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Résumé

Afin de faire face a l'explosion du volume de trafic des données prévue dans les années a
venir, les futurs systemes de communication 5G devront étre capables de délivrer des débits
extréemement élevés et sans précédent. Puisque les technologies actuelles ne sont pas en mesure
de supporter de tel débits, des changements radicaux dans le paradigme des communications
sans fil doivent étre envisagés. Plusieurs nouvelles technologies capables d’assurer de tels per-
formances ont heureusement émergé, au cours de la derniere décennie, et sont présentement
considérées comme candidates pour les futurs standards. Parmi ces technologies, on trouve les
communications coopératives, telles que le relayage, la formation de voie collaborative, etc., les
systemes MIMO, incluant ceux appelés massifs (i.e., a tres grands nombres d’antennes) et ceux
a multi-utilisateurs et la radio cognitive (RC).

Il est cependant claire qu’afin d’assurer une interaction harmonieuse et une coexistante du-
rable entre ces nouvelles technologies dans les réseaux sans fil du futur, on doit bien comprendre
leurs propriétés et assimiler leurs comportments. Ceci passe forcément par une analyse rigou-
reuse et une étude approfondie des performances de ces systemes dans des environnements réels.
Dans cette these, les performances d’'une multitude de systémes de communication combinant
ces nouvelles technologies sont étudiées dans des conditions réelles.

D’abord, on étudie les performances d'un systeme avec relayage a sauts multiples, ou les
données transmises par une source passent par plusieurs relais avant d’atteindre leurs destination,
en presence d'un évanouissement Nakagami-m. Une méthode unifiée pour le calcul du taux
d’erreur a permis d’établir une connexion, jusqu’ici inconnue, entre la probabilité d’erreur relative
a différentes modulations et la fonction Lauricella. Les effets des interférences co-canal et du
bruit sur ces systeémes sont ensuite examinés en considérant un nombre arbitaire de sauts et
d’interférents. Grace a de nouvelles transformations d’intégrale, le principe de découplge obtenu

a permis 1’évaluation des performances du plusieurs scénarios et environnements de propagation



en termes de capacité érgodique.

Enfin, des systemes MIMO avec relayage a double sauts sont considérés. Une nouvelle trans-
formation novatrice d’intégrale, appelée la transformation de la fonction génératrice de mo-
ment complémentaire (FGMC), est proposée comme un outil universel de calcul de la capacité
érgodique de ces systemes en présence non seulement des interférences co-canal mais aussi du
bruit. En plus, un scénario mettant en évidence 'interaction de la technologie RC avec ce genre
de systeme est étudié en détails. La capacité érgodique et le taux d’erreur dans ce contexte RC
sont analysés grace a différentes expressions analytiques de leurs valeurs exactes et asympto-
tiques. Par ailleurs, la transformation FGMC proposée s’est avérée étre aussi efficace pour des
systemes beaucoup plus complexes. En effet, elle a permis le calcul et I'analyse de la capacité
érgodique des systemes MIMO multi-utilisateurs avec relayage employant un ordonnancement
opportuniste et opérant en présence d’évanouissement de Rayleigh et des interférences co-canal.
L’analyse de ce systeme a large échelle concrétise des observations populaires, jusqu’ici intuitives

ou obtenues empiriquement, a ’aide de formules analytiques élégantes et tres perspicaces.



Introduction

La communication sans fil est entrain d’atteindre, de nos jours, une véritable apogée fulgu-
rante non seulement en termes d’avancées technologiques, mais aussi d’accessibilité a une portion
de plus en plus large de la population. En effet, ce domaine, qui connait une évolution des plus
frénétiques, ne cesse d’envahir notre quotidien et de changer notre maniere de vivre, travailler et
méme d’interagir. De plus en plus de technologies sont promues chaque jour par les opérateurs et
industriels visant a fournir a des usagers extrémement exigeants, de nouveaux services et médias
avec une qualité et fiabilité irréprochables.

Les systemes de communication sans fil les plus répondus sont incontestablement les systemes
de communication mobiles dont la premiere génération (1G) a été déployée en 1980. Exploi-
tant pour la premiere fois la structure cellulaire de la couverture, ces systemes ont permis
I’amélioration de la capacité du réseau ainsi que le support de la mobilité. La deuxieme génération
(2G), appelée ”Global System for Mobile Communication-GSM”, n’a été déployée qu’en 1990.
Ces systemes ont effectué les tout premiers pas dans la transmission de données ouvrant ainsi la
porte a une nouvelle aire de communication sans fil ou de nouveaux services, tel que la navigation
web, le téléchargement, le ”streaming” des vidéos et les services bancaires en ligne, ont fait leurs
apparition.

Cependant, l'utilisation de ces services a augmenté significativement le trafic des donnés
dans les réseaux (2G) qui n’étaient plus en mesure, a 1’époque, de satisfaire toutes les exi-
gences des usagers. Offrant un débit allant jusqu’a 2 Mbps grace a la technique d’acces multiple
par répartition en codes a large bande, ”wideband code division multiple access-CDMA”, les
systemes de troisieme générations (3G) sont apparus pour répondre a la forte demande de trafic
des données. Cette demande n’a pas cessé d’augmenter depuis et a méme forcé la migration
vers les systemes de quatrieme génération (4G), communément connus sous le nom de ”Long-

Term Evolution-LTE Advanced”. Ce standard, qui a été défini par un groupe d ’associations de



télécommunications appelé 3GPPP, a exploité les techniques les plus avancées, tel que la trans-
mission multi-antennes, la transmission et réception coordonnées a travers des points multiples, le
relayage, etc., afin d’atteindre des débits avoisinant le 1 Gbps. L’avancée impressionnante réalisée
par les systemes 4G ne sera cependant pas suffisante pour faire face a ’explosion du volume de
trafic des données prévue dans les années a venir. Ce déluge de données sans précédent sera,
en fait, causé par la forte croissance du nombre d’appareils connectés sur le réseaux (téléphones
intelligents, tablettes, etc.), d'une part, et le partage des vidéos a tres haute définition via sur-
tout les médias sociaux tel que YouTube et Facebook, d’autre part. Les prévisions suggerent
qu’en 2020 le trafic par consommateur augmentera jusqu’a 20 fois le trafic actuel. Visant a sa-
tisfaire cette exigence, des études sur les systemes de cinquieme génération (5G) futurs ont été
récemment entamées par des industriels et groupes de recherche. Elles ont démontré que ces
systemes devront non seulement incorporer les différentes technologies d’acces radio (WIFI, 3G,
LTE/LTE-A, 5G) mais aussi, exploiter la bande de fréquences millimétriques jusqu’ici inutilisée.

Paralellement, les réseaux locaux sans fil, developés pour des communications a courte portée,
n’ont cessé eux aussi de prendre de 'ampleur. Ces réseaux sont, en fait, destinés a des commu-
nications a haut débit entre des usagers stationnaires ou des piétons dans des petites zones
géographiques, notamment des résidences, des bureaux, un compus universitaire ou un aéroport.
D’un autre coté, ces systemes operent sur des bandes de fréquences non octroyées et, par
conséquent, une contrainte sur leurs puissances de transmission est souvent imposée, afin de
minimiser 'interférence entre des réseaux co-existants sur la méme bande. La famille de proto-

coles IEEE 802.11 régit ce type de réseaux qui offrent des débits atteignant les 54 Mbps.

Motivations

Néanmoins, obtenir des hauts débits sur des canaux sans fil tout en maintenant un taux
d’erreur acceptable n’est pas toujours évident. En effet, contrairement aux communications fi-
laires, les communications sans fil font face a des défis majeurs qui rendent laborieuses toute
transmission fiable et rapide. Parmi ces défis, on trouve les interférences et I’évanouissement du
canal ("fading”) qui peuvent séverement atténuer le signal transmis dégradant ainsi la qualité
de la transmission. Un autre défi d’'importance égale a ces derniers est la gestion efficace des

ressources (puissance, spectre, etc.) qui permet un partage équitable entre plusieurs usagers.



Il a été démontré que I’évanouissement du canal peut étre surmontée par 'implementation
de techniques de diversité visant a fournir a la destination plusieurs copies du méme message
passant par des canaux statistiquement indépendants. Ce gain de diversité peut étre obtenu en
utilisant la transmission a entrées et sorties multiples (" multiple-input multiple-output”) MIMO.
En exploitant les antennes implémentées a la source et a la destination, les systemes MIMO sont
capables d’augmenter le débit et la fiabilité de la communication sans avoir recours a du spectre
et/ou de la puissance additionnels; des resources tres cotiteuses dans le contexte des communi-
cations sans fil. A cause de la petite taille des récents dispositifs sans fil, 'implementation de
plusieurs antennes s’avere malheureusement impossible. Dans un tel cas, le concept de communi-
cations cooperatives pourrait étre envisagé afin de surmonter le probleme de I’évanouissement du
canal. Ce concept consiste en la transmission du méme message a partir de différents dispositifs
munis d’une seule et unique antenne créant ainsi une sorte de transmission MIMO virtuelle qui
fournit un gain de diversité. En plus, la communication cooperative présente un autre avantage
qui est I'extension de la couverture. En effet, lorsque la communication directe entre une source
et une destination est impossible a cause de la grande distance qui les sépare, les messages
pourront étre délivrés via d’autres terminaux partenaires en modes multi-sauts.

Généralement appelé relayage, ce type de communication cooperative a été introduit par van
der Meulen en 1968. Ses performances ont été étudiées par Cover et El Gamal qui ont développé
plusieurs stratégies de relayage. Les systemes de communication avec relayage ont suscité depuis
l'intéréet de la communauté scientifique et plusieurs autres stratégies de relayage ont été pro-
posées dans la littérature. Ces stratégies peuvent étre classées comme suit : non-dégénérative et
dégénérative. Parmi les stratégies non-dégénératives, on trouve ’amplification-puis-transmission
(AT) qui consiste en l'amplification du signal re¢u au niveau du relais qui transmet ensuite le
signal résultant vers la destination. Cette stratégie a été introduite et étudiée dans le contexte
des communications cooperatives par Lanemann. D’un autre coté, la stratégie non-dégénérative
la plus utilisée est le décodage-puis-transmission (DT) qui a été suggérée originalement par
El Gamal. En utilisant DT, le relai décode le signal recu afin de reconstituer le message ori-
ginal puis, ré-encode ce dernier avant de le transmettre a la destination. Une autre stratégie
non-dégénérative existe dans la littérature, mais elle y est beaucoup moins adoptée; c’est la
compression-puis-transmission (CT). Avec cette stratégie, une quantification du signal regue est

réalisée au niveau du relai qui encode les échantillons obtenus puis transmet le message résultant



a la destination.

Cependant, il est claire qu'on ne pourra malheureusement pas profiter pleinement des avan-
tages de ces technologies émergentes de MIMO et de relayage sans une utilisation optimale ou
du moins efficace du spectre disponible. Le probleme majeur avec cette resource est que toute
la bande de fréquence est exclusivement allouée a des services spécifiques destinés a des usagers
particuliers, appelés usagers primaires (UP)s. De plus, aucune utilisation d’autres usagers non-
autorisés, appelés usagers secondaires (US)s, n’est permise. Une récente étude de la commis-
sion fédérale des communications (" Federal Communications Commission-FCC”) a d’ailleurs
démontré que le spectre actuel est largement sous-utilisé dans les dimensions temporelle et
géographique. Par exemple, des mesures prises dans les villes de New York et de Washington
ont révélé que les maximums d’occupation du spectre y sont seulement de 13.1% et 35%, res-
pectivement. Visant a améliorer la gestion du spectre disponible afin d’assurer son utilisation
optimale, la radio cognitive (RC), introduite par Mitola en 1999, permet aux USs de partager la
méme bande de fréquence exploitée par les UPs sans pour autant diminuer la qualité de service
percue par ces derniers.

Une compréhension des propriétés et du comportement de toutes ces nouvelles technolo-
gies est cependant indispensable pour assurer une conception optimale des futures systemes de
communication sans fil. Cette these fournit, a ce titre, une analyse rigoureuse et une étude appro-
fondie des performances des systemes de communication combinant ces technologies et opérant

dans des conditions réelles.

Structure de la Theése et Contributions

Le reste de cette these est organisé comme suit. Au Chapitre 2, quelques notions fondamen-
tales des communications sans fil sont introduites. Au Chapitre 3, les performances des systemes
de communication a sauts multiples sont analysées. Les Chapitres 4 et 5 sont consacrés a I’étude
des effets des interférences co-canal et du bruit sur ces systemes. Au Chapitre 6, I’étude des
systemes avec relayage est réalisée dans un contexte RC. Le Chapitre 7 examine les perfor-
mances d'un systeme MIMO avec relayage a double sauts en présence d’interférence co-canal et
le Chapitre 8 analyse les effets du contexte multi-usagers avec un ordonnancement opportuniste

sur ces systemes.



En particulier, le Chapitre 3 considere des systemes de communication a sauts multiples. De
tels systemes permettent, en fait, ’amélioration des performances des réseaux cellulaires ou ad
hoc ainsi que I'extension de leurs couverture. On a proposé pour la premiere fois des nouvelles
solutions pour la forme intégrale infinie impliquant le produit de fonctions de Bessel. Ces so-
lutions ont été d’une grande utilité dans I’évaluation de la probabilité d’erreur de ces systeme
en considérant un nombre arbitraire de relais a gains variables subissant un évanouissement
Nakagami-m. Les formules obtenues ont permis d’établir une connexion, jusqu’ici inconnue,
entre la probabilité d’erreur relative a de différentes modulations et la fonction Lauricella. Dans
le cas spécial ou m est un multiple impaire de un et demi, des expressions plus simples de la
probabilité d’erreur impliquant les fonctions hypergéométriques de Gauss ont été obtenues.

Malgré leur importance, les résultats obtenus dans la premiere contribution ne tiennent pas
compte de l'existence des interférences co-canal. Causées principalement par la réutilisation
intense des fréquences, les interférences co-canal affectent aussi la capacité des systéemes avec
relayage et peuvent méme entrainer une dégradation plus sévere de leurs performances. Aux
Chapitres 4 et 5, des modeles flexibles sont proposés pour fournir une analyse traitable et
suffisamment précise du débit moyen réalisé par les systémes a sauts multiples en présence
d’interférences co-canal. Les modeles obtenus se sont avérés suffisamment flexibles pour étre ex-
ploités avec différentes distributions de I’évanouissement (incluant 1’évanouissement composite)
et techniques de diversité au niveau de chaque saut. Contrairement aux anciens résultats, nos
expressions sont valides avec n’importe quel nombre d’interférants et n’importe quels parametres
d’évanouissement. Les expressions de la capacité érgodique exacte et de sa forme réduite dans
le cas de haut SNR ont été présentés sous des formes élégantes et aisément interpretables.

Les résulats susmentionnés sont généralisés au Chapitre 6 dans le contexte RC. Dans ce
chapitre, on fournit une expression analytique et précise des différentes mesures de performances
du systeme dans un contexte RC avec approche "underlay”.

Le Chapitre 7 examine 'impact des interférences co-canal sur la capacité des systemes MIMO
a double sauts subissant un évanouissement de Rayleigh. Le résultat principal consiste en une
formule générique et flexible basée sur la MGF qui peut étre facilement adaptée a des différents
types d’évanouissement, techniques de diversité et configuration d’interférences.

Les systemes considérés dans tous les travaux mentionnés ci-dessus sont a un seul et unique

usager. Plusieurs études ont, cependant, démontré que les systemes a plusieurs usagers peuvent



eux aussi bénéficier du relayage. Dans ce contexte, la conception et 'analyse des performances
de systemes MIMO multi-utilisateurs avec relayage employant un ordonnancement opportuniste
et opérant en présence d’évanouissement de Rayleigh et des interférences co-canal sont effectuées
au Chapitre 8.

Le Chapitre 9 expose toutes ces observations en guise de conclusion et présente des perspec-

tives futures des travaux accomplis.



Chapitre 1

Quelques Notions Fondamentales

1.1 Systemes de communication sans fil

Dans cette section, le systeme de communication sans fil est défini et les éléments qui le com-
posent sont décrits. La fonction primaire d’un tel systeme est le transfert d’informations entre
une source donnée et une destination a travers un canal sans fil. Pour assurer cette fonction,
certaines étapes ou sous-fonctions sont généralement réalisés au niveau de I’émission et de la
réception. La Figure 1.1 illustre le schéma en blocs d'un systeme de communication avec toutes
ses sous-fonctions. D’apres cette figure, avant sa transmission, le message passe en premier par
un encodeur source. Durant cette étape, le message est converti en une séquence de bits et la
redondance est éliminée. Apres I’encodage source, le message est crypté afin de prévenir la lec-
ture de son contenu par un tiers non autorisé rendant, ainsi, la communication plus sécurisée.
Ensuite vient le codage canal qui vise a améliorer la fiabilité de la communication par 'intro-
duction de la redondance dans le message. Cette redondance sert, en fait, a la detection et la
correction d’éventuelles erreurs survenant lors de la propagation du message dans le canal sans
fil. Enfin, la derniere étape c’est la modulation qui consiste a convertir les séquences de bits en
un signal ("wavefront”) adapté au canal de la transmission. Comme illustré dans la Figure 1.1,
cOté récepteur, le message passe par ce méme processus mais inversé afin de récupérer sa ver-
sion originale. Dans le reste de ce chapitre, on désigne par s le symbole modulé de puissance
P, = E{|s|*} transmis par la source et par y le symbole regu par le récepteur. La relation entre
s et y peut étre définie comme suit :

y =hs+n, (1.1)



Source

Codage . Codage .
source —p Chiffrement —p canal —| Modulation
Canal
sans fils
Décodage Déchiffre- Décodage Démodu-
source 7 ment = canal | Jation
Destination

FIGURE 1.1 — Schéma en blocs d’un systeme de communication sans fil.

ou n est un bruit blanc additive Gaussien (BBAG) généralement modélisé comme une va-
riable aléatoire (VA) Gaussienne complexe, symétrique et circulaire de variance o2, c-a-d n 2
CN(0,0?%), et h est un coefficient du canal sans fil qui sera amplement détaillé dans la partie

suivante.

1.1.1 Le canal sans fil : caractéristiques et performance

Un canal sans fil est un canal caractérisé par la variation de 'attenuation d’un signal qui
, , . . o 1 , . .
s’y propage. Communément appelé évanouissement (”fading”), ce phénomene peut varier non
seulement au cours du temps mais aussi d’une fréquence a une autre ; ce qui rend sa modélisation
mathématique rigoureuse tres complexe si toutefois possible. Pour cette raison, le phénomene
d’évanouissement est généralement caractérisé par ses propriétés statistiques afin de simplifier
toute étude et analyse de performances des systemes de communication sans fil. Notons que plu-
sieurs modeles statistiques de 1’évanouissement existent dans la littérature et que les plus connus

et utilisés seront détaillés plus tard dans cette section. Ces modeles sont souvent catégorisés
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suivant le type de 1’évanouissement encouru pendant la propagation du signal qui peut étre
soit un évanouissement a grande échelle (”large-scale fading”) soit a petite échelle (” small-scale
fading”). Le premier est du a

— L’atténuation ("pathloss”) : c’est Iaffaiblissement que subit 'onde radio en parcourant la
distance entre la source et la destination. Ce phénomene est causé par la dispersion de
la puissance de 'onde dans toutes les directions de sorte que seulement une partie de sa
puissance est recue a la destination.

— Ombrage (”shadowing”) : il est causé par la présence entre la source et la destination
d’obstacles relativement grands tels que des immeubles, des collines, etc.. Ces derniers
occasionnent la détérioration de la qualité du signal méme lorsque ces terminaux sont
proches.

tandis que le second est du aux

— Multi-trajets ("multipath”) : Pendant sa propagation, I'onde peut subir des réflexions,
diffractions et/ou diffusions et atteindre ainsi la destination a travers de multiples trajets.
Chaque trajet est caractérisé par ses propres délai et phase et peut donc interférer sur les
autres trajets.

Bien que plusieurs modeles statistiques de I’évanouissement existent dans la littérature, dans

cette thése on se limite aux modeles suivants :

Evanouissement de Rayleigh

L’évanouissement de Rayleigh est un des modeles les plus utilisés dans la littérature grace a
sa simplicité et sa précision, spécialement dans les environnements de multi-trajets ot aucune
ligne de mire (" line-of-sight”) directe n’existe entre la source et la destination. L’amplitude d’un

canal Rayleigh est distribuée selon la loi suivante :

p(r) = 2 exp (—ﬁ) , r>0, (1.2)

ou Q = E{r?}.
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Evanouissement Nakagami-m

L’évanouissement Nakagami-m est un modele plus générale que I’évanouissement de Rayleigh.
La distribution de I'amplitude d’un canal Nakagami est donnée comme suit

2mmp2m—l mr?
— - _ > 1.
p(r) Q™I (m) P < Q )  r20 (1)

oum > 1/2 est le parametre de I’évanouissement. On peut facilement observer que (1.3) se réduit

a (1.2), quand m = 1. Le modele de ’évanouissement de Rayleigh est ainsi un cas particulier de

I’évanouissement Nakagami-m.

Evanouissement Nakagami-m / Ombrage Log-Normal

La loi composite Nakagami-m /log-normal fut introduite pour les environnements présentant
des évanouissements de type Nakagami-m en présence d’ombrage log-normal. L’inconvénient de
ce modele est que la distribution qui en résulte est sous la forme d’une intégrale, ce qui rend
énormément difficile tout étude de performances des systemes de communication opérant sur ces
canaux. Afin de palier a ce probleme, nous nous intéressons dans cette these a un autre modele

de canal composite plus simple a étudier. L’amplitude de ce canal suit la distribution K donnée

par
p(r) = 71%((5;%(;)7’6_1Ka (2 )\ﬁmﬂ) , >0, (1.4)

ota=A—metf=A+m—1.

Les modeles susmentionnés serviront par la suite a I’'étude de I'impact du phénomene de
I’évanouissement sur les performances des systéemes de communication sans fil. Deux mesures
de performances sont souvent adoptées dans la littérature dans le contexte des communications
sans fil : la capacité de Shannon et le taux d’erreur symbole (”symbol error rate”) (TES). Le
premier mesure le débit maximal de communication fiable, sans erreur, qu’un canal est capable
d’assurer, tandis que le second indique le pourcentage des symboles erronés pendant une période
de transmission. Ce dernier est en fait obtenu en divisant le nombre de symboles mal décodés
ou non décodés par le nombre total de symboles transmis. Le TES peut aussi étre interprété
différemment comme le taux de succes en symboles de la communication entre la source et la
destination. Il est généralement donné par la somme de plusieurs termes impliquant la Fonction

d’erreur complémentaire ou la Fonction-(). Dans les prochains chapitres, on va montrer que les
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effets du phénomene de I'évanouissement sur les performances des systemes de communication
sans fil peuvent étre facilement décrits et mieux compris a ’aide de ces mesures de performances,
dont les expressions seront mises sous des formes élégantes et aisément interpretables.

Par ailleurs, il a été observé que l'impact de 1’évanouissement sur les performances de ces
systemes est étroitement lié a linterrelation entre la durée du symbole (DS) transmis et le
temps de cohérence (TC) du canal, pendant lequel ce dernier est considéré constant. Deux
cas se présentent alors : TC est plus large que DS ou l'inverse. Dans le permier cas, on parle
d’évanouissement lent (”slow fading”) alors que dans le second, on parle d’évanouissement rapide

(" fast fading”).

1.1.2 Evanouissement lent

On parle d’évanouissement lent lorsque la puissance du canal varie beaucoup plus lentement
que le débit des symboles. Cette situation n’est autre que le scénario statique, qui est largement
adopté dans la littérature, ou le canal h est supposé aléatoire mais constant pendant la durée
de la transmission. Dans ce cas, si h est en plus connu au niveau du récepteur, les effets de
I’évanouissement peuvent étre facilement éliminés. Le seul caractere aléatoire restant dans le

canal est donc le BBAG. La capacité de Shannon d’un canal BBAG est donnée par
C =logy(1+p), (1.5)

oll p = P,/0? est le rapport signal-a-bruit (RSB). De son coté, le TES correspondant & un canal

BBAG est généralement exprimé comme suit

T =aQ (\/%) : (1.6)

ol a et b sont des parametres relatifs a la modulation et Q(-) est la Fonction-Q.

1.1.3 Evanouissement rapide

On parle d’évanouissement rapide lorsque la durée d’un symbole transmis est équivalente a un
nombre N, d’intervalles de cohérence. Quand N, est grand, I’évanouissement devient érgodique.
Par conséquent, la moyenne sur I’ensemble de réalisations de I’évanouissement est équivalente
a la moyenne temporelle du canal. Cette caractéristique s’avere étre d’une grande utilité puis-

qu’elle permet le calcul de la capacité moyenne, aussi connue sous le nom de capacité érgodique.
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L’utilisation de cette derniere a la place de la capacité instantanée rend, en fait, plus perspicace
I’étude des performances des systémes de communications sans fil subissant un évanouissement
rapide. Ceci est a cause de la rapidité de la variation au cours du temps des canaux faisant

I’objet d’un tel évanouissement. La capacité érgodique de ces canaux peut étre exprimée comme

C = Ey, {log2 (1 + %W) } : (1.7)

Notons que 'expression ci-dessus n’est valable que lorsque les entrées du canal sont Gaussiennes.

suit :

Concernant le TES de ces canaux, il est aussi remplacé par sa valeur moyenne pour les raisons

évoqués ci-dessus. Généralement, le TES moyen est donné sous la forme suivante :

T =By {aQ <\/b§|h|2>}. (1.8)

Notons que le calcul de C et de T requiert la connaissance de la fonction de densité de probabilité

(fdp) du canal qui differe d’'un modele d’évanouissement a un autre, tel que discuté plutot dans
cette section.

Apres avoir présenté les systemes de communication opérant sur des canaux sans fil et discuté
les caractéristiques de ces derniers, on va montrer, dans les sections suivantes, comment on peut
améliorer les performances de tels systemes par 'intégration de nouvelles technologies telles que

le relayage et la communication multi-antennes.

1.2 Systemes de communication avec relayage

Comme illustré dans la Figure 1.2, les systemes de communication avec relayage se com-
posent d’au moins trois terminaux : une source, une destination et un relai dont le role est la
retransmission vers la destination des messages recus par la source. Un relai est généralement
incapable de transmettre et émettre simultanément (c-a-d, durant le méme intervalle de temps
(IT) ou sur la méme fréquence) a cause des interferences croisées (” cross-interference”) entre les
signaux transmis et recus. Mieux connue sous le nom de contrainte demi-duplex, ce probleme
peut facilement étre surmonté en adoptant un schéma de communication a deux ITs ou deux
fréquences. Par exemple, durant le premier IT, la source diffuse son message qui est recu a la fois

par la destination et le relais. Ensuite, ce dernier transmet le message a la destination durant le
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Relais

Source »| Destination

FIGURE 1.2 — Systemes de communication avec relayage.

deuxieme IT. A la fin des deux ITs, la destination aurait regue deux copies du méme message :

une directement de la source et 'autre via le relais et pourrait ainsi réaliser un gain de diversité.

Grace a ses innombrables mérites, les systemes de communication avec relayage ont sus-

cité récemment un grand intérét chez la communauté scientifique [1]-2]. En effet, ces systemes

permettent d’améliorer :

— La fiabilité de la communication : ceci est surtout grace a la diversité spatiale réalisée a la

destination. En effet, cette derniere regoit deux copies du méme message ayant parcouru
deux chemins statistiquement indépendants. Ainsi, la probabilité pour qu’on tombe sur un
évanouissement sévere (" deep fading”) est divisée sur deux améliorant, par conséquent, la
fiabilité.

" Throughput” : la communication via le relai peut étre une meilleure alternative lorsque
le lien direct entre la source et la destination est mauvais ou inexistant, ce qui permet
d’augmenter le “throughput” a la reception.

Couverture : Un relais permet d’établir une communication entre une source et une desti-
nation plus éloignée sans pour autant diminuer la qualité de la communication.
L’efficacité énergétique a la source : la présence d’un relais entre la source et la destination
permet de réduire la puissance a I’émission puisque le message parcourt moins de distance

lors du premier IT.

Depuis I’émergence des systemes de communication avec relayage, plusieurs avancées ont été

accomplies, notamment en matiere d’optimisation de leur performances [3]{4]. En effet, plusieurs

études ont été réalisées au cours de la derniere décennie visant a trouver le nombre et surtout

"'emplacement idéaux des relais [5]. Une variété de topologies ont alors vu le jour telle que celle a

branches et a sauts multiples. La topologie a branches multiples est illustrée dans Figure 1.3(a).

En utilisant cette topologie, le destination recoit plusieurs copies du méme message a travers
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(a) Topologie & branches multiples.

(b) Topologie & sauts multiples

FIGURE 1.3 — Les topologies a branches et sauts multiples.

différents chemins ce qui se traduit par un gain de diversité, puisque la probabilité d’avoir un
évanouissement sévere diminue avec le nombre de relai. Cependant, la topologie a branches
multiples ne permet pas d’élargir la couverture puisque la distance entre la source et le récepteur
ne dépasse pas les deux sauts, comme on peut l'observer de la Figure 1.3(a). La topologie
a sauts multiples, illustrée dans Figure 1.3(b), permet au contraire d’élargir significativement
la couverture puisque la distance en sauts entre la source et le récepteur augmente avec le
nombre de relais. Cependant, plus ce nombre est important moins le récepteur sera capable de
retrouver le message original émis par la source. Un compromis entre les deux topologies est
toutefois nécessaire pour assurer des performances optimales d’un systeme de communication

avec relayage.

1.2.1 Protocole de relayage

Afin d’améliorer les performances des systemes de communication sans fil, des traitements

particuliers du message recu pourraient étre envisagés au niveau des relais. Chaque ensemble
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de traitements définit un protocole de relayage dont la conception vise a atteindre des objectifs
fixés au préalable selon le cout et la complexité désirés. Le sommaire des différents protocoles de
relayage existants dans la littérature a été exposé dans [6]. Grace a leurs efficacité et simplicité,
seulement deux protocoles parmi eux ont été largement adoptés par la communauté scienti-
fique : amplification-puis-transmission (” amplify-and-forward™) et décodage-puis-transmission

(" decode-and-forward”).

