1.16)

xiil



TABLE 1.3: Nouvelle fonction de densité de probabilité de fiabilité métriques

frpv.a(A) et frrpy.a.0,(A) pour la transmission sur le canal AWGN

k? - ]_ Nd2772d2"/()‘)
]’C - 2 2./\/:12%2(127()\) — \%Nd%,d?y()\)
k=3 2N 2 2424 (\)

k=4 BNz 242, (A) — V2N g2, (N)
k=5 AN 202, (N) — 22N ey g2 (N)
k=06 2Nd2%2d27()\) — COS(g)Nd2%2cos2(g)d27()‘)

Si @, 5(s) est la transformée de Laplace de PDF d'une métrique fiable, I'expression
mathématique de PDF(d) devient
a+joo
PEP(d) = % /a _j; [(I>L76|V(s)]d% (1.17)
Ol j £ v/—1 et aeR sont déterminées dans la région de convergence de I'intégrale. La
partie gauche de I'équation (1.17) est réelle, ce qui impose que la partie droite doit
étre aussi réelle. Donc en remplacant s par a + jw

PEP(d) = 1 /OO aR[P o5 (a + jw) ] + wS[Pp gy (o + jw)]

27

dw (1.18)

~ a? 4 w?
On peut utiliser la formule de l'intégrale de Gauss Hermite pour résoudre cette

équation. Selon l'intégrale de Gauss Hermite on a

/_OO ila)dq = ipi exp(q;)h(a:) (1.19)

[e.9]

Ot h(q) = exp(—¢*) P c5(q), pi est le poids et n est le noeud total.

1.3.1.1 Résultats numériques

Pour montrer l'exactitude de notre approche, on compare les résultats obtenus

par '"approximation & ceux obtenus par une évaluation numérique. Pour calculer le

Xiv



TABLE 1.4: La fonction de densité de probabilité de fiabilité métriques ®r k.4, (5),

(I>Luk|%dl,91(s)7 (I)Lyk\’_%dl(s)v et (I)L,k\’_Y,dlﬁz(S)

exp(d*y(s® — s))

< ’rn—d%’nfl(s2 —s) )
$2

(s)
(s)

k=2| ®p24,(s) 2exp(d?y(s* —s)) — \% exp(d*y(% — )
(s)

Priaq(s 2 ()~ (ﬁ)
k=3| ®pga.(s) 2 exp(d®y(s* — s))
Dr31d,7(5) 2 (#(52—5))
k=4 ®paa,(s) 3exp(d®(s” = 5)) — V2exp(d*y(5 — )
k=5 ®ra(s) dexp(dy(s” = s)) — 2v2exp(d*y(5 — 9))
®L75‘dﬁ(8) 4 (mfdQT’yrszfs)) o 2\/5 (md2:(bs225)>
k=06 | Proaon(s) | 2exp(d*y(s® — s)) — cos(§) exp(d*y(cos?(£)s? — s))

m

(I)L=6|d79"7(8) 2 (m) o COS(%) (m—dz”y(COSQ(g)SQ—S)>

XV



BER, on suppose que BICM a un taux de convolution de code égale a 1, le polynome
générateur est [5 7|s de longueur constante égal & K = 3. D’abord on présente les
résultats pour un canal AWGN puis on les représente pour un canal a évanouissement
Nakagami-m. Pour le calcul de BER (union bound), on considére uniquement les 20

premiers termes de la représentation spectrale de la distance du code de convolution.

La figure 1.6 présente la comparaison des résultats exactes de BER comparés
a ceux obtenus par I'approximation dans un canal AWGN pour les constellations
8PSK et 16QAM. On remarque que le BER (union bound) se trouve entre le modele
exacte et le modele approximatif et surtout pour les valeurs inférieures & 10~%. Donc
I'approximation donne des résultats bien de BICM dans le canal AWGN. Dans la
figure 1.7 et 1.8, on montre la comparaison entre les résultats exactes et approximés
de BER dans la canal Nakagami-m en fonction de SNR. On peut notre que la bonde
d’union du BER est entre le modele exact et la modele approximatif dans la majorité
de la region SNR et dans le cas de resultats simulés il est particulierment au 1074
Par consequent, le modele approximtif prédit bien la performance du taux d’erreur

de BICM sur le canal fading Nakagami-m.

1.4 Approximation du point Selle

Le PEP peut étre exprimé comme la probabilité que de variable aledtoire générée
en additionnant d LLRs L1, Lo, ..., Ly. Il peut étre exprimé en choisissant I'ensemble

de mots de code comme étant un mot de code de référence

d
PEP(d) = Pr(L>: £y " L; <0) (1.20)

XVl
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Fi1GURE 1.6: BER de la transmission sur le canal AWGN BICM pour un code convo-

lutif de taux de %
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F1GURE 1.7: BER de la transmission du BICM plus Nakagami-m de canal pour un

code de convolution de taux de % pour 8 PSK

XVviil



16 ClAR (MSP Mapping)

10 H  Upper Bound (Exact, m=0.9)
— — — Upper Bound {(Approx., m=0.5
1o’ *  Simulation (m=0.5)
*  Simulation (m=1)
2 R ED -] = Upper Bound (Exact, m=1)
il : T EEEEEEEE INEERRRREE Upper Bound (Appraxi, m=1)
= Upper Bound (Exact, m=3)
108 "= = Upper Bound (&pprox. m=3)

BER

16 CLAM (ML Mapping)
] < Upper Bound (Exact, m=0.5)
— — — Upper Bound {(Approx, m=0.5)
*  Simulation {m=0.9)
*  Simulation (m=1)
2 Upper Bound (Exact, m=1)
: Upper Bound (Approx, m=1]
I e | = — - Upper Bound (Approx, m=3)
L = Upper Bound (Exact, m=3)

BER

F1GURE 1.8: BER de la transmission du BICM plus Nakagami-m de canal pour un

code de convolution de taux de % pour 16 QAM
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La transformation de Laplace de la PDF totale des d valeurs de L peut étre écrite

comme suit
- d
o5 (s) = [ [ Pairs(s)
i=1

= [y 5 ()]

avec gz 5(s) est la transformation de Laplace de chaque valeur de L. L'expression
mathématique pour calculer I'approximation du point selle peut étre exprimée comme

suit
exp(kaj5(3))

Sy /27?/{;;|;/(§)

avec Kq5(s) est la fonction de génératrice des cumulantes et § est le point de selle

PEP(d) = (1.21)

defini par la derivé premiere /f;lw(é) = 0. La fonction de génération cumulante de la

