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Abstract

Inverse design methods – algorithmic techniques for discovering new systems based on desired func-
tional characteristics – are powerful computational techniques utilized in a wide array of scientific
and engineering disciplines. In optics, inverse design has accelerated the development of new, high-
performing optical lens systems, nanophotonic components, and quantum optics experimental se-
tups, among others. This work develops novel, inverse design techniques for automatically designing
new optical systems, specifically towards optical signal processing setups. In this approach, optical
systems are represented as a computational graph, comprised of parameterized conventional optical
components. Automatic differentiation provides an efficient and flexible method to optimize system
parameters and analyze their sensitivities to perturbations. New optical systems, which have not
been explicitly programmed, are automatically produced by iteratively changing the graph topolo-
gies via an evolutionary algorithm. The highly general and flexible methodology developed in this
work is demonstrated to re-discover a variety of known optical systems, proving its effectiveness and
highlighting its potential to expedite the discovery and design of entirely new photonic systems for
a broad range of applications.

keywords: inverse design; optical signal processing; ultrafast optics; automatic differentiation;
evolutionary algorithms; gradient descent; Hessian analysis; graph topology optimization
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Résumé

Les méthodes de conception inverses - techniques algorithmiques pour découvrir de nouveaux sys-
tèmes basés sur les caractéristiques fonctionnelles souhaitées - sont des techniques informatiques
puissantes utilisées dans un large éventail de disciplines scientifiques et d’ingénierie. En optique, la
conception inverse a accéléré le développement de nouveaux systèmes de lentilles optiques hautes
performances, de composants nanophotoniques et de configurations expérimentales d’optique quan-
tique, entre autres. Ce travail développe de nouvelles techniques de conception inverses pour con-
cevoir automatiquement de nouveaux systèmes optiques, en particulier pour des configurations de
traitement optique ultra-rapides. Dans cette approche, les systèmes optiques sont représentés sous
la forme d’un graphe de calcul, composé de composants optiques paramétrés. La différenciation
automatique fournit une méthode efficace et flexible pour optimiser les paramètres du système et
analyser leurs sensibilités aux perturbations. De nouveaux systèmes optiques, qui n’ont pas été ex-
plicitement programmés, sont automatiquement produits en changeant itérativement les topologies
de graphe via un algorithme évolutif. Les outils algorithmiques ciblent la conception de systèmes
de traitement optique ultrarapides et il est montré qu’ils redécouvrent une variété de techniques
optiques connues et non triviales avec une application dans un grand nombre de technologies.

mots clés: conception inverse; traitement des signaux optiques; optique ultra-rapide; mod-
élisation du système optique; différenciation automatique; algorithmes évolutifs; descente gradient;
analyse de Hesse; optimisation de la topologie du graphe
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Synopsis

Conception inverse de systèmes de traitement de signaux optiques

La conception de nouveaux systèmes optiques a étayé chaque étape du progrès scientifique dans
le domaine de la photonique et a conduit à d’innombrables nouvelles technologies [1–6]. Les sci-
entifiques et les ingénieurs exploitent régulièrement divers phénomènes et principes optiques pour
construire des outils et des technologies toujours plus performants basés sur la lumière : des télécom-
munications à la détection, en passant par le divertissement et bien plus encore. Ces systèmes op-
tiques sont conçus, construits et testés pour répondre à des fonctionnalités spécifiques et souhaitées,
qu’il s’agisse de composants nanophotoniques pour le routage optique à haut rendement [1], de sys-
tèmes de lentilles pour les systèmes d’imagerie [3] ou d’expériences pour tester la compréhension
fondamentale de la mécanique quantique [7]. Cependant, la conception de systèmes optiques com-
plexes peut prendre beaucoup de temps, être peu intuitive, nécessiter des connaissances spécialisées
ainsi qu’une grande expertise. En général, ce processus nécessite qu’un concepteur propose et anal-
yse chaque solution possible, que ce soit de manière expérimentale, analytique ou par simulation.
Ces méthodes, appelées conception directe, sont restrictives et nécessitent un concepteur pour tester
chaque solution candidate. Elles sont aussi limitées par l’intuition et l’expertise du concepteur. Ces
limitations peuvent restreindre la portée et l’étendue de nouvelles solutions et peuvent prendre
beaucoup de temps pour converger vers des conceptions efficaces.