Amplification-puis-transmission (AT)

Comme son nom l'indique, le protocole AT consiste en "'amplification du signal re¢u au niveau
du relai. Le signal résultant est ensuite transmis vers la destination. Aucune modification n’est
ainsi apportée a 'information transmise par la source. L'implémentation d'un tel protocole est
simple et ne requiert que le choix du gain d’amplification (GA) approprié ; une tache critique car
ce dernier affecte souvent les performances globales du systéme de communications [1]. Selon le
GA choisi, on peut distinguer deux types de protocoles AT : a GA variable ou GA fixe.

Dans le protocole AT a GA variable, ce dernier est adapté pour fournir toujours la méme
puissance a la sortie du relai peut importe 1’état du canal lors du premier saut. Dans ce cas, le
GA dépend donc de la puissance de transmission de la source, du canal entre elle et le relais ainsi
que tout bruit ou interference subite au niveau de ce dernier. En considérant 1’exemple illustré
dans la Figure 1.2, le GA variable est exprimé comme suit :

b,

oL —
Pyho 2 + 02’

(1.9)

ou P, et P, sont, respectivement, les puissances de transmissions de la source et du relais et hy,
est le canal entre ces deux terminaux.

Contrairement aux protocoles AT a GA variable, ceux a GA fixe ne nécessitent pas la connais-
sance instantanée de ’état du canal. Le GA fixe est généralement donné par

1

2 _
G - Cto?’

(1.10)

ou C't est une constante positive. Bien que les protocoles AT a GA variable surpassent en termes
de performances ceux a GA fixe, ces derniers restent toutefois une solution plus attrayante grace
a leur simplicité.

Em résum, 'avantage principal des protocoles AT est qu'ils permettent d’éviter toute forme de

traitement supplémentaire du message transmis par la source, rendant ainsi leurs implementation
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plus simple. Cependant, ils présentent un inconvénient majeur qui consiste en 'amplification, en
plus du signal utile, de tout bruit subit lors du premier saut. Ceci risque, en fait, d’augmenter

significativement la distortion du signal a la destination.

Décodage-puis-transmission (DT)

En utilisant les protocoles DT, le relai décode le signal recu afin de reconstituer le message
original puis, ré-encode ce dernier avant de le transmettre a la destination [3]. Ces opérations de
décodage et encodage rendent, malheureusement, les protocoles DT beaucoup plus complexes
que les protocoles AT. Néanmoins, ils ont un sérieux avantages par rapport a ces derniers. En
effet, avec les protocoles DT, le bruit du premier saut n’est pas retransmis avec le signal désiré,
puisque le message original a été récupéré durant I’étape du décodage ou tout effet du bruit a
été éliminé. Dans cette these, on a cependant opté pour les protocoles AT puisqu’ils sont plus
simples et faciles a implémenter. On va étudier, dans les prochains chapitres, les performances
des systemes de communication sont fils intégrant ce genre de protocoles.

Dans la section suivante, on va présenter la nouvelle technologie de transmission multi-

antennes et expliquer les bénéfices de son intégration dans les systémes de communication sans

fil.

1.3 Communication multi-antennes

Durant la derniere décennie, la communication multi-antennes est devenue une technologie
incontournable pour les communications sans fil. Elle a été incorporée dans tous les standards
des réseaux avancés a hauts débits tels que les standards 3G (LTE) et 4G (LTE-A). De plus,
cette technologie sera vraisemblablement le coeur méme des futurs réseaux 5G [7]. Lorsqu'il
existe plusieurs antennes a la fois a I’émission et la réception, on parle de communication MIMO
(" multiple-input multiple-output”). 11 a été prouvé que ce genre de communication permet de
réaliser des gains non seulement de diversité mais aussi de multiplexage [8]-[9]. En effet, si les
antennes sont convenablement espacées au niveau des terminaux, les liens entre chaque paire
d’antennes émettrice et réceptrice subissent des évanouissements statistiquement indépendants.
Dans ce cas, en diffusant le méme message a travers toutes les antennes a 1’émission, la proba-

bilité pour que ce message ne puisse atteindre la réception a cause d'un évanouissement sévere
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est diminuée, réalisant ainsi un gain de diversité. Plus ce gain augmente, plus fiable sera la com-
munication. D’un autre coté, la configuration MIMO fournit plusieurs canaux ou chemins entre
I’émetteur et le récepteur. Ces canaux pourraient acheminer en parallele des blocs d’informations
différents, réalisant ainsi un gain de multiplexage. Ce gain se traduit par un bénéfice substantiel
en termes de débit de communication. Il est claire qu'un équilibre débit/fiabilité doit étre atteint
a travers un compromis inévitable entre les gains de diversité et de multiplexage. Afin d’assurer
ces gains de diversités, les systemes MIMO requierent une connaissance de ’état de canal de
propagation pour effectuer le précodage.

Considérons une communication MIMO entre un émetteur et un récepteur équipés de M et
N antennes, respectivement. Notons par y € CV*! le vecteur des signaux recu a la destination
donné par

y = Hx + n, (1.11)

ot H € CV*M est la matrice des canaux dont le (i, j)-eme coefficient représente le canal entre

CM><1

la i-eme antenne émettrice et la j-éme antenne réceptrice, x € est le vecteur des signaux

CN*1 est le vecteur des bruits de variance o2I. Mieux connue

transmis de puissance Py, et n €
sous le nom de canal MIMO, H varie d'un environnement de propagation a un autre et ses
caractéristiques et propriétés sont étroitement liées aux distributions statistiques de ses coeffi-
cients. Par exemple, les coefficients de H peuvent obéir aux lois de Rayleigh, Rice ou encore

Nakagami-m selon le model de I’évanouissement considéré. En général, la capacité érgodique

d’un canal MIMO avec des entrées de puissance unitaires Gaussiennes est donnée par [§]

C = En{log, det (Iy + pHH') }. (1.12)

1.4 Radio cognitive

Dans les sections précédentes, on a vu que 'intégration des technologies de relayage et/ou
multi-antennes dans les systemes de communication sans fil permet d’améliorer les performances
de ces derniers en termes de débit, de fiabilité et de couverture. Dans un contexte de communica-
tion cellulaire, on ne pourra malheureusement pas profiter pleinement de ces avantages sans une
utilisation optimale ou du moins efficace du spectre disponible. Le probleme majeur avec cette

resource est que toute la bande de fréquence est exclusivement allouée a des services spécifiques
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FIGURE 1.4 — Communication multi-antennes.

destinés a des usagers particuliers, appelés usagers primaires (UP)s. Visant a améliorer la gestion
du spectre disponible afin d’assurer son utilisation optimale, la radio cognitive (RC) permet aux
USs de partager la méme bande de fréquence exploitée par les UPs sans pour autant diminuer
la qualité de service pergue par ces derniers [10]. Plusieurs approches de RC existent dans la
littérature mais seulement deux d’entre elles sont souvent adoptés : les approches ”overlay” et

"underlay”.

1.4.1 Approche overlay

Cette approche repose sur la technologie de détection du spectre qui est utilisée au niveau
de chaque US pour détecter la présence d'un éventuel UP sur sa bande de fréquence. Un US
peut ainsi utiliser n’importe quel bande libre jusqu’a la réapparition d'un UP sur cette bande.
Dans ce cas, I'US stoppe sa communication pour éviter d’interférer sur celle de 'UP. Cet US
pourrait, ensuite, rétablir sa communication sur une autre bande libre ou attendre jusqu’a ce
que sa bande initiale se libere.

L’inconvénient majeur de cette approche est que la détection de la présence des UPs est tres
complexe, spécialement lorsque ces derniers emploient des techniques de modulation, des débits
de transmission et des puissances différents ; et subissent une variété d’évanouissement ainsi que

des interférences d’ampleurs différentes.
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FI1GURE 1.5 — Radio cognitive.

1.4.2 Approche underlay

Contrairement a la premiere approche, I'approche underlay donne la possibilité a un US de
partager, sous certaines conditions, la méme bande de fréquence simultanément avec un UP.
Avec cette approche, un US peut maintenir sa communication si I'interférence qui en résulte ne
dépasse pas certain niveau tolérable chez 'UP présent sur la méme bande de fréquence. Ce seuil
est le niveau d’interférence maximal tolérable au dessous duquel 'UP en question est capable
de maintenir une communication fiable.

Dans cette these, on a choisi d’adopter cette approche lors des études de performances des

systemes de communication sans fil, di surtout a sa simplicité.
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Chapitre 2

Closed-Form Error Analysis of
Variable-(GGain Multihop Systems in
Nakagami-m Fading Channels

Imene Trigui, Sofiene Affes, and Alex Stéphenne
IEEFE Transactions on Communications, vol. 59, no. 8, pp. 2285-2295, 2011.

Résumé : Ce chapitre considere des systemes de communication a sauts multiples.
Grace a leurs innombrables avantages, tel que ’extension de la couverture et 1’écono-
mie d’énergie, ces systémes ont suscité un grand intérét chez la communauté scien-
tifique. Dans ce chapitre, On a développé pour la premiere fois des nouvelles ex-
pressions novatrices d’une forme intégrale infinie impliquant le produit de fonctions
de Bessel. Ces expressions ont été d’une grande utilité pour le calcul et I’évaluation
de la probabilité d’erreur des systemes de communication a sauts multiples avec un
nombre arbitraire de relais a gains variables subissant un évanouissement Nakagami-
m. Les formules obtenues ont permis d’établir une connexion, jusqu’ici inconnue,
entre la probabilité d’erreur relative a différentes modulations et la fonction Lauri-
cella. Dans le cas spéciale ou m est un multiple impaire de un-et-demi, des expres-
sions plus simples de la probabilité d’erreur impliquant les fonctions hypergéométriques
de Gauss ont été obtenues. Il a été prouvé que ces nouveaux formules généralisent
des anciens résulats relatifs aux systemes AT subissant des évanouissements non-

identiques avec des parametres entiers.

24



Abstract

In this paper, infinite integrals involving the product of Bessel functions of different arguments
are solved in closed-form. The obtained solutions form a framework for the error probability ana-
lysis of wireless amplify and forward (AF) systems with an arbitrary number of variable-gain re-
lays operating over independent but not necessarily identical Nakagami-m fading channels. Here
we show that the error probability can be described by generalized hypergeometric functions,
namely, Gauss’s and Lauricella’s multivariate hypergeometric functions. This work represents a
significant improvement over previous contributions and extends previous formulas pertaining
to dual-hop transmissions over identical Nakagami-m fading channels. Numerical examples show

an excellent match between simulation and theoretical results.

2.1 Introduction

The performance analysis of digital communication systems over fading environments has at-
tracted a lot of research endeavor over the recent past. The derivation of closed-form expressions
for key performance measures, namely the average error probability, is central to such research.
Such closed-form results alleviate the need for Monte-Carlo simulations thereby enabling easy
optimization of the overall system performance. In particular, numerous studies have been de-
voted to the performance analysis of multi-hop wireless systems over fading channels. Recently,
the multi-hop concept has gained momentum in the context of cooperative wireless systems
where relaying is used as a form of spatial diversity to overcome highly shadowed or deeply
faded links [1]. The main idea is that communication is achieved by relaying the signal from the
source to the destination via many intermittent terminals in between called relays. With relays
that merely amplify and forward the incoming signal prior to relaying, AF transmission is the
simplest and the cheapest to implement. Performance of such a system can be analyzed through
the theoretical evaluation of certain performance metrics, namely, the average error probability.
So far, despite many valuable contributions [2]- [12], the error analysis of the dual-hop case
is still incomplete and there are no closed-form expressions for AF multihop systems with an
arbitrary number of relays. In [2], [3], Hasna and Alouini presented an error probability analysis
for dual-hop relaying system over identical Nakagami-m fading. Only recently have the authors

in [4]- [6] considered the non-identical case for dual-hop transmission, but merely for integer va-
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lues of the Nakagami-m fading parameter. Nevertheless, in practical scenarios, the m parameters
often adopt non-integer values [13], which exclude the generality of [4,5] and [6]. Other error
analysis approaches bind the output SNR of the multi-hop relay link. For instance, it was upper
bounded by the minimum value and the geometric mean of the SNRs at the hops, in [6] and [8],
respectively. So far, there is no closed-form error probability analysis reported in the literature
for multihop relaying systems with an arbitrary number of variable-gain relays over Nakagami-
m fading. The most valuable contributions in this context can be found in [9], [10] and [12].
In reference [9], [10], the error probabilities of multihop multibranch wireless communication
systems are expressed as a double infinite integrals of the moment generating function (MGF)
of the reciprocal of the instantaneous received SNR per branch. Therefore, in principle, exact
evaluation of the error probability using the method in [9], [10] requires numerical computation
of double integrals, which has been achieved by relying on the Gauss Quadrature Rule in [11]. In
the theoretical approach presented in [12], the error probability performance of an AF multihop
system is evaluated using single-integral expressions obtained in terms of the MGF of the reci-
procal of the instantaneous received SNR. The obtained single integral formula is unfortunately
not applicable to the multi-branch scenario, but it offers a more tractable solution than [9], [10]
for the evaluation of the error probability of multihop transmissions. Motivated by the above
considerations, in the present contribution, we derive for the first time this error probability in
closed form. The obtained framework applies to the multihop scenario and can also be used to
compute the exact formulas of the MGF of the end-to-end SNR in the multibranch multihop
context. Our approach is inspired by [12] and generalizes both [2] and [4]. It turns out that the
average error probability belongs to a special class of generalized hypergeometric series. These
are the Lauricella’s multivariate hypergeometric functions [12] of N variables FéN) for which
some quite substantial mathematical apparatus is already known, like convergence properties
and some analytical continuation formulas. Although the results are not expressible in common
simple functions, they are at least expressible in this known type of functions, a significant im-
provement over previous results. In particular, new simple expressions for the error probability
are derived in the dual-hop case, which is to date the most investigated one in the literature for
its practical applications. The obtained formulas involve Appell’s hypergeometric [12], Gauss’
hypergeometric and Meijer’s-G [21] functions.

The remainder of this paper is organized as follows. First, in section II, we derive closed-form
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solutions to the infinite integral containing the product of Bessel functions. Based on the obtai-
ned solutions, the error-rate performance for a variety of modulation schemes of AF multihop
relaying systems with variable-gain relays is evaluated in section III. Section IV, derives new er-
ror probability results for the dual-hop case and shows how these results specialize for some less
general fading scenarios of interest. Some numerical results are provided in section V. Finally,

we conclude the paper while summarizing the main results in section VI.

2.2 Solution to the infinite integral

This paper first addressees the calculation of the integrals
00 N
I(v, i, a, A, B) = / 5, (av/3) [T K, (b:/5) ds, (2.1)
0 i=1

where A = {\i, .., An}, 8 ={b1,....,0n},R(a),p >0, N > 1. In (2.1), J,(-) is the bessel function
of the first kind and order p [21, Eq. (8.440)], and K,(-) is the modified bessel function of
the second kind and order A [21, Eq. (8.485)]. The integral in (2.1) occurs in a number of
wireless applications including the evaluation of the error probabilities and the ergodic capacity
of wireless multihop systems. Yet, to the best of the author’s knowledge, a closed-form solution
for this integral is not known. Furthermore, a closed-form solution to the special case of (2.1)

obtained when N = 2, that is

I, (v, 1. 0, Ay Ao, by, by) = / § J, (av/3) K, (biv/3) K, (ba3/5) ds, (2.2)

0
is not widely known and seems to have been found only when b; = by and A\; = g (see [23]). None
of references [23] or [21] gives a closed-form solution for either I or I, . Nor does Mathematica give
a closed-form solution for I or I. In this paper, we derive an explicit and general solution to (2.1)
for any number N > 1. Our analysis is only valid for real-valued non-integer \;. Nevertheless,

practically, very similar results can be obtained at A\; and \; + € for sufficiently small e values.

By expressing the Bessel functions in terms of hypergeometric functions, namely, using
2
z
K\(2) = 2720 (= N2 FL (G 1+ A, Z) + 227N 2R = A, 2, (2.3)

and



where ¢Fi(a, b, z) denotes the confluent hypergeometric function [21], an alternative expression

for I is shown to be given by

I A i () F T d
= vTa -1 - : ; 2.

(Va H,a, aﬁ) QMF(IU + 1) /0 S )\N( N\/E)O 1<a +1u> 4 )g [V; + VVZ] S, ( 5)
where

\i—1 =i b?S

Vi=2%710 () (biv/s) " oFy (51— N, o) (2.6)

and

“xi—1 Ai bs

In subsequent derivations, a more convenient expression for the product involved in (2.5) will be
given using the following lemma. Let Vi, ..., Vy and Wy, ..., Wy denote two sets of N variables.
Then, the following equality holds

Lemma 1 :
N-1 —1

— N N-1
Vi+ W) = > I viewe (2.8)
i k=1

i=1 i=0 7(i,N—1) k=

where 7(i, N — 1) is the set of N — I-tuples such that 7(i, N — 1) = {(i1,...,in_1) : @x €
{0,1}, ijv:—l1 i, = 1}. Indeed, by expanding the left side of (2.8), we can clearly notice that the
i-th term can be viewed as (N Z_l) combinations of the product of i, variables Vj, and 1 — i
variables Wj. Note that, when V} and W}, are equal, (2.8) reduces to the Newton’s binomial.

Using the above equality, (2.5) will be given by

” N-1 by AeN—1 N1/ g \2hik .
I(V7M7Q7A7B):2N—1+“F(M+1)H(5) Z Z {k:1<a)r(>‘kykr (_)‘k)l_lk}Miﬁ (29)

k=1

where

o] a28 N—-1 b2$ ik b2s 1—ip,
M;; :/OséK/\N (bN\/E) ol (v I+p, _T>H{OF1 < 1=\, %)} |:0F1 <7 1+ M\, %)} ds,

(2.10)

whereby j stands for the j-th tuple of the set 7(i, N — 1), and § = v + pu/2 + (Z,iv:_ll )\k> /2—

kN:_ll Akl. The integral M;; can be solved by expressing the Bessel K integrand in terms of Mei-

jer’s G-functions [21, Eq. (9.301)], namely, using K, (bn+/s) = Gg:g b3 s/4 /2.
AN/2, —An/2
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Then, considering the change of variable z = b3%,s/4 yields

4 o+l poo 1 2.0 - a2Z
v/ Jo 22 £,6— Ay by

-1 7 1—3
b2 k b2 k
{OFl (; 1— A, b’sz)] [OFl (; 14 A, b’sz)} dz, (2.11)
1 N N

where £ = § + A\y/2 + 1. By further noticing that a single integral representation for the multi-

=2

k

variate Lauricella hypergeometric function Fé") (a,b;c1y ...y Cpy T, -ony ) 18 given by [12]

n 1 > - dt
FC(' ) (a, b; Cly ..., Cpi T, ,l'n) = W/O Gg:g (t |a, b)(H 0F1 (; Ck, ZL’]J));, (2.12)
k=1

one can easily recognize that I(v, u,a, A, 3) can be expressed in terms of (2.12) as

() S()" oy T e
I A, B)= — INES A INEKINES A
psor I~ (]S Srone- o{ T (e ray-)
a? b2 b3,
F(N) 575_)‘]\/71_'_“71 )‘171+>\17" 71_ )‘N—171+>\N—1;_b776717"'7%
v v - T N N N

i1 1—-7 IN—1 1—in_1

(2.13)

Using the multiples series representation of the Lauricella’s hypergeometric function [12, Eq.

(A.1.4)]

. . m m bl) €T 1””,L,mn
F(n)(a,b,cl,...,cn,ml,.. 1+ n mi+..mn Y1 n ; 2.14
: 77;0 n;O (Cn)mn ml'mn ( )
[l et Vel < 1, (2.15)

where (a), = I'(a + k)/T'(k) denotes the Pochhammer symbol, it can be noted that the conver-

gence of the total sum involved in (2.13) is governed by the threshold condition

2
la?| < <\/|b§|+\/|b§|+...+ |b§v|) . (2.16)

Hopefully, (2.13) can be extended to the complementary region of (2.16) by applying the analyti-
cal continuation formula of the Lauricella’s hypergeometric function F¢ [12]. Indeed, a Lauricella
function in the argument z; can be analytically continued to a sum of two Lauricella functions in
the argument z; = x;/x, fori =1,...,n—1 and z, = 1/, according to the following expression :

(c,)D(b—a)

m(—Zlfn)—aFén)(a,1+a—cn;cl, ey Cp1, L =b+a;z1, .y 2)

(n) . . _
Fel(a,byery ooy ey, oy ) =

()0 (a — b)

) 479 PES (b, 14 b — i1y oy Cooty L —at by 21, 2) . (2.
F(Q)F(Cn—b)( ) ( + Cp; C1 @ 11 a-+b Z1 Z) (217)
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Although the derived analytic continuation of (2.13) is not shown here for lack of space, the
former ensures that for all @ > 0 and all admissible values of {b;},, the absolute convergence
of the series (2.13) is always guaranteed.

We now simplify (2.13) in an important case corresponding to N = 2. In such a setting, [ in

(2.13) reduces to

A1 v+1
GEONG @ b
IS (V,,U,a, Ala)\ZablabZ) = ) F4 50)50_)\271_'_“71_'_)\1)_?7? F(&O)
2 Y2

2 9 12
L& — A\)l(= 1)+ (2—?) F(Al)r(fl)r(&—>\2)F4<€1>€1—)\2, L+ p, 1=Aq, —2—2, %) }, (2.18)
5 03

where o = v+ pu/24+ M +X/24+ 1, & =v+p/24+ X — A /2+ 1 and Fy = FC(?) is the fourth
Appel hypergeometric function which is defined as

j—l—k j—l—kx]yk
Fyle, 857,79, %,y ZZ ) (2.19)

I
j=0 k=0 Ji gL

|z|Y/? + |y|1/2 < 1.

The Appell functions [12] are well known, and numerical routines for their exact computation

are available in packages such as Mathematica.

2.2.1 A simplified special case of |

In the following, a simplified version of I is obtained when \;,7 = 1,..., N are constrained to

take integers plus one-half values, i.e., A\; = n; + 1/2, where n; is an integer. In such a setting,

we have
_ i+ 1 _'_p) — _p—1
Ky, (bi/5) = | m—etis Ln 2b;) P (v/5) P73, 2.2
n (0/5) =[5 Z ST VO R (2.20)
By inserting (2.20) into (2.1), I can be written as
%N/Q 0o N _ZN /5 N n; ~
I(v, 1,0, A, B) = =25 s Tu(ay/s)e 2= VAT D0, (Vs) s, (2.21)
[Tizi b Jo i=1 p=0
where
. TP
T, = I'(n; + 1+ p)(2b;) (2.22)

I'(n;+1—p)l(p+1)
The expression above encompasses the product of a set of polynomials of x = /s. Tt is well

known that the product of a set of polynomials is another polynomial whose degree is the sum
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of the degrees of the polynomials in the set and the coefficient of 2P in the resulting polynomial
is the sum of terms of the form Hi\; bk, such that 25:1 pr = p. Consequently, we obtain
Lemma 2 :

N [/ n ns N
1T (Z Tz-vpg—p> => [ > [T |7 (2.23)
; p=0 \w(p,N) i=1
where ny = ZlNzl n; and w(p, N) is the set of N-tuples such that w(p, N) = { (p1,....pn) :
pr € {0,1,...,nk}, Zivzlpk = p}. Using (2.23) and performing some algebraic manipulations, it
follows that (2.21) reduces to

7 N/2 nx

](V,M,G,A,ﬁ) =2 Z HTLpZ- ASV_%_ge_ZﬁlbiﬁJu(& S)dS. (224)

[T b
i=1"% p=0 \ w(p,N) i=1

Then, with the help of [21, Eq. (6.621)], the integral in (2.24) can be derived in closed form as

n
xN/2 1y N ( a ) F(M+2V—E—p—|—2)
2> iz bi 2
I(v,p,a, A, B) = 1—[2N b'z Z HTi’Pi 2N _pi2
1=1"" p=0 \w(p,N) i=1 (Zz]\il bz) F(,U‘I‘ 1)
N N 2
p—5 =D p—5—p+3 a )
FlosE—272 09 04 e+l ——o ] (2.25)

< 2 2 (2i=1 03)?

where F'(a,b;c;x) is the Gauss hypergeometric function [21, Eq. (9.10)].

2.2.2 A simplified special case of I

A special case of I corresponds to by = by = b and A\; # Ao. In this case, making use

of [21, Eq. (7.821.1)] along with the identity
T
I, (/3K () = YT G (1
a closed form of I, is shown to be given by

4 v+1 4b2
Is(yaluaaa )\17 )\2767 b) = ﬁ <_) Gj:i (— i %70 1 —v —+ l21/\1-5>\2 A=A Aoy —)\1+>‘2) .

2 a? a? 127 o2 0 2 0 2

(2.27)

A1+A2 A1—A2 A2—A A1+A
0, 14 2 12 2, 22 - 12 2)7 (226)

2.3 Application : error probabilities for amplify-and-forward
multi-hop relaying systems

Let us consider an N-hop wireless communication system where a source S communicates

with a destination D trough N — 1 intermediate terminals called relays. In the k-th time slot,
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the k-th relay Ry receives the signal from the immediately preceding relay and processes it by
amplifying and forwarding it to the next hop Rj.;. Denoting by y; the signal received by Ry,
we have

Yk = UpTp_1 +ng, k=1,...,N, (2.28)

where v is the fading gain of the channel between terminals Ry_; and Ry, n; denotes the
additive white Gaussian noise received at the k-th terminal with power Ny, , and x) denotes the

transmitted signal from the (k — 1)-th relay given by
T = Akylm k= 1, ceey N — 1, (229)

where Ay is the amplification gain of the k-th terminal. The end-to-end instantaneous received

SNR is given by [8] as

_ HffVZI Ai%
R T (2.30)
Zk:l Hj:k+l 375
where 7, = Py|vg|?/No, denotes the instantaneous received SNR over the channel between

terminals Rj_; and Ry in which P, is the transmitter power from terminal R,_;,k =1,..., N. As
seen in (2.30), the instantaneous received SNR in an AF multihop transmission system depends
on the relay amplification gains and the fading channel gains. AF relays can be classified into
two categories, namely, variable-gain relays and fixed-gain relays. In the first case, the relay uses
the channel information of the preceding hop to control the relay gain. In contrast, systems with
blind relays use amplifiers with fixed gains resulting in a signal with variable power at the relay

output. In this paper, we consider the first type of amplification gain which is generally chosen

Py
A==t k=1, N-1 2.31
g Py_q|vg]? (2:31)

For this amplification gain, the relay amplifies its received signal, regardless of the received noise

as

power '. Plugging this gain expression into (2.30), the end-to-end SNR is then given by
N -1
v = [Z —] . (2.32)
—

Since the reciprocal of the end-to-end instantaneous received SNR ~ is the sum of the inverse

of the individual per-hop SNRs [8], then, the MGF of 4V = % is the product of the individual

1. Since the amplification gain in systems with variable-gain relays is a function of the channel state informa-

tion (CSI), variable-gain relays are also referred to as CSl-assisted relays [8], [9]
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MGPFs pertaining to the different hops, thus implying

s)=]] M (s), (2.33)

where M (s) is the MGF of the SNR on the [-th hop. In Nakagami-m fading, M. v (s) is given

by [2] w o
My (s) =2V ﬁ% 57 HKml< \/7) (2.34)

=1
whereby 4; = E (;), with E(-) denoting expectation, m; > 1/2 is the Nakagami-m factor of the
i-th hop and my = ZzZL my is defined for the sake of notational convenience.
In the sequel, considering AF multihop variable-gain relaying systems with operation over
Nakagami-m fading channels, simple closed-form expressions for the error probabilities of AF
multi-hop systems with variable gain relays are derived. Different modulation schemes are the-

refore considered, including binary and arbitrary rectangular M-QAM modulations.

2.3.1 Binary modulations

For different binary modulation schemes, the bit error probability was recently derived in [12,

Eq. (4b)] as a single integral form given by

1 2z
A / 31, (20/75) M, (s)ds (2.35)

where the parameters 7 and 7 depend on the type of modulation detection scheme given in

[17, Tab. 8.1] and I'(-,-) is the incomplete gamma function [21, Eq. (8.350.2)]. By substituting
appropriately (2.34) in (2.35) and using (2.1), P. can be obtained as follows

I e e A R Ny
Pe_é‘W(EW>[< 5 117,2\/_1\6) (2.36)

where A = {my, my,....,my} and § = {21 /L 2 } By properly substituting 7 (-, -, -, -, ")
by its expression in (2.13), then after further mampulatlons, a closed-form expression of the error
probability is obtained as
mﬂN)
1 (Hl 1 MN;Zl ) N-1 N-1 m /_}7 Mty
P o= - T(&,)T(&— my ( N_k)rmkikr—mkl—ik

1=07(¢,N—1) TN
TYN ™M1 MN-_171
F(N 677’577 mN,1+17,1 ml,l—l—ml,... 1— mN_1,1+mN_1;— fYN, 17]7\/’“.’ N I?N (237)
—— . — ———— —— MmN MmN MNYN-1

i1 1—iy IN—1 1—in_1



where &, = my +n — ZkN:_ll myir. Note that equation (2.37) is a new closed-form expression
for the bit error probability of binary modulations in AF relaying systems with variable gain
relays under non-identical Nakagami-m fading. The values of the parameters n and 7 are, for
example, (n,7) = (0.5,1) for BPSK and (n,7) = (0.5,0.5) for BFSK modulation. Moreover,
using the alternative expression of I when m;,7 = 1,.., N are multiples of an integer plus one

half, a simpler expression of P, is obtained from (2.25) as

m;—1

m; 2 n
p_ 1 TN/2 N (7) = - ['(2n+ns —p)

2 2mu+2H1T (n)D(n 4 1) H T'(m;) =\ = i,pi (ZNl ﬂ>277+nz—:n
’ 1= \/ Yi

(]
—1=

ny — ny —p+1 T
F 77"‘ > p7n+ > b 77I+17_

2 2 N o 27
(Zi:l ?)