PDF est exprimée comme suit

Ky (s) = dlog(Pyjr5(s)) (1.22)
La dérivée premiere de rq5(s) par rapport a s est écrite comme suit

’ o dé:ﬂLﬁ/(S)

K5 () = (1.23)

DL 5

et la dérivée seconde de kgj5(s) par rapport a s est exprimée comme suit

W () = APy, 5(s) _ [y 5())° (1.24)
dIy Qy15(5) (DL, 7(5)]2 '

En remplacant la valeur de rgq5(s) et Iigw(s) dans (1.25), I'expression mathématique

de PEP(d) sera
[Pajr5(3)]7"2

$ 27T(I);|L,"y('§)

A partir (1.10,1.11), on peut savoir que la PDF des métriques de fiabilité est com-

PEP(d) = (1.25)

posée de plus d'un composent Gaussien. Si la transformation de Laplace de la PDF
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totale ®47,5(s), et le termes Gaussien de la PDF totale sont ®,(s), ..., ®,(s), alors

'expression mathematique de la PDF totale peut écrite sous la forme
Bary(s) = > Pils) (1.26)
i=1

Selon rapprochement point selle, £ (3) = @;‘ 1~(8) = 0. Nous avons donc besoin de

résoudre
Y d(3)=0 (1.27)
i=1

Au lieu de le résoudre directement, ce qui peut étre difficile, nous avons proposee
I'approximation pour simplifier le probléme. Maintenant, si nous considérons §; est
le point de selle en définissant la dérivée premiere de la ¢-th transformée de Laplace

Gaussien terme ®;(5;) = 0 alors d’aprés le théoreme de Taylor [24].

D, (35) = D,(8) + (5 — 8:)P; () (1.28)

=1 (1.29)

1.4.1 Résultats numériques

On compare les résultats numérique avec le modele exact afin de prouver I'exactitude
de l'approximation proposée pour calculer le point selle. Pour calculer le BER, on sup-
pose le BICM avec un taux de code convolutionnel égale a % et avec un générateur
polynomial [5 7]g avec une contrainte de longueure K = 3. Tout d’abord, on considere
les resultats BER sur le canal fading Nakagami-m. Cependant, on considere les 20
premiers termes de la distance spectacale du code convolutionnel. La figure 1.9 et
1.10 montrent que les courbes du BER sont obtennues en utilisant 1'approximation

du point selle avec une nouvelle approximation pour trouver le point de selle et en
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FiGURE 1.9: BER du BICM sur canal Nakagami-m pour un code convolutionnel de

taux % pour 8PSK
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F1GURE 1.10: BER du BICM sur canal Nakagami-m pour un code convolutionnel de

taux % pour 16QAM
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utilisant la méthode numerique du modele exact. On note que la courbe BER obtenue
par l'approximation du point de selle et celle obtenue par le modele exact correspond
bien & la simulation. Elles sont presque au dessous de 10~# aux de constellations SPSK

et 16QAM avec étiquetages populaires

1.5 Conclusions

La nouvelle approximation de la PDF des L-values consttituées de quelques termes
Gaussiens permet de simplifier 'equation pour calculer la performance. Notre nou-
velle approximations est applicable pour le deux constellations QAM et PSK avec

étiquetages differents sur des canaux AWGN et Nakagami Fading pour m arbitraire.

Un outil populaire pour calculer BER est l'approximation du point selle. Mais le
probleme se pose lorsque les métriques non-conformes se mélangent et produisent la
fonction polynomial du point selle. Que doit étre calculé numériquement. Nous avons
dérivé aussi une nouvelle approximation pour trouver le point selle. Les résultats
numériques ont confirmé l'exactitude de I'approximation proposée pour le point selle

qui est applicable aux constellations QAM et PSK avec étiquetages populaires.
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Chapter 2

Introduction

Wireless communications is one of the big engineering success stories - not only
from a technical point of view, where the progress has been phenomenal but also in
terms of the impact on society. Working habits, and even more generally the ways we
all communicate, have been changed by the possibility of talking “anywhere, anytime”

- answering emails on the go has become an everyday occurrence now.

Behind this emergence, a complex wireless communication system is at work. It
follows communication standards, which define how particular elements of the systems

are implemented.

Bit-interleaved coded modulation (BICM) is one of the popular modulation tech-
nique used in most of the existing wireless communication standards e.g. HSPA [1],
IEEE 802.11a/g/n, the DVB standards (DVB-T2 [15], DVB-S2 [16] and DVB-C2
[17]). Other examples include the low complexity receiver proposed by the IEEE for
the multiband orthogonal frequency-division multiplexing (OFDM) ultra wideband
(UWB) transceiver [8] and the wireless world initiative new radio (WINNER) con-
sortium [14]. BICM-OFDM is also considered as a good candidate for power line
communication systems. And it will most likely become part of future standards.

Bit-interleaved coded modulation was first introduced by Zehavi in [35] and later

1



analyzed from an information theory point of view in the landmark paper of Caire
et al [11], the major advantage of BICM is its simplicity and flexibility, as a single
binary code can be used along with several modulations without further adaptations.
BICM maximises the code diversity, therefore is better than trellis coded modulation
in fading channel. Moreover, its flexibility and ease of implementation make it pop-
ular in non-fading channel too. So, having a clear concept of BICM is necessary for
those who intend to improve the efficiency of BICM to fulfil the demand of the future

technology.

2.1 Contributions

The main contributions of this thesis are stated below:
e We develop a simplified probabilistic model of reliability metrics (L-values) of
BICM transmission that allow for a simple and accurate evaluation of the perfor-
mance (BER) considering the effect of unequal error protection.
e We propose a simplified model to calculate the saddle point which is one of the key

ingredients of so called saddle point approximation to analyze the performance.

2.2 Thesis organization

This chapter serves as a basis for the following chapters. It gives the brief overview

of main contribution of the research work.

The remaining part of the thesis is organised in the following order. Chapter 3
discusses about the system model, binary labelings and a brief introduciton of channel
models. Chapter 4 focuses on the probabilistic models of reliability metrics (L-values)
both in AWGN and Fading Channel. Chapter 5 describes the new approximation to
find the saddle point for the so called Saddle point approximations. Finally, the

conclusions are drawn in Chapter 6.