La conception inverse, cependant, atténue certains de ces défis et accélère le développement de
nouveaux systèmes. La conception inverse fait référence à une vaste catégorie de techniques et de
méthodes permettant de trouver de nouvelles solutions algorithmiques pour résoudre un problème.
Elle est largement utilisée dans l’ingénierie automobile et aérospatiale [8–10], l’électronique [11],
l’architecture [12, 13], le traitement biologique [14], la synthèse chimique [15], et au-delà. Les méth-
odes de conception inverse visent à paramétrer les systèmes possibles et à utiliser des ressources
et des algorithmes de calcul pour explorer rapidement et intelligemment de nouvelles solutions afin
d’évaluer celles qui pourraient être prometteuses. En pratique, le concepteur spécifie un comporte-
ment et des performances cibles, puis permet à l’algorithme d’explorer et d’évaluer de nombreuses
nouvelles solutions possibles, en indiquant à l’utilisateur final le ou les meilleurs résultats. Les défis
de la conception inverse sont différents de ceux de la conception directe, car la difficulté consiste
plutôt à créer des algorithmes et des modèles mathématiques suffisamment adaptés et généraux
pour trouver des solutions utiles.
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En optique, la conception inverse est utilisée dans un certain nombre de sous-disciplines avec
beaucoup de succès. Elle est avant tout utilisée dans la conception de systèmes de lentilles pour
l’imagerie, l’astronomie et le divertissement [16–20]. Ces démonstrations ont été les premières dans
le domaine et sont les plus répandues de l’utilisation de la conception inverse en optique. Plus récem-
ment, la conception de dispositifs nanophotoniques et de métamatériaux de haute performance pour
les télécommunications et la détection a été améliorée grâce à l’adoption de telles techniques algo-
rithmiques [1, 21–25]. Enfin, des concepts connexes ont également été démontrés dans la conception
de nouvelles expériences d’en optique quantique pour produire des états de lumière complexes et
intriqué [5, 7, 26]..

Les méthodes de conception inverse, cependant, devraient trouver d’autres applications et no-
tamment dans la conception de systèmes de traitement des signaux optiques ultrarapides. Alors
que l’optimisation des paramètres a été utilisée dans la conception des lasers [27], les télécommu-
nications [28], l’optique ultrarapide [29] et d’autres domaines connexes, la conception inverse au
niveau du système à proprement dit n’a pas encore été largement explorée. Lors de la conception
d’un système optique, il faut tenir compte de trois éléments principaux : les composants optiques
qui constituent le système, la topologie du système (c-à-d. l’ordre et la direction de la propagation
optique), et les paramètres opérationnels de ces composants.

Figure S.1 – Vue d’ensemble de la conception inverse des systèmes de traitement optique ultrarapide. (à gauche)
Organigramme de l’algorithme d’optimisation de la topologie, qui construit et évalue itérativement de nouveaux
systèmes optiques, en utilisant (au centre) une bibliothèque de modèles de composants optiques. (à droite) Les
systèmes optiques sont représentés par des graphes acycliques dirigés, où les nœuds (cercles orange) représentent les
interconnexions optiques et les arêtes dirigés (flèches de connexion) représentent les éléments optiques qui génèrent,
détectent ou manipulent le champ optique dans un seul chemin de propagation.