(2.38)

-\ —P
where T/, = (D(ni + 1+ p;)/T(ni + 1 — p)T(p + 1)) (2 7)
Notice that (2.38) is expressed in terms of the Gauss hypergeometric function F'(a; b, ¢; z), which

is widely available.

2.3.2 M-Ary modulations

An arbitrary rectangular M; x M; QAM signal constellation is assumed to be formed by
drawing the in-phase and quadrature components from two independent M-ary pulse amplitude
modulation (PAM) schemes, Mj-ary PAM and M -ary PAM, respectively. The symbol error
probability of the ensuing M-ary rectangular QAM (M = M;M;) is [17]

po= 21y EQuUv2 (1 5 ) EQBYA)
(1= 50) (1- g EQUvme@v) . 2

where A = \/6/ ((M? — 1) + (M2 — 1) () and B = /CA where ( denotes the squared quadrature
to in-phase distance ratio. It is seen that the evaluation of (2.39) involves the evaluations of two
expectation forms, namely, the expectation of the Gaussian-Q function and the expectation of the
product of two Gaussian-Q functions with different arguments. On the basis of the prominent

results presented in [12, Eq. (6¢)]? the expectation of the Gaussian-Q) function is obtained

2. It should be stressed that [12, Eq. (6¢)] has a typo. It should read as in (2.40).
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according to

E(Q (A7) = = — — in (AV2s) M.v (s)ds. (2.40)

2T S

After substituting M. v (s) by its expression in (2.34) and making use of the identity

sin (A4v/25) = ”Affjé (4v2s)., (2.41)

the expectation in (2.40) can be evaluated in closed form using (2.1) according to

m my /2
B(QAV) =4 Wg H<§L(2m) (G- tpavans), e

N ()™
BQ(AVA) ( L) o

N—-1
Z ZF Eq fq mN {H MNYk mkmr )kr(_mk)l—ik}

2 iyl Pl mWN
3 A? myy; my_

FéN) 5q7§q—mzv,—,1—m1,1+m1,---71—mN—1,1+mN—1;— N 171_\/ = 1—7N ) (2’43)
2 e — —— 2my myTi MNYN-1

i 1—iy N l—in_1
where £, = my + % — Ziv:_ll oxm

By substituting A with B in (2.43), we obtain the closed-from solution for the second ex-
pectation with argument B in (2.39). Nevertheless, there are some challenges in the evaluation
of the expectation of the product of two Gaussian Q-functions with different arguments, a pro-
cess which involves the integration of the product of two Gaussian Q-functions with different
arguments. In [18], the authors sidestepped this hurdle by introducing a simple and accurate
exponential approximation of the product of two Gaussian Q-functions with different arguments

given by

Q(AVY ZCZCJ Ab+Bb)’ (2.44)

i,j=1

where {¢;} = {3, 1} and {b;} = {3, 2}. The accuracy of the above tight upper bound was also
discussed in [18]. Based on the above approximation and proceeding by using the McLauren
series of el) given in [21, Eq. (1.211.1)], it can be easily shown, using [21, Eq. (8.402)], that
the expectation of the product of two Gaussian Q-functions with different arguments can be
expressed as

BQUIVIQ(BYI) = - Y e / M,y 2[) ; (2.45)
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where d;; = A%b; + B?b;. Hence, a closed-form expression of (2.45) is obtained, using (2.1), as

e my /2 )
E(QUVHQBYT) ~ —2V H% > e/t (M2 A ) (2a0)

=1 ij=1

By properly substituting [ by its expression in (2.13), (2.46) can be evaluated as

N <mszv>mk N—-1 1 1 N-1 m 7 mpig
E(Q(A B ~_ AN e \r(e - - Nk
@V =~ | TI s |32 2or (6 Jr(&mmv5 )y TG
k=1 i=0r (i,N 1) k=1
2 1 1
i —i N
L(my )" (—my,)" k} 2]2—1 CicjdijFC(‘ (fq + §7£q_mN + 3 2,1 — mi, 1 ;L f”% L —=my_1,
)= 11 —11 IN_1
diin ™7 172
1+mmy—ﬂﬁm”&me@ﬂ. (2.47)
?/—/ my MmN MNYN-1
—IN-1

It is observed that employing (2.44) allows to evaluate (2.45) in closed form. Moreover, owing
to the structure of (2.44), the obtained formulas, i.e., (2.43) and (2.47), have similar structures.
This fact facilitates further numerical calculations. In the special fading condition corresponding
to the case when the fading parameters of the different hops m;,7 = 1, ..., N are odd multiples
of one half, alternative simpler expressions of (2.43) and (2.47) could be obtained. In such a

setting, applying (2.25) to (2.40) and (2.45), respectively, yields

N
LAt (2 (%) 7| & Y ) Ts—p+d)
BV =5 = ey | g | 25 | 2 T | s
i=1 p=0 \w(p,N) i=1 (Z'—l @)
= Yi
—p4+3 _ _|_§ A2
F TLZ] p 2’n2 p 2’§’_ - ’ (2.48)
2 2 2 N [my
(Zi:l 7)
and
" N (@) T 2 s N
Vi
E(Q(AVY)Q(ByY)) =~ “omai2 HW Zcicjdij HT;,pi
i—1 ij=1 p=0 \ w(p,N) i=1
T (ns —p+2 - 1 d;;
(s —p+2) it SN s L R ] . (2.49)

N [mp =P 2 2 N o fmiye
(Zi:l \/ 7:) (ims Vi )

Then, properly substituting (2.48) and (2.49) into (2.39) yields the error probability expression

for multi-hop AF transmissions using an arbitrary M-QAM modulation over Nakagami-m fading
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with an odd multiple of one half fading parameter as

(o) (o) 5 (05 ) S (5 e ){ 050)

i=1 p=0 \w(p,N) =1
AF(ng—p+3) F ng—p+% nz—p—l—g §_ A? I 1_L %
ny— p+2 9 ’ 2 ) 27 (ZN @)2 MJ
(Zz 1 > =1 ¥i
BT (nz—p+%) 2 nz—p+% ng—p+g 3 B? _\or 1_L I y
N\ 2 7 2 72’ (ZN mi>2 M; M;
(Zi:l \/ T) i=1 Yi
r — 2) — — 1 d;:
(ns: —p+ 5 Z cedyF | 2P TPy | b (250
N ny— P+ 2 2 N -
Zi:l V 'Yz b=t Zi:l ?

For an arbitrary M; x M rectangular QAM constellation with Gray encoding, the error proba-
bility evaluation only involves taking the expectation of the Gaussian-@) function [19, Eq. (22)]

according to

9 1 logy (Mp)(1—2"F)M7—1
p—— = (= Pz,kE(Q( 2w, )>+
log, (M - M) (M, Lo (i, k) 7
log (M) (1-27P)M,

i _P(j,p)E (Q (\/2wﬂ))>, (2.51)

p=1 J=0

where wy, = (2k + 1) (3logy (M - My)/ (M} + M3 — 2)) and P(i,j) are expressions of M; and
M given in [19]. In this case, using (2.42), we immediately obtain a closed-form expression for

the error probability as

oN T)T log, (I)(1—2-*)T—1 - 3/2 1
P=1- [[~ § j > jP i k) w/—wJ( > 5 2V A, )
ﬁlOgQ(M[MJ) I'(m ( = ﬁ

ms 302 Lo s, 6)) 252

An alternative simpler expression of (2.52) is also obtained using (2.48).

37



2.4 Dual-hop AF transmission over non-identical Nak-
agami-m fading

In some practical applications, a dual-hop transmission, i.e., N = 2, may be sufficient [2]. In
this context, many authors have considered the error probability evaluation over non-identical
Nakagami-m fading. So far, closed-form expressions are only available for integer values of the
fading parameter, i.e. m;,i = 1,2 € N [4], [5]. Nevertheless, in practical scenarios, the m
parameters often take non-integer values [13]. In this work, we derive the error probability
expressions in the m-complementary region of [4], i.e. R\N. This allows applications of our
analytical results over a larger range of the fading parameter values, thereby highlighting again
the significance of this work. Using (2.18), the bit error probability for binary modulation of an

AF dual-hop transmission is obtained as

() s , mi
p=-—T/ "0 i ”’_m1F<m +mg+n, my+n, 1+ ,1+m,—@,mﬂ)+
2 nB(ma,n) B (ma+n,my) o 2 T 7 ! ma " MaY1

moti \ 2™ TV M1Y2
( 21) F4 <m2+nana1+na]—_mla_—2>1—) } (253)
mi72 mg Mo

where B(a,b) = I'(a)I'(b)/I'(a + b) is the beta function [21, Eq. (8.384.1)]. The above new
expression of the bit error probability is valid for any non-integer value of m;,i = 1,2. Another
case, also not handled before, corresponds to identical ratios {m;/¥;}?_, across the different
hops, a scenario which includes as well the identically distributed fading [2], [3] as a special case.

Defining m/y = {m;/%}?_, and applying (2.27) yield

m1+m2
m 2
P 1 (T_jy) ﬁ 4,1 4m 1_7]_7711-57712’07%71_m1—5m2 9 54
cT 2 L(m)I(mq)l(my) 44 % mitms mi—ms mo—my _ mitms | (2.54)
2 ? 2 ? 2 ) 2

By setting m = my; = mq and 7 = 7 = 1, we obtain an equivalent alternative representation for
Hasna and Alouini’s main result [2, Eq. (12)]. To prove the concordance of the two formulas, we

use the Meijer’s-G function property in [21, Eq. (9.31.1)] along with the identity

CL,C,G—}—]_ I'b—1)I'(d—1 1
Gl — (b—1)I'(d )Za <1— o (b —a,d—a,c—a, ——)) . (2.55)
’ b.d,a I'(c—a) 2

For completeness, it is worthwhile to mention that [2, Eq. (12)] can also be deduced from (2.53)

by applying the analytical continuation formula of the Lauricella function followed by some
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algebraic manipulations using the Burchnall formulas [20, Eq. (37)],

1 1
Fy(a, By, sz, x) = 4 F3 (oz,ﬁ, 5(7 +'), 5(7 +9 = 1);7, 77+ — 1;496) : (2.56)

where ,F,(-) is the generalized hypergeometric function [21, Eq. (9.14.1)]. In turn, the generali-
zed hypergeometric function 4F3 reduces to a simpler one when its parameters are constrained
properly as

al3 (al, g, a3, ay; by, as, as, Z) = (ah as, by, Z) ) (2-57)

where F'(a, b, ¢, z) is the Gauss hypergeometric function [21, Eq. (9.14.2)]. Hence, applying (2.17),
(2.56) and (2.57) to (2.53), when m = my = my, 7 = = T2 and n = 7 = 1, yields [2, Eq. (12)].
For M-ary modulations and still using I in (2.18), the expectation of the Gaussian-Q function

in (2.42), reduces when N = 2 to

1 VAT
2 vV mlB(%7m2)

g 113 S my
—Al,mm> +F, (ml +5551- My, — AL %ﬂ . (2.58)

1 13
F4(ml+m2+_>m2+_a_a 1+m2a

2 2°2

B(Q(AVA)) (mwl)sz;mﬁ%, —mo)

mi7y2 (ma+3,m1)

— 9 —
mi ™Mi7v2 mi Mmi7y2

Moreover, when identical ratios m/y = {m;/¥;}7_, are observed across the two hops, the expec-

tation of the Gaussian-Q functions can be rewritten according to (2.27) as

1 1 2m %41 8m %_mlgmz Oél_mlgmz
E(O(A _ L ; Y 2.59
(Q( ﬁ)) 2 F(ml)f‘(mg) <A27> 4,4 A2'7 mi+me mi—mz Mmo—mi _ mi+mso ( )
2 9 2 ’ 2 ) 2

Moreover, the expectation of the product of two Gaussian-Q functions with different arguments

can be derived as

EQUVDQBYT) ~ —2VF Y. aeprae—

— " T(m)T(m2)
i,7=1
G4,1 4m _ mi+mg O 1 1 _ mait+momitmo mi—mo mo—mi _ mit+mo .
4,4 dzf? D) ISR D) D) ’ D) ’ D) ) D)

(2.60)

The derivation of the error probability expression of M-QAM modulations is then straightfor-
ward using (2.39).
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2.5 Computational methods and numerical examples

The aim of this section is to analyze the utility, accuracy, and numerical stability of the
frameworks developed in the previous sections. All the results shown here have been analytically
obtained by the direct evaluation of the expressions developed in this paper : either (2.37), (2.43),
(2.47), (2.53), (2.59) and (2.60) for non-integer values of m, or (2.38), (2.48), (2.49) for integer
plus one half values. The evaluation of these formulas involves the computation of some special

hypergeometric functions, namely, the hypergeometric Lauricella functions.

2.5.1 Computational methods

The third Lauricella function Fén) is typically computed with a finite summation approxi-

mating the infinite summation given in (2.15) as

dmax n qk

F (0,551, oy 3 1, o) = > (@)g(D)g Y H%, (2.61)

q=0 Q(g,n) k=1

where (g, n) is the set of n-tuples such that Q(g,n) = {(q1, ..., ¢n) : @ €{0,1,....¢}, > p_ @ =
q}. If a large @ma. is required to obtain the desired accuracy, then (2.61) may have a high
computational complexity. However, by reformulating the integral form of the Lauricella function
in (2.12) such that it encompasses a term of exp(—t) [17, Ch. 2], the integral in (2.12) can be
evaluated using the numerical integration method given in [18, Eq. (25.4.45)] for a variety of

fading channel models. Then, one obtains
Np

1
Z —1,2,1 2
k=1 b—a,a—0b

<£[10F1 (; ckxk%)> , (2.62)

where t;, and w;, are, respectively, the k-th zero and weight of the Laguerre polynomial of order

cos(m(a — b))
20+b=2T(q)T'(b)

(n) . . ~
FoV(a,bycry ., Cps 1, o ) &

N, [18, Eq. (25.4.45)]. Numerical results show that for N, = 30, this approximation provides a
relative error for the average error rate below 0.3%.

Notice that the other hypergeometric functions involved in this paper, namely, the Meijer’s-
G, Gauss hypergeometric and Appel functions are implemented in most popular computing

softwares such as Matlab and Mathematica.
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2.5.2 Numerical results

In Fig. 1 we have reported the bit error probability induced by 16-QAM and QPSK modula-
tions in a multihop variable gain relaying system with N = 2, 4. The identical and non-identical
distributed fading cases are analyzed with an overall system fading severity my, = Zf\il m;
fixed to N. For the identical Nakagami case, all the hops undergo Rayleigh fading with m; =
1,2 =1,..., N. For the non-identical case, the different hops may be subject to worse or better
fading conditions than the identical case, such as m; € {0.5,1.5};,— n. Since our analysis is
only valid for non-integer fading parameters, then all the Rayleigh-case results were obtained
using [22, Eq. (14)]. The error performance of the non-identical case are computed using (2.48)
and (2.52) as well as the comparison with simulations. We can see a very good match over the
range of SNRs of interest. As expected, we can observe that the error probability increases with
the number of hops. It turns out that, although the overall system fading severity is the same,
better performances are achieved when the different hops undergo identical fading. This is due
to the fact that the AF multihop channel is a cascaded one and can be modeled as the product of
N statistically independent Nakagami-m fading amplitudes. Therefore, the effect of a bad fading
condition in one hop deteriorates the overall system performance even in the presence of a better
fading condition in the following or preceding hops. Hence, the relay link is dominated by the
more severely faded hop. This comment further corroborates the generality and usefulness of
the analytical frameworks introduced in this paper, since real multihop channels are most likely
non-identically distributed.

For multihop systems with variable gain relays under identical Nakagami fading with non-integer
m, the error probability results are plotted in Fig. 2 for BFSK modulation. The BEP compu-
tations were performed using (2.37) and the computational methods in (2.62). As expected,
the error performance improves as the fading severity decreases. In Fig. 3 we investigate the
effect of power imbalance between the hops in a dual-hop BPSK transmission over non-identical
Nakagami-m fading. The error probability is plotted against the first hop average SNR for
my = my = 1.5 and my; = 0.7and mo = 1.5. The higher average SNR resulting from one of the
relays may be due to a Line Of Sight (LOS) signal component between the source terminal and
the relay, or equivalently between the relay and the destination. Such a situation may occur in a
cell-site scheme. Here, good accuracy is retained by the analytical models (2.53), which turn out

to be not only very accurate but also numerically stable. Moreover, we can easily figure out that,
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such imbalance may be either beneficial or harmful for the overall system performance. Indeed,
for 7, > 71, it is advantageous compared to the balanced case, otherwise, it is detrimental.

Fig. 4 compares the exact bit error probabilities of BPSK multihop systems with variable-gain
relays with the lower bound given in [8, Eq.(25)]. It can be seen that the proposed bounds
lose their tightness with increasing SNR and, therefore, are definitely inappropriate for the es-
timation of the error performance of multi-hop systems operating over non-identical Nakagami
fading. This was also stipulated by the authors of [§].

Overall, the aforementioned numerical results unambiguously confirm the high accuracy and
huge utility of the proposed framework for error probability analysis of AF multi-hop systems

over not necessarily identical Nakagami-m fading conditions.

10 T

-1

10

107

16-QAM analysis, N=4 ' .
A 16-QAM simulation, N=4 *. )
— — — 4-QAM analysis, N=4 : "% ™ N
O  4-QAM simulation, N=4 "o %N
------- 16-QAM analysis, N=2 )
10°F ¢ 16-QAM simulation, N=2 , T
..... 4-QAM analysis, N=2 ldentical Fading \‘
*  4-QAM simulation, N=2 ‘

Bit Error Probability

13

10°

I I I
0 5 10 15 20 25 30
Average SNR per Hop (dB)

FIGURE 2.1 — Bit error probabilities for different QPSK and 16-QAM AF multihop transmission

systems with variable-gain relays in identical and non identical Nakagami-m fading.
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FIGURE 2.2 — Bit error probabilities vs. average SNR per hop for BFSK and different values of the

fading parameter and number of hops N = 2, 3.
2.6 Conclusion

In this paper, we have developed an analytical framework for the analysis of error probabilities
of AF multihop variable gain relaying systems over Nakagami-m fading channels. The numerical
examples show the accuracy and usefulness of the proposed new error probability expressions

along three main contributions :

1. We have proposed new solutions for infinite integral forms involving the product of Bessel
functions. Theses solutions have been shown useful to the evaluation of the error proba-
bilities of multihop systems with arbitrary number of variable-gain relays operating over
Nakagami-m fading. The obtained formulas establish a connection, hitherto unknown, bet-

ween the error probabilities and the Lauricella’s functions.

2. In the special case of an odd multiple of one half fading parameters, simpler expressions for

the error probabilities, involving the Gauss hypergeometric function, have been obtained.
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FIGURE 2.3 — Bit error probabilities for different BPSK AF multihop transmission systems with

variable-gain relays over non identical Nakagami fading with unbalanced SNR.

3. As far as the dual-hop case is concerned, it is shown in this special case of interest that the
new error probability formulas reduce to previously known results in the literature. Moreo-
ver, these new formulas generalize previously known results pertaining to AF transmissions

over non-identical fading with integer parameter.
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for different BPSK AF multihop relaying systems with variable gain relays.
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Chapitre 3

Ergodic Capacity Analysis for
Interference-Limited AF Multi-Hop
Relaying Channels in Nakagami-m

Fading

Imene Trigui, Sofiene Affes, and Alex Stéphenne
IEEFE Transactions on Communications, vol. 61, no. 7, pp. 2726-2734, July 2013.

Résumé : Ce chapitre examine les effets des interférences co-canal sur des systémes
de communication a sauts multiples subissant un évanouissement Rayleigh. Les ex-
pressions de la capacité érgodique exacte et de sa forme réduite a haut RSB sont
présentées sous des formes élégantes et aisément interpretables. Il a été prouvé que
les résultats obtenus sont valides pour des configurations arbitraires du systeme.

Tous ces résultats sont verifiés par des simulations numériques.
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Abstract

An analytical characterization of the ergodic capacity of interference-limited multihop wire-
less networks with amplify-and forward (AF) relaying is presented. In our analysis, we consider
that transmissions are performed over Nakagami-m fading where channel state information is
only known at the receiving terminals. We derive an exact expression for the ergodic capacity
by exploiting the moment generating function (MGF) of the inverse signal-to-interference ratio
(SIR). The result is applicable for arbitrary numbers of interfering signals at the receiving ter-
minals and can be efficiently evaluated. Furthermore, considering the special case of dual-hop
transmission, we propose a more refined characterization where the high-SIR capacity is expan-
ded as an affine function. The zero-order term or the power offset for which we find insightful
closed-form expressions, is shown to play a chief role in understanding the impact of interference
and power on the system’s capacity. Finally, some simulation results sustaining our analysis are

provided.

3.1 Introduction

Multihop communications have been an outstanding topic of research in the last years due to
their ability to provide broader coverage and higher reliability for many wireless communication
systems (see e.g., [1] and [2] and references therein). The key advantage of relaying is to enable
high capacity where traditional architectures are unsatisfactory due to location constraints (e.g.,
cell-edge, shadowing, indoor), leading to a more homogenous user experience. Depending on the
nature and complexity of the relaying technique, relay nodes can be broadly categorized as either
amplify and forward (AF) or decode and forward (DF) [1]. While AF relays act as repeaters,
DF relays decode and recode the received signal prior to forwarding it to the receiver, thereby
implying a larger delay than with a simple repeater.

In the open literature, several works investigating multihop communications exist (cf. [1]- [5]
and references therein). Despite their importance, many of the existing results have been based
on the assumption that the system is thermal-noise limited. However, relaying-access capacity
is also affected by strong co-channel interference (CCI) due to the aggressive frequency reuse in
cellular networks. Cochannel interference, which is an essential feature of wireless networks, can

cause more severe performance degradation than thermal noise in many wireless networks.
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Apart from the very recent works of [9] and [7], most of the performance analysis of multihop
systems in the presence of interference has been restricted to dual-hop relay systems. In this case,
contributions range from the analysis of interference-limited relay [3] or destination [4], [5] sce-
narios, to multiple interferers at both sides [5]. In this context, multiple closed-form expressions
for the outage and error probabilities were derived. As far as the multihop case is considered, [9]
analyzed the effect of co-channel interference assuming Rayleigh fading interfering signals affec-
ting the relays. Specifically, the outage and error probabilities were investigated. An extension
of [9] to the Nakagami-m fading scenario has been carried out in [7]. From the aforementioned
up-to-date technical literature, it is fairly evident that this large number of contributions provide
either outage or bit error rate analysis and that the ergodic capacity is almost unexplored from
the analytical point of view.

This paper goes toward filling this gap by deriving a new exact analytical expression and
insightful closed-form high-SIR approximations for the ergodic capacity of channel-assisted AF
multihop relay systems in interference-limited Nakagami-m fading. It turns out that the ergodic
capacity belongs to a special class of generalized hypergeometric series. These are the first
Lauricella’s multivariate hypergeometric functions of N + 1 variables FgNH) [12], where N is the
number of multihop links. This result is subsequently employed to derive simplified closed-form
expressions for the ergodic capacity in the high-SIR regime.

Based on our analytical expressions, we investigate the impact of the prominent interference-
relay channel features on the ergodic capacity. In the high-SIR regime, we present simple closed-
form expressions for the key capacity parameters; the high-SIR slope and the high-SIR po-
wer offset. Whilst the former is fixed, the latter is a more intricate function capturing all the
interference-relay channel features, namely the interferers number, the power gain and the fading
severity.

The remainder of this paper is organized as follows : In Section II, the basic definitions and
background related to multihop AF relaying suffering interference are provided. In section III,
a closed-form expression for the the ergodic capacity of interference-limited multihop systems
subject to Nakagami-m fading is derived. In Section VI, this general closed-form expression is
reduced in the dual-hop case to an elegant and simple expression that is suitable for the high-
SIR regime. Section V assesses the performance analysis by numerical examples. Finally, some

concluding remarks are presented in Section VI.
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3.2 Interference-limited relaying : system model

Let us consider a communication system where several AF relays {R,,n = 1,N — 1} are
employed to assist a generic transmitter send an encoded message to a remote destination. We
assume that the relays and the destination are affected by {L,,n = 1, N} co-channel interferers
(CCI). At the n-th time slot, the n-th relay node R,, receives a faded signal from the immediately

preceding transmitting terminal R, ; and L,, faded co-channel interfering signals written as

Ly
Yn = / En—lhnxn—l + \/ Eln Z Clndln, (31)
=1

where h,, denotes the fading gain of the channel between terminals R,_; and R,, following a
flat Nakagami-m fading distribution; x,_; denotes the unit-energy signal transmitted from the
(n — 1)th node; and E,,_; indicates the transmit energy from the said node. In the second term
of the right-hand-side (RHS) of (3.1), ¢, is the I-th cochannel interferer’s signal affecting the
nth relay with energy equal to E;,, and g;,, is the flat Nakagami-m fading coefficient of the I-th
interference channel affecting the nth relay. In an interference-limited wireless communication
system, the effect of additive white Gaussian noise can usually be neglected. Interference-limited
scenarios, in fact, are very relevant to modern cellular systems, which tend to operate precisely

in such conditions.

1

vV En71|hn‘2 )yTL

and transmitting it to the next node. In this case, a relay just amplifies the incoming signal with

The amplification process at the nth relay consists of generating the signal x,, = (

the inverse of the channel of the previous hop, regardless of the interference level of that hop.
By following the same procedure as in [9], the end-to-end signal-to-interference ratio (SIR)

at the destination can be obtained as [7], [4]

7—[22 |

with Y, = E,_1|h,|? being the fading amplitude of the desired signal at the n-th node and
Zl,n - EIn

_ [i i] _l, (3.2)

n=1 In

Gin)*l = 1,...,Ly,n = 1,..., N being the instantaneous power of the [-th in-
terferer to the n-th node. Accordingly, 7, represents the instantaneous SIR at the n-th hop.
Hereafter, we consider that the cooperative links undergo independent and non-identically dis-
tributed (i.n.i.d.) Nakagami-m fading with arbitrary fading parameters and arbitrary average

powers. Nonetheless, for the sake of simplicity, we assume that the interference links are subject
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to identically-distributed Nakagami-m fading. Thus, Y, and Z, = le”l Z1 y, follow a Gamma
distribution with probability density functions given by

Mrn
mﬁn’ Moy n—l mT,TLy
—= _ ’ ex —
pelt) = ™ o (52
anl,n anI —1
my T e My n2
p; (2) = ’ exp <— ’ ), (3.3)
g T(Lymy ) 2rmr Q1

where I'(+) is the Gamma function [21, Eq.(8.310.1)]. Furthermore in (3.3), m,.,, and Q,,, are,
respectively, the Nakagami fading parameter and the average power of the desired signal at the
n-th relay. Similarly, m;, and Q;, are the Nakagami fading parameter and the average power
of each interfering signal at the n-th relay, respectively. The total interference at each hop Z,, is
the sum of L, independent Gamma distributed random variables with parameters L,m;,, and

L, ,. The average SIR of each interferer at the n-th relay is defined as A,, =S Qo /-

3.3 Multihop performance

Capacity analysis is of extreme importance in the design of wireless systems since it deter-
mines the maximum achievable rates in the network. A reliable capacity performance study has
to take into account important issues such as co-channel interference. In this context, we propose
hereafter new closed-form expressions for the ergodic capacity of multihop AF systems suffering

interference in Nakagami-m fading.

3.3.1 Ergodic capacity

In a N-hop cooperative relaying system, the end-to-end ergodic capacity can be expressed as

C = B llogs (1+7)], (34

in which the factor 1/N accounts for the total number of time slots required for the transmission
and E[-] denotes mathematical expectation.