Chapter 3

System Model

3.1 Notational convention

In this thesis we use lowercase letter x denote a scalar, and letters « to denote a
sequence. The all-zeros and the all-ones vectors are denoted by 0 and 1, respectively.
The set of real numbers is denoted by R. The random variables are denoted by
capital letters Y, probabilities by Pr{-}, the probability density function (PDF) of
the random vector Y by f(y). The expectation of an random variable Y is denoted
by E(Y). A matrix is denoted by T. A symbol set is denoted as X. A Gaussian

distribution with mean value p and variance o2 is denoted by N, ,2(A), and the er f

function by er f(z) £ == [ exp(—t*)dt. The unit step function can be defined as
. 1, >0
u(z) =
0, <0

3.2 BICM principles

BICM was first introduced in 1992 in [35] and later it was analyzed by in [11]. A
general BICM model is shown in figure 3.1. A BICM model is comprised of binary

encoder, a bit interleaver (7) and a memoryless mapper (M) on the transmission side.



The function of mapper M is to make one-to-one mapping rules that maps the length-
m binary random vectors ¢ = [}, ..., ¢.] to one symbol X, i.e. M :{0,1}" — X. The
symbols are sent through channel whose output is given by y = h - x + n where h is
complex channel gain and 7 is a zero mean, real, white Gaussian noise sample with
variance Ny. As the mapping is memoryless, both noise and complex channel gain

samples are independent and identically distributed. On the receiver side there is a

BICM Channel

—» ENC DEC |-

S L
L
i
0
|
b
'\_1</
F)
« =
3
Y
:l
Y-

______________________________________________

Figure 3.1: BICM model

serial concatenation of de-mapper, de-interleaver and decoder. The received signal
at the receiver side will not be the same as the sent symbol because channel will
inject some noises in the sending symbol i.e. y # x. The function of de-mapper is to
compute the L-values and then pass to the de-interleaver and at the end decoder. The
sign of L-values corresponds to hard decision on the bit and its magnitude represents
the reliability of the hard decision. So the L-values are also known as reliability
metrics. The reliability metrics calculated by de-mapper M~! are defined as

Pr{c; = 1]y}
Pr{c; = 0y}

where y is a received signal, j = 0,...,r — 1 is the bit position, and ¢; is the j-th bit

ﬁj = log( ) (3.1)

in the transmitted codeword ¢ = [cy, ..., ¢,_1]. Using the Bayes’ rule it is possible to

express the (3.1) as a sum of extrinsic and priori L-values

P tog(trtlG =1ty Ly, Pl = 1)
b =oal e, =1 e = 1)) (3.
=L+ L}



where LF is a priori probability. We consider here there is no priori information, i.e.
(L§ = 0); so

Pr{y|c; = 1}>
Pr{y|c; =1}

D ae;, XP(=E = a|2)}
> oo XD~ 1E — a?)

Where &, is the set of symbols with sent bit b at position j. Equation (3.3), simplified

L; = log(

(3.3)

= log{

using max-log approximation [31], is as follows

. Yy . Y
L; = min (312 — ) — min (7 — af?) (3.4)

aeX; o aeX; 1

Although L, is suboptimal with respect to f/j, it is known to have small most often
negligible impact on the receiver’s performance when Gray-mapped constellation are
used [27],[3]. This simplification, proposed already in [35],[11] is frequently adopted
for ease of the resulting implementation, e.g. by the 3rd generation partnership

project (3GPP) working groups [13].

3.3 Binary labelings and Signal Sets

3.3.1 Binary labelings

A binary labeling T is defined using a matrix of dimensions M = 2" by r,
where each row corresponds to one of the M length-r distinct binary codewords,
L2 [, ... ch)T, where ¢; = [ci1,Ciz, -, Cir]€{0,1}7. In this thesis we are particu-
larly interested in Binary reflected gray code (BRGC), Set-partitioning (SP), Modified
Set partitioning (MSP) and Mixed-labeling (ML). Figure 3.2, 3.3 show the graphical

representation of these popular labelings.

3.3.2 Input Alphabets

Each element of the input alphabet X is a N-dimensional symbol x;,i = 1,.... M

where |X| = M = 2" and X C RY. For practical reasons, we are interested in well
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Figure 3.2: Gray Mapping and Set partitioning mapping [11]
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structured discrete input alphabets and we will use the popular M-ary two dimen-
sional input alphabets, i.e., phase-shift keying (M-PSK) and quadrature amplitude
modulation (M-QAM).

e An M-PSK symbol set is defined by Xpsk where x; = [cos(22), sin(22)] with

M M
i=1,..,M

e An M-QAM symbol set is defined by the direct product of two v M —PAM signal
sets where an M-PAM symbol set is defined by Xpay where x; = — (M — 2i+ 1) with
i=1,.. M

3.4 Channel Models

In wireless communications the channel is often modelled by a random attenuation
(known as fading) of the transmitted signal, followed by additive white Gaussian noise
(AWGN). The attenuation term is a simplified form of the underlying physical factors
and models the change in signal power over the course of the transmission. The noise
in the model are comprised of external interference and/or electronic noise in the
receiver. Sometimes noise term is complex to describe the relative time a signal takes
to get through the channel. The statistics of the random attenuation are determined

by previous measurements or simulations.

3.4.1 AWGN Channel

In the real world, transmission is always affected by noise. The usual mathemati-
cal model is AWGN (Additive White Gaussian Noise) channel. It is a well-established
model for the physical reality as long as the thermal noise at the receiver is the only
source of distribution. The noise is stationary and zero mean Gaussian random pro-
cess [25]. This means the output of every noise measurement is a zero mean Gaussian

random variable that does not depend on the time instant when the measurement



is done. The passband transmit signal x is corrupted by AWGN, resulting in the
received signal

y=x+1

where 7 is a white Gaussian noise, characterised by one sided power spectral density

Ny [28].