viii



Premièrement, dans le traitement optique ultrarapide des signaux et dans d’autres domaines
connexes, un ensemble commun de composants et d’effets optiques est utilisé pour de nombreuses
technologies différentes. Il s’agit, par exemple, de la dispersion, de la non-linéarité, de l’interférence,
de la perte et du gain - chacun dépendant des degrés de liberté du champ optique (temporel, spec-
tral, polarisation, etc.). Diverses combinaisons de ces éléments optiques supportent d’innombrables
technologies et produits commerciaux, et sont réalisées par des composants optiques tels que :
sources optiques, modulateurs, fibres dispersives, amplificateurs, filtres spectraux, photodiodes, etc.
Comme ces phénomènes optiques ne commutent généralement pas entre eux, l’ordre dans lequel ils
agissent sur un champ électromagnétique lors de la propagation modifie considérablement le ren-
dement global d’un système (voir la figure 1.2 du texte principal). Ainsi, la topologie du système
optique permet de nombreuses fonctionnalités différentes avec les mêmes composants optiques. La
topologie d’un système est l’aménagement des composants, ou la manière dont ceux-ci sont reliés
entre eux par des chemins de propagation (par exemple, des guides d’ondes, des cordons de fibres
optiques ou des liaisons en espace libre). Les systèmes peuvent être en séries, c’est-à-dire qu’ils se
composent d’un seul chemin spatial dont les composants sont connectés les uns après les autres.
Ils peuvent également contenir des chemins de propagation optiques parallèles, qui donnent lieu
à des effets d’interférence de la part de circuits optiques de type interférométrique. Les systèmes
peuvent aller de topologies relativement simples contenant quelques composants connectés en série,
à des systèmes complexes composés de centaines de chemins de propagation optique parallèles [30].
La dernière considération à prendre en compte dans la conception des systèmes optiques sont les
paramètres des composants, qui dictent comment chaque composant manipule la lumière pendant la
propagation. Ces paramètres sont les valeurs réglables sur un composant optique donné qui définis-
sent la fonctionnalité de celui-ci, et qui comprennent, par exemple, la profondeur de modulation
d’un modulateur, la longueur d’une fibre dispersive, ou la valeur de gain d’un amplificateur optique.
En résumé, la conception inverse des configurations optiques au niveau du système nécessite la prise
en compte de ces trois éléments : les composants optiques, la topologie du système et les paramètres
des composants.

L’objectif principal de ce travail est de développer des outils de calcul pour la conception inverse
de systèmes de traitement optique ultrarapide. Pour accomplir cette tâche, j’ai d’abord développé
une bibliothèque de modèles de composants optiques compacts et paramétrés tels que les sources,
les modulateurs, les éléments dispersifs, les amplificateurs, etc. (voir annexe A.4). Ensuite, une
méthode de test de la sensibilité des systèmes aux perturbations a été mise en œuvre, elle utilise la
différenciation automatique pour déterminer la dépendance des performances du système à chaque
composant et paramètre. Enfin, deux routines d’optimisation sont utilisées pour trouver les sys-
tèmes optiques qui fonctionnent le mieux pour la tâche souhaitée - la première pour rechercher
dans les topologies des systèmes et la seconde pour optimiser les paramètres des composants. Ces
routines d’optimisation sont couplées, de sorte que pour chaque topologie proposée, un ensemble
optimal de paramètres opérationnels est également trouvé. Ces outils, pris ensemble, constituent
une nouvelle méthode pour la conception de systèmes optiques pour une grande variété d’objectifs
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souhaités et sont appelés ASOPE, ou Recherche automatisée pour les expériences de traitement op-
tique (Automated Search for Optical Processing Experiments). Dans ce travail, je me concentre
sur les systèmes qui manipulent les degrés de liberté temps-fréquence des composants à base de
fibres, cependant, les méthodes sont extensibles à d’autres degrés de liberté et à des plateformes
photoniques.

ASOPE: Recherche automatisée pour les expériences de traitement
optique

Dans la section suivante, j’expose les méthodes de représentation, d’analyse et d’optimisation
développées dans l’ASOPE et appliqué à la conception inverse des systèmes optique. Le logiciel
a été développé dans le langage de programmation Python.