Theorem 1 : Let Z be an arbitrary non-negative random variable. Then

M

E[ln(1+2)]:/o°1_e_s

i 5 (s)ds, (3.5)

N
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where M, (+) stands for the MGF of z. Proof : In order to give a formal proof of (3.5), consider
the following Taylor series expansion of In(1 + z) valid for all z > 0, [21, Eq. (4.1.25)]

1/ Z \"
1n(1+Z):Z—<—) : vZ > 0. (3.6)
—~n Z+1

Then, by taking the expectation at both sides of (3.6), we obtain (3.5) when we substitute

E { <TIZ_1>n} = ﬁ /OOO s" e My, 1 (s)ds. (3.7)

The interchange of summation and integration is valid since the series > >~ | s"~!/n! is uniformly
convergent for s > 0.
Corollary 1 : The ergodic capacity of an interference-limited multi-hop AF relaying system
in arbitrary Nakagami-m fading is given by
Mrn .y 1=7n
Cp = — o [ FEme) (mﬁxn) | (N41) .
E = mzf(ﬁ(n)H)H x Fy <Q(n)+1,

UEPN n=1

B(mr,na anl,n)

my, my.,
LLimpi+I=mp)me 1, . . . .Lnmgn+ (=ny)men; 2,1= 0y, . . ., 105 ;1 1 e N (3.8)
leAl mI,NAN

where 6,, = sign(n, —1/2),k=1,...,N and Fg) is the first Lauricella hypergeometric function
of r variables [12]. Proof : Recalling (3.4) and applying Theorem 1 yields

1 “1l—e*
Cg = NIn(2) /0 . M.-1(s)ds. (3.9)

1

Since the cooperative links are statistically independent, the MGF of 77" can be expressed by

the product of the corresponding marginal MGF's pertaining to the N hops as follows
M, (s) = [[ M, (s)ds, (3.10)

where M_ -1 can be expressed, using (3.3) and exploiting [21, Egs. (3.351.3) and (9.211.4)], as

F(mr,n + anl,n>
L(my.p)

M 51(8) =

i

My

with W(a; b; ) being the Triconomi confluent hypergeometric function [21, Eq. (9.211.1)]. Next,
a closed-form expression for (3.9) will be derived. Making use of [21, Eq. (9.210.2)], we start

by representing the Triconomi function in terms of the confluent Hypergeometric function
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1F1(a;b; 2) [21, Eq. (9.210.1)] 1, as

My L'(my.n) My,
U Lympn; 1 —myp; ——s | = : Fiol Lompgn; 1 —myp; ———s | +
< & ’ mI,nAn ) F(mr,n + anl,n) . ( " ’ mI,nAn S)

F(—mm) My, rn Myn
7 7 F TN Ln n 1 X — - (312
L( L) (mf,n/\n S) o (m o R S) (812)

Likewise, the function (1 — e*)/s can be expressed in terms of 1F; (a;b;2) as (1 —e™%)/s =

e *1F1 (1;2; s). Thus, performing the necessary substitutions and simplifying leads to

00 N L(—my.) <—m8 )mn

1 My, S ")\ my s

Cp=—ou-n =5 Fy (12 Fi | Lampn; 1 —myp; — 7
TN /0 e F L ’S)E [1 1( it £ mf,nAn) T BTami, men)

My S
1F1 (mr,n + anl,n; 1 + My )

. ds. (3.13)

Using the following alternate expression for the product involved in (3.13) which is of the form

N N
[+ v = 3 [Lxmvim, (3.14)
n=1 nePy n=1

where Py 2 {n = (n1,m2,...,nx) : 7 € {0,1}}, (3.13) can be rewritten, after some algebraic

manipulations, as

Mrn 1_77n
F(—m )( Trn ) o]
n, anAn Q(n) _s F 12
B(mr,nanmI,n) /OS c1 1( ’ 78)

Nin 1—nn
Fo (Lo ns 1=y s S N B (Loimg by 1 —2"2 ) | ds, (3.15)
) ) anAn ) ) ) anA

n=1

where Q(n) = S0 my — SN my i, and B(a,b) = D(a)T'(b)/T'(a + b) is the Beta function
21, Eq. (8.380.1)]. A careful inspection of (3.15) reveals that the modified version of the first
Lauricella hypergeometric function, which is given by [12, Eq. (2.4.2)]

a

FEP(CL, bla ooy b?‘7 Cly- -5 Cr3 ﬂu AR ﬁ) = FIZG) / e_”tta_l <H lFl(bk’ Ck> xkt)) dt’ (%e(a) = O) ’
0

14 14
k=1

(3.16)

can be applied to solve the integrals involved in (3.15). Therefore, with the help of (3.16) and

after some manipulations, a closed-form expression for the ergodic capacity is obtained as in

1. Note that (3.12) is valid only for real-valued non-integer values of m,.,,. However, practically, very similar

results are obtained for integer values of m, ,, and m,., + € for sufficiently small e values.
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(3.8). To the best of the authors’ knowledge, this result is new. In addition, it is worthwhile to
mention that, even in the Rayleigh case, such closed-form expression was not proposed in the
technical literature before.

Reminiscent that the outage probability of this system has recently been expressed in terms
of the second Lauricella function of r variables F g)(-) in [7]. In an interference-free environment,
the authors of [2] have shown that the error probability of the multihop AF system can be
described by the Lauricella function of the third type Fg)()

3.3.2 One-term continuation relation for Fg)

The multivariable Lauricella function F',’ is usually defined via its series representation given

X)
by (12, Eq. (2.1.1)], and its convergence is assured whenever Y ', |z;| < 1. Under its Laplace-
type integral representation (3.16), the Fg) is convergent whenever Re (> 7, x;) < 1 [17, Eq.(2)].
Nevertheless, the convergence of FX) may often be improved by the use of analytic continuations
formulas. In this section, a one-term continuation relation is obtained for the Lauricella F X) by
making use of its Barnes integral representation. In what follows, let us assume that only one
argument of the Lauricella function is greater that one (say z,) and the remaining are less than
one with Re (Z;:ll ;) < 1. We shall obtain one-term continuation relation for the F, function
by using the Barnes integral representation given by [12, Eq. (2.5.3)]

I'(a)C(by)

I'(cr)

. 1 [T (a+t)T(b, +t
Fg)(a;bl,...,bT;cl,...,cr;xl,...,xr):%/' (F(C>j5t) )F(—t)(—xr)tx

Fg_l) (@801, . brgscry ey Gors 2y, Tp) di (3.17)

Apart from the numerical integration of (3.16), the integrand Fg_l) in (3.17), which converges
uniformly, can readily be computed via Gauss-Laguerre quadrature (GLQ) 2, as suggested in [14,

Eq. (44)], according to

Np r—1
Fg_l) (CL + t7 bl, ey br—l; Clye e 3 Cr_1;T1,y .- ,ZL’?«_l) ~ Z wk£Z+t_l H 1F1(b2, Ci, ngk)a (318)
k=0 i=1

2. Note that one could also use the semi-infinite GLQ method presented in [16] for higher accuracy.

56



where t; and wy, are, respectively, the k—th zero and weight of the Laguerre polynomial of order

N, [18]. Then, after plugging (3.18) into (3.17) and using [12, Eq. (1.21.7)], we obtain

Np r—1
Fg) (a7 b17 ey b?‘u Cly o s CpiTyy .o 7:1:7“) ~ Z wk&g_l (H lFl(blu Ci; xl&k)) 2F1(a7 b?‘7 Cr, xrgk)7
k=0 =1
r—1
(z, > 1,%Re (Zx) < 1), (3.19)
=1

which is the the continuation of Fg) to a different region of its arguments z,. Note that one can

)

always modify the arguments x; in (3.17) in order for the convergence of the integrand Fg_l to

be satisfied, by making use of the following Euler integral transformation [12, Eq. (4.2.2)]

(=) . ) _ —ap@-( . ) )
FA (a7b1,...,br_l,Cl,...,Cr_17£l§'1,...,[L’r_l)—(l—l’j) FA a7b1,...,cj—bj,br_hcl,...,cr_h

S gj’”*). (3.20)

1—1']" Zlfj—ljllfj—l

Note that an r-fold repetition of the preceding operations can leads to the continuation of the
Lauricella function outside its region of convergence. Nevertheless, the result is not necessa-
rily convenient in form. Finally, the new continuation formula obtained in (3.19) can be used
for calculating the Lauricella Fg) function occurring in the analysis of the ergodic capacity of

interference-limited multihop AF network, as shown in (3.8).

3.4 Dual-hop performance

Due to their practical merits, dual-hop AF relaying schemes have been adopted for cellular
communications by next generation wireless standards, namely IEEE 802.16j and 3GPP-LTE [2].
In subsection IV.A, we analyze dual-hop performance in the general case of SIR values while in

subsection IV.B, we restrict it to the high-SIR regime.
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3.4.1 General case of SIR values

Assuming a dual-hop cooperative system (N = 2) and using (3.8) yields the ergodic capacity

expression given by

Mrn 1-nn
T 1n(2)nezz; (€2m)+ )1_[1 B(my.pn, Lnmr.,) A (n)+1L 1, Lympa+(1=m)me,
2 n=
L2m172 + (1—772)77%,2; 2, 1—577177%71, 1—577277%72;1, Xl; X2> , (3.21)

where X; = mTrlll and Xy = By virtue of the decomposition formulas of the Lauricella

mr o A2
function of three variables Ff(f’) in [17], we obtain an alternative expression for the ergodic

capacity in (3.21) given by
1 F(Q(’f})—i—l) 2 F( an)ern 1-nn oo i
Cp= E Api | ——
: 2In(2) S (1 X)L \B (7, Lmin) Z " — 1

1 X,
F Q 1 01, L 11— ra;2>1_51 71 ) ) 3.22
2( () + 1441, Lymyy + (1 —m)my m M1 1— X, 1—X2> ( )

where A, ; = (Q(n) + 1), (1=6p,mp2—Loma—(1=n2)my2)i/ (1 = dyymiy2), i}, with (a), being the
Pochhammer symbol. Moreover, in (3.22), F5 is the Appell hypergeometric function of the second
type [12]. In turn, the Appell’s hypergeometric function Fy in (3.22) verifies some reduction
formulas involving series of simpler hypergeometric functions [19, Theorem 1]. Nevertheless,
applying these reduction formulas requires separate treatment in the cases n = {1,1} and n €

Po\{1,1}. Therefore, in order to proceed, it is adequate to rewrite (3.22) as

1 1
CE—mnezp\I’n 2111( { n={1,1} +Z \P} (3-23)

neP2\{1,1}
where U, can be easily identified from (3.22). Now, by the help of [19, Theorem 1], and after

several manipulations, we show that W,_g; 1y and W,cp,\ 1,1} can be, respectively, expressed as

X X
3y <L1m1,1717 1,2 —myq,2; — 1) + :

X,) 1-X,

X2 le[ X1
T E— - :
=y = —In(—) = 9 Mo {X2

X = Ay i : X
31 (lel,h L1i2—myq, 2 1—7;(2) }+Z %{2171 (z,L1m1,1; L—=myq; —y;)

i=1

X\ . X,
— F L l—mp, —— , 3.24
<X2—1> 21 (Z, 1M7 15 My 1—X2> } ( )




and

X mr',l(l—nl) F —m,., 1—np ©0 A i
Upepo g1y =T(Q(n) +1)(=1)%" (ﬁ) I1 (B( (=mrn) P

ne1 My, anl,n) i=0 (Q(U) + 7’)
. X X Q(n)+i »
2F1 Q(’f]) —+ 1, leLl -+ (1 — 7]1>m7«’1; 1-— 5,7177’17«71; ——1 — 2 2F1 Q(’f]) + 1,
X5 Xo—1
X1
Lympy + (1= n)mpa; 1 — 6pmp; ——— | ¢, (3.25)
1—X5

where o Fi(a,b; ¢; z) and 3F5(a,b, c;d; z) denote the Gauss hypergeometric function and the ge-
neralized hypergeometric function, respectively. Plugging (3.24) and (3.25) into (3.23) yields an
alternative expression for the ergodic capacity of interference-limited dual-hop relay channels.
The latter involves common simple functions and thus has the advantage of being directly com-
putable using mathematical software packages. Most importantly, in contrast to (3.8) and (3.21),
the result in (3.23) allows for high-SIR performance analysis and hence gives more insights into

the effect of the system parameters on the ergodic capacity.

3.4.2 High-SIR regime

In the high-SIR regime, we consider two important scenarios; namely, one where the relay
and destination SIRs grow large but in the same proportion, and one where the relay SIR grows

large but the destination SIR is kept fixed.

Large per hop SIR

Here, we have Ay — oo, Ay — oo with § = Ay/A; for some fixed (. In this case, the ergodic

capacity can be expressed according to the affine expansion [20]

o AyJdB
0 = S < T cw> +o(1), (3.26)

with S, denoting the high-SIR slope in bits/s/Hz/ (3 dB) given by

CE|Ay—00,00/01=8

0o — li y 2
S Allinoo 10g2(A1) (3 7>
and L., representing the high-SIR power offset in 3 dB units given by
. CE‘A2—>OO,A2/A1=ﬁ
Lo = lim (logy(Ay) — : (3.28)
A1—>OO SOO
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From (3.24) and (3.25), we can evaluate S, and L in closed-form as follows.
Theorem 2 : When Ay — oo and Ay — oo with § = As/A;, the high-SIR slope S, and the
high-SIR power offset L., of interference-limited AF dual-hop systems are given by

S = % b/s/Hz (3 dB), (3.29)
and
o my2 1
Loo(Ly, Ly) = log, (mm 5) ek (3.30)

where T is given by

L m > A = 7 .

T= 1—1m1:,1 %3172 <L1m1,1, 1,1;2 — my1, 2; —g) —;%2}1 (Z, L1m1,1; 1- my1; —g)—
(_1)Q(n) Hi:1 F(—mm)l_"" (ﬁ ) my,1(1—n1) i Aw' y

T2, B(myn, Ly, = — (€2(n) + 1)

n=1 1=0

S T@m +1) -

7767)2\{171}

2F1 (Q(T})+Z, L1m1,1+(1—7)1)mr,1; 1—5,717717«’1; —g) . (331)

with A = mngle/mr’lm[’g.

Proof : We start by applying the following identity to (3.24)

X2 ) ( my o ) ( myo )
In = In d —In = A
(X2 —1 mraf my 23 !

~ ln( ””5) —In(Ay). (3.32)

A1:>OO m172

By performing the limit operations on the right hand side (R.H.S) of (3.24) and (3.25) and
exploiting the result in (3.32), we obtain the ergodic capacity, in the high-SIR regime, as

i 1 my2 1
: = 51 log,(A) —1 )1 |
Al,Azﬁolc,I%:Az/Al Cg 2{ 0gy(A1) — log, <m1726> n(2) } (3.33)

Finally, by invoking (3.27) and (3.28), the claimed expressions of the high-SIR slope and the

high-SIR power offset are found.

It is important to note that (3.29) and (3.30) allow an exact characterization of the key high-
SIR ergodic capacity for arbitrary numbers of interferers at the relay and the destination and
for an arbitrary Nakagami-m distribution of the interference-relay channel. In particular, (3.29)
reveals the intuitive result that the multiplexing gain of dual-hop AF networks is unsensitive to

the presence of interference. Indeed, the authors of [5] proved that the multiplexing gain of an
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interference-free dual-hop relaying system is also equal to 1/2. On the other hand, the power
offset in (3.30) is a more intricate function capturing all the interference and relay channels
parameters.

For a fixed (8, adding K interferers at the first hop and P interferers at the second hop, while
not altering S,., would induce a high-SIR power offset shift given by

0Loo(P,K) 2 Loo(Ly + K, Ly + P) — Loo(Ly, Ly). (3.34)

Since the the computation of a closed-form expression of the high-SIR power offset shift in
(3.34) is quite complicated, the effect of adding more interferers at each hop will be illustrated
numerically in the next section.

Also of interest is the effect of the power gain g on the ergodic capacity. While the high-SIR
slope is invariant to [, the power offset captures the sensitivity of the high-SIR capacity to the
power gain. Indeed, asymptotically, the optimal power gain is the one that minimizes the power

offset.

Large first-hop SIR and fixed second-Hop SIR

In this case, we have A — oo and A, is fixed. Considering the alternative expression for the

ergodic capacity obtained in (3.23), then as A; — oo, we obtain

. 1 . .
AlllinooCE = 2111(2){)2:(30\1177:{171}—1— Z )}1130\1177}. (3.35)

77€P2\{171}

Recalling the fact that oF} (a,b;¢;0) =1 and 3F; (a,b,c;e, f;0) = 1 yields

. B Xo N A1y Xy \
A ey = ~logy (ﬁ)*zf t-\x=1) ) B3

i=1

and

: (=1)™ 20 (Mg + DT (=mya) o= Ap={1,0}. X, \Mmeti
i N ’ | el (3.37
X?EO ne€P2\{1,1} B(L2m1,2, mr,g) ; (mr’2 + Z) X, —1 ( )

Substituting (3.36) and (3.37) into (3.35), and performing some algebraic manipulations leads to

the closed-form expression in (3.38) for the ergodic capacity of interference-limited AF dual-hop
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systems as the first hop SIR grows large for fixed relay and destination interference powers.

. 1 Xy 1 Xy Lomy
lim Cp =—=1 1 — mys) — (L . 1 2z
s TF T T 082 <X2 - 1) T 210g(2) {w( mr2) = $Lamiz) = o ( 1- mrg)

X
3y (L 1,2 - L2ml,2 — My 2; 2,2 — my2; X721) + (—1)mr’2+1r(mr,2 + 1)F(—mr2)
y —

()™
= X
(1— el )2Fl<mr,2> 1— Lomyo; 1+ myo; 72)> }, (3.38)

myoB(my.o, Lamy o Xo—1

where 9(-) stands for the Digamma function [21, Eq. (8.361)]. The obtained result in (3.38)
shows that if we fix Ay and take large A;, then the ergodic capacity of interference-limited AF
dual-hop systems remains bounded (as a function of As). This confirms the intuitive notion that
the capacity is restricted by the weakest link in the relay network ; namely the relay-destination

link in this case.

ffffff One interferer per hop
—— Three interferers per hop

N w
] ]

Ergodic Capacity (bps/Hz)

(R : : ; : ; . : .
0 5 10 15 20 25 30

Average SIR per interferer per hop (dB)

F1GURE 3.1 — Ergodic capacity of multihop AF relaying in the presence of cochannel interference

for different numbers of hops N.
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2.0

|—0—A=30dB, m=1
| | | | —0—A=25dB, m=1
N\ ‘ : | —%—A=20dB, m=1
s s s | R m=2.5, A={20, 25, 30} dB

\ ‘o\‘ |—— Monte Carlo

Ergodic Capacity (bps/Hz)

Number of interferers per hop

FIGURE 3.2 — Ergodic capacity of an interference-limited four-hop AF relay system against the
number of interferers in each hop. Results are shown for i.i.d Nakagami-m faded links with

my,=15n=1,...,4
3.5 Illustrative numerical results

The aim of this section is to illustrate the expressions derived in Sections 3.3 and 3.4 using
numerical examples and examine the effect of interference on the system’s capacity. All the
results shown here have been analytically obtained by the direct evaluation of the expressions
developed in this paper : either (3.8) for an arbitrary number of hops N or (3.23), (3.26) and
(3.38) for exact and asymptotic capacity of the dual-hop case. For the evaluation of (3.8) and
(3.21), we exploit the algorithm proposed in Section 3.3.2 for the implementation of the Lauricella
hypergeometric function F4. Moreover, the accuracy of the proposed formulas have been verified
by Monte Carlo simulations.

Fig. 1 shows the ergodic capacity of N = {2, 3,4, 5}-hop AF relaying system in an interference-
impaired Nakagami-m fading channel with L, = {1,3},n = 1,.., N. The results are obtained in
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1.5

— Balanced Interference
ffffff Unbalanced Interference (a)
- Unbalanced Interference (b)

-
o
|

Ergodic Capacity (bps/Hz)

0.0 Jrmmmmmms

0/, (dB)

FIGURE 3.3 — Ergodic capacity of three-hop AF relaying in the presence of balanced and
unbalanced cochannel interference for L, = {1,4},n = {1,2,3}. Unbalanced (a) : Q;, =
(0.45,0.45,0.1)€2;. Unbalanced (b) : €7, = (0.9, 0.05,0.05)2;.

the case of i.i.d. channel gains and interfering signals between the relay links with m,, = 1.5
and my, = 2.5. As observed, increasing N does not improve the channel capacity, due to the
fact that the number of orthogonal channels needed increases as the number of hops increases,
thus decreasing the channel capacity by a factor of N. Nevertheless, increasing N reduces the
effect of interference. Indeed, the capacity loss is halved when considering the five-hop scenario
instead of the dual-hop scenario.

Fig. 2 shows the ergodic capacity of four-hop AF relaying systems versus the number of
interferers for i.i.d. Nakagami-m fading channels with m,.,, = 1.5,n = 1,..4, m;,, = m; = {1, 2.5}
and A, = A = {20,25,30} dB. As can be seen, the analytical and simulation results are in
excellent agreement. Moreover, we can quantify the performance degradation that occurs as the
number of interferers increases. On the other hand, for a given interference power limit, it is
seen that the ergodic capacity varies very slightly with the fading parameters of the interference

channels.
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—— Exact Analytical
ffffff High SIR Analytical
* Monte Carlo Simulation

Ergodic Capacity (bps/Hz)

0 . : . : . : . . . . .
0 5 10 15 20 25 30

Average SIR per hop (dB)

FI1GURE 3.4 — Comparison of exact analytical, high-SIR analytical, and Monte Carlo simulation
results for the ergodic capacity of interference-limited AF dual-hop systems with different inter-
ference and fading configurations. Results are shown for Rayleigh-faded interferers, Ay/A; = 2,

(a) : my = mg = 1.75 and (b) : m; = my = 0.75.

Fig. 3 investigates the impact of interference power unbalance on the ergodic capacity of a
three-hop AF relaying system. Different per hop interference power configurations have been
considered while maintaining the overall interference power constant. The results are shown for
L,={1,4}, m,, = 1.5, and my,, = 1, n = 1,2,3. As can be seen, the ergodic capacity decreases
as the links become highly unbalanced in terms of their perceived interference power, thereby
highlighting the significance of the joint optimization of power allocation and relay location for
AF network to enhance the system performance. It can also be seen that unbalanced interferers
have less impact on the system’s ergodic capacity as the interferers number increases.

Fig. 4 depicts the analytical high-SIR capacity approximations for interference-limited AF
dual-hop systems, based on (3.29) and (3.30). The results are shown as a function of the first-hop
SIR A; with 8 = Ay/A; = 2. These approximations are seen to converge to their respective exact

capacity curves for quite moderate SIR levels (e.g., Ay =~ 15 dB ). We also see that when the
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number of interferers at the relay and/or the destination increases, the high-SIR power offset is
increased, thereby yielding an overall deterioration of the ergodic capacity. Again, the analytical
results match the simulation results perfectly. Fig. 4 also investigates the effect of the fading
severity on every relay link which, in contrast to the fading severity of the interfering link, turns

out to be considerable.

High-SIR Power Offset Shift (dB)

FIGURE 3.5 — High-SIR power offset shift, in decibels, obtaining by adding either (a) one in-
terferer at the first hop (K = 1), (b) two interferers at the first hop (K = 2), or (c) four
interferers at the first hop (K = 4). Results are shown for Rayleigh faded interferers with
Ly =1, m,7 =m,o=15and = 2.

Fig. 5 illustrates the relationship in (3.34) where the high-SIR power offset shift is plotted
against Ly, for K = {1,2,4}. It is clear that the excess power offset induced by interference is
positive, thereby confirming the intuitive notion that the presence of more interferers has the
effect of deteriorating the ergodic capacity. Moreover, for a fixed value of K, the high-SIR power
offset shift is a decreasing function of L;. We see that when L; (resp. L) is small, then a small
increase in Ly (resp. Ly) yields an important decrease in terms of the high-SIR power offset.

However, in agreement with Fig. 5, as Ly goes large, the impact of interference on the overall
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1.2

‘ ‘ ‘ [
10 : e
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—+— Exact Analytical, L,=3
—O— Exact Analytical, L2=4
—+ Exact Analytical, L2=5
- — High A, Approximation

Ergodic Capacity (bps/Hz)
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0 5 10 15 20 25 30

First Hop SIR, A, (dB)
FIGURE 3.6 — Comparison of the high-SIR A; approximation and the exact analytical results for
different numbers of interferers at the second hop. Results are shown for L; = 1, Ay = 10 dB,
My = My = 1.5, mr1 =2, and myo = 1.5.
system’s capacity approaches a limit.

Fig. 6 plots the closed-form high-SIR regime ergodic capacity based on (3.35) and the exact
analytical ergodic capacity based on (3.21), for an AF dual-hop system suffering interference for
different values of Ls. The results are presented as a function of the first-hop SIR A;. It can be
seen that the asymptotic approximations converge to their respective exact capacity curves for

moderate values of A\; (e.g., within A\; ~ 20 dB).

3.6 Conclusion

In this paper we presented an analytical characterization of the ergodic capacity of multihop
AF relay channels with interference in Nakagami-m fading. The derived expression for the ergodic
capacity provides a good match with the simulation results. Furthermore, exploiting recent
advances in the hypergeometric functions theory, we derive simple and informative closed-form

expressions for the high-SIR regime where the capacity is expanded as an affine function of the
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per hop SIR| 4g. The zero-order term or power offset for which we find insightful closed-form
expressions, is shown to play a chief role in understanding the impact of interference and power
on the system’s capacity. Finally, it is worth remarking that the expressions presented in this

paper have direct operational significance in ergodic interference-limited multihop channels.
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Chapitre 4

On the Ergodic Capacity
of Amplify-and-Forward Relay
Channels with Interference in

Nakagami-m Fading

Imene Trigui, Sofiene Affes, and Alex Stéphenne
IEEE Transactions on Communications, vol. 61, no. 8, pp. 3136-3145, August 2013.

Résumé : Dans ce chapitre, on présente pour la premiére fois une analyse complete
et unifiée de la capacité érgodique des systéemes avec relayage a double sauts utili-
sant un gain fixe et opérant en présence du bruit et d’interférences. Les résultats
analytiques montrent que la capacité érgodique est dominée par les interférences
du premier saut et qu’elle s’améliore trés lentement lorsque le RSB augmente.
Ils montrent également que la capacité érgodique se détériore légerement lorsque
I’évanouissement subit par les interférences est atténué. En plus, les résultats obte-
nus ont permis d’examiner les effets de ’emplacement du relai sur les performances

du systeme.
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Abstract

Integrating relaying techniques into cellular communications sheds new light on higher ca-
pacity and broader coverage. However, applying relaying techniques in practice has to take into
account important issues such as co-channel interference (CCI). In this work, a generalized frame-
work for the ergodic capacity analysis of dual-hop fixed-gain amplify and forward (AF) relaying
systems in the presence of interference is presented. New expressions for the ergodic capacity are
derived considering transmissions over independent but not necessarily identically distributed
Nakagami-m fading channels in the presence of a finite number of co-channel interferers. Our
results establish that the ergodic capacity is dominated by the source-relay interference power
and that it improves slowly with the average signal-to-noise ratio (SNR) increasing. It slightly
deteriorates, however, with a larger Nakagami-m fading parameter for interference channels.
Furthermore, our results offer an analytical insight into the key impact of relay placement on
performance. Our new ergodic capacity expressions could therefore provide a very practical /low-

cost performance optimization tool for relayed-communication system designers.

4.1 Introduction

Recent proposals for new wireless standards such as IEEE 802.16j and 3GPP-LTE have adop-
ted two-hop relay transmission for cellular communications [2]. The key advantage of relaying
is to enable high capacity where traditional architectures are unsatisfactory due to location
constraints (cell-edge, shadowing, indoor), leading to a more homogenous user experience. De-
pending on the nature and complexity of the relaying technique, relay nodes can be broadly
categorized as either amplify and forward (AF) or decode and forward (DF) [1]. While AF re-
lays act as repeaters, DF relays decode and recode the received signal prior to forwarding it to
the receiver, thereby implying a larger delay than with a simple repeater.

In the open literature, several works investigating relaying communications exist (cf. [1]-
[12] and references therein). Despite their importance, many of the existing results have been
based on the assumption that the system is thermal-noise limited. However, relaying-access
capacity is also affected by strong co-channel interference due to the aggressive frequency reuse
in cellular networks. Cochannel interference, which is an essential feature of wireless networks,

can cause more severe performance degradation than thermal noise in many wireless networks.
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In a variable-gain relay scenario, existing contributions range from the analysis of interference-
limited relay [3], [5] or destination [4], to multiple interferers at both sides [6]. Apart from the
very recent work of [5] and [6], existing works that have studied the effects of interference on
the performance of variable-gain AF relaying have mainly considered Rayleigh fading channels.
By deriving expressions for the outage probability and the average bit error rate (BER), the
performance of variable-gain AF relaying over Nakagami-m channels with interference has been
investigated in [5].

Other works have considered fixed-gain relaying [5]- [10]. In [5], the outage probability of
a fixed-gain AF relay system with interference-limited destination has been derived assuming
Rayleigh fading channels. The analysis has been later extended in [8] and [9] to the case of
multiple interferers at both relay and destination. Recently, the outage probability of fixed-gain
AF relaying systems with a single interferer were analyzed by Surawera et al. [10], where both
the desired signal have an integer Nakagami-m distribution. Although being a long-standing
open problem, the capacity of multihop relaying systems has gained less attention over the last
years. Only few contributions have been, so far, proposed, notably [12] and [13]. In [12], Y.
Chen et al. provided an upper bound on the transmission capacity defined as the number of
successful transmissions that can occur per unit area. Previously, the authors of [13] proposed
some throughput scaling laws of multihop systems over generalized fading.

From the aforementioned up-to-date technical literature, there appear to be no analytical
ergodic capacity results which apply for fixed-gain dual-hop systems with arbitrary channel
configurations.

This paper goes toward filling this gap by deriving new exact analytical expressions for
the ergodic capacity of fixed-gain AF single-relay systems in interference-impaired channels. In
contrast to previous results, our expressions apply for any finite number of interferers at the
relay and the destination and for arbitrary Nakagami-m fading on the desired and interfering
links.

Based on our analytical expressions, we investigate the effect of different system and channel
parameters on the ergodic capacity. For example, we show that the ergodic capacity is dominated
by the source-relay interference constraint and that it improves slowly with the average SNR
increasing. Furthermore, a larger Nakagami-m fading parameter for interference channels slightly

deteriorates the system’s performance. Moreover, in a distance relay-dependent link layout, our
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results show that the new ergodic capacity expressions provide a very practical tool for the
optimization of relay location to significantly improve the system’s capacity.

The remainder of this paper is organized as follows : In Section II, the basic definitions
and background related to the dual-hop fixed-gain relaying suffering interference are provided.
Section III presents our new integral relations of the ergodic capacity evaluation. These integrals
are subsequently used to derive more compact forms for the ergodic capacity under integer
Nakagami-m fading in Sections IV. Section V assesses the performance analysis by numerical
examples, and Section IV concludes the paper. All of the main mathematical proofs have been

placed in the Appendices.

4.2 Interference-limited relaying : system model

Interference

[ h,

FIGURE 4.1 — Single-relay transmission system with cochannel interference.