3.4.2 Fading Channel

When fading attenuates the signal, the received signal amplitude is modulated
by fading amplitude h where h is a random variable with mean value E[h?] and
the probability density function (PDF) f,(h) which is dependent on the nature of
the radio propagation environment. After passing through the fading channel, the
received signal is attenuated at the receiver by Additive white Gaussian noise which
is assumed to statistically independent of fading amplitude h. The received signal

can be represented as

y=h-x+n (3.5)

where y is the received signal, n is AWGN. Then the signal to noise ratio (SNR) can

be defined as

E
= p2=
Y N,

And average signal to noise ratio (SNR) is

E.
7 = E[h?]
7 =ERT
where F; is the energy per symbol and E[h?] is average fading power. The probabil-
ity density function of SNR is obtained by introducing a change of variables in the

expression for the fading PDF f. (), yielding [28]

Jily/ 2R
£) = == (36)
2\ 50



and the moment generating function (MGF) M, (s) is
M, (s) = / F,(7) exp(sy)dy (3.7)
0

3.4.2.1 Rayleigh Model

Rayleigh distribution is used to model multipath fading without line of sight
(LOS). The instantaneous SNR, per symbol + is distributed according to the following

distribution

f(7) = %exp(—%),’y >0 (3.8)

The MGF corresponding to this fading model can be expressed as
M, (s)=(1-s7)"" (3.9)

3.4.2.2 Nakagami-m Model

The Nakagami-m probability distribution function can be expressed as SNR per
symbol v which is distributed according to gamma distribution.

mm m—1

=T exp(—2L .
£0) = St P (3.10)

It can also be shown that the MGF is given in this case by

M,(s) = (1 = Ty (3.11)

m

For instance, it includes the one-sided Gaussian distribution (m = %) and the Rayleigh
distribution (m = 1) as special cases. In the limit as m = oo the Nakagami-m
fading channel converges to a nonfading AWGN channel. Finally, the Nakagami-
m distribution often gives the best fit to land-mobile [29],[5], and [10] and indoor-
mobile [26] multipath propagation, as well as scintillating ionospheric radio links

[7),118],[33],[19], and [6].



Chapter 4

Probabilistic Models of L-values

The L-values can be considered as the output of the BICM channel which is the
combination of interleaver, modulator, transmission channel, demodulator and de-
interleaver [22] assuming operation with “ideal interleaver”, is considered memoryless
[35]. Then the knowledge of PDF's of L-values helps to analyze the performance in
terms of bit-error rate [22],[2],[23]. The objective of this chapter is to derive the

B L L?

I

-

L
! ‘ —=| Decoder -

1
Standard channel interface

Figure 4.1: BICM transmission channel

probabilistic models of L-values that leads to a simple and accurate evaluation of
the performance (BER) of BICM considering the effect of unequal error protection.
We can calculate the bounds on the BER in convolutionally-coded transmission to

validate the accuracy of the models.

10



4.1 Error-Rate Approximation using Union Bound

The channel between encoder output ¢ and decoder input L can be considered as
equivalent binary input output symmetric (BIOS) channel [22]. Considering max-
imum likelihood decoding, the error rate of linear codes transmitted over BIOS
channel is approximated by union bound [32]. The Union-bound on the BER in

convolutionally-coded transmission can be written as [32].

B, <UB= Y B4 PEP(d) (4.1)
d=dtree

dgee is the free distance of the code, §; is the weight distribution spectrum of the
code and PEP(d) is the pairwise error probability which indicates the probability of

detecting a codeword with Hamming weight d.

The Pairwise error proabability PEP(d) calculation is based on the decision of the
summation of d L-values in the divergent path [4]. Because of the ideal interleaver, L-

values are assumed to be independent. So summation of PDF will be the convolution
of each PDF. The PDF of L-values conditioned on the sent bit ¢ and SNR + is denoted
by frien(A). We have

i (N = Frien(N) * frjen (N * oo % frien (V) (4.2)

The Pairwise error probability can be calculated by integrating the tail of the PDF.
0
PEP(d) = / e (A (4.3)

A popular approach to calculate the PEP in Nakagami-m Fading channel is to take
take the Laplace transform of the PDF of L-values [9]. If ® ,5(s) is the Laplace
transform of the PDF of reliability metrics in Fading channel, the mathematical

formula to calculate the PEP(d) can be expressed as

PEP@ = o [ @S (4

B % —joo
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where j £ /=1 and «eR is determined in the region of convergence of the integral.
The computation of (4.4) is not straightforward and needs the use of numerical meth-
ods [9]. The left hand side of (4.4) is real and so the right hand side must be real and

replacing s by a + jw

dw (4.5)

L[ aR[®p o5 (a0 + jw)] + wS[Pr oy (o + jw)]
PEP(d):_/ i a2+w2 il

2 J_ o

Gauss-Hermite Integration formula to solve this computation is as follows

/_OO h(g)dq ~ ) piexp(q})h(q:) (4.6)

o0 i=1

where h(q) = exp(—¢®)®p 5(q) and p; is the weight and n is the total node.

4.2 Approximations for the PDF of L-values

We assume that the channel is symmetric and the code is linear, thus any sequence
of bit can be used as a reference. The PDF of L-values can be expressed as the
weighted sum of the PDFs fr; . ~(\) conditioned on the bit position 1 < j <7 and

transmitted symbol zeX;; [20]

frea) = 3 30 3 Priale = b,) e
(4.7)

J
1 r
= 7,,27«_1 Z fL|j7$v’Y(A)

k=1 xeXk’l

where the second step follows from the assumption of the equiprobable modulator
input. The main task is to find the expression for fi|;,~(A) for every 1 < j <r
and zeX;;. This needs consideration of all signal points in the constellation and
depending on the type of modulation and labeling which actually does not lead to

closed form solution.

12



4.2.1 Previous Approximations

In [11] we notice that fr;.~()) is approximated by considering all signal points in

Xz for zeX; .

From [11] we know that BICM-EB estimates fr};.~()A) by considering only one
member of X;;, which is not a valid simplification for non-gray labeling rules due to

presence of multiple nearest neighbours [11],[34], and [22]

In [20] we find the usage of the set of all nearest signal points for a given zedj .
where the set of nearest competitive signal points of x can be mathematically shown

as

Ao = {a|anj,5, |a—z|= MiNgeq, | —x Hé dm} (4.8)

there are six non-equivalent formations for the set of competitive signal points A;,
for QAM and PSK constellation and their closed form expression are given in Table

4.1. The PDF of L-values for M-QAM considering the transmission of ¢ = 1 while

Figure 4.2: Six non-equivalent formations for the set of competitive signal points.The
‘1’ represents the transmitted signal point and ’'0’s show the elements of competitive

signal point [20]



replacing the frj;.~(A) in (4.7) by fr x4 (A) of Table 4.1, can be expressed as

5 o2r—1_1
O E:E:n frkpra (M)
Ll 1 k,lJ L.k|vy, dl
2 k=1 =1 (4.9)
dl = ldmin
And the PDF of L-values for M-PSK constellation can be written as
1 2r=1-1
JInE) = o > [naframa (Y + n6ufrema.n (V)]
=1
sm(g—) (4.10)
Sln(zl) mll’l
27l
91 =T — 27"

The PDFs are calculated considering the subsets of competitive signal points i.e.
¢ = 0 at a distance d;. The coefficient n;; indicates the number of subsets of type
k at an distance d;. Table 4.2 shows the numerical values of ny,; for well-known

constellation and labeling rules. From now on, we use the term “Exact Model” to

Table 4.1: Probability Density function of reliability metrics fr kjy.q,(A) and

Jr k.0, (A) for the transmission over AWGN channel

k=1 Ny 225 (A)

k=2 N oy W(1 = er f(552))
k=3 IN e ey (Nu(d®y — N)

k=4 | Ny oy (N)(1 = 2er FZ22) u(d?y = V)
k=5 —4./\/d27,2d27()\)€7"f(A2dy) ( v —=A)
E=6|  Nejae, (N1 — erf(tan(§)322))

denote the formula shown in Table 4.1. We note that for ¥ = 1 the exact model

involves only a Gaussian function which is very simple to manipulate i.e. convolution
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Table 4.2: Values of coefficient n;; for a popular number of constellation and labeling.