Représentation et simulation des systèmes

Le premier niveau de représentation est à l’échelle d’un composant optique individuel. Les com-
posants optiques fondamentaux sont représentés par un modèle compact et paramétré qui décrit
son effet sur le champ optique (soit dans le domaine temporel, Ψ(t), soit dans le domaine fréquen-
tiel, Ψ̃(ω)). Chaque modèle agit soit sur un seul chemin spatial (par exemple, modulateurs, filtres,
amplificateurs, etc.), soit sur des cartes entre différents chemins spatiaux (par exemple, séparateurs
et multiplexeurs). Pour un composant qui agit sur un seul chemin spatial, la fonction de transfert
est écrite sous la forme,

Ψout = fci(Ψin,xci) (S.1)

où les paramètres, xci , sur un composant optique donné, ci, sont tous considérés comme des valeurs
scalaires limitées et continues et représentent des paramètres expérimentaux accordables. Pour les
composants ayant plusieurs ports d’entrée/sortie (c’est-à-dire un système contenant des séparateurs
et/ou des multiplexeurs), un formalisme matriciel des fonctions de transfert doit être adopté. Pour
les composants avec N chemins d’entrée et M chemins de sortie,

Ψout,` =
N∑
k=1

fci,(k,`)(Ψin,k,xci) (S.2)

{k ∈ Z | 1 ≤ k ≤ N}, {` ∈ Z | 1 ≤ ` ≤M}

Pour plus de détails sur les modèles de composants exacts utilisés dans l’ASOPE, voir l’annexe A.4,
qui comprend une source laser à onde continue, une source laser à mode bloqué, des modulateurs de
phase, des modulateurs d’intensité, des filtres programmables, des lignes à retard, des amplificateurs
optiques, des atténuateurs optiques, des séparateurs et des photodiodes.
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Le deuxième niveau de représentation modélise un système optique complet sous forme de graphe
de calcul. Un graphe, G = (V,E), comporte un ensemble de sommets/nœuds {V }, et un ensemble
d’arêtes, {E}, qui relient ces nœuds. Les graphes de calcul est une méthode compacte de description
de fonctions complexes, utilisée dans une variété de domaines, y compris les réseaux neuronaux
artificiels et les systèmes de flux. Ces nœuds et ces arêtes représentent les entrées et les sorties de
fonctions élémentaires qui sont mises en correspondance les unes avec les autres afin de produire
des fonctions plus complexes. En outre, les graphes sont des représentations utiles dans un certain
nombre d’approches de conception inverse, y compris l’apprentissage automatique, la chimie, la
conception de réseaux et l’optique quantique [7, 15, 31]. Plus précisément, dans l’ASOPE, le graphe
de calcul est un type précis de graphe : un multi-graphe dirigé, acyclique, ou DAG. Dans l’ASOPE,
les nœuds et les arêtes représentent tous deux les composants optiques du système et le flux de
lumière à travers le système (voir la figure S.1 ci-dessus et la figure 3.2 dans le texte principal). Le
codage utilisé dans l’ASOPE pour représenter un système optique est le suivant :

Arêtes du graphe: Elles représentent les composants qui génèrent, manipulent ou détectent
un champ optique dans un mode spatial unique ; et comprennent les sources optiques, les
détecteurs ou les éléments de contrôle optique (par exemple, les modulateurs, les filtres, les
amplificateurs, les atténuateurs, les lignes à retard, etc.) La direction des arêtes spécifie la
direction de la propagation optique.

Nœuds du graphe: Ils représentent les interconnexions entre les éléments optiques, qui cartogra-
phient les trajets spatiaux entrants et sortants ; ils comprennent les séparateurs, les coupleurs
et les multiplexeurs.

Les sommets de type source et puit: Ils sont utilisés au début et à la fin (terminaux) d’un
graphe de système. Ce sont des points d’ancrage pour définir la direction de la propagation,
c’est-à-dire que la propagation optique à travers le système est définie par l’ordre topologique
du graphe, des sommets de type source aux sommets de type puit.