Fig. 1 illustrates a single-relay system. The fading gains from the source-to-relay and relay-
to-destination are denoted by hgr and hgp, respectively. These channel gains are assumed to be
independently and identically distributed (i.i.d.) Nakagami-m fading. In the first time slot, the
relay node receives a faded noisy signal from the source and a finite number of faded cochannel

interfering signals from L external interferers. Thus, the signal received at the relay node is given

by
L
ysr =/ Pshsnso+ Y _ v/ahs + n,, (4.1)
=1

where sy denotes the unit-energy signal transmitted from the source; and P; indicates the

transmit energy from the said node. In the second term of the right-hand-side (RHS) of (4.1),
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s; is the [-th cochannel interferer’s signal affecting the relay with energy equal to oy, L is the
total number of interferers that affect the relay, and h; is the flat Nakagami-m fading coefficient
of the I-th interference channel. Finally, the third term of the RHS of (4.1), i.e., n,., represents
the additive white Gaussian noise (AWGN) term at the relay, with zero mean and variance o%.
In the second time slot, the relay forwards a scaled version of the received signal ysr to the

destination

P
yro = brhrpyse + > \/BpguCp + 1, (4.2)

p=1

where bp is the amplification coefficient aiming to guarantee that the average transmitted power
does not exceed the power budget available at the relay node. As such, let P, be the transmission

power available at the relay, then the amplification coefficient is chosen as

L
bF: E Pr/(Ps|th|2+Zozl|hl|2+U}2%) . (43)
=1

In the R.H.S of (4.2), ¢, is the p-th cochannel interferer’s signal affecting the destination with
energy equal to 3,, P is the total number of interferers that affect the destination, and g, is
the flat Nakagami-m fading coefficient of the p-th interference channel. Finally, ng represents
the AWGN term at the destination, with zero mean and variance o%. By assuming mutual
independency between the different links, the end-to-end signal-to-interference-plus-noise ratio

(SINR) at the destination can be obtained as

b3 P hsg|?|hrp|?

7 ol + Belhwol? Sl gl + o5 .
After some manipulations, (4.4) can be further simplified to
N = Y172
9 (14 S0 W) + £ (1450, 2,)
_ 7172 (4.5)

Y2 (L+A)+Grp(L+x)
where v, = Py|hsgr|?/c% and vo = P,.|hgp|?/0% indicate the instantaneous SNR of the source-
to-relay and the relay-to-destination links, respectively. Likewise, A = Zlel Y, and x = 25:1 Z,
denote the total interference-to-noise ratios (INRs) at the relay and the destination, respectively,

whereby Y; = oy|Iy|*/c% and Z, = f3,]9,|*/c3}. Finally, Gp = P,./o%b%.
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4.3 Ergodic capacity analysis : integral Form

Capacity analysis is of extreme importance in the design of wireless systems since it de-
termines the maximum achievable rates in the network. A reliable capacity performance study
has to take into account important issues such as co-channel interference. This motivates us to
introduce the following theorem :

Theorem 1 : The ergodic capacity ! (bit/s/Hz) of dual-hop fixed gain relaying systems suffe-

ring interference is given by

1 o
Cr= o) { /OEO(@ MA(§) Mo (Gr€) dE — / Eo (§) Mo (€)M (§) Mz (Gr€) df},(4.6)

where M, (-) stands for the moment generating function (MGF) of z and E,(-) denotes the
exponential integral function of order v [21, Eq. (8.485)]. Proof : See Appendix A.

The result in (4.6) offers a flexible and simple MGF-based approach for the computation
of the ergodic capacity of fixed-gain relaying systems suffering interference. (4.6) relies on the
knowledge of the MGFs of the first-hop SNR and INR ~; and A, as well as the second-hop
inverse SINR (1 + x)/72. To the best of our knowledge, closed-form and exact expressions for
these MGFs exist for most fading models.

Most importantly, with respect to the MGF-based approach for the ergodic capacity com-
putation in [11], the final result in (4.6) is much more easier to compute given that : i) [11, Eq.
(7)] employs the end-to-end MGF expression which turns out to be untractable for fixed-gain
relaying systems suffering interference, and ii) [11, Eq. (7)] requires the first and the second
derivatives of the MGF, a fact that can highly increase the computational burden of the ergodic
capacity calculation, notably when the MGF is expressed as a product of more than two func-
tions. Therefore, though considered as a prominent contribution to the ergodic capacity analysis,
the unified approach proposed in [11] cannot be applied here.

Hereafter, we will restrict the scope of (4.6) to the yet challenging scenario of non-identically
distributed Nakagami-m fading channels. In this context, new expressions for the ergodic capacity
are presented where AWGN is neglected at the destination and, hence, the second-hop SIR is
given by U = x/72. It is noteworthy that this case is often encountered in real-world applications

especially when the destination is located at the cell-edge where the received interference is

1. In this paper, the ergodic capacity is a measure that corresponds to the long-term average achievable rate

over all states of the time-varying fading channel [17].

76



dominant.
Corollary 1 : The ergodic capacity of an interference-limited multi-hop AF relaying system
in arbitrary N akagami—m fading is given by

. szApn mo L % ™ 71 -
Cp = 2ln / ™ Eo (€ H( mYl) (1—(1—#%1

lk 1 =1

Z
v <m2+k;mz+1;%§) de, (4.7)
mz,72

where U(a;b; ) is the Triconomi confluent hypergeometric function [21, Eq. (9.211.4)].
Proof : Under Nakagami-m fading, the MGFs of the SNR 7 (or 72) and individual INR Y,
(or Z,) are given by
M“/l(s) = (1_'_771;115) 17
_ v
My, (s) = (1 + m—}’ﬁs) ,

where my (or my) and 7 (or 72) are, respectively, the Nakagami fading parameter and the

(4.8)

average power of the desired signal. Similarly, my, (or mz ) and Y; (or Z,) are the Nakagami
fading parameter and the average power of the [-th interfering signal to the relay (or the p-th
interfering signal to the destination), respectively. On the other hand, the MGF of the combined
INR A (or x), which is the sum of independent Gamma-distributed random variables Y; (or Z,),
is equal to the product of the individual MGFs, yielding

_ lljm(s) 1] (14 ﬂfy ‘) o (49)

=1

When the Nakagami shape factor is assumed to be an integer value, the product of the MGFs

of P Gamma-distributed random variables can be further derived using [18] as

P P mZP B
[T+ ™ =>" Z Dk (4.10)
pe1 o (w2 +1) 1)*

where

7(p,k) i=1i#p o

k—mz, mz,+q—1 (—ay)®
Bpk = Qp ZZ Z ( )(mZﬂ (4.11)
1-2)
with o; = Z;/myz, and 7(p, k) denotes a set of P-tuples such that 7(i,5) = {(q1,...,qp) : ¢ =
0,31, qr = (mz, — j)} where gs are non-negative integers.
To solve (4.6), the MGF of the ratio % is required. For convenience, let U = %, then the

MGF of U is shown to be given by

P Mz, _
Z
My (s) = Z ZAp,kst\If <m2 + k;mg + 1; 2 b s) : (4.12)
mz,2
p=1 k=1 P
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where e
(m2—Zp) ﬁp7kF(m2 + ]{3)

mz, V2

Ay = - , (4.13)
(%) D(ma)r(h)

Proof : See appendix B.

Hence, substituting (4.8) and (4.12) into (4.6) yields the end-to-end ergodic capacity expres-
sion under Nakagami-m fading as given in (4.7). The latter holds for arbitrary Nakagami-m
factors my, my and my,;,l = 1, ..., L. Nevertheless, mz,,p =1, ..., P, are constrained to have non-
negative integer values. To overcome this shortcoming, we consider the special case of Nakagami-
m fading channel with P independent identically distributed (i.i.d.) interfering signals at the
destination.

Corollary 2 : The ergodic capacity of an interference-limited AF relaying system with i.i.d

interferers at the destination in Nakagami-m fading is given by

. F(m2—|—Pm1) e L YE Y ’}71 —m ) . GFTTng_[
Cp= T (ma) /0 Ey (€) H <1+mYl 5) (1—<1+m—1g) >\11<ij, 1—mo; Wg) de,
(4.14)

Proof : By following the same rationale to obtain (4.12), the MGF of U = x /7> can be readily

derived as
['(my + Pmy) (—mQZIS)m2 7
MU(S) = e v (mg + Pm[; ma + 1; 2 IS) , (415)
[(ms) mr7y2
where my, = ... = my, = m; and Z; = ... = Zp = Z;. Substituting (4.15) leads to the desired

result in (4.14).

Here, we would like to emphasize the fact that the scenario pertaining to L = P = 1 in (4.14)
has been recently addressed in [3], where the authors have provided a closed-form expression for
the probability density function (pdf) of the output SINR. The latter can therefore be exploited
to derive the ergodic capacity which is expected to have an infinite integral form similar to
(4.14). Unfortunately, this pdf-based approach owes its tractability to the assumption of integer
Nakagami-m fading on the first hop [3]. Unlike [3], the result in (4.14) avoids this limitation and
is therefore more general.

Also of interest is the case of dual-hop relaying in interference-free fading. Such a useful
result stands as a benchmark that can highlight the effect of interference on the system’s per-

formance. Therefore, substituting A = xy = 0 in (4.6) yields the ergodic capacity in the absence
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of interference given by

1

Cp = 2n(2) { /000 Eo (&) M-+ (GFE) d€ — /0°° Ey (§) M, ()M -+ (GFE) dg}. (4.16)

Interference-free relaying has been extensively studied in the literature, particulary under Nakagami-
m fading (c.f., [12] and references therein). However, to the best of our knowledge, there appears
to be no analytical ergodic capacity expression which applies for arbitrary Nakagami-m fading.
While the MGF of the first-hop SNR ~; is given in (4.8), the MGF of the second-hop inverse
SNR 7, ! is given by [12] as

(@)% mg SMo
M 1(s) =252 K, |2,/— ], 4.17
721( ) ['(my) ’ ( V2 ) (4.17)

where K, (-) is the modified Bessel function of the second kind and order A [21, Eq. (8.432.1)].

Accordingly, the ergodic capacity of a single-relay system in Nakagami-m is given by

Gsz m1
Cp = / EFE (¢ ( (1+%—11 ) >sz <2 GFimz) de. (4.18)

Note that, although closed-form expressions for (4.7), (4.14) and (4.18) cannot be obtained in

general, they can be easily evaluated numerically since their integrands involve only elementary
functions and hypergeometric and exponential integral built-in functions available in most popu-
lar mathematical software. As far as the numerical evaluation of (4.7) and (4.14) is concerned, it
can be seen that their integrands are continuous and possess all derivatives for £ > 0. Moreover,
it can be easily shown that the integrands are bounded and non negative (and therefore have no
singular points) in the range of integration. Nevertheless, to compute (4.7), (4.14) and (4.18),

an analytical expression of G is required. The latter is shown to be given by

Ylml YLml @) (4 19)

m

-1__ "4 . . .

Gp =—, (17my1,...,myL7m177 e —, —
my;7 my;71 M

gt
where ®, (a;by,...,bk; 2521, ..., Tk, y) is the second-kind confluent hypergeometric function of

multiple variables given by [11]

K
1 (o]
Dy (a3 by, .., b 2521, oo, T, Y) = ﬁ/ exp(—yt)t* (1 + 1) = H 1+ x;t)%dt.  (4.20)

Proof : Recalling the definition of G in section II, this constant can be calculated in view
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of [12] as

_ 1 >
Gp'= E{m} Z/O exp(—§) M., (§) M (§)dE,

[ exp(—e) (1422 _mlf[ 140 3 _mZS. (4.21)
/ . "

1 =1 Y

By performing the change of variable z = %5 in (4.21), one can recognize that the latter can be
expressed in terms of @, (a; by, ..., bi; 2; 71, ..., Tk, y) as shown in (4.19). Note that in the absence
of interference, G reduces to the already known expression in the literature [12], given by

Gp = [@\If (1 2 — my; ”fl)r. (4.22)

4! g4

4.4 Ergodic capacity analysis : compact form

Due to the high degree of difficulty in resolving the problem it raises with respect to the
current state of the art and given the complicated structure of the integral-based ergodic capacity
expressions obtained in the previous section, the authors are unaware of any closed-form solution
to these integrals. However, under some special circumstances, compact forms for the ergodic
capacity in terms of a special function, namely the Meijer’s G-function of two variables, is
possible. The Meijer’s G-function of two variables is a non-elementary or a built-in function about
which a significant literature has developed because of its importance in either mathematical
theory or in practice [20], [22]. Recently, an excellent algorithm for the computation of the

bivariate Meijer’s G-function has been developed in [24]. In what follows let

r, A1y ey XA Y1y - YOy €1y -5 EE
qu[gEfB[D F 21429 ! n 7 ! s (423)

B, s BB; 015 ., 0D P14 ooy OF
denote the Meijer’s G-function of two variables z; and 2y defined in [22, Eq. (2.3)].
Corollary 3 : The ergodic capacity of fixed-gain relaying in an interference-limited destination
scenario with an integer Nakagami-m fading parameter of the useful/interfering information-

bearing first link is expressed as

21n(2)F T'(Pmy) mg( )( . )kiiﬂ,p

=1 p=1

Cp=

GrmsoZ 1—k,—k;p, Pm;

271717172 F 2 I Y Y Y

Gonipey | ——=— 4 : (4.24)
Mz k+1;0;0,my
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Note that in an interference-limited destination scenario, the relay experiences interference and
AWGN, while the destination is AWGN-free and subject to interference only. This case amounts
to a downlink communication, in which the destination is close to the cell boundary.

Proof : Under the assumption that the Nakagami-m factors m; and my;,l = 1,...,L are
integer values, we have

16080 (029 7)- S0 (@ EE i wm

=1 k=1

whereby M = {my, my,, my,, ..., my, }, A = {71/7"11,371/771)/1, ...,YL/mYL}, and

Ty =AY Sf Cw*‘hl)O(Aiiﬂ, (4.26)

F(Lk) i=1,i#l A
1

where, to obtain (4.25), we exploited (4.10) and the binomial expansion theorem in [21, Eq.
(1.111)]. Hence, upon substitution of (4.25) into (4.7), it follows that the ergodic capacity can
be expressed as

m2+PmI my — \kL+1 M SkEO(S) . 'GFmQZ_]
ot (1) S8 [ o - )

k=1 =1 p=1

@
(4.27)
We now have to solve the integral ® in order to derive the ergodic capacity for the relaying
system under consideration. For the purpose of further analytical evaluation of ®, we represent

the functions constituting the integrands as Meijer’s G-functions. Therefore, using [23, Egs.

(8.4.3.1) and (8.5.2.5)], we have

2,0 0 —v [P L=v
Eo(z) =Gy5 | 2 and (14 2z2)" = Gy | 2 ,v>0, (4.28)
7 ~1,0 I(v) > 0
and, using [23, Eq. (8.4.46.1)], we get
1 2. 1 1—a
V(a,b;z) = . 4.2
e Y TS T S P (4.29)

Upon substitution of (4.28) and (4.29) into ®, we obtain

de, (4.30)

o

> 0 1=p GpmaZy | 1=Pmy
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0 -1,0 0 mz72 0, ms

81



where A = 1/T'(Pm;)I'(Pm; 4+ ms). The second and third Meijer’s G-functions in the R.H.S of
(4.30) are transformed into a Meijer’s G-function of two variables according to the functional

relation

g Y1y -5 Ve Gl’k €1,.-.,€R B
oD | A1 EF | 2 =

61776D ¢177¢F

iyl =y, 1=yl —€,.., 1 —€p

0 b ) ) b ) )

Gofeito o |15 22 . (4.31)
. ';61a"'76D;¢17"'a¢F

Then, by exploiting [22, Eq. (3.2)], we obtain

G 7z 1—k,—k;p, Pm
® = AGy 1 iy SITRAL A pam (4.32)
Y mz;72 k+1;0;0,mo
Finally, substituting (4.32) into (4.27) yields the desired result.
Corollary 4 : Under an interference-free destination scenario, the relay experiences interfe-
rence and AWGN while the destination is interference-free and subject to AWGN only. This case

amounts to an uplink communication in which the destination communicates with the source

using a relay, which is located in the proximity of the cell edge. Thus the ergodic capacity

becomes
(GF@)"S g \Pet W Gpma k-2 Moy
cum OPEE 8 ) (Y e (G
ln(g)r(m2); my ;; P LOLLL2| Ty m 41, O’T>_%
(4.33)

Proof : When xy = 0, the ergodic capacity can be expressed by inserting (4.8), (4.9) and
(4.17) into (4.6). Then, (4.33) is obtained by following the same rationale to obtain (4.24) upon

representing the Bessel K function using the Meijer’s G-function? as [23, Eq. (8.4.23.1)]

KA(\fx>:1 Go2 57952 R (4.34)

72

N[>

2. Notice that the Meijer’s G-function of two variables in (4.23) converges if the following conditions are
satisfied [20] : A+ D+ B+C <2(r+q+p) and A+ F+ B+ E < 2(l+k+p). It is straightforward to show that
the parameters of the Meijer’s G-function in (4.24) and (4.33) satisfy these sufficient conditions, and therefore

the Meijer’s G-functions converge.
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4.5 Numerical examples and discussions

The aim of this section is to illustrate the expressions derived in Sections IIT and IV using
numerical examples and examine the effect of interference on the system’s capacity.

In Figs. 2-4, to exclude the effect of the relay’s placement, we assume a symmetric network
such that the relay sits half-way between the source and the destination, so that v = 5 = 7.
The interference is assumed to be i.i.d on each link with mean power Y; and Z;. To exclude the
effect of the interference positions, we also assume that Y; = Z; = 7;. The effect of varying the

relative placement of the relay and interference will be treated later in Figs. 5 and 6.

3.0

L=1, ¥=y-20dB
L=2, y=y-20dB
L=3, 7=y-20dB
L=4, y=y-20dB
L=1, v=y-10dB
L=2, y=y-10dB
L=3, y=y-10dB
L=4,7=y-10dB
—— Simulation

25—

N
o
1

P
1
X 4+ ¥ % 0o o D> O

Ergodic Capacity (bps/Hz)

0.5

0.0 . ; . ; , ; , ; ,
0 5 10 15 20 25

Average per-Hop SNR (dB)

FI1GURE 4.2 — Ergodic capacity for different numbers of interferers at the relay and the destination

when P =L, m; =my =15, m; =1, and 7y =75 — {10,20} dB.

Fig. 2 shows the ergodic capacity performance when the number of interferers increases
from 1 to 4, and the average strength of the interfering links varies between 10 and 20 dB
lower than that of the useful link so that v; = 4 — 10 dB and 7; = 4 — 20 dB. We can
see that as the number of interferers increases, the ergodic capacity relatively improves very

slowly with increasing SNR. Moreover, the ergodic capacity attains a saturation level which is
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more noticeable when the difference between the received powers of the useful and interfering
signals decreases. Hence, interference imposes severe constraints on the system’s capacity, thereby
highlighting the significance of using interference cancelation techniques in interference-impaired
relay systems in order to attain the beneficial effects of relaying.

Fig. 3 deals with fixed-gain relaying under interference-free and interference-limited desti-
nation scenarios and illustrates the ergodic capacity performance obtained from Corollaries 3
and 4. The average strength of the interference link was set in both cases to 3,10 and 20 dB
lower than that of the useful link. Here, we observe cross-over points in the ergodic capacity
curves, in the low-to-moderate SNR region, where the interference-limited destination scena-
rio performs better than the interference-free destination scenario, especially in the presence of
weak interference. This observation can be explained by the fact that in the low-to-moderate
SNR region, the noise-dominant configuration shows the worst ergodic capacity performance for
all channel conditions. Therefore, a low interference power, 7y = 4 — 20 dB at the destination
can lead to a higher ergodic capacity in the case of interference-limited reception, as compared
to high AWGN power at the destination in case of an interference-free destination scenario. As
the SNR increases, the performance gaps among the considered interference scenarios become
larger and the interference-dominant configuration has the worst performance in the high-SNR
region. Furthermore, since in the interference-limited destination scenario both the relay and
the destination experience cochannel interference, the saturation level on the ergodic capacity
performance is reached at lower SNR values (i.e., 5 dB), compared to the interference-free des-
tination scenario (i.e., 15 dB). Hence, it is shown that the downlink is more vulnerable to the
presence of interference than the uplink.

When mapped into a link-level study, the observations made above can lead to useful decisions
about relay placement/selection options to improve performance on both downlink and uplink
in different regions of the cell experiencing different interference levels.

From this figure, a good accuracy is retained by the analytical expressions, which turn out
to be not only very accurate but also numerically stable.

Fig. 4 plots the ergodic capacity of a dual-hop fixed-gain relaying system under interference-
free Nakagami-m fading, as computed with (4.18), and compares it with Monte Carlo simulations.
As can be seen from this figure, a very good match is retained over the SNR range of interest.

To highlight the importance of the proposed framework, we also report in Fig. 4 the ergodic
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FIGURE 4.3 — Ergodic capacity of both interference-free (L = 3, P = 0) and interference-limited

(L = 3, P = 3) destination scenarios when m; = 1, my = 1.5, and m; = 1.

capacity bounds obtained in [14, Eq. (8)]. As can be seen, in the SNR range of interest, these
bounds are not sufficiently tight to be considered for predicting the ergodic capacity of dual-hop
fixed gain relaying. Although the tightness of the proposed bounds improves with m, it is more
likely to decrease for the new communication systems, such as LTE-Advanced [2], where the
fading is more pronounced (i.e., lower values of m) due to the terminal’s mobility and the high
level of shadowing.

Fig. 5 investigates the impact of the relay location on the AF system’s capacity with a single
interferer at both the relay and the destination. In this figure, it is assumed that the relay is
arbitrarily located between the source and the destination. To compare the effect of network
geometry fairly and generally, the distance between nodes can be normalized by the length of
the source-to-destination link. Therefore, the normalized local mean SNR of the source-to-relay

and the relay-to-destination links can be, respectively, expressed by

(dS‘D) 0, 72:(‘1”) 0, (4.35)
dS—R dR—D
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% Analytical [m4=2, my=0.75]
O Anaiytical [m1=m2=1]
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————— Lower Bound [14; Eq. (8)]
—— Simulation ‘
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FIGURE 4.4 — Ergodic capacity of fixed-gain AF dual-hop systems in Nakagami-m fading chan-

nels : simulation and analytical /exact results and lower bound. 71 = 7».

where « is the pathloss exponent and ) is the transmitter’s SNR. An interferer is said to be
far from the relay (or the destination) if Y7(or Z;) = Q — 30 dB and close to the relay (or the
destination) if Y;(or Z;) = Q —5 dB. The obtained curves illustrate the ergodic capacity against
the normalized source-relay distance i.e., ds_r/ds_p with a = 4, as the relay moves on the S-D
line (a serial configuration is assumed).

It can be seen from Fig. 5 that as the interference at the relay becomes stringent, the optimal
position for the relay will be closer to the source, and vice-versa. This behavior can be expected
since as the source-relay link gets worse, the relay needs to be closer to the source so as to com-
pensate for its low quality. However, we observe that the relay has to approach the source more
than the destination. The reason is that the relay requires higher SINR than the destination as
the interference increases, since the relay is more vulnerable to interference than the destination.
It can also be seen that under a strong interference regime and for identical interference channels,

i.e., when Y; = Z; = Q—5 dB, the midpoint relay position is almost the optimal solution with a
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slight advantage for the source direction. Nevertheless, for identical weak interference channels,
the optimal position for the relay will be closer to the source. From Fig. 5, it can be seen that
the ergodic capacity decreases very quickly as the relay moves form his best position. Therefore,
choosing the optimal relay location significantly improves the system’s capacity. On the other
hand, for a given interference power limit, it is seen that the ergodic capacity varies very slightly
with the fading parameters of the interference channels. Moreover, when the interference power
is important, the scenario where interference channels are subject to Rayleigh fading performs

slightly better than the scenario where interference channels are subject to Nakagami-m fading.
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FI1GURE 4.5 — Ergodic capacity versus the normalized source-to-relay distance for various inter-
ference configurations when m; = my = 2.5. Far-Far : Y; = Z; = Q — 30 dB; Close-Close :

Yi=Z;=Q-5dB.

Fig. 6 shows the effect of imbalanced interference powers at the relay and the destination on
the ergodic capacity of the AF relaying system. In this figure, it is assumed that a cluster of
L interferers is located between the relay and the destination and the interference power is 7.

Thus, the local mean of the INRs of the interference-to-relay and the interference-to-destination
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- ds_ * — ds_ @
Y = ( 5 D) Vi, 4= ( 5 D) V1, (4.36)
di_r di-p

respectively. The obtained curves illustrate the ergodic capacity against the normalized interference-

can be expressed as

relay distance, i.e., di_r/ds_p with & = 4. As can be seen, the best position of the interference
moves from the relay to the destination as L increases. We therefore observe the same behavior
previously reported from Fig. 5 in that the relay is more susceptible to interference.
Combining all the observations from Figs. 2 to 6, we conclude that our new analytical ex-
pressions provide an invaluable analytical insight on : 1) how the ergodic capacity is dominated
by the average interference power and how it improves slowly with the average SNR increasing,
thereby inducing saturation levels; 2) how a larger Nakagami-m fading parameter on interference
channels slightly deteriorates the ergodic capacity ; 3) how instantly identifying the optimal relay
location owing to our analytical/exact results (i.e., without heavy simulations) can quickly and

simply help significantly increase the system’s capacity.
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4.6 Conclusion

In this paper we presented a comprehensive framework for the ergodic capacity evaluation of
dual-hop fixed-gain relaying systems in interference-limited channels. The obtained results are
useful to understand how fading and interference at the relay and/or the destination can degrade
the ergodic capacity performance of the considered system. Our results show that the ergodic
capacity is dominated by the average interference power, especially at the relay. Moreover, it
slowly improves with the average SNR increasing while it slightly deteriorates with larger values
of the Nakagami-m fading parameters pertaining to the interference channels. Furthermore, our
results offer an analytical insight into the key impact of relay placement on performance. Our
new ergodic capacity expressions could therefore provide a very practical /low-cost performance

optimization tool for relayed-communication system designers.

Appendix A : proof of Theorem 1

The fixed-gain single relay ergodic capacity in interference-limited fading can be developed

as

e =3 om (1+ S remr) | 437)

which can be further expanded as

E [ln(1—|—71—|—)\_|_M)] —E[In(l+A+ C(1+x))]

72 72

Cp = 21n(2)

(4.38)

In order to give a formal proof of (4.6), consider the following Taylor series expansion of In(1+ z)

n ’

Accordingly, we can write

—1/ 1\
Elnh(l1+Z2)] = E — 4.4
m+2) = 8|S0 () (4.40)
oo gn—1
= / Z e "My (s)ds
o = nl Z
*1—e"
:/ M3 (s)ds. (4.41)
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Recalling the MGF-based relation between a random variable Z and its inverse 1/Z in [24,

Theorme 1] and carrying out the change of variable £? = tan(z), we obtain

My(s) =1 - 2/5 / (2756 My (£2)de, (4.42)

where Ji(+) is the Bessel function of the first kind, it follows that

Elin(1+2)] — /ool_esds—Q/ /001 3 2fg)MZ( 2)dsde,  (4.43)

where, using [21, Eq. (7.811.1)], we get

1 110,1,1
Engézi 2 1, — £Fy(€2). (4.44)

Finally, substituting (4.44) into (4.43) and exploiting the mutual independency between ~;, 72,

A and y, we obtain

E [m (1+71+A+C(17j><))] :/0001—Se—sd$_2/ EEN (M (52)MA(§2)M1+X (CE?)dE.
(4.45)

In a similar fashion, the second expectation form in (4.38) can be expressed as

E [m (1 + A+ %)} = /OOO ! _Se LR A /OOO §E0(§2)MA(§2)M%X(C§2)OZ§. (4.46)

Finally, substituting (4.45) and (4.46) into (4.38) and performing the necessary mathematical

manipulations, (4.6) is easily proven.

Appendix B

The MGF of U = 7)‘2 can be expressed as

=[] e tramdadaay (447)

where the pdfs of 7 and x can be obtained by applying the inverse Laplace transform to (4.8)
and (4.9), thereby yielding

m;m ma—1 ( m2y)
- M2 exp [ =12Y) 4.48
P2 (y) Ty - (4.48)
p m D
Py(T) = Z : O 2" exp T (4.49)
X ~ = (k—1)! Z,



Then the MFG of U can be derived as follows
Mo(s) = [ o) [ Epy(a)dady
0 0
_ < Bp.k = IR e

P Mz,

T (o)

p=1 k=1

Finally, by the help of [21, Eq. (9.211.4)], the MGF of U is obtained as shown in (4.12).
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Chapitre 5

Capacity and Error Rate Analysis of
Cognitive MIMO AF Relaying Systems

Imeéne Trigui, Imen Mechmeche, Sofiene Affes, and Alex Stéphenne

IEEE Wireless Communications Letters, vol.3, no. 6, Dec. 2014.

Résumé : Dans ce chapitre, la performance et la qualité de service des systemes
RC sont évaluées au moyen du taux d’erreur symbole et de la capacité érgodique. On
a supposé que les USs et UPs se partagent le spectre et sont sujets a une contrainte
jointe de puissances recues aux récepteurs des UPs. Dans ces systémes, les sources
secondaires ne peuvent pas communiquer directement a cause d’un évanouissement

sévere. Il a été démontré que le gain de diversité est indépendant des UPs.
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Abstract

This letter investigates spectrum-sharing cognitive amplify-and-forward (AF) relay networks
employing the maximum ratio transmission/maximum ratio combining (MRT /MRC) scheme at
the multiple-antenna source-destination pair. It derives closed-from expressions for the ergodic
capacity as well as for the symbol error rate (SER) lower bound and its asymptotic value when

considering Nakagami-m fading and interference constraints on N primary receivers.

5.1 Introduction

Due to its strong potential in increasing transmission coverage and link reliability, relaying
has garnered a wide interest from the wireless communication community [1]- [2]. Knowing that
multiple antennas provide enormous performance gains in wireless systems, the idea of multiple-
input multiple-output (MIMO) relaying is being investigated for emergent wireless system stan-
dards [2]. Nevertheless, terminals in such standards, will, inevitably, face a complex co-channel
interference environment due to the highly aggressive frequency reuse. In this respect, cognitive
spectrum sharing has arisen as a promising technique to combat spectrum scarcity in wireless re-
lay networks. A common approach to cognitive spectrum sharing is the underlay model where the
transmit power at the secondary users must be managed under a peak interference temperature
to guarantee reliable communication between the primary users [3].