Only non-zero coefficients are shown

4QAM GL TL171 =4
SPL nyi1 = 2, Na1 = 2
16QAM GL ny1 = 24, Nig2 = 8

SPL nip =8,ni2=4ny; =10,n31 =4,n41 =4,n5; =2

MSPL ni1 = 16, nNg1 = 4, Ng 9o = 2, ngi1 = 4, Ng1 = 47 N1 = 2

ML nig=24,n31 =38
64QAM GL ni = 112,n19 =48, n13 = 16,114 = 16
SPSK GL nip=8,nig =4
SPL N1 =06,n19=2,n9; =4
SSPL nyqp = 6,121 =06

and integration of Gaussian function are known in closed form. On the other hand,
for £ > 1 the PDFs are Gaussian functions multiplied by corrective factors e.g. erf

function, unit step functions. This complicates the analysis of the performance of

BICM (calculation of BER etc.).

4.3 New Approximation

The objective of this chapter is to derive new PDFs for these non-equivalent
competitive signal points which will be comprised of some Gaussian PDF terms only
so it can be easy to analyze the performance of BICM, even in fading channel. We
can call it ‘Approximate Model’ for further reference. The expression for er f function
can be approximated as

— exp(—a2):
erf(a) ~ t-epl-a®); a>0 (4.11)

exp(—a?) —1; a<0

15



Since the approximation for erf function in (4.11) depends on the value of the ar-
gument, we need to decide which part of the PDF is the most relevant. According
to Zero Crossing Model [4], the argument of error function (erf) for k& > 1 of Ta-
ble 4.1 are negative. The unit step function in k£ = 3,4,5 are not considered as it
is approximation to simplify the evaluation. Table 4.3 shows the new PDF's of six

non-equivalent subsets of competitive signal points.

Table 4.3: New probability density function of reliability metrics fr kj,q,(A) and

fr k.0, (A) for the transmission over AWGN channel

]’1’} - ]_ Nd27,2d27(A)
k - 2 2Nd2'y,2d2'y(A) — \/Li-/v’d%y,dzy()\)
k=3 2N g2y 242 (N)

k=4 BNz 242, (N) — V2N g2, (N)
k=5 AN g2y 2024 (A) — 2v/2N 2y g2 (V)
k=6 2Nd2'y,2d2’y()‘) - COS(g)Nd27,2cos2(g)d27()‘)

Now we can consider 16QAM and 8PSK as examples to verify the accuracy of the
Approximation model. The PDFs for 16QQAM and 8PSK can be derived using (4.9),
(4.10), Table 4.2, 4.3 for popular labeling rules.

(

%Nd%,zd%()‘) + lNdQ'y 2a2+(A); (GL)
flﬁQAM( ) - NdQW 2d2y ( ) - 13\['/\/’CZQ'yd ( )+ %ng'yﬂd%'y()‘); (SPL)
Lle=1,y -
%Nd%wd%v()‘) - 51_62Nd§7,d§7(/\) + Ny 20, (N) — },/—Eng%dgw()\); (MSPL)
| FNz,202, (V); (ML)
(4.12)
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Where
di = dmin; do = 2dyin;

Nd272d (A )+%Nd§7,2d§7()‘)5 (GL)
8PSK _ cos(%L
Frje=1,(A) = %Nd%?d%o‘) - ;2)Nd%7,2cos2(%)d%v(>‘) + %Nd%ﬂd%v()‘)5 (SPL)
cos(e—l)
. NdQ'YQdQ ( )_ 22 '/\/df’y,Qcosz(?l)d2 <)\) (SSPL)
(4.13)
Where
s 3
dy = dupin; dy = 2.08(= )i 01 =
1 2 = 2c08(¢) 1=

4.3.1 PDF of Reliability metrics(L-values) in Nakagami-m

Fading Channel

The PDF of L-values in Nakagami-m Fading channel can be derived by taking the

average over the Nakagami-m distribution. Mathematically it can be expressed as

mmﬂmzémmmwmhmm (4.14)

where f,)5 is the PDF of Nakagami-m distribution which can be written as

mm m—1

~ymT'm

m

- exp(— 2
f7(7) = p( ﬁ)

For simplification of the performance evaluation of BICM in Nakagami-m Fading

channel, it is a common practice to use the Laplace transform of the PDF of L-values.
Pre=15(8) = / frie=17(A) exp(—sA)dA
— [ [ fuess ) expl-sAdvx
—o0 J0

() o) o

= | #neron 00

(4.15)
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where ®pj.—1,(s) is the Laplace transform of the PDF over AWGN channel and
we assume seRT. Table 4.4 shows the Laplace transform of the PDFs of six non-
equivalent subsets of competitive signal points over AWGN channel and Nakagami-m

Fading channel

Table 4.4: Probability Density function of reliability metrics @, kjy.4,(5), P L kly,di.0(5)s
Op k5. (8),and P pi,d,.0,(5)

k=11 Prujas(s) exp(d*y(s® — s))

®r10a4(5) (#Hy

k=2 ®p9a,(s) 2exp(d?y(s? —s)) — 7 exp(d®y (— - SH)L)
@ () - d ()
(5) 2exp(d*y(s® — s))

D 31a5(s) 2 <#H>m
(s)
(5)

Projas(s

3exp(d*y(s? — 5)) — V2Zexp(d®y(§ — s $))

3 (seatiomn) 2 (i)
b=5] uausls) | tep(@r(s? = 5) — 2vEesp(d (5 - )
buaas) | 4 (i)~ VR ()

F =6 ] Brgns(s) | 2exp(d(s? — 5)) — cos($) exp(d® (cos’(§)s? — 5)

(I)L76|d19»7(5) 2 (mfngZsQfs)) o COS(g) (m d2y COZ(%)82*S)>
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The PDFs for 16QAM and 8PSK for Nakagami-m fading channel can be derived

from (4.9),and (4.10).