Le système optique global, composé d’un ensemble de N composants, ci, {i ∈ Z | 1 ≤ i ≤ N},
est ensuite paramétré par xG, qui englobe les paramètres de chaque composant optique, xi (c-à-d.
xG = [xc1 ,xc2 , . . . ,xcN ]T). Avec un ensemble complet de composants, une topologie de graphe de
système et un ensemble de paramètres, la fonction de propagation globale du système entier est
simulée en composant les fonctions de transfert des éléments optiques dans l’ordre donné par la
topologie du graphe. Par exemple,

fG = fcN ◦ fcN−1 ◦ · · · ◦ fc1(Ψ,x) (S.3)

Pour un système optique plus complexe qui contient plusieurs chemins de propagation spatiale
(c’est-à-dire un système contenant des séparateurs et/ou des multiplexeurs), il faut adopter un
formalisme matriciel de la composition des fonctions - le nombre d’arêtes entrants ou sortants vers
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un sommet indiquant les dimensions de la matrice. Voir la figure 3.2 et les équations 3.4-3.6 pour des
exemples concrets. Cette approche générale permet de décrire et de modéliser une grande variété
de systèmes optiques, et d’ajouter facilement de nouveaux types de composants à la bibliothèque
de modèles pour d’autres cas d’utilisation. .

Afin de permettre une analyse efficace et automatique de ces systèmes optiques, les modèles de
composants et les modèles de graphes de systèmes sont développés pour permettre une différencia-
tion automatique. Celle-ci est utilisée pour l’analyse automatique, appelée "analyse de sensibilité",
qui estime l’effet de chaque paramètre xj ou de chaque ensemble de paramètres de composants xci
sur les performances du système, ou bien les deux. De même, la différenciation automatique permet
d’optimiser les paramètres par le biais d’une solution basée sur des gradients, comme la descente
de gradient ou les routines de type Newton [16, 32]. Pour le langage de programmation Python, le
logiciel autograd offre un ensemble convivial pour la différenciation automatique des modèles écrits
avec des fonctions Python, numpy et scipy, et peut suivre les dérivés par le biais de fonctions à
valeur complexe telles que FFT et IFFT. Cela permet d’écrire des modèles de composants optiques
dans le domaine où ils sont les plus simples et les plus directs [33] - par exemple, les éléments dis-
persifs sont modélisés dans le domaine fréquentiel, les éléments modulateurs variant dans le temps
dans le domaine temporel, et les dérivés peuvent être suivis par la fonction de propagation.

Évaluation et analyse du système

L’évaluation d’un graphe de système optique permet d’estimer la performance d’un système par
rapport à l’objectif souhaité. Grâce à la différenciation automatique, la définition des fonctions de
coût est très souple : elle peut être définie dans le domaine temporel ou fréquentiel, utiliser des
fonctions complexes et être rapidement prototypée.

La principale exigence est qu’il renvoie une valeur de coût scalaire unique, FG(x) ∈ R, et
utilise des fonctions supportées par autograd. Cette fonction de coût est ensuite minimisée par
rapport aux paramètres du graphe, ce qui correspond à une meilleure performance du système.
Une fonction de coût utile compare le signal optique (ou électronique) d’un élément spécifique de la
configuration à un signal optique (ou électronique) souhaité par le biais d’une fonction de similarité.
Plus précisément, nous utilisons la somme des carrés, ou `2-norme, sur la fenêtre temporelle de la
simulation, T ,

FG(x) =
∫
T
|Itarget − Igenerated|2 dt (S.4)

où I(t) = |Ψ|2 est l’intensité optique dépendant du temps. Cette intégrale de chevauchement,
F (G,x) ∈ R, mesure la similarité d’un champ optique généré, dépendant du temps, avec une
intensité cible. L’équation S.4 peut être appliquée de manière similaire à un signal de tension
dépendant du temps mesuré au niveau de l’un des éléments de la photodiode. Un deuxième exemple
de fonction de coût est la sensibilité du système aux perturbations - par exemple, la sensibilité de
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la puissance optique moyenne à un déphasage dans un chemin spatial,

FG(x) = −
∣∣∣∣∣∂Pavg∂xϕ

∣∣∣∣∣
x

(S.5)

où Pavg est la puissance optique moyenne et xϕ est la phase d’un élément de déphasage dans le
système. Cette méthode n’est accessible que par l’utilisation de la différenciation automatique et
pourrait être utile pour la recherche de systèmes très stables aux perturbations ou très sensibles
(par exemple, la détection optique).