Aiming at understanding the performance limit of cognitive relay networks, significant contri-
butions investigating such systems in various practical scenarios have appeared. As far as the
analysis of single-antenna systems is concerned, some insightful results can be found in [4]-[8],
where outage probability (OP) and symbol error rate expressions where derived for decode-
and-forward (DF) and amplify-and-forward (AF) relaying in Nakagami-m fading. Recently, [9]
and [10] investigated the OP of cognitive spectrum sharing from the viewpoint of multiple-input
multiple-output (MIMO) in the primary and/or the secondary networks. Although, due to the
prominence of multiple antennas in future cognitive networks, the findings in [9] and [10] are
instructional, closed-form expressions were obtained therein only for integer Nakagami-m fading,
thereby reducing their scope.

Here, we examine cognitive spectrum-sharing relay networks with multiple antennas at the

secondary source-destination pair and provide new results for the ergodic capacity and error rate
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analysis in the presence of multiple primary users. It is noteworthy that such analysis has not

thus far been addressed in Nakagami-m fading.

5.2 System and channel models

Consider a two-hop spectrum-sharing relay network consisting of one secondary user (SU)
source S, one SU destination D, and N primary user (PU) receivers PU;(l = 1,...,N). The
SU source and destination are equipped with N, and N,; antennas, respectively, communi-
cate through a single-antenna SU relay R. Multiple-antenna source-destination pair and single-
antenna relay systems are relevant for multipoint-to multipoint communications and cooperative
virtual MIMO systems.

Let ! the N, x 1 vectors h;, (v,7) € {(s,1),(d,2)} denote the channels for the source-relay and
the relay-destination links, respectively, with entries following independent identically distribu-
ted (i.i.d) Nakagami-m random variables (RVs) with parameters (m;, A;), i = {1,2}. Let also
x denote the source symbol satisfying E{zaz*} = P,, and n,, u € {r,d} denote the N, x 1
AWGN at the relay and destination nodes, respectively, with E{n,n*} = NyI, where I is the
identity matrix. Then the received signals at both the relay and the destination are given by
Yy = hiwlx +n,, and yq = W; [hoy, + ng|, where, for MRT/MRC, w; is set to match the first
hop, i.e., w; = h;/||h;|| and Wy = wwy where w is the power constraint factor and wy is set to
match the second hop, i.e., wo = hy/||hy||. The relay mode is non-regenerative with a variable
gain in which the amplification factor is determined by the instantaneous channel statistics of
the source-relay link. Hence w? can be computed as w? = P, /(P,hlhy), where P, = E{||[Way,||2}.
In CRNs, the interference from the SU should be strictly constrained below a maximum tole-
rable interference level I, at the PU receiver. Let the Ng x 1 vector g;; denote the channel
form the SU source to the jth PU with coefficients g1, | = 1,...,N,, and ¢95, 7 =1,..., N
denote the channel coefficient form the relay to the jth PU, all following i.i.d Nakagami-m RVs
with parameters (my,, Ar,), i = {1,2}. Then, by considering MRC at the PU receivers, the SUs

should adaptively adjust their transmit powers? as Ps < I,,/|g1.]* and P, < I,/|goj«|*, where

1. Bold lower case letters denote vectors and lower case letters denote scalars. E{x} stands for the expectation

of the random variable x, * denotes the conjugate operator and, 1 denotes the conjugate transpose operator.
2. When S and R are not power-limited terminals, the transmit power constraint depends on interference

only.
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|g1j+] = max;—1_ n{|g1,] ~ |g2;|. Therefore, the end-to-end SNR of the

SU S — R — D link can be expressed as
YrVd
Y+ Y2

%, Y4 = V|haf?/|g25+[*, and 5 = I,/ No.

V= (5.1)

where v, =%

5.3 Ergodic capacity

The ergodic capacity is an important performance metric since it quantifies the maximum
achievable transmission rate under which errors are recoverable.

Lemma 1 : Let Fa be the Lauricella hypergeometric function of the first kind [11], then the
ergodic capacity of CRNs employing AF relaying over Nakagami-m fading is given by

N2 N-1 N1 N-1\<x< Nsmp—1 1 ny+1 mpy—1 1 n;+1
_ _q)nte pIT(6,)T - -
@ 20 () () e | 1 () ) TG

[T nd TT 20l B (6, Nang,) BOymi,)(n + 1) Nemi (p 4 1)0rms
FA(El7H>+pnr(1+Nsm1)FA(~27H>+ppr(1+Ndm2>FA(537H!>+pnppr(1+N my+Ngmo) Fa (24,10’
(5.2)

where Z = ZQ(n,Nsmjl),Q(p,mI2)7 Q(nv mz) = {(nlv"’anmi) P 2> 07 ZZZI ng = n}v 5n =

Nymp, —1 mi ma - .
im0 e, M={1 o5t o)t B = {1 1 6tNemy,, 0ptma, 2, ENyma, 1

Nama}, Z9 = {1+ Nymy; 1,0, + Nymy + Nymq, 0, + mp,,2,1 + Nymy, 1 — Ngmo}, Z3 =
{1 + Ngma; 1,6, + mp, + Nagma, 0, + Nemy,;32,1 + Ngmo, 1 — Nomy},  Z4 = {1 + Nymy +
Nama; 1,6, + Nymy, + Nomy, 0, + mp, + Ngma; 2,14+ Nomy, 1+ Nymao .

Proof : Resorting to the moment generating function (MGF')-based approach proposed in [12],

the ergodic capacity can be computed as

1 1 “l—e*
C= iE log, (1 +7)] = Tn(2) / . M., -1ds, (5.3)

where M,-1(s) = M_'(s)M_!(s) is the MGF of the end-to-end SNR. In its turn, the per-hop

Tr Yd

SNR MGF M7§1(s), X € {r,d} is derived as
D= [ [ F e e, ey (5.9
o Jo

where fip,2 and fig, .2 denote the probability density functions (PDFs) of |h;|? 2 and

are, respectively, given by
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fingpe(z) = e T, (5.5)
with (u,i) = {(s,1),(d,2)}, and

Nymr, ——t -
N (71\1111) " gNom—le A L(Nymy,, >\ 1) v
.. - : 1 - .
f‘gw*|(x) I'(Nymy,) F<Nvmli) | .

with (v,4) = {(s,1), (r,2)} and N, = 1. By performing the necessary substitutions in (5.4) along
with [21, Egs. (3.351.3) and (9.211.4)], we obtain

: N—-1 m;Ar
M 1 = - 1" o 5n Nv 71_Nu X - — )
S e e DI G o (et 1= s
(5.7)
where X € {r,d}, (i,u,v) = {(1,s,s),(2,r,d)} with N, = 1, U(a;b; z) denotes the Triconomi
confluent hypergeometric function [21, Eq. (9.211.1)] and 75 is given by
n!T'(0, + Nymy)(6, + Nymy, + N,m;)

7’8 = Y . (58)
. ontNomr, _ N, Nomy, —1 (A .1)
(3(n+1) L md T (A5

Subsequently, the ergodic capacity is derived by replacing (5.7) into (5.3) as

al T—: | T_;j - S - o n+pN n_p
C2ln(2)F(NSnSI)F(2VSmI<1>F(—2Vdm2)r(m12)nz (Nn )(Np 1)(—1) meln,m (5.9)

p=0

where

001_ —s
%FA ; @@ﬁ%thMmh

ml)\h
mh)\l(n +1

mg)\[
v (6,4  1-Ngmgy, ————2——35 | ds.
)78) <p e e m12>\2(29+1)78) ’

(5.10)

To resolve (5.10), we invoke the expansion formulas of ¥ in terms of the confluent hypergeometric
function 1F; in [21, Eq. (9.210.1)] and the fact that (1 —e™*)/s = e7*1F; (1;2; s). Subsequently,

we can obtain the following expression of I, ,

F(Nsml)F(Ndmg) /(Xi ( ML )
— e 1R (;2; 91 Fil0,+Nymy, ;1-Nymy;———F———5
’p_F(NSml—l—dn—l—NSmh)HNdmg—}—éijmIz) 0 ! 1( ) 1 h ! mh)\l(n—i—l)’?

myAp, MaAr,
Fil N OtN ; 14+Nymy; — Fq(6 ;1—N, =
+pn1 1< ml_l_ _l_ mfl + mq mjl)\l(n + 1),}/$>><1 l(p_l_mfg a2 m12)\2(p—|—1)’y$

m2)\12
Fi N, 1 1+ N, d 5.11
+pPp1 1< dm2+6p +mr,; 1+ Ngma; [2)\2(]3 n 1)’7 )) s, ( )
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(=) miA
mi mp, Ai(k+1)7
B(0+Nomp,,m;)

where pj, = ) with  (k,i,v) € {(n,1,s), (p,2,7)}. Now from (5.9) and (5.11),

the desired result can be obtained by appealing to [11]

F§§>(a; brooo . byicr G x-) - an) / e—”tt“”(H 1F1(bk§ck>xkt)> dt; Re(a) > 0.
0

14 14
k=1

(5.12)

5.4 Symbol error rate

The SER is expressed in terms of the cumulative density function (CDF) of v denoted by F,
as [14]
a\/g [e's) e—by

P, = 5 . %Fw(y)dy, (5.13)

where a,b > 0 are modulation-specific constants. Unfortunately, for the MIMO CRN under
study, F., is untractable in closed-form hampering the obtainment of (5.13). To simplify the

analysis, an upper bound on 7 is used as follows [6]
Y < Yup = min(y,, va). (5.14)

Lemma 2 : Let @5 be the confluent hypergeometric function of the second kind [11], then the
average SER of CRNs employing AF relays over Nakagami-m is lower bounded by 3.

N-1 Ngmp—1 _
N >(1 1 1 1
Pé:ﬂ[ S 3 2 v (N, 5, T,

miA 2 2’ 2 A
2V 27w n=0 Q@Ngnp,) 1=0 m miAn
N—1 mr,—1 y

(2, 7r,d)y _ 1 1 3 bmp, A 1
( >NT_1F(ZE FENgmo )W | Ngmo+=+1, =, M 1)7 -
k2 272 2y
n=0 Q(n,mr,) =0 mp, A2 (n+1)5

X(1,s,s) ¥ (2,7,d) N —y 1
S )T D I LU NN (LTS SO
n,p=0 t=0 1=0 (mfl A1 (n+1)7> (ml2 )\2(p+1)’?/)
1 ml)\h

1
by (Nyma+ Ngmot+l+t+—; Nomi+1, Nymot+t; Ngmi+ Ngmot 4+t ——; ——————
2 2" mp M (n+1)5

m2)\12 b):|
2, 5.15
mlz)\g(p+1)7 2 ( )

3. Note that the obtainment of (5.15) inflicts the quantities Nymy, and my, to be integer valued. However,
this does not limit the scope of the paper since we already show in [12] that only interference power and number

affect the system performance.
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where

my. \ Vo,
(T () (1= Noma (N,

S ) 5.16
(1w, 0)na = 7 oD (Nymy ) B(Nymy, Nymy )T (0, + Ny, + Noma) (1+ Nama)s (5.16)

Proof : The CDF of v can be written as
F’Yup ('I) = F’Y'r (QU) + F’Yd (QU) - F’Yr ('I)F'Yd (flj), (517>

where from (5.5) and (5.6) and appealing to [21, Eq. (3.194.1)], we obtain F,,, X € {r,d} as

( m)q )NumL
I8 S D i MY PSSR
.z o mrAi(n+1)5
(5.18)

Nymyp.
N-1 mI; i
SO ()

B(Numr Nom T ont N ¥ Namin) and oF; is the Gauss hypergeometric function [21, Eq.

where ©,, =
(9.100)].
Substituting (5.17) and (5.18) into (5.13) and resorting to the key transformation

gFl(a,b,b—n,z):(l—z)_“_"z(_n)k(b_a_n)k< © ) (5.19)

=0 (b—n)k 142

the desired result is obtained after applying [21, Eq. (9.211.1)] and recognizing the fact that

K

1 [e.e]
Dy (a; b1, .., bic; 23215 0, TKc, Y) = T(a) / exp(—yt)t* (1 + t)“_Z_IH(l + apt) PR dt.(5.20)
0 k=1

5.4.1 Asymptotic SER

Corollary 1 : The asymptotic SER of multiple antenna CRNs with AF relaying in (5.15),

derived as ¥ — oo, is

~ aN i i(l,s,s)f‘(l +N8m1  Num
Pel :ﬁlz Z bmr )\1(71-‘1-21) " 1+Z Z

Nsmy
n=0 Q(n,NsmIl) (W) n=0 Q(n, m12

(2,7, d) y _y T(A-Ngms)

bmi, AQ(WH) Nama
2maAp,

~—Ngmz2

N-1 =
Z(l,s,s) (2,7,d) N 4 1
-N ['(=4+Nymi+Ngmy )y Nem—Namz | = (5 9]
z_:o Z mel Al (TL—|—1) Nsml me2 Az (p+1) Ndm2 ( 2 + ml_l_ dm2)7 ( )
p= min M2,
where N—1 NumI
~ —1)"téa ‘B(N,m;, N,ym
S(i,u,v) = G a ( 1) (5.22)

NumiF(NUmli) (0n+ Nymy,+ Nym;)
Proof : The result follows by using V(a,b;2) ~ z *and ®y(c,b1,be,c— 1l;2,y,2) ~ z7°¢
Z—00

along with some series manipulations.
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Corollary 2 : The diversity and coding gains of multiple-antenna CRNs with AF relaying

are, respectively, given by

Gq = min (Ngmq, Ngms), (5.23)

A(1, s, s)_GLd Nemy < Nygmsoy ;
Ga=1 (A(1,5,8)+A(2,7,d)) G0, Namy = Nyms (5.24)

A(2,r, d)_%d, Ngmy > Ngma ;

where (i, u, v)D (3 +Nym;)
A, u,v) = ;Q(n%;m) (bmzfrrz\l;?l))]v“mi : (5.25)

Proof : Since the asymptomatic SER in (5.21) is dominated by the first and second summations,
then re-expressing the SER in (5.21) as P/ = (G,7)” %, where Gy is the diversity order, and
G, is the array gain [15], yields the desired result.

5.5 Illustrative numerical results

Fig. 1 confirms that the theoretical results match perfectly their empirical counterparts, hence
confirming their correctness. It also suggests significant capacity improvement when increasing
the number of antennas, more so at the destination (i.e., Nd ) than at the source (Ns). Moreover,
it clearly appears that the capacity gap due to the increase of the number of PUs diminishes
as the number of antennas increases. This implies that a MIMO CRN is able to maintain its
performance in dynamic environments where PUs vary in number when the antenna arrays are
relatively large.

Fig. 2 plots the SER lower bound and its true value via computer simulations. We can
readily note that the lower bound remains sufficiently tight across the entire SNR range of
interest, meaning that it is able to serve as an effective approximation for the exact SER. As
expected, the SER increases with N while the diversity gain remains unchanged. This increase
can be easily evaluated using (5.24). We also observe at high SNR that AF MIMO CRNs exhibit

similar error rates with more antennas at the source or the destination.

5.6 Conclusion

In this letter, new closed-from expressions for the ergodic capacity as well as the average

error rate lower bound and its asymptotic value were derived for spectrum-sharing cognitive
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FIGURE 5.1 — The impact of the S-R MIMO link size (N;, Ny) and PUs number N on the
ergodic capacity of two-hop AF MIMO CRNs, with my =mge = 0.7, m;, =my =1, A1 = Xy =2
dB, A\, =\, =1dB.

amplify-and-forward (AF) relay networks employing maximum ratio transmission/maximum
ratio combining (MRT/MRC) schemes at the multiple-antenna source-destination pair. The
findings of the paper are instructional on how the parameters of the secondary and/or primary

networks affect the performance of the system.
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FIGURE 5.2 — The impact of the S-R MIMO link size (Ny, N;) and PUs number N on the SER of

tWO—hOp AF MIMO CRNS, with myp = My = 15, mp =mp = 1, )\1 = )\2 =2 dB, )\]1 = )\]2 =1
dB, a =0.5,b=1.
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Chapitre 6

Ergodic Capacity of Two-Hop Multiple
Antenna AF Systems with Co-Channel

Interference

Imene Trigui, Sofiene Affes, and Alex Stéphenne
IEEE Wireless Communications Lettters, vol. 4, no. 1, Feb. 2015.

Résumé : Dans ce chapitre, des systéemes a double sauts avec transmission MIMO
sont considérés. Un relai MIMO subissant des interférences co-canal est utilisé afin
d’assister la communication entre une source et une destination dotée de plusieurs
antennes. Ce chapitre développe une transformation novatrice et la propose comme

moyen universel pour le calcul de la capacité érgodique.
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Abstract

In this paper, we analyze the ergodic capacity of a two-hop multiple-antenna amplify and
forward (AF) system, where the relay is subject to co-channel interference (CCI) while the
destination is corrupted by additive white Gaussian noise (AWGN) only. A novel integral trans-
form, called the complementary moment generating function transform (CMGF), is proposed as
a unified tool to compute the ergodic capacity. When both the relay and destination perform
maximum ratio combining (MRC), we derive a new analytical exact expression for the ergodic
capacity. It is shown that the ergodic capacity is better improved by increasing the number
of antennas at the relay N, than that at destination Ny. Unfortunately, the system shows an

incapability of canceling interference even if N, and/or N, grows large.

6.1 Introduction

The deployment of wireless relays has rekindled a wide interest from the wireless communi-
cation community as a means of achieving high throughput where traditional architectures are
unsatisfactory, such as in cell-edge, indoor, etc.. Several relaying protocols have been introduced
in the literature [1]. Of particular interest is the amplify-and-forward (AF) scheme due to its
low complexity. In such a scheme, in fact, each relay mimics a simple repeater by forwarding a
scaled version of the received signal to the destination node.

Nevertheless, deployed relays in future wireless systems generations will, inevitably, face a
complex co-channel interference environment due to the highly aggressive frequency reuse. The
latter actually causes a more severe performance degradation than thermal noise [2].

Aiming to understand the performance limitations of relaying systems in the presence of inter-
ference, significant contributions investigating the ergodic capacity in various practical scenarios
have appeared. As far as the analysis of single antenna systems is concerned, some insightful re-
sults can be found in [11]{12]. These studies have shed new insights into how the ergodic capacity
is dominated by the interference power, especially at the relay. Recently, most research activity
has been devoted to the analysis of multiple antenna (MIMO) systems, which have been shown
to provide significant improvements to the achievable data rates. Some relevant contributions on
the analysis of channel capacity for these systems are [5]{10], where analytical bounds for the

channel capacity over Rayleigh fading channels with various diversity-combining techniques are
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obtained.

This paper is a nontrivial and useful add-on of the framework proposed by [10], with the
main objective and motivation of taking advantage of an MGF-based approach to obtain new
closed-form expressions for the ergodic capacity of two-hop MIMO AF systems, an objective

deemed impossible to acheive by the authors of [10].

6.2 System model

Let us consider the two-hop MIMO network in Fig. 1, where both the relay R and destination
D are equipped with N, and N, antennas, respectively, while the source S is equipped with a
single antenna. We assume that the relay is subjected to M independently but not necessarily
identically distributed co-channel interferers that dominate the noise effect, while the destination
is corrupted by AWGN only. Interference-limited relay and noisy destination stems from cell-edge

or frequency-division relaying [12], [7].

Interference
A‘\‘ /éM
R

'S
S ﬁh/AA%A )
>

FIGURE 6.1 — System model.

Let ! the N, x1 vectors {hy, g;}, i = 1,..., M denote the channels for the source-relay and i-th
interference-relay links, respectively, with entries following identically independently distributed

(i.i.d) complex circular Gaussian random variables CN (0, 1). Let also x and s;, denote the source

1. Bold lower case letters denote vectors and lower case letters denote scalars. E{x} stands for the expectation

of the random variable x, * denotes the conjugate operator and, T denotes the conjugate transpose operator.
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and the i-th interferer symbol satisfying E{zz*} = Ps and E{sy,s},} = Pr,, i =1,..., M. Then

the received signal at the interference-limited relay is given by

M
hll’ + Z g,-sji] s (61)
=1

yr:WT

where w is set to match the first hop, i.e., w = h; /||h;||, also known as the MRC combiner. The

relay node transmits a transformed version of the received signal to the destination such that

Ya = uT [GH2vyr + Il] ’ (62)

where Hy = [h2i’j]£vj’:]\{d is a N, x Ny matrix and denotes the channel for the relay-destination
link with entries following i.i.d CN(0,1), n is the Ny x 1 AWGN vector at the destination node
with E{nn*} = NyI, where I is the identity matrix, u and v are the transmit precoding and
receive filtering vectors at R and D, selected by using the channel matrix Hy as the first columns
of U and V, respectively, corresponding to the largest singular value of Hy?. Combining (6.1)

and (6.2), the end-to-end signal-to-interference-plus-noise ratio (SINR) of the system can be

expressed as
P PAG2|w'h, |2

= ; 6.3
G2A Y [wigi|2Pr, + N (63)

Y

where A is the largest eigenvalue of the Wishart matrix H;H2 and G is the power constraint

factor given by

P,
P — et (6.4)
Phihy + 377 [wig|? Py,
By substituting (6.4) into (6.3), we obtain
Alhy|?P,
Y= M M . (6'5>
M hatgi2P, | N, M hfgi2Py,
AR —+ 3 <|h1|2PS + =R )

Finally, after noting p; = Ps/Ny, po = P./Ny, and p;, = P,/Ny,i = 1,..., M, a more compact

form of (6.5) is obtained, after some manipulations, as

Y172
- 6.6
Y2+ +1 (6:6)

where 11 = [hy[2p1/x, x = 202, [ha'gil?pr,/[[ha |2, and 72 = Aps.

2. The singular value decomposition of Hy is given by Hy = UX V', where 3 is the Ny x N, matrix having
the largest singular value v/A as the first element on the main diagonal. Further, U and V, are unitary Ng x Ny

and N, X N, matrices, respectively.
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6.3 Ergodic capacity analysis

The ergodic capacity is defined as the expected values of the instantaneous mutual informa-

tion and is mathematically expressed as

c - %E llog, (1 + )], (6.7)

in which ~ stands for the end-to-end SINR and the factor 1/2 accounts for the total number of

time slots required for the transmission.

6.3.1 Novel MGF-based approach for two-hop channel capacity com-

putation

In this section, we propose a new integral transform for channel capacity computation by
relying on the knowledge of the first hop complementary CDF (CCDF) and the second hop
MGEF.

Theorem 1 : The ergodic capacity of two-hop AF relaying system can be computed as

1 ° S P
C = 2111(2) (/0 e Mmﬂ (3)d5 _/0 e Mfyl (8)M72(S)d8> = Cl Clg, (68)

where Mx(+) stands for the MGF of X and M\X() denotes the complementary MGF (CMGF)
defined as o0
Mx(s) & / e **Fx(x)dz, (6.9)
0
with ﬁX(x) denoting the CCDF of X. In this paper, the integral in (6.8) is called CMGF
transform, as it relies on a CMGF kernel function.

Proof : Combining (6.6) and (6.7), the ergodic capacity of the system can be computed by

1 (I+7)A+v)\ ]| _
C = 2E{log2< Tp———— =C, +C,-C,,, (6.10)

where €., = ﬁ(z)E{ln(l +%)]
i=1,2

X € {1,2,T} can be expressed by means of the MGF-based approach in [8] as

and C,, = Wl(z)E [ln (145 + 72)} Noticing that the

quantities C

X0
A /ooe_s (1 M, (s))ds (6.11)
X 2In(2) Jy s X ’ '
and resorting to the key transformation
M, (s)=1- s/ e‘sxl*qw(x)d:)s, (6.12)
0
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then, pulling all together in (/QIO), the ergodic capacity can be expressed as

o 1 /02_8 1— (1—3]\471 (s)) d5+/oeo—5 1= M., (s) . _/OO—S 1— (1 —s]/\/[\w(s)> M., (s) .

21n(2) s s ‘ s

Y

(6.13)

where M is defined in (6.9). To this end, simplifying (6.13) yields the desired result.

We remark that the result in (6.8) offers a flexible and simple approach for the computation of
the ergodic capacity that relies on the knowledge of the first-hop SIR CMGF and the second-
hop SNR MGF. To the best of our knowledge, closed-form and exact expressions for these
quantities do exist for most fading models. Moreover, in those scenarios where very complicated
expressions of the CMGF/MGF of the per-hop SIR/SNR do not allow easy computation of the
aforementioned integral in closed form, the result in (6.8) can efficiently and easily be obtained
using standard computing environments, such as Mathematica. In fact, in contrast to [8], it
is worth noting that the singularity of the % kernel function around zero is avoided by the

integral simplification performed in (6.13) and that the evaluation of (6.8) does not face, in

general, numerical problems.

6.3.2 Ergodic capacity of two-hop MIMO AF systems with interfe-
rence in rayleigh fading
Hereafter, we will restrict the scope of (6.8) to the yet challenging scenario described in

section II.

Corollary 1 : The ergodic capacity of two-hop MIMO AF systems with interference is obtained

as
N,—1p(D) 7:(D) (P+Q)a—2a’
C= G.;(D) D ———¥, 5], (6.14)
21n(2) ;;; ! k+j F(j)F(kle); g r(b+1)""
where 2F1 (1,j,k: +j+151- ”I<2>) [1-t==] < 15
Uy, = 1. , (6.15)
2F1(k’+1,1,k’+]+1 1—m>,p1p%>§,
and
1,1,1,1,2 pr p1 | i1+b14k
Sy =GP P (6.16)
sona g, 0.0, — 1
wherein oF;(+) and G qck fEf g0 (" ) denote the Gauss hypergeometric function [21, Eq(9.100)]

and the generalized Meijer-G function [22], respectively. Moreover in (6.14), D = diag(pr,, pr, - - - »
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piy), (D) is the number of distinct diagonal elements of D, p;_,. > pr,. > ... > pr_,,. are
the distinct diagonal elements in decreasing order, 73(D) is the multiplicity of p;_,. and ¢ ;(D)
is the (4, j)-th characteristic coefficient of D [23]. For instance, when non-equal-power interferers
are considered, we have 7;(D) = 1 and (;;1(D) = Hg(Dl i 1/ ( pl<ki) In (6.14), we also note
that the coefficients 3(a, b) are given by 3

fla,b) =

Ca,bb!
I (P = D@ =D
where P = min(N,, Ny) and Q = max(N,, Ny).

Proof : According to the CMGF transform and the SINR expression in (6.6), the ergodic

(6.17)

capacity of two-hop AF systems with multiple antennas at the relay-destination pair, interference
at the relay and noise at the destination is obtained by the calculation of the two items 61 and

Cha.

Calculation of 6’1

S hateil?pr,

\h1| p1 =
= where v =
X Bl

In order to proceed, we need to find out the statistics of v; =

It is easy to observe that |h;|? is an exponential random variable Wlth pdf

N1
Sz (2) = me_x~ (6.18)
Also, according to [23], x follows an hyper—exponential distribution with pdf
p(D) (D o7 i1
YY) 619
=1 j=1 ’

Then invoking [21, Eq. (3.381.8)] and [21, Eq. (3.381.4)], the CCDF of ~, is obtained after

some manipulations as

N—1p(D) 7:(D) j
= F)ZZC k+j> (Ipf<i>)k< P1 )H] (6.20)
7.7 ]f' p[<i>x T Py . .

k=0 i=1 j=1 P

The next step is to calculate ]\/4\71. From (6.9), and using (6.20), along with some basic algebraic

manipulations, we arrive at
A]V'r_1 p(D T’L(D

=>_ DD D k+>j) A \If<k‘+1,2—j; i s), (6.21)

k=0 i=1 j—1 Plcis Tcis

3. Cayp is the coefficient of e~**2? in the expansion of 4 det[S(x)], where S(z) is an P x P Hankel matrix with
elements S; ; = v(Q — P+1i+j — 1,z), with v(-) denoting the incomplete Gamma function [21, Eq (6.5.3)]. The

coeflicients ¢, ; can be readily determined using mathematical softwares such as Maple or Mathematica.
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where W(a;b; z) denotes the Triconomi confluent hypergeometric function [21, Eq. (9.211.1)].
Then, substituting (6.21) into Cy, the latter can be evaluated as

N;—1p(D) 74(D) .
-~ 1 F(k)—i—j) O Pl )
G = > Ci,j(D)i-/ e W(k+1,2—74,8)ds.  (6.22)
21n(2) k=0 i=1 j=1 @) 0 - Py
I
Utilizing, [21, Eq. (7.621.6)], we obtain
I'(j)
= Vi 6.23
Thtj+1) ™ (6.23)

wherein Wy, ; is given in (6.15). Finally, substituting (6.23) into (6.22) yields the desired result.

Calculation of 6’12

Since ]\//Tyl(s) is derived in (6.21), the remaining task is to figure out M., (s). In order to
derive the latter, one needs the closed-form statistics of Ay, the largest eigenvalues of the central

Wishart matrix H;Hz. According to [12], f,, can be expressed as

P (P+Q)a—2a? b+1 .

fol@) =Y Y Blab) S e (6.24)
—1 =Q py bl

where (a,b) is defined in (6.17). Then, the MGF of 7, is obtained as

(P+Q)a—2a?