3 m ™ m .
4 <m*d%7¥(52*8)> + 4 (mfdgfy(ﬂfs)) ) . (GL)
7 m " 13v2 m 1 m
4 <m—d%§(52—s)> 32 <md%‘y(5225)> + 8 <m—d%ﬁ(82—s)> ) (SPL)
16QAM 13 m m 5+/9 m m
Llc:l;j/(s) - ? (mfd%ﬁ(5273)> - ? (mcl%’_y(sjs))
1 m m _ V2 m "
+3 (m—d%f‘y(ﬁ—s)) 32 (m—d%(f—s)> ; (MSPL)
5 m m
HE (L)
(4.16)
Where
dl = dmin; dg = 2dmin;
( m m
2 m 1 m .
i)+ (i) (GL)
8PSK _ )7 m ™o cos(4) mo . m
Pilem i (8) = 6 (m*dﬁ(shs» e (m—dh(cog(g)shs)) + % (mfdgfy(sQ—s)> ; (SPL)
3 m m cos(e—l) m m )
\ 2 <m_d%'7(52—5)> N 22 (m—d%”y(cos%%)sQ—s)) ’ (SSPL)
(4.17)
Where
T 3T
di = dpin; do = 2 Ndin; 01 = —;
1 2 = 2cos(g) 1=

4.3.2 Error rate approximation using Union Bound over AWGN

channel

The Pairwise error proabability PEP(d) calculation is based on the decision of

the summation of d L-values in the divergent path [4]. We assume d = w; + wy then

the PEP(d) of 16QAM and 8PSK from (4.12) and (4.13) can be expressed using

19



binomial series representation for popular labelings as

Lle=1,y

Where

and

8PSK,>"
Lle=1y

Where

(S S () (22 (3t ) (i

Mwl+w2—i—k)d%’y+(i+k)d§'y,2((w1 +wo—i—k)diy+(i+k)d3y) (/\)3 (GL)
PDPD DD DD Dyl G | ) LG (o B

(Z)wl +we—(a+c+b+d) ( 713\/§)b+d( 1 )a-{—c X

4 32 8

Mwl+w2—a—c)d%w—i—(a—i—c)d%vﬂ((wl+w2—a—c—%(b—i—d))d%q/—&-(a—&-c)d%v)()‘>; (SPL>
Dt Dbt e 2o 020 o () () () () (7)) (1)

(%)w1+w2—(a+b+i+j) ( *51)\6/5)b+j (%)a—f—i—(c—i—k) (%ﬁ)c—f—k %

Mwl +wa—a—1i)d2y+(a+4)d3y,2((w1 +w2—a—i—%(b+j))d%'y+(a+i—%(c—l—k))d%y) ()‘)’ (MSPL)
. (%)wl+w2'/v‘(w1+w2)d%7,2(w1+w2)d%'y()‘); (ML)
(4.18)

dy = dmin; d2 = 2dmin;

Do XokZo () () g
M(wl+w2—i—k)d§+(i+k)d§)v,2((w1+w2—i—k)d§+(i+k)d%)7(A); (GL)
St S T T () () () (%) %
(%)wﬁrwgfafcfbfd(%)a+c(%‘9(g))b+dx
N((m+w2*afc)d?+(a+c)d§)%2((w1+w27afcf(b+d) sin2(g))d§+(a+c)d5)7(>\); (SPL)
St Soita (1) () (B H (5 2 e
'/V’(w1+w2)d%*y72((w1+w2—(i+k)sinz(g))d%y()‘); (SSPL)
(4.19)

Iy = i = 2€05(5 s 0 =
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The mathematical expressions of PEP(d) for 16QAM and 8PSK using (4.3) are

f
S it (3) ()G )

w1 +wa—i—k)d?2 i 2
%[1 4 erf(—\/( 1+tw2 ];)dl’H'( +k)d2’Y)]; (GL)

e > ez oz () () () () x

('Zi)wl +wa—(a+c+b+d) ( —13v2 )b+d( 1 )a+c %

32 8

16QAM _ 1 1 N (w1+wz—a—c)d2y+(a+c)d2y .
PER () = 2l v erdt 2\/((w1+w2—a—c—%(b+d))d?v+(a+6)d§7))]’ (SPL)

3o 2oty Mo i X5 ke () () () () (57 ()%

(18_3)wl+w2*(a+b+i+j) ( —?%/ﬁ)bJrj( 1 )aJrif(chk) ( —\/§)c+k %

8 32

1r _ (w1 +wo—a—i)d3y+(a+i)d3y ‘ P
2[ +erf( 2\/((w1+w2—a—i—%(b+j))d%'y+(a+i—%(c-s-k))dg»y))]’ ( )

\(%)wﬁ-wzé[l + erf(_\/ (wl-‘;wz)d%’Y)]; (ML)
(4.20)

and

M Tt (4) () Es ¢

w1 4w —i— 244 2
%[1+€rf(_\/(( 1+w2 219)‘11+( +k)d2)’7)]; (GL)

Pato Xt 20e2 izt () (M ) () ()

— 2]
PEPE (d) = { (Bt oeeesbd(dyore(—olalyiidy

1 ((w1 +wa—a—c)d?+(a+c)d3)y
=11 — 1 2 . PL
2 [ t erf( 2\/(w1+w2—a—c—(b+d) Sing(g))d%k(a—l—c)d%)v )]7 (S )

i —cos(2)\,
ST oty (1) (42) (Bt ik (=gl

1r1 . (w1+wa)d3y . PL
L 2[ +erf( 24/ (w1 +wa—(i+k) sinQ(g))d%'y”’ (SSPL)
(4.21)
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4.3.3 Error Rate Approximation using Union Bound over

Nakagami-m Fading channel

Laplace transform of PDF of 16QQAM and 8PSK for Nakagami-m Fading channel

can be written as

4
Xt i () (1) (e )t

m (w14wa—i—k)m m (i+k)m
(7at) () (GL)
Dto k" X e () () () (M)

(%)w1+w2—(a+c+b+d) ( *lgzﬂ)b—l—d(%)a—i—c %

m (w1 +wa—(atet+btd))m . (b+d)m
<m‘d?’7(82—8)> m—d35(% —s) %

16QAM,Y
(I)L|c:1,ﬁ (S)