De plus, l’analyse de la façon dont les changements des paramètres des composants d’un système
optique affectent la fonction objective est bénéfique pour acquérir une compréhension plus appro-
fondie du système et guider la réalisation du système en laboratoire. Dans le cadre de l’ASOPE,
comme les topologies des systèmes évoluent, des méthodes automatiques d’analyse de sensibilité
sont nécessaires. À cette fin, on utilise une analyse du système basée sur le gradient qui utilise le
vecteur de gradient, ∇FG(x), et la matrice hessienne, HG(x), calculée par différenciation automa-
tique. En particulier, l’analyse basée sur la matrice hessienne permet de comprendre comment les
paramètres de conception du système sont couplés, c-à-d. comment deux paramètres influencent
ensemble les performances du système – ce qui ne peut être réalisé avec le seul gradient ou d’autres
techniques d’analyse de sensibilité.

La matrice hessienne, H, est la dérivée de second ordre d’une fonction F : Rn → R et est une
matrice réelle, carrée et symétrique dont les indices sont définis comme Hi,j = ∂2F/∂xi∂xj . Elle
peut être utilisée pour extraire deux informations utiles sur le système optique étudié : les paramètres
courbes/directions et les principales courbes/directions [34–36]. Les courbures des paramètres sont
les éléments diagonaux de H, ouHij , ∀ i = j. Inversement, les directions et les courbures principales
sont respectivement les vecteurs propres et les valeurs propres de la matrice hessienne, satisfaisant
à l’équation suivante:

Hvi = λivi (S.6)

Alors que les courbures des paramètres indiquent la sensibilité des paramètres pris individuellement,
les courbures principales et les éléments hors diagonale indiquent la sensibilité des paramètres com-
binés. Si l’ampleur de la courbure du paramètre (principal) est faible, le déplacement dans la
direction du paramètre (principal) associé est très stable, et vice versa. En outre, les signes des
courbures principales peuvent indiquer si la fonction sur x∗ est un minimum, un maximum ou un
point de selle (points qui peuvent causer des problèmes de convergence dans une variété de routines
d’optimisation des paramètres [16, 32]). Pour comparer les paramètres avec des unités variables,
la matrice hessienne est mise à l’échelle comme dans l’équation 3.10 de sorte que tous les éléments
de la matrice Hij ont les mêmes unités physiques (c-à-d. qu’ils ont les mêmes unités que F ). La
figure S.2 montre l’analyse de sensibilité d’un exemple de système (c-à-d. un système permettant
de manipuler la période de répétition d’un laser pulsé). La figure S.2d en particulier montre la puis-
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sance de l’analyse de sensibilité basée sur la matrice hessienne, car les principales courbes/directions
indiquent un couplage entre les paramètres qui ne peut être obtenu à partir des seules courbes des
paramètres (figure S.2c). Plus précisément, comme λ4 ≈ 0, la direction principale v4 est très stable
- et correspond à l’allongement de la première fibre et au rétrécissement de la seconde fibre (ce qui
a un impact global nul sur les performances du système).

Figure S.2 – Analyse automatique de la sensibilité des systèmes optiques. (a) Exemple de système de traitement
des signaux optiques, qui multiplie la fréquence de répétition d’un train d’impulsions laser par l’effet Talbot temporel
[6]. Deux fibres sont incluses pour démontrer comment l’analyse automatique de sensibilité peut être utilisée pour
comprendre les processus physiques sous-jacents et les considérations dans le système – par exemple, quels composants
du système sont les plus influents sur la performance du système et/ou quels composants peuvent être potentiellement
redondants. L’analyse de sensibilité automatique comprend le calcul (b) de la matrice hessienne, (c) des courbes
paramètre et (d) des courbes/directions principales.