B(a,b)
-y Y 29

a

To this end, substituting (6.21) and (6.25) into Cia, the latter can be evaluated as

~ 1 N-—1p(D) TLZ(]E) N P (P+Q)a—2a? o ]{7 + 1 9 _ 7, ; S)
Cr= ;: Gij(D Bla, by— b+i<’i> ds .
2In(2 k=0 i=1 j=1 =1 b=Q Plcis ¥0 s+ 1) )
@

(6.26)

We now have to solve the integral @ in order to derive Ci. To this end, noticing that (1+8x)~> =

1 ALl l-a 1 21 l1—a
I‘—)Gl 1 BLIZ’ [21, Eq (9343)] and, \I/(a, b, Z) = WGL? z [21,
0 0,1—b
Eq. (9.34.3)], the integral ® is now given by
% —b —k
<I>:A/ e_sGﬂ P2 Gf; Prg ds, (6.27)
0 a 0 Plcis 0,7—1
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where A = 1/T'(b+ 1)['(k + 1)['(k + 7). Integrals of this type can be evaluated by means of a
G-function of two variables [22, Eq. (1.2)], as can be seen from a more general integral formula

due to [22, Eq. (3.2)]. Accordingly and under consideration of the functional relation

- Vi Ve | ik €1y -y €ER 0 vy l=my, 0 1=y0;1—€, ..., 1—€p
51,...,51) (bl,...,(bp ----;517---75D§¢17---7¢F
(6.28)
we obtain
_ 1 QL1112 P2 P 0;14+b;1+k (6.29)
L(b+ 1)0(k+ Dk +4)  DB00R2A a7 py | :0;0,7— 1 '

Finally, substituting (6.29) into (6.26), Cis can be expressed in a compact-form as

Ny~ 1p(D)7i(D) P (P+Qa-2ay 0:14b: 1+k

Z Z Z QLLLL2 P2 P

1 [171]707[172} a ’ pI<'> . O 0 j_l

(6.30)

Finally, pulling everything together yields the desired result?.

6.4 Numerical results

Fig. 2 plots the ergodic capacity of two-hop multiple-antenna AF systems with different values
of N, and Ny under different interference power levels, i.e., weak interference p; = 0 dB and
strong interference p; = 25 dB. As shown in the figure, the theoretical results match perfectly
their empirical counterparts, confirming thereby the correctness of the analytical expressions. It
is observed that the ergodic capacity is better improved by increasing the number of antennas
at the relay NNV, than that at the destination N;. However, as the interference power grows large,
the capacity gap between the different antenna configurations narrows down at low SNR. On
the other hand, stronger interference has a detrimental effect on the capacity performance of the
MRC scheme as shown by the considerable gap between the two interference power scenarios.

Fig. 3 investigates the interference reduction capability of two-hop MIMO AF systems. By
letting N, grow, we observe that the ergodic capacity increases at a rate that gradually becomes
smaller without attaining the performance of an interference-free system. On the other hand

increasing Ny is useless, more so when M is larger.

4. An accurate routine for the evaluation of the bivariate Meijer’s G function can be found in [24].
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6.5 Conclusion

Named as CMGF, a novel integral transform was proposed as a unified tool to compute
the ergodic of a two-hop multiple-antenna AF system, where the relay is subject to CCI, while
the destination is only corrupted by AWGN. When both the relay and destination perform
maximum ratio combining, we have been able to derive a new analytical exact expression for
the ergodic capacity. The paper’s findings have shed new lights on how the antenna number, the

CCI numbers, and the interference power affect the performance of the system.

4.0

— Analytical, N=2, N =4

%91 |— Analytical, N=3,N =3 VEas
r /Q P
ffffff Analytical, N=4N =2 | ,o/<‘>

3011 & Monte Carlo

Ergodic Capacity (bps/Hz)

FIGURE 6.2 — The impact of the R-D MIMO link size (N,, Ny) and the interference power p;

on the ergodic capacity of two-hop MIMO AF systems with p; = ps = p, and M = 3.
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3.5

Ergodic Capacity (bps/Hz)

--0- Analytical, N =5
—O— Analytical, N =1

0.0 T T T T T T T T T T T T T T T T T
1 2 3 4 5 6 7 8 9 10

Relay Antenna number, N_

FIGURE 6.3 — Ergodic capacity versus the relay antenna number N, with p; = p; = 10 dB,
pr =[1,5] dB for M =2 and p; = [1,2,3,4,5,6] dB for M = 6.
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Chapitre 7

Design and Capacity of
Interference-Limited Multiuser MIMO
AF Relay Systems

Imeéne Trigui, Imen Mechmeche, Sofiene Affes, and Alex Stéphenne

Submitted to IEEE Transactions on Communications.

Résumé : Les systémes considérés jusqu’ici sont a un seul et unique usager. Plusieurs
études ont, cependant, démontré que les systémes a plusieurs usagers peuvent eux
aussi bénéficier du relayage. Dans ce chapitre, on étudie alors la capacité érgodique
des systéemes multi-antennes a plusieurs usagers avec relayage en présence d’in-
terférences co-canal. En recourant a la théorie de la valeur extréme, des expressions
simplifiées de la capacité sont obtenues lorsque le nombre d’usagers et/ou le nombre
d’antennes sont suffisamment grands. Ces expressions quantifient pour la premieére
fois la perte de capacité dii a la présence d’interférences dans le systeme. En exploi-
tant ces résulats, on montre que la capacité du systéme considérée est la moitié de
celle d’un systeme MIMO a saut unique. On montre aussi que le gain multi-usagers

grace a la sélection basée sur le RSI est supérieur a celle basée sur I’état du canal.
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Abstract

In this paper, multiuser multiple-antenna (MU-MIMO) relay networks employing opportu-
nistic scheduling and operating in the presence of rayleigh fading and co-channel interference
are analyzed. Notwithstanding the system complexity, due to the newly found complementary
moment generating function (CMGF) transform, an exact expression for the capacity under
general conditions is obtained. Moreover, driven by the fact that communication devices have
grown much faster than the infrastructure relay support, a specific wireless setup, which consists
of a large number of source antennas or/and users K and a relatively small relay antenna num-
ber is investigated. The large scale analysis embodies popular observations, so far intuitively or
empirically disclosed, through analytically insightful new formulas. An interesting aspect of this
analysis comes from an altered view of multiuser diversity in the context of cellular systems. Pre-
viously, multiuser diversity capacity gain has been known to grow as O(Inln(K)), from selecting
the maximum of K exponentially-distributed powers. Because interference aware scheduling is
considered, we find instead that the gain is O(In(K'/%)) where @ is the number of interferers.
Simulation results indicate a rather fast convergence to the asymptotic limits with the system’s

size, thereby demonstrating the practical importance of the scaling results.

7.1 Introduction

Driven by the surge of shared data volume and connected devices, multiuser multiple-antenna
(MU-MIMO) relaying networks have drawn recently a significant attention, as a promising so-
lution to cope with the necessities of more efficient and larger networks. Aiming to enhance
multiuser capacity, multiple antenna communications have been actually identified as a key en-
abling technique to secure the unprecedented data deluge these large networks are deemed to
convey [1]-[2]. As such, there has been prominent activity in the past decade toward understan-
ding the fundamental system capacity limits of such architectures, notably when interference-
limited, the ultimate nature of future cellular networks [3]- [4].

Many contributions spearheaded this line of research by considering the combination of co-
operative and multiuser diversities in the context of single-antenna communications [5]- [7]. It
has been shown in multiuser dual-hop amplify-and-forward (AF) relaying networks, that the end-

to-end signal-to-noise ratio (SNR) is an inadequate criterion for reduced-feedback approaches
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with threshold-based SNR. Alternatively, the second-hop SNR which requires less attendant in
complexity at the relay, turns out to be more promising in terms of achieved capacity.

Aiming to further increase the system capacity and reliability, another line of work dedicated
to multiuser relay-assisted networks with multi-antenna communications is longing for unders-
tanding such systems [8]-[9]. In [9], capacity in the rage of of bits per second per hertz (b/s/Hz)
is achieved by allowing the communication, through an AF relay, of multiple antenna devices and
a source, using receive antenna diversity. A full knowledge of local channels (backward channels
from all source antennas and forward channels to all destinations) was assumed at the relay,
making thereby distributed beamforming possible. It has been shown, only through empirical
trials, that spatial diversity at the destinations deteriorates the system capacity and, further,
burdens the feedback cost.

Although these works have made great strides toward understanding MU-MIMO relay-
assisted communications, they all rely on the absence of the harmful effect of co-channel in-
terference (CCI). The recognition of the interference-limited nature of emerging communication
systems, such as heterogeneous cellular networks, has motivated several works to investigate the
impact of CCI on the performance of relay networks for different fading models and communica-
tion setups [10]-[13]. In [11], a novel analytical capacity expression for two-hop multiple antenna
AF relaying systems have been proposed. The more general case of multihop interference-limited
communications has also been treated in [12]. However the works in [10] and [13] only consi-
der a single-user scenario. So far, CCI assessment in the context of multiuser relaying networks
has only recently been considered in [14] by harnessing on opportunistic scheduling. This work,
however, provides only bounds on the system capacity without characterizing its scaling laws.

The ultimate goal of this paper is to quantify more accurately the capacity of MU-MIMO
relay-assisted networks if straightforward opportunistic scheduling is employed among users and
transmit selection is employed among sources’s antennas in a cellular environment. More impor-
tantly, it shows that understanding how CCI affects multiuser and spatial diversity gains become
feasible by exploiting some newly derived scaling laws. The main contributions of this work are
summarized as follows.

— A novel single-integral relation to compute the channel capacity is provided in terms of the

CMGFs of the per-hop SIRs. This relation is resolved in closed-form, providing thereby a

useful add-on of the framework proposed by [10] which claims some capacity bounds.
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— Through asymptotic analysis and simulations, this paper shows that the the capacity

In M1/L
K1/Q@—1

scaling laws are governed by the ratio when SIR-based selection among K users
and transmit selection among M antennas is considered in an AF relay network in the

presence of L and () interferers at each hop.

— When }?1%1/: goes to zero, we prove that the system capacity scales as In (In(M)) — Hp 4
bits/s/Hz, whereby H,, stands for the harmonic number of order n.
— When % goes to infinity, we show that the system capacity scales as In (K 1/ Q) whereas
it has previously been known to grow only as InIn(K) from selecting the maximum of K
exponentially-distributed powers.

The rest of the paper is organized as follows. Section II introduces the system model and the
proposed two-phase relay protocol. Section III presents the analytical exact expression for the
capacity that applies to general system configurations. Sections IV and V characterize the system
capacity and its scaling laws in the regime of large user or/and source antenna number/s, and
a fixed relay antenna number. Section VI presents numerical performance results while Section
VII briefly discusses the impact of interference and system’s size on capacity. Finally, Section
VIII concludes the paper. Technical details and proofs are placed in appendices.

Notation : 1 is the transpose complex conjugate operator. 2 denotes an equality in distribu-
tion. CN (i, 0?) is a complex Gaussian Random Variable (RV) with mean x and variance 2. E{-}
is the expectation operator. My (s) = E{e~**} is the MGF of RV X. Fx(z) = Pr(X < z) is the
Cumulative Distribution Function (CDF) of X and F )((C)(z) = 1— Fx(z) is its Complementary
Cumulative Distribution Function (CCDF). M)(f)(s) =1—sMx(s) is the complementary MGF
of X while fx(x) is its Probability Density Function (PDF). I'(z, x), ¥(a, b, 2), and 2F;(a, b, ¢, x)
denote the upper incomplete gamma function [21, Eq.(8.350.2)], the Triconomi confluent hy-
pergeometric function [21, Eq. (9.211.1)], the Gauss hypergeometric function [21, Eq.(9.100)],
respectively. In turn, the second-type Bessel function of order v and the exponential integral func-
tion are, respectively, denoted by K, (x) and E;(z) [21, Eq.(8.222.1)]. W(a, b, 2) is the Whittaker
hypergeometric function [21, Eq.(9.222.1)] and Z"[Ckgf g p.r)("> ") is the generalized Meijer-G-

function of two variables [22]. ”x(2p)” denotes a chi-square random variable with 2p degrees of

freedom. For two functions f(n) and g(n), f(n) = O(g(n)) means lim,,_,, |f(n)/g(n)| < oc.
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7.2 System model

Consider a half-duplex multiple-antenna AF relay network with a source and a relay equipped
with M and N antennas, respectively, and K single-antenna receivers (or users). The system
setup operates in an interference-limited environment over frequency-flat Rayleigh fading. Let
Y, be the 1 x N received signal vector at the relay from the i-th source’s antenna element given

by
L
Y, = /Pshfe + > v, i=1,...,M (7.1)
=1

ir,

where h} is a 1 x N complex channel vector from the i-th source’s antenna element to the relay
and v;,l = 1,..., L is the I-th interference vector. The entries of hy and v; are assumed, in
what follows, to be independent and identically distributed (i.i.d.) zero mean complex Gaussian
random variables. Let us denote by p the received power from the ¢-th transmit antenna and,
hence, from (7.1), p = P,E { ‘hf x‘z} We also denote by ir, the aggregate interference vector due
to L interferers at the relay. Upon reception of the source’s signal, the relay employs the receive-
MRC reconstitution to obtain y; = w!'Y; where w; = h¥/||h¥||. Afterward, y; is amplified with a
gain G = \/(Pg\hﬂz +30 ,ul|vl|2)

by ; interferences. The received signal at the j-th user is then given by

1
before transmission to the j-th user which is surrounded

Qj
5 =FIV/BGhly + > \uiecie,  i=1,....K (7.2)
q=1

where hf is a 1 x N complex channel vector from the relay to the j-th user and wu;; is the
channel between the latter and the ¢-th interference. It follows from (7.2) that the received power
at the j-th user is \; = P.E {}hﬂz} ,j =1,...,K. In (7.2), ig,, the aggregate interference
due to Q; interferers at the j-th user. In the sequel, we assume that the entries of hf and
uj;7=1,...,K;l=1...,Q; are i.i.d. zero mean complex Gaussian random variables. In order
to recover the original signal at the j-th user, the relay recurs to the transmit beamforming vector
F; = hf/|hf||. The channel gains [hJ|%,i = 1...,M and |h¥|? j =1,..., K are assumed here
to be quasi-static, i.e., they remain unchanged during a complete two-hop transmission session
but vary independently in different sessions. We also assume that the relay and the j-th user are

aware of their backward channels hy and h¥, respectively, i.e., the CSI at the receiver (CSIR)
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assumption is adopted. It is noteworthy that the assumption on the channel knowledge entails
acceptable signaling overhead deemed reasonable even for decentralized implementation. In this
paper, {z,b;,c;;},i=1...L,j=1,...,K,l =1...,Q; are letters from codewords of a Gaussian
capacity-achieving codebook.

Now, let us describe the scheduling scheme employed at each hop. As far as the first hop
(i.e., source to relay communication) is concerned, the relay is aware of h¥ i = 1,..., M and,
hence, able to schedule the transmission of the strongest source antenna, say iy, = a;"gmax|hf 1%,
by feeding back the index i;; at the beginning of the data bloc. The overhead inc&?rlédMat this
phase of the protocol does not exceed a single integer. Commonly known as transmit antenna
selection (TAS) [15], this technique requires an instantaneous and error-free feedback from the

relay. Using TAS, the relay receives a superposition of the i,,-th transmitted signal and CCI. Its

received signal-to-interference ratio (SIR) is then given by

P,|h? |?

1M

-
21:1 | vi|?

where the superscript Hp refers to the first hop. At the second hop, due the CSIR assumption,

SIRM = (7.3)

the relay is oblivious to the interference pertaining to the K users. The latter are, therefore,

responsible for making scheduling decisions. According to (7.2), the SIR at receiver j is given by

i P hjf 4
S[RjQZQ_—, ji=1,....K, (7.4)
J 2
22 vl
where the superscript Hs refers the second hop. At this hop, please note that each user feeds
back its SIR value to the relay which selects the scheduled user (i.e., with the highest SIR value).
The achieved capacity of the two-hop AF relaying system with TAS/MRC on the first hop

and interference-aware user scheduling on the second hop is given by

1 Ps X nm K
S ulvil?
C=-Elln, |1+ 2= (7.5)
2 Ps X ’
1+ Sy mlvil? +Zk

where X, = ax |h?|2 and Zj = max SIR;IQ. Drawing a comparison, in this paper, between
i=1..., =

- T

interference-aware (i.e., SIR based) and interference-oblivious (i.e., CSI based) user scheduling
will be certainly useful for quantifying the potential gain that originates from interference-
awareness and, further, understanding whether this gain justifies the required high-complexity

signal processing (demodulation and parameters estimation).
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In this paper, without loss of generality, a homogeneous network in which all users are
clustered together, whereby A\; = A, j = 1... K are considered. This policy guarantees a uniform
user experience, saves valuable energy at terminals, and avoids near-far blockage where the
receiver’s limited dynamic range makes weak signals drown in stronger ones. Moreover, we assume
that all users have the same statistical behavior with equal interference number Q); = Q,7 =

1... K and similar interference distribution.

7.3 Exact analysis of the capacity

The objective herein is to compute the end-to-end capacity and to study the asymptotic
regime of the dual-hop multiuser network described in Section II. Unfortunately, it turns out
that it is impossible to express this capacity in closed form, due to the complexity of such a
system. In order to circumvent this issue, we recur to a two-step methodology in which the
end-to-end capacity C' may be formulated as a linear combination of integrals and, hence, given

by

a 1 o 1
C @) Tn(2) / se”® (1 — SEh,iT{e_SSIRH }> (1 B SEh7iT{6_351RH2}) s
0
( ) 1 = —S C c

where h, i are short-hands collecting the RVs (h® h%®) and (ir,, i7,). Please note that the two-
step methodology applied in (7.6) is a powerful tool allowing to gain insights into the overall
system performance while separately treating its components (hops and RVs pertaining to them).
The equalities in (7.6.a) and (7.6.b) correspond to the first and second step of this methodology,

respectively. As far as (7.6.a) is concerned, its computation may be avoided by resorting to the

CMGF

MO (s) & /O e F (z)dw, (7.7)

Proof : Interested readers are referred to the proof in [13, Theorem 1] omitted here for
conciseness. Note that equation (7.6.b) is directly obtained from [13, Theorem 1, Eq.] by applying
M)(f)(s) =1 — sMx(s) on the second hop and simplifying.

It is noteworthy that (7.7) is very convenient since the SIR’s CCDF of single-hop communi-

cation systems over fading channels has been widely studied in the literature ([12] and references
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therein) *. Exploiting the methodology in (7.6), the rest of this section is devoted then to the
calculation of the capacity achieved by the system model in Section II. The obtained result is
stated in the following lemma.

Lemma 1 : Let the system model in section II, then for any propagation setup in terms of

pathloss, antenna number, and CCI, the achievable capacity is given by

DRI N1 T(k+j)p AMN +6, —1)!

- 2111 Z Z ZZ Z J_l ‘H<1i> V(”"‘l)NMZHF(M

nOQ(nNzljl

(“@%*KK@:,LN*» a3 3 (artassien oo

m=0 n=1Q(n,Q-1)

(7.8)

S

< s ‘ P
B = se U (m+1lm+2—K +N—1,—)\If<k‘+1,2— ,7) ds, 7.9
/ ( @ N-1.2 e ey (7.9)

and

o A
I, = / se™* W [ 6, 4-K (QN-1+n(1—QH-1, 6,42-n(Q-1), 22 \If(k+1,2—j, L)ds. (7.10)
0 1% M<i> (n+1)
_ e I ()™
Hk—l ng!
Op = firo_ll ny.1. Moreover, D = diag(uq, pa, - - -, pir.), p(D) is the number of distinct diagonal

In (7.8), O, ,Q(n, N) = {(n1,...,ny) : g > 0,30 np = n}, and
elements of D, pic1> > fiecos > ... > uop~ are the distinct diagonal elements in decreasing
order, 73(D) is the multiplicity of p<;> and ¢ ;(D) is the (4, j)-th characteristic coeflicient of
D [23]. For instance, when non-equal-power interferers are considered, we have 7;(D) = 1 and
Ci,l(D) = Hz(le?k;éi 1/ (1 - ’,ji—’jj)

Proof : The direct application of the proposed two-step method in (7.6) using the results in
Appendix A pertaining to the per-hop SIR CMGF calculation completes the proof.

It is worthwhile to mention that integrals like in (7.9)-(7.10) can be evaluated by means of
the generalized Meijer’s G-function of two variables, as can be seen from a more general integral
formula due to [22, Eq. (3.2)]. We begin by expressing the Triconomi functions ¥(a, b, ¢) in the

integrands of =, and II,, in terms of the Meijers’s G-function as

B 1 2.1 1—a
U (a,b,c, z) = T(@T(a—b+ 1)G172 (z 0.1 b) . (7.11)

1. Although for brevity we limit our discussion to Rayleigh fading channels, many other channels, such as

Nakagami-m channels, may be considered here.
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Then performing the Laplace transform over the product of two Meijer’s G-functions (see [22, Eq.

(3.2)]), (7.8) can be expressed according to

TIPS b ol L O Qi( o
21n Py (e e (j— 1 Ni<i>  v(n+ DNOHT(N) = T(K(Q+N-1))
p
= A 1+ k14+m
G1,1,1,1,2 H<i> 7Y
LILUOL2 A\ 17w ;0,7 — 1 o KQ+N—-1)—-m-1 +;Q<un Q+N— 1))
p
= A ‘
Gy, 2]<7j:<+>1 = |1k 0 K Q4N =D +n(1-Q); 0,j = 1;0, =0, — 14n(1 —Q)) :
(7.12)
where G-, ] denotes the generalized Meijer’s G function of two variables defined in [22, Eq.

(1.2)] 2

The result accounts for almost all relevant propagation parameters including the antenna
and user numbers, path loss and interference power. To gain more insight into these parameters,
we propose in the next section more convenient capacity expressions obtained for large numbers
of users K and antennas M. We underline the fact that this large scale case is of significant
importance in future wireless systems, where the use of a large number of antennas to serve
a tremendously increasing number of user terminals of various types is expected to drastically
improve spectral efficiency. However due to complexity constraints and space limitations, relays
are often equipped with a finite number of antennas. It is therefore useful to investigate the large

scale case. In what follows, we will focus on the scaling laws of the capacity for large K.

7.4 Asymptotic analysis of the capacity : M, N are fixed

In this section, we study the asymptotic capacity for a large number of users K, but for a
small and finite number of antennas at the source M and at the relay N. We will state a theorem
that gives the closed-form expression for the achievable capacity for large K. After proving the
theorem, we summarize in some key results the new insights gained thereof. To this end, the
asymptotic behavior of the distribution of the maximum of K i.i.d. random variables is studied.

In Appendix B, we review some useful properties that we needed to state the following result.

2. Please note that the generalized Meijer’s G-function of two variables is a build-in function in Mathematica,
hence can be directly computed. Alternatively, an efficient approach developed in [24] could be used to evaluate

the expression.
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Theorem 1 : When M, N and the ASIRs? are fixed, the capacity of AF MU-MIMO with

interference-aware scheduling for large K is asymptotically given by

Ti N4+6n—1

O.0p  M(N+4,—1)
ANy T(N)(K + 5)

nOQ(nNzljl

5 NKX )\ p
Fol B4+1,1,k+7 4+ 1,1—- == — +1) oF; [k+1,1,k+j+1,1— feiz :
<2 1< J (n—i—l)) ( 4y ) 2 ( J (24 (n—i—l)))

(7.13)
when Q = 1,V N, while it is given by
M—-1p(D) o 1 -1
) Q —
M@TLCP Fl 1’1’1+]’1_ H<i> _ é K T 1 +]_
0 el Jn+Dpcis (n+1) v 42
n=0 i=1 j= 1
. P/M<z‘>
Fi{1,1,1 , 1 — ) 7.14
241 ( ) +7J (% ((Kl/Q—l)/4l/Q)+1) (n+1)>> ( )

when N =1,V Q.

Proof : In order to evaluate the capacity, we have to obtain the asymptotic distribution of
[hf?|?

the maximum of K i.i.d SIRs denoted by Zx = 2 max Before embarking on the proof,

Vj 1,..., KZ[1|Z‘2.

it is worth examining the SIRs Z; = Zglj I‘ = We have Z; = 2 X(ég)) j=1..., K who are K i.i.d
1=1 1%
random variables with CDF
NoF (N N,1+ N, —
FZ(CC) _ T 2 1( + Qa ) + ) ZE') (715>

NB(N,Q)
implying that F, () = [Fz(X)]*. Next, we use Corollary A in Appendix B to find the asymp-
totic distribution of Zx. We show that

1= Fy(x) . N1+ ) Ve
lim ——=—-=~ = 1 1
200 1 — Fy(tx) 00 (14 x)N+@ (7.16)
= 9 (7.17)

where to get from (7.16) to (7.17) we use the Hospital rule after substituting the hypergeometric
function by its equivalent oF;(a, b;b+1; 2) = b27"B,(b,1 —a) where B,(c, d) is the Beta function
21, Eq.(8.380.1)]. On the other hand and in view of Corollary A, it is easy to show that the upper
endpoint of Fl; is equal zero, meaning that ¢(F') = 0 and implying that the limit distribution of

Zk lies in the domain of maximal attraction of Frechet distribution [20, Theroem 10.5.2], i.e

[Fylagz)] =e* ",z >0, (7.18)

3. ASIR refers to the ratios ﬁ and %
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where ax is a normalizing parameter defined such that Fz(ax) = 1 — +. In order to find
ax while keeping the analytical complexity tractable, we concentrate the following analysis on
cases 1) Q@ = 1,V N, and ii) N = 1,V Q. The results can be extended to other values of N, Q,
however the analysis is very challenging. The arbitrary N, () case can be handled using bounding
techniques but thwarting the paper goal of exact capacity analysis. In case 7), by exploiting the

»F1 reduction formulas »F; (b, a;a; 2) = (1 — 2)7°, we show that ay satisfies

w1
(1+CLK)N K
B (e VO
1—(1-1/K)'N
o~ NK. (7.19)

In case ii), we have N = 1 thereby enabling the simplification of F(x) relying on the fact that

oF1(1,0;2;2) = % The parameter a;, is therefore obtained as follows

(0-1)
1
(1 + GK)_Q = E
—ax ~ KY9_1. (7.20)
K—oo
Substituting ax into (7.18), we obtain as K — oo
e Q=1YN
FZK(ZIZ') = <(K1/Q1)A>Q (721)
e ., N=1VYQ

Fig. 1 shows the exact and asymptotic CDFs of Zx for different values of N and Q). We
observe that the asymptotic distribution in (7.21) is a good approximation even for small values
of N and () and the approximation becomes more accurate by increasing the value of K.

As for the CMGF of Zg, replacing (7.21) into (7.7) and performing some algebraic manipu-

lations, we get

NKX
1 1—6_4M8>, Q=15 N
ME@RY [ a(2n) (7.22)
~|l1l—-e 4@ , N=1,VQ

where (a) follows from the fact that 1 —e™* & 1. At this step, recalling the first-hop CMGF

derived in section III as shown in Appendix A, the end-to-end capacity of tow-hop AF relaying
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with interference-aware scheduling as K goes large is obtained from applying (7.6). For instance,
case 1) yields
75 N4+06,—1

_ 1 & O, (k+7)p M(N 46, -1 [> _na,
0_2111(2)2 IIPDHIPD (7 = Dlpcris (n+1)N+5n+1F(N)/o ‘ <1_6 ' )

n=0Q(n,N)i=1 j=1 k=0

. p
Ui(k+1,2—7, 57) ds, 7.23
< ,U<z'>(n + 1) ( )

where [21, Eq.(8.380.1)] was employed to reach the closed-form expression of C' shown in Theorem
1. The capacity expression for large K in case ii) i.e., N = 1 and arbitrary () can be derived
similarly.

Remark 1 : For fixed M, N and ASIRS, the capacity for large K reaches its maximum value
Chnaz given by

M—1 p(D) 7i N46p—1 j p
1 On¢/ M (N +6, — 1)! . :
Crnaz = d R k1,1, BH 41, 1A=
21I1(2) 00 (n N)ZZ:;]Z:; kz:%(nle)N '+6n+1,u<z>F(N)(k‘—|—])2 1 (7’L+1)

(7.24)

Proof : (7.24) follows by resorting to the series expansion of the 9F; function near 1 and
performing the limit operation as K goes to infinity.

From (7.24), it is apparent that when M < K, the end-to-end capacity no longer depend
on the number users, or in other words, the contribution of multiuser diversity becomes negli-
gible. This is because the performance of a two-hop communication system is limited by the
weakest link. In such scenarios, the first hop becomes the bottleneck and hence the CCI has the
dominating effect on system capacity.

Remark 2 : As the number of users grows large (i.e., K — o0o) the ergodic capacity of AF

multiuser MIMO dual-hop systems becomes

K—o0

1
lim O = O3 TAMEC(V N, L, 2, (7.25)
1

where CSH-TAS/MRC (N[ N [, ﬁ) is the ergodic capacity of a single-hop TAS/MRC channel with
M transmit antennas and N receive antennas in the presence of L interferers at the receiver with

average SIR £. The result is trivially obtained by directly averaging F & ()/(1 4 ) in (7.63)

\iTl\Q

and using [21, Eq. 3.197.5].
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7.5 Asymptotic analysis of the capacity : NV is fixed

Here, we study the capacity scaling laws for the antenna selection and interference-aware
user scheduling schemes in the regime of a large number of transmit antennas M and users K,
but for a small and finite number of relay antennas N. This consideration is deemed in line
with the current wireless communication landscape, which portray a tremendous increase in the
number of wireless terminals of various types yet only a small increase in the number of wireless
infrastructure (relay) support. Emphasis is placed on showing the affordable scaling speed of
the number of antennas M and users K. Similar to the previous section, we need to analyze
the asymptotic behavior of the first hop’s maximum SIR when M goes to infinity. The system’s
capacity for the antenna selection and user scheduling scheme when both M and K grow to
infinity constitutes the third main contribution of this paper. Obviously, the scaling laws will
depend on the growth rate of K relative to M.