_ (W(_) ; (SPL)
S e e ey Y e Yo () (Y () () () () %

J

> (a+c)m

(§>w1+w2*(a+b+i+j) ( —%/i)bﬂ'(

: )aﬂ;(wk) (iﬁ)cﬂc «

1

8 32

)(w1+w2—(a+b+i+j))m ( ) (b+5)m
. m ”

_ g2
m—dy(% —s)

. (ati—(c+k))m . (c+k)m
mfdg"y(ﬂfs)) —s) ) (MSPL)

m—d35(%
(§)w1 “+wo m
4 mfd%

(w14w2)m
) ; (ML)

(4.22)
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( .
St it (%) () e x

" (w14wa2—(i+k))m " (i+k)m
(7)) () (GL)
ko Sote 2o Soze” () () () (M)

(%)w1+w27afcfbfd(l)a+c( _Cos(g) )b+d %

PEPSKT (s) = 4 6 3

Lic=1yy " (w14+w2—a—c—b—d)m " (b+d)m
m—d%"y(s2—s)> (m—d%"y(cos2 %SQ—S)) X
m (at+c)m
(m—dz”y(SQ—s)) ) (SPL)

St Tio () () (G H (T )
witwz—i—k)m (i+k)m
m
( m—d25(cos? 352 —s) >

; (SSPL)
(4.23)
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4.4 Numerical Results

In this section, we show the numerical results to compare with the exact model so
it can prove the accuracy of the proposed approximation. To calculate the BER, we
assume BICM with rate 5 convolution code with generator polynomials [5 7]s with
constraint length K = 3. First we consider the BER results over AWGN channel,

after the BER results for Nakagami-m fading channel

4.4.1 BER results over AWGN channel

We show the comparison between simulated result and analytical results (Exact
model and Approximate Model) as a function of SNR ~. To calculate the BER
Union bound, we consider first 20 terms of the distance spectrum of the convolution
code. Figure 4.3 shows the simulated and analytical (Exact model and Approximate
model) BER results for 8PSK and 16QAM constellations and popular labelings for
transmission over AWGN channel. We notice that the BER union bound is fairly

tight between the exact model and the approximate model in almost all SNR region
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Figure 4.3: BER of BICM transmission over AWGN channel for a convolution code

of rate %
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and in case of the simulated results it is especially below about 10~%. Especially for
Gray mapping, the approximate model has a tight upper bound below 10~2 because
the PDF of L-values for gray mapping are purely Gaussian function. So Approximate

model predicts well the error rate performance of BICM over AWGN channel.

4.4.2 BER results over Nakagami-m Fading channel

Now we show the comparison between simulated result and analytical results (Ex-
act model and Approximate Model) as a function of SNR 4 over Nakagami-m Fading
channel. To calculate the BER Union bound, we consider first 20 terms of the distance

spectrum of the convolution code.  Fig. 4.4-4.7 show the simulated and analytical

8 PSK (Gray Mapping)
1 #  Simulation (m=0.5)

o jjjf 2 Upper Bound (Exact, m=0.5)

i — — — Upper Bound (Approsx, m=0.5)
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2 Upper Bound (Exact, m=1)

o Upper Bound (Approx, m=1)

1 #  Simulation (m=3)

Upper Bound (Exact, m=3)

BER

Figure 4.4: BER of BICM transmission over Nakagami-m Fading channel(8PSK)
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Figure 4.7: BER of BICM transmission over Nakagami-m channel for a convolution

code of rate 1 for 16 QAM (MSP and ML)
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(Exact model and Approximate model) BER results for 8PSK and 16QAM constel-
lations and popular labelings for transmission over Nakagami-m channel. We notice
that the BER union bound is tight between the exact model and the approximate
model in almost all SNR region and in case of the simulated results it is especially
below about 10~%. For the Gray mapping, the approximate model has a tight upper
bound below 1072 because the PDF of L-values for gray mapping follows Gaussian
distribution.The simulation for different constellations are not close to each other be-
cause each constellation is based on nearest neighbour where Gray mapping has the
optimal value. SP mapping converges faster than SSP mapping. So Approximate
model predicts well the error rate performance of BICM over Nakagami-m Fading

channel.
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Chapter 5

Saddle Point Approximation

BER estimation [32] is based on the code spectrum and the expression of the Pair-
wise error probability PEP(d) between two codewords [21] where d is the Hamming
distance. PEP can be expressed as the tail probability of random variable generated

by adding d LLRs Ly, Lo, ..., L4. It can be written by choosing the all-one codeword;
d

PEP(d) = Pr(L>: £ ) " L; <0) (5.1)
i=1

From (4.2) we notice that summation of L-values is the convolution of each PDF of
L-values. A general approach to solve this problem is to take the Laplace transform
of each PDF and multiply to get the total PDF of L-values. So the Laplace transform

of total PDF of L-values can be expressed as

d
034(s) = [[ Par.(s)
=1

= [@a5(s))"

Where ®41,5(s) is the laplace transform of each L-values. A general method to
solve this computation has been discussed in section 4.1. In [9] a few bounds and
estimation have been proposed among which saddle point approximation has got the

attention due to its simple form and accuracy [11],[22]. The mathematical expression
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to calculate the saddle point approximation can be written as

exp(Kays(3))

PEP(d) = - (5.2)

2mr - (8)

where kg5(s) is cumulant generating function and § is the so-called saddle point
solving ry(8) =0

Kap5(s) = dlog(Pair5(s)) (5.3)

The first derivative of rg5(s) with respect to s can be written as

: Py, (5)
R (5.4)
A
And the second derivative of kg5(s)
,‘f” (3) . dq)d|L’y( ) _ [ d\L’y( )]2 (5 5)
T ura(s)  [Paizaae)? '
Since nzjw( §) = 0 then <I>d|L ($) =0. So
0o 1P s(5)
/ﬁdﬁ(s) = (I)dlL ;@) (5.6)
Replacing the value of rq5(8) and ng(§> in (5.2) PEP(d) can be expressed as
P d+3

QW(I);;IL ,Y( 3)

While (5.7) seems simple, the most complicated part is to find the saddle point §. To
have a better insight into the problem, we can consider the PDF of reliability metrics

of 16QAM modulation for Gray mapping from (4.12).