Theorem 2 : For sufficiently large M and K and fixed NV and AISRs, the capacity of two-hop

AF relaying under interference-aware user scheduling is given by

- ﬁ@) (m (ak) — oot T < 5—M) — MNE; (83) -

€7 ¢
L-1 P
n B 20y 2
O Ay, (B3r) emw_g <_M) , (7.26)
! n 27 2 aK 27 2 QK

where 5y = \/bM+ln(4) and ag =1+ aKT)‘ with

NE Q=1VN

~ 4

1
KO- N=1YQ
4Q

(7.27)

Proof : Since M is going to infinity, we use Corollary B.2 in Appendix B to find the asymptotic

distribution of the maximum of M i.i.d. random variables Y; = p|hs\2 = px(2N) with PDF and
z\N—-1
CDF given, respectively by, fy(z) = (”iv! e » and Fy(l’) =1- FIS(N)) Let X3y = max Y;. In

i=1,....M

what follows, we show that Y; meets all the three conditions stated in Appendix B.2. We start

by calculating the growth function g(x) which can be expressed as

1= Fy(x) T3
g(z) = ) (%)N_le_% P> 0. (7.28)
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The second step is showing that by; = O(In(M)). To find by, we apply the asymptotic expansion
of the incomplete Gamma function given by [21, Eq.8.257] leading to

bMN_l _bm 1
1= Fy(by) =— e 7 (1+01/by)) =+
p M
— bur _ (N—-1)In <b—M) = In(M), (7.29)
P P
and implying that
by = pIn(M)+p(N—1)Inln(M) + O(InlnIn(M)). (7.30)

Also from (7.28) and (7.30), it is easy to verify that by, satisfies g™ (by;) = 0. Therefore,
from [20], we have

Fx, (x4+by)=e*", x>0 (7.31)

Substituting by, in (7.30), we get

o~ & HI(M)HN-1) InIn(M)

Fx, (x) =€~ , x>0. (7.32)

Since the relay is subject to L interferences assumed for sake of tractability and conciseness to

be i.i.d with mean power p, the CCDF of the first hop SIR X = X, /|iz,|? is obtained as

FO(z) = /0 F (24) fun, 2 (0)dy. (7.33)

where for L i.i.d interferences at the relay we have f|iT1‘2(y) = ’F‘(LL) yL_le_%. Accordingly, using

(7.32) we get

F(2) et / St (1— e T 4 (7.34)
x) = en|l—e . :

X Sy Y /

By letting ¢t = e_%, we have y = —21In(t). Furthermore, for notational simplicity, we define

b
(=er, thus (7.34) can be rewritten as

o (8) (g :
(c) ) = pa () L1t e ()1t . .
FY(z) ) </01 ()1t (1 ) dt +/% In(t)" 't dt) (7.35)

Recalling (7.30), we can easily see that the limit of the first term on the R.H.S. of (7.35) becomes

vanishingly small as Mlim % ~ % = 0. Furthermore, the limit of the second term can be
—00

simplified using [21, Eq. (3.381.1)] as

o (%)

F ()~ 1- N (7.36)
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where ), is defined in Theorem 2. In turn, a closed-form expression of the CMGF of the fist
hop SIR X = X,;/|ir,|> when M geos to infinity follows form plugging (7.36) into (7.7) as

~ r(c )
Mﬁf)(s) = / e [1- —— 22 | 4
0

after using [21, Eq.(8.352.2)] and [21, Eq.(3.471.9)]. Using the obtained first-hop SIR CMGF
along with CMGF expression of the second-hop SIR previously obtained in section III as K goes

large, we can now evaluate the capacity as

-t /006—_8<1— —EKTAS)d 98,,®, (5 —2§ﬁ571<b A (7.38)
“2In2)\ S, s ‘ ° MEON M nzln!nV’M"

whereby

®,(a,b) = /000 et st T (1—e) Kn1 (2bV/s) ds. (7.39)

n>0

Using the results of Appendix C, a closed-form expression for ®g is obtained as

1 2 2 2
Po(a,0) = 5 <61”+ar (0, b ) + " E; (—bz)) : (7.40)

1+a

Furthermore, applying [21, Eq.6.643], a closed-from expression for ®,, is obtained after some
manipulations as

b2
I‘(n) 2 5 e2(ta) b2
®(@d) 2 oy ( W )~ s (1) ) 0

Finally, substituting (7.40) and (7.41) into (7.38) and resorting to [21, Eq. 3.421.5] completes
the proof.

Corollary 1 (Large M and K with arbitrary L and fited N) : FEither we have @) = 1 or
assuming that each user has only to estimate the CSI of its strongest interferer, when K grows

faster than In(M) (i.e., Mll(im K/In(M) = oo, which include the case K=M), it holds that
JK—s00

C~ <ln (ﬁ (In(M) + (N = 1)In 1n(M))) + —HL_l) , (7.42)

21n(2) i

where v is the Euler-Mascheroni constant [21, Eq.(8.367.1)] and H,, is the harmonic number of

order n.
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Proof : As % — 00, we have [ @ and i—fﬁ MJ(—_>> . 0, then the following

approximations hold : I'(0, 2) = —In(z) =y, ¢ = 1+o0(2), and e E;(—2) = 0,
zZ— z

—0 Z—>00
P Wap(z) =~ 2% 2"2ePW_,04(2) =, 0. Considering all these facts, C' reduces after
Z—

Z—r00
1
1
— 7.43
n) , (7.43)

n=1

several manipulations to

1 L

proving thereby (7.42).

Remark 8 : For m antenna-user pairs (M = K = m) that communicate through a relay with
N antenna, corollary 1 reveals that in the Rayleigh-fading case multiuser diversity schedules the
best user for transmission, and boosts the average SIR by a factor of In(m) + (N — 1) InIn(m).
It should be stressed that despite the low-rate CSI feedback working considered system, the
latter exhibits the pre-Inln factor of the scaling law of the capacity of more intensive schemes
with full CSI. Indeed, the capacity scaling of the dirty paper coding (DPC) scheme is shown
in [16] to be Inln(m), which is also the capacity scaling for MIMO-broadcast channels (MIMO-
BC) [17]. Therefore, as far as the scaling law of the capacity is concerned, we are not losing
anything in terms of the capacity provided that N is fixed and K grow as faster as M. Note
that It is reasonable to expect that a higher capacity can be achieved if we allow rate adap-
tation and interference cancelation at the relay at the cost of more feedback overhead and
higher computational complexity. However, what corollary 1 tells us is that the return is at most
Wl(z) (In (In(m)+(N—1)Inln(m)) + 7) obtained after canceling the term H_;. Simulation re-
sults in Section V indicate a rather fast convergence to the asymptotic limits with increasing
m.

Lemma 2 (Capacity loss due to the interference at the relay) : It is straightforward to show

from Theorem 3 for large scale MU-MIMO, that the capacity loss due to the increase of P > 0

i.i.d interferences at the relay is

1
Ap = 21n(2) (Hp—1 — Hpp-1)
P
1 1
T 2Im(2) ; P+k (7:44)

The result above is of interest since it allows the prediction of the exact amount of capacity
loss due to any increase in the number of interferers, when M is large enough. Such informa-

tion is highly desired in wireless communication networks to anticipate in a timely manner the
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degradation of the quality of service (QoS).
Lemma 8 : The capacity of large-scale MU-MIMO (with K > In(M)) in the presence of a

large number of interferers L behaves as

52C pIn(M) + (N — 1)1nln(M).

. 7 (7.45)

Proof : Resorting to the approximation of the Harmonic number as L goes large given by
Hp 1 =~+In(L—-1)+0(L™?), (7.46)

it follows from (7.42) that

C = Tn(2) (In(p(In(M) 4+ (N —1)Inln(M))) —In(uL)), (7.47)

yielding (7.45) after using some logarithmic identities. It can be inferred from Lemma 3 that the
capacity loss due to an increased dimensionality of spatial interference is much more pronounced
than any improvement resulting form adding more active transmit antennas at the source. This
is due to the fact that C' decreases with In(L) while it increases with Inln(M), respectively. In
view of this it is not surprising that recent research on spatial multiplexing in cellular systems
has reached the common conclusion that adding more transmit antennas or data streams at each
base station can actually decrease the capacity at low SIR due to the increased dimensionality
of spatial interference [18], [4].

Corollary 2 (Large M and K with arbitrary Q, L, and N = 1 : large Q) Consider the
setting of Theorem 2 where the relay and each of the K users is prone to L and () interferences,

respectively. If QQ > LJTEI(KA;)J, where |z] denotes the integer part of x, then it holds that

Cn 2 1n<1+%<K5—1>)—LM. (7.48)

21n(2) £In(M)

Proof : According to (7.26), the growth of K/@ — 1 with respect to In(M) is crucial for the

In(K)

WJ < @ that we have

capacity scaling law. In fact it is easy to show for L

By In(M)

ap ME—s00 K1/Q —1 % (7.49)

Then it follows immediately that all the terms but the first on in the first term on the RHS of

In(M)
K1/Q 1

(7.26) become vanishingly small as M and K grow large with — 00. In fact, considering
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that e’T'(0,2z) = 1 e*Ej(—2) = -1 and Zn/2€Z/2W_n/27anl(Z) = 1—2, it follows after

Z—> 00 Z—00 Z—00

some manipulations that

s DK —1)
szi@)(ln <1+%(K@—1))—L(1+§1§M) D _ lnl(M)>>’ (7.50)

P
o

thereby concluding the proof. More importantly, despite imposing (7.49), the latter appears to
be insufficient to ensure the multiuser diversity gain in (7.48). In fact, C' is a monotonically

increasing function of K if and only if the following condition holds
In(MYE) > KYQ 1, (7.51)

where (7.59) verifies 9 > 0.

1
From (7.48), while LES-D) 4 (ex : when L = 1), the capacity scales as

In(M)
1 A 1
=~ In{l14+—(Ke -1 . .52
21n(2) n( +,,( )) (7.52)
When @ is small, (7.52) can be further simplified to
(@) 1 A In(K)
C ~ ——(In|(~- 7.53
Ko () ) (7:58)

where (a) follows form the fact that In(1 + z) =~ In(x) when x is large enough. Nevertheless,

when @ is large, In(1 + x) ~ In(z) does not hold true. Instead, we have

KY9 —1 ~ —IH(K).

&0 (7.54)

Substituting (7.54) into (7.52) yields the capacity scaling law as @) goes large as

1 An(K)
eI <1+; 5 ) (7.55)

LKT—1)
In(M)

C =~

Accordingly, it follows that as

— 0, we have

22¢ ~ %KUQ, for small @

20 1 ~ AIn(K)
2 1~ 2 g

(7.56)

for large Q).

From (7.42), (7.45) and (7.48), if the CSI is estimated in the second hop instead of SIR, the
capacity will scale as Inln (K) when @ is small. The SIR-based scheduling outperforms then its
CSlI-based counterpart, since K > In(K') always holds when K > 1. This proves the advantage

of having global CSI knowledge to mitigate the interference. The latter comes, however, at the
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expense of prohibitive power and overhead consumptions at the user device. A cost/performnce
tradeoff must be envisaged for system deployment. This result further proves the rule of thumb
that having an order of magnitude more antennas at the source than the number of scheduled
users improves the system capacity since in this case K'/?/In(M) goes to zero even for small
@ thereby entailing a scaling law of In(K) instead of Inln(M). When @ is large, the SIR-
based scheduling still outperforms its CSI-based counterpart especially at low SIR. However, it
exhibits the pre-loglog behavior of the CSI-based scheme leading to slow increase of C' as K
goes to infinity. Obviously, when this slight gain is hindered by the overhead cost due to large
@, CSI-based scheduling proves to be a more attractive alternative.

Lemma 4 (Capacity loss due to Q) interferences at each user) : Let C7 and Cy be the capacities
of the two-hop AF relaying with interference-aware scheduling subject to Li,Q; and Lo, Qo
interferences at the relay and each destination, respectively. For tractability and without loss
of generality, we assume that M = K and ﬁ = % Then resorting to (7.48), it follows that the
capacity loss due to {Ls, Q2} > {L1, @1} is

_ 1 @ _ Li Ly
80 = T (1“<Q2) 01 +Q2)‘ (757)

Proof : (7.57) is obtained from (7.48) after invoking (7.54) along with some manipulations.
Corollary 2 (Large M and K with arbitrary @), L, and N =1 : small to moderate Q ) When

% — 0, valid for small to moderate values of ), the scaling law for arbitrary L is given by
1 p 1 ZIn(M)
~——|In|=In(M ~Hp, -t :
¢ 21n(2) <n<u n( )>+7 bt LAKYQ 1))’ (7.58)

Proof : (7.58) is obtained in the same line of (7.42). The forth term in the R.H.S of (7.58)
follows form resorting to the series expansion of the Whittaker function near zero. It is easy to

prove that (7.58) is an increasing function of M as if
In(MY1) <« KYQ 1, (7.59)

thereby avoiding impeding the diversity gain.

Equations (7.48) and (7.58) analytically unarguably confirm the common intuitive obser-
vation that AF relaying performance is ultimately the performance of one of its hops.. This
dominance is usually the output of the system’s parametric objective function that quantifies

the link strength. So far, in the literature, several functions defining the link’s strength were
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proposed, namely, the antenna number, the fading shape, or the product of both*. Oblivious
to the interference number, these rules turn out to be totally inaccurate in interference-limited
environments. This work remedies, for the first time this shortcoming. Indeed, the obtained re-
sults not only exemplify the interference nature of the considered system, but also analytically

quantify through, simple formulas, the capacity loss due to interference.

7.6 Numerical and simulation results

Here, we provide some numerical examples to illustrate : 1) the tightness of the proposed
approximations for large scale MU-MIMO relay networks ; and 2) the impact of interference on
spatial and multiuser diversity. The simulations set-up consists of an (M-N-K) MU-MIMO AF
relaying system where the relay and each destination is subject to L and @) i.i.d. interferers,
respectively. We also assume, without loss of generality, equal per-hop ASIR ﬁ = % shorthanded
in the plots as SIR.

We show in Fig. 2 the average capacity for two-hop AF network where a source with M = 3
antennas is communicating with K users through a relay with N = 1, 2,4 antennas under Ray-
leigh fading. The simulated curves were obtained by averaging over 10000 channel realizations.
The ”approximation” curves refer to the average capacity using (7.13) in case i) Q = 1,V N,
and (7.14) in case ii) N = 1,V Q. These two curves match each other very well even for small
K, which establishes the fact that considering the large- K assumption leads to tight capacity
approximations thereby alleviating the need for evaluating the cumbersome Meijer’s G-function
in (7.12). In Fig. 2 (a), we highlight the system’s behavior under equitable interference condi-
tions on the two hops, i.e., L = () = 1 and for different relay antenna numbers N. One can
see that, as K goes large, the capacity of opportunistic scheduling continuously approaches the
asymptotic value C,q, in (7.24) which constitutes the bottleneck of the system capacity. In
Fig. 2 (b), the system capacity is depicted for different values of @ with L = 2. It can be seen
that, for fixed K, as () increases the capacity gain from multiuser diversity cannot compensate
for the harmful interference ; thus, the system capacity begins to decline monotonically. In fact,

the capacity is governed by the order of multiuser diversity defined as the ratio of the desired

4. These rules are usually obtained via a diversity order analysis by assuming equal per-hop ASIRs (cf. [13]

and references therein).
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FIGURE 7.1 — The exact and asymptotic distribution of F,, for different values of (a) N and

(b) @
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signal strength (i.e., the multiuser diversity gain), which we have shown in Section V to scale
as In(K) for Rayleigh fading, to the aggregate interference power which is proportional to the
interference number ().

In Figs. 3 and 4, we illustrate the capacity for large M and K but finite and small relay
antenna number N. The ”approximation” curves refer to the average capacity using (7.26).
These curves are in very good match with their stimulated counterparts, showing the accuracy
and effectiveness of the proposed new approximations. We observe form Fig. 4 that the capacity
exhibits the trend, In(In(M) + (N — 1) Inln(M)) + v + Hp_1, as predicted by Theorem 4. More
importantly, the capacity loss due the increase of the number L of i.i.d interferences at the relay
is consistent with the analysis. However, as the number of interference L exceeds a threshold,
the capacity exhibits the trend in lemma 3.

In Figs, 5 and 6, the capacity of the two-hop opportunistic relaying scheme is shown as a
function of increasing antenna number M and user number K for several numbers of interferences
at the relay L and the users (). The ”approximation” curve refers to the average capacity
using (7.26). These curves are in very good agreement with their stimulated counterparts. In
Fig. 5 we observe that the capacity exhibits the trend predicted by Corollary 2 as long as
In(MYF) > KY9 — 1. The latter condition is, however, not satisfied for L = 3,Q = 4 and

L = 4,0 = 5 even though Q) > thfr(lg&)J is always verified, impeding the inaccuracy of the

scaling law in these cases. In Fig. 6 we observe that the capacity exhibits the trend predicted
by (7.52) while we have neglected the second term of the R.H.S of (7.50) since L(lf(ii_)l) — 0
when L = 1. However, neither K nor @ is sufficiently large so that the trends in (7.53) and
(7.55) can be verified. But since () implies a steady loss as K goes large, this loss is verified even
for moderate value of K. The capacity loss due to the increase of () corroborates the analytical
loss obtained using (7.57). Notice that, the tightness of the scaling law is poor when @ is near
In(K) In(K)

(i) which is equal to 4 when K = M = 700. In fact, when @ is at the vicinity of Tn(AI7T)

the capacity scaling law is more accurately predicted using (7.26).

7.7 Conclusion

In this work, we have considered opportunistic scheduling design and analysis for two-hop

MIMO AF relay networks in interference-limited environments. The scheme entails a two-hop
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communication protocol, in which an M-antenna source can communicate with K destinations
only through a half-duplex multi-antenna relay. Through the asymptotic analysis for large M, K
and simulations, it has been shown that interference-aware scheduling achieves an expanded
multiuser diversity gain, however being conditioned. This analysis found that the multiuser
diversity gain when In(M'1) grows faster than K€ is In(K'/?) whereas previous results have
concluded that the maximum gain scales like Inln(K’) when only an idealistic Rayleigh fading
is considered. This result further proves the rule of thumb that having an order of magnitude
more antennas at the source than the number of scheduled users improves the system’s capacity.
In this paper, the capacity losses due the increase of interferences numbers L and () have been

analytically quantified and verified via simulations.

Appendix A : per hop CMGF calculation

In this Appendix, the CMGF of SIR™" = X, /lip,|* and SIRH2 = Zj are Computed To
this end, in view of (7.7), we need expressions for the CCDFs F( % i /li I and F . As for Xy,
its PDF is given by

MaN-1eE (T e\
fxu(@) = —Fmmm— (11—
pNT(N) I'(N)
M-1 M 1)n‘ HN_l (i) o gNton—le e

(a) M !
= E , (7.60)
pNF(N) szl nk. p(S”

n=0 Q(n,N)

where (a) follows form using the binomial expansion [21, Eq.(1.111.1)]. Note that in (7.60) we
denote Q(n, N,) = {(n1,...,nn) x> 0; 30 np, = n}; and 6, = Soo " ingyy. In its turn the
CCDF expression of X, is obtained after some manipulations using [21, Eq.(3.351.2)] as

1\ O, MT (N 46, f‘f("“))
( ) (n+ )N+ (N)

(7.61)

ICE 30>

n=0 Q(n,N)

In addition according to [23], |ir, |* follows an hyper-exponential distribution with pdf

,u<j>xj U e
fiir, (@) = ZZCM TEpre (7.62)

=1 j=1 )

145



Therefore invoking [21, Eq. (3.381.8)] and [21, Eq. (3.381.4)], the CCDF of SIR”" = Xy,/|ir, |?

is obtained after some manipulations as

i 2 XD: ZNgfl nigDIC(k+5) Mp (N4, —1! __ a* (7.63)
‘ZTl n=0Q(n,N)i=1 j=1 k=0 :u<z> —1)! (n+1)Nn+T(N) k! m(?—l)‘*‘t

The next step is to calculate the CMGF of the first hop SIR. From (7.7), and using (7.63), along
with some basic algebraic manipulations, it follows that

M-1 p(D) 7i(D)N+6,—1

O -(D) (k+j)p M(N+0, — ) p
M (s)= i U(k+1,2—j, s———— | .
(7.64)
Since M (X)I\/I is derived in (7.64), the remaining task is to figure out M g% In order to derive the

\LT1\2

latter, one needs the closed-form statistics of

A|h%|?
SIR?:Q_'—”:f, j=1,....K. (7.65)
2y mlual Y
We assume without loss of generality that u; are i.i.d over j and also over [ and that all users

prone equal interference number (), meaning that y 2 x(2Q) with pdf

Q-1 .
fy(flf) = me_;. (766)
Since hf is a vector with i.i.d entries, then
N1 .
fz(l') = W(N)e_x. (767)

Conditioning on y , the probability distribution function (pdf) of SIsz, fs(z), can be written

as

file) = / o), (v)dy

N1 TV —(N+Q)
_ 7.68
2 B(N.Q) 5 .

We can also calculate the CDF of the per user SIR, SIRJHQ, as
(%)N 2F1 (N+Q7N71+N7_x_)i/)
NB(N,Q)
TV k9% 1-Q—-N Q— 1
@& (1 +%)
NB(N,Q)

Fy(x) =

T (%) (769

k=0
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where (a) follows from substituting the gauss hypergeometric function by its finite series expan-
sion [31]. Since SIR;HQ for j =1,..., K are i.i.d. random variables, the CDF of the second hop
SIR Zx = max SIRJH2 is [Fy(z))®. Accordingly, using (7.69), we get

v QN1 LON B UV k K
Féi(x):1—<<1£%) ' (]3@) (1+5)" ;(1 e (5) )WO)

By repeatedly resorting to the multinomial expansion [21, Eq.(1.111.1)], it follows after some

manipulations that

K@+N-1)-1 ) K (1-Q)p(~1) )anrl
ZI0R ol (L COIE b o sl h
i ' A n=1 Q(n,Q—1) Q)" Hk 17%
U\ Ont+K(Q+N—-1)+n(1-Q) v\ —K(Q+N-1)

(7.71)

In the same line of (7.64), substituting (7.71) into (7.7) and resorting to [21, Eq. (9.211.1)] yield
the CMGF of Zx as

K (Q+N—-1)-1 K
— J=1Q(,Q0-1)

F(5J+K(Q+N—1)+j(1—Q)+1)\I!<5j+2—j(Q—1),5J+K(Q+N— Dt jl—Q)+1, E) (7.72)

where

(= D), (~1P\™ B, N
aj B H ( (1 + NT)P ) Nj Hk 1 nk . (77?))

Appendix B : on extreme value theory

Here we prove a property of the maximum among n ii.d. RVs {zy,zo,...,2,} [19]- [20].
We assume x;’s be positive random variables with continuous and strictly positive distribution
function fx(z) and CDF of Fx(x).

Corollary A : Gnedenko’s Sufficient and Necessary Conditions for the Domain of Attraction
of Gumbel Distribution : For the parent distribution function Fx(z), let its lower endpoint e(F') =
inf{z : Fx(z) > 0} be finite. Further define an auxiliary function H(x) = 1—Fx(z—¢(F)),x > 0.

Let restate [20, Eq.(26)] as follows : If H(x) is such lim, fjf((dx)) 2% > 0, then
lim F"(¢, + ad,) = e >0, (7.74)

n—aoo
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where ¢, = ¢(F) and d,, = inf{z : 1 — Fx(z) =1/n} — (F).

Corollary B : Gnedenko’s Sufficient and Necessary Conditions for the Domain of Attraction
of Frechet Distribution : Let’s define the growth function as gx(x) = (1 — F,(x))/fx(z). We also
define a,, to to be the unique solution to 1 — Fx(a,) = 1/n. Let restate [19, Eq.(18)] as follows :
If gx is such lim, ., gx(x) = ¢ >0 and gg(m) = O(1/a) with a,, = O(In(n)) , then

In {—In (F" (an + cz))} = —2 + O (i) (7.75)

Appendix C : derivation of ¢y(a,b)

Recalling that

Dp(a,b) = /0:;5 (1—e*) %d& (7.76)

Using the fact that [21, Eq. 8.486.15]

d(z™" K, (x))

S K (a), (7.77)
and integrating by part we obtain
Do (a,b) =2 /e‘s (1 + ae™®) Ko (2bv/s) ds. (7.78)
0

Finally using [21, Eq. 6.643.6] concludes the proof.
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Conclusions

L’analyse de performances des systemes de communication sans fil est une tache tres ar-
due. Elle nécessite souvent 1'utilisation de modeles ultra simplifiés au point de sacrifier de sa
précision et fiabilité, ou des simulations niveau systeme extrémement complexes et exigeantes
en temps et argent. Le déploiement de nouvelles technologies émergentes telles que les relais,
mobiles soient-ils ou fixes, et les systemes MIMO rendent, malheureusement, cette taches en-
core plus compliquée. Les relais permettent, en fait, aux opérateurs d’étendre considérablement
la couverture de leurs réseaux, tandis que les systemes MIMO améliorent a la fois leurs débit
et fiabilité sans toutefois nécessiter des resources (ex :puissance, spectre, etc.) supplémentaires.
Cependant, les systemes de communication sans fil ne pourront jamais profiter pleinement de
ces avantages sans une utilisation optimale ou du moins efficace du spectre disponible. La RC
est apparue alors comme une solution assurant la bonne gestion de ce spectre. Cette technologie
futuriste permet aux usagers secondaires non-autorisés de partager la méme bande de fréquences
exploitée par les usagers primaires sans pour autant diminuer la qualité de service pergue par ces
derniers. Une compréhension des propriétés et du comportement de ces nouvelles techniques de
communication est cependant indispensable pour assurer une conception optimale des futures
systemes de communication sans fil.

Cette these fournit, a ce titre, une analyse rigoureuse et une étude approfondie des perfor-
mances des systemes de communication combinant ces nouvelles technologies et opérant dans des
conditions réelles. Afin de résoudre des problemes de calcul, jusqu’ici insoluble, on a eu recours
a de nouvelles transformations novatrices d’intégrales se basant sur la séparation du produit des
interférences de chaque saut. Des expressions exactes et précises des parametres caractérisant les
performances a long-termes des systemes de communications, tel que la capacité érgodique et le
taux d’erreur, ont été calculées. Les formules obtenues ont considérablement simplifié I’évaluation

des performances des futurs systemes de communication et la compréhension de leurs compor-
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tements et propriétés; en fournissant soit des expressions analytiques ou des approximations
prouvées extréemement fiables lorsque le nombre d’antennes est tres grand. En plus, la nature
simple et élégante de ces expressions a permis I'optimisation des performances de ces systemes
par le biais de renseignements importants comme la position optimale de la station de base ou
du relai. En outre, Il s’était avéré que les résultats obtenus sont utiles pour de divers scénarios.

Un des systemes étudiés dans cette these est le systeme a sauts multiples dont le taux
d’erreur a été calculé analytiquement, au Chapitre 3, en présence d'un évanouissement Nakagami-
m. Une nouvelle expression d’une forme d’intégrale infinie impliquant le produit de fonctions
de Bessel a, en fait, rendu possible, pour la premiere fois, le calcul du taux d’erreur de ce
genre de systeme. Les formules obtenues ont permis d’établir une connexion, jusqu’ici inconnue,
entre la probabilité d’erreur relative a différentes modulations et la fonction Lauricella. Ces
résultats ne sont autres que la généralisation des travaux pionniers de M.O Hasna sur les systemes
a sauts multiples subissant des évanouissements non-identiques, d'un saut a un autre, avec
des parametres entiers. Au Chapitre 4, les performances d’un systeme a sauts multiples sont
examinées en présence d’interférences co-canal. L’expression de la capacité érgodique, jusque-la
insoluble pour un nombre arbitraire d’interférences et de sauts, a été calculée analytiquement
avec succes et plusieurs résultats extrémement intéressants s’en étaient découlés.

Au Chapitre 5, le bruit a été aussi introduit dans l'analyse des performances du systeme
a sauts multiples. La capacité érgodique de ce systeme a été calculée analytiquement pour
la premiere fois. Pour ce calcul, on a d’abord considéré un évanouissement Nakagami-m puis
généralisé le résultat en prenant aussi en compte la présence du phénomene d’ombrage.

Au Chapitre 6, un systeme de communication MIMO a double sauts a été considéré dans
un contexte RC. Contrairement aux anciens travaux qui ont calulé des simples bornes de la
capacité érgodique et du taux d’erreur ou imposé des contraintes séveres sur les paramétres
du systeme afin d’obtenir les expressions de ces mesures, ce travail présente pour la premiere
fois leurs expressions exactes pour des configurations arbitraires du systemes. A partir de ces
formules, on a démontré que les réseaux des utilisateurs primaires réduit le taux d’erreur sans
affecter I'ordre de diversité du systeme.

Chapitre 7 a examiné 'impacte des interférences co-canal sur la capacité des systemes MIMO
a double sauts subissant un évanouissement de Rayleigh. L’expression exacte de la capacité de

ce systeme a été calculée en exploitant la fonction génératrice de moments complémentaire du
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RSBI du premier saut. La formule obtenue et les résultats qui s’en étaient découlés sont valides
pour n’importe quel nombre d’antennes aux relai, source et destination.

Dans les futurs systeme de communication , tel que LTE-A et 5G, qui utilisent ’acces multi-
utilisateurs et le multiplexage OFDM, 'optimisation et I'ordonnancement sont effectués pour
améliorer leurs fiabilité tout en assurant un acces équitable aux usagers. Ceci est, en fait,
extrémement important dans un marché en constante expansion qui vise a satisfaire aux maxi-
mum ces clients quit a sacrifier un peu de la performance du systeme. Dans ce contexte, la
conception et 'analyse des performances de systemes MIMO multi-utilisateurs avec relayage em-
ployant un ordonnancement opportuniste et opérant en présence non seulement d’évanouissement
de Rayleigh, mais aussi des interférences co-canal ont été effectuées au Chapitre 8. L’analyse de
ce systeme a large échelle a permis 'obtention de formules analytiques élégantes et tres pers-
picaces de la capacité érgodique asymptotique. Grace a ces formules, on a pu démontré que la
capacité des systemes multi-antennes et multi-utilisateurs a double sauts est la moitié de celle
du premier saut d’un systeme MIMO. En plus, il a été prouvé que la perte de capacité a cause de
I’accroissement de la dimentionalité des interférences est beaucoup plus prononcée que n’importe
quel amélioration grace a I’augmentation du nombre d’antennes a la source. Finalement, la perte
de capacité du a la croissance du niveau des interférences aux premier et deuxieme sauts a été
explicitement calculée. Cette derniere information est, en fait, précieuse pour toute conception

judicieuse des futurs systemes de communication mettant en oeuvre ces nouvelles technologies.
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