/ d d
K () = -t (5) = - Tog(@L2 (5))

:d%log (% (m_d%,izsz_s))m+i (m d§’7;1(82—5))m) (5.8)

3d25(2s—1)(m—d3(s2—s)™ 1 +d25(25—1) (m—d?7(s%—s))™*!
(=& (2—3)) " (m—dB (52 —s)" ]

3 m " 1 m "
(4_1 (m—d%"y(sQ—s)> + 4 <m—d§”y(52—s)) )
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According to saddle point approximation we need to solve,

’i;lw(g) = q)/d|L,'_y(§)
_3diy(25 — 1) (m — d3(8* — 8)™ T +d3y(25 — 1) (m — diy(s* — §))"
- (m — d37(52 = §)) ¥ (m — d3(s2 — 5)m+1

=0
(5.9)
Since the mathematical expression is a polynomial function of 3, thus the closed form

. . . /! A . .
solution does not exist in general and @, ~(3) is a convex function [30]; we can solve

this problem using fast search method to find the saddle point [20] which is unique.

5.1 New Approximation to find Saddle Point

From (4.9),(4.10),(4.12), and (4.13) we know that the total PDF of reliability met-
rics are comprised of more than one Gaussian components. If the Laplace transform
of the total PDF is @41, 5(s) and Gaussian terms in the total PDF are ®,(s), ..., ®,(s)
then the mathematical expression of Laplace transform of the total PDF can be writ-

ten as

Dyry(s) =Y Di(s) (5.10)
i=1
According to saddle point approximation, x'(8) = (I>/d| Lﬁ(§) = 0. So we need to solve
> (5 =0 (5.11)
i=1

Instead of solving it directly, which may be difficult as we explained we proposed the
approximation to simplify the problem. Now if we consider §; is the saddle point by
setting the first derivative of i-th Laplace transform of Gaussian term ®;(3;) = 0 then

according to Taylor’s theorem [24]

®,(8) = @;(8:) + (5 — 5); (5) (5.12)
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Replacing the value of ®;(3) in (5.11) we get

=1 o (5.13)
_ > i1 519 (3)

> i @7 (5)
To explain the approximation, we can consider 16QAM. The PDF and the Laplace
transform of the PDF for SP labeling. From (4.12),(4.16) we get

7 13v/2 1
meAMO\) = ZNd%de%()‘) - 3—2Nd§7,d§7()‘) + gng'de%'y()‘)
proonsi(g) _ T m " 13v2 m m+1 m m
4 \m—d3y(s2 - s) 32 \m—dHy(s —s) 8 \m — d3y(s? — s)

(5.14)
From this expression, according to the approximation we consider each Gaussian term

as a separate PDF.

D(s) = Z (m — dg%? — s))m

b 13V2 ( m_ S)) (5.15)

32 \m — diy(

%)= 5 ()

The first and second derivative of (5.15) with respect to s can be expressed as

poy T mm (25 — 1)

R T e L)

&(s) C13V2 mmt (s —1)

PR m-dy(y )

sy = 1 m™diy(2s 1)

T e ) 1)
B (5) = Lyt ( 2d}7 (m + 1)(d7(2s — 1))2> . '
1Ty (m — diy(s? = s))™+ - (m —diy(s® — s))m+2 )
@%ﬁzz_gg@nﬁ+l< & on+1Xﬁvw—¢»2).

: 32 (m—d5(5 =)™ (m—diy (5 — )2

RN — 2d35 (m +1)(d37(2s — 1))*Y |

Pals) = (m—@ﬂf—mmﬁ Wwd%w—@W“»
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Setting the first derivative to zero, we can get the saddle points of individual cumulant
generating function which can be defined as §; = %, 5o =1 and §3 = % We can get
the new saddle point of the total PDF using (5.13)

51) + 3204 (5) + 33D5(53)
O (81) + Dy(52) + P5(35)

(5.17)

5.2 Numerical Results

In this section, we show the numerical results to prove the accuracy of the proposed
approximation to calculate the saddle point for saddle point approximation which is
a popular method to compute the pairwise error probability (PEP). For performance
analysis, we assume BICM with rate % convolution code with generator polynomials

[5 7]s with constraint length K = 3.

Figure 5.1 and Figure 5.2 show that BER curves are obtained using saddle point
approximation with new approximation to find saddle point and using numerical
method for exact model. We notice a good match between BER curve obtained by
saddle point approximation and exact model and it matches well with simulation.

They almost overlap below 1073 in case of SPSK constellation with popular labelings

Figure 5.3 and Figure 5.4 show that BER curves are obtained using saddle point ap-
proximation with new approximation to find saddle point and using numerical method
for exact model. We notice a tight bound between BER curve obtained by saddle
point approximation and exact model and it matches well with simulation. They

almost overlap below 10™* in case of 16QAM constellation with popular labelings.
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Figure 5.2: BER of BICM transmission over Nakagami-m fading channel for a con-

volution code of rate 5 of 8 PSK constellation(SSP labeling)
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Figure 5.3: BER of BICM transmission over Nakagami-m fading channel for a con-

volution code of rate 1 of 16 QAM constellation(Gray and SP labeling)
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Figure 5.4: BER of BICM transmission over Nakagami-m fading channel for a con-

volution code of rate 3 of 16 QAM constellation(MSP and ML labeling)
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Chapter 6

Conclusions

BICM is a popular and efficient coded modulation whose analysis is of great im-
portance. The main goal of this work was to propose a method that allow for a
simple and accurate evaluation of the performance (BER) considering the effect of
unequal error protection in BICM receiver. To this end, we have developed a new
approximate model of PDFs of L-values and for the sake of simplified analysis, we
also have presented a new approximation to find the saddle point for the so-called
saddle point approximation which is a powerful tool to evaluate the performance of
BICM. The advantage over [20] is that we do not need Appell’s double Hypergeomet-
ric function and Gauss’ Hypergeometric function to get the simplified form because

the approximation, consists of simple Gaussian terms.

Thus the main contribution of this thesis are as follows:
e The new approximation of the PDF of L-values is proposed. It consists in using
solely Gaussian terms which makes the performance analysis simple. This new ap-
proximation lets us also to obtain the closed form expressions in Nakagami-m Fading
channel. Our new approximations are applicable to both QAM and PSK constel-
lations with different labelings over AWGN and Nakagami-m fading channels for

arbitrary m. Numerical results have also confirmed the accuracy of the proposed
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approximations for SNR regions of interest for convolutionally coded BICM.

e We have also derived a new approximation to find the saddle point. The presented
numerical results confirmed the accuracy of the proposed approximation for the saddle

point which is applicable to QAM and PSK constellation with all popular labelings.
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