Si ces méthodes d’analyse de sensibilité permettent de comprendre comment la fonction objec-
tive change en fonction des perturbations, des imperfections ou de l’incertitude des paramètres, elles
n’englobent pas toutes les imperfections qui existent dans les systèmes optiques réels. En partic-
ulier, elle ne peut pas englober le bruit stochastique provenant de sources optiques, électroniques
et mécaniques - par exemple, l’émission stimulée amplifiée se produisant dans un amplificateur op-
tique peut avoir des effets néfastes dans une variété de systèmes optiques, tels que les systèmes de
télécommunications [37]. Dans le cadre de simulations plus réalistes, le bruit est ajouté au champ
optique simulé lorsqu’il se propage dans le(s) système(s). Une contribution générale au bruit est
modélisée sous la forme d’un bruit gaussien additif (Additive Gaussian Noise - AGN) sur les com-
posants les plus applicables, c-à-d. les éléments actifs, y compris les sources laser, les amplificateurs
et les photodiodes. Chaque modèle de composant possède un modèle de bruit connecté, qui simule
les caractéristiques du bruit de chaque composant par le biais d’un bruit additif à bande limitée,
tel que le bruit rose, le bruit passe-bas, etc. Une analyse de sensibilité et une optimisation peuvent
être effectuées en présence de ce bruit. En outre, le bruit peut être activé/désactivé pour tous
les composants afin de comparer la propagation du bruit à la propagation idéale, ce qui pourrait

xiv



permettre d’optimiser la tolérance au bruit des systèmes optiques par des méthodes basées sur le
gradient.

Optimisation

Comme les paramètres des composants et la topologie du système utilisent différentes représenta-
tions abstraites - les paramètres en tant que vecteur de scalaires réels délimités et le système optique
en tant que graphe dirigé - l’optimisation globale est divisée en deux algorithmes distincts. Une
routine d’optimisation imbriquée est développée ; la routine externe change et optimise la structure
du graphe en ajoutant, échangeant et supprimant des sommets et des arêtes, et la routine interne
trouve les paramètres optimaux sur tous les composants du graphe donné. En travaillant en tan-
dem, ces algorithmes imbriqués découvrent des systèmes optiques qui fonctionnent idéalement pour
une tâche définie par l’utilisateur (par exemple, trouver des systèmes optiques qui peuvent produire
un signal optique ciblé). Le chapitre 4 démontre l’application de cette routine d’optimisation pour
la conception de systèmes optiques pour une variété de tâches.

Optimisation des paramètres

Il existe des outils d’optimisation omniprésents pour optimiser une fonction F (x) : Rn → R. Il
s’agit notamment de la descente de gradient, des algorithmes génétiques, de l’optimisation par
essaims particulaires, de la méthode de Newton, etc. (comme indiqué au section 2.3). À par-
tir d’un graphe de système G et d’un vecteur de paramètres x, les fonctions de propagation et
d’évaluation sont compilées, ainsi que les dérivées successives par différenciation automatique. La
fonction d’évaluation, FG(x) : Rn → R, peut alors être considérée comme une fonction de boîte
noire. Cette fonction, ainsi que le vecteur de gradient, ∇FG(x), peuvent être fournis à une variété de
routines d’optimisation standard – y compris les algorithmes basés sur le gradient et les algorithmes
évolutionnaires/distribués pour rechercher les points optimaux dans l’espace des paramètres. Les
routines d’optimisation des paramètres testées en vue d’une utilisation dans l’ASOPE comprennent
: un algorithme génétique [38], une variante de l’algorithme ADAM personnalisée pour s’adapter
aux paramètres limités [16, 39], l’algorithme L-BFGS [40, 41], et une implémentation de type PSO
[42, 43] (voir la figure 4.4 et le tableau 4.2). Une approche hybride a finalement été adoptée comme
méthode d’optimisation des paramètres par défaut. Tout d’abord, une optimisation “grossière”
est réalisée par un algorithme génétique, suivie d’une optimisation “fine” par la méthode L-BFGS.
C’est une stratégie intéressante pour l’optimisation des systèmes physiques, car l’algorithme évo-
lutif initial explore mieux l’espace de conception complet et une méthode de gradient ultérieure
peut alors converger vers le minimum local le plus proche [44]. Empiriquement, cette approche
hybride d’un algorithme génétique suivi d’une minimisation locale L-BFGS a montré les meilleures
performances au cours du développement. Après l’optimisation, le post-traitement et l’analyse sont
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effectués en utilisant, par exemple, l’analyse de la matrice hessienne. La figure S.3 montre les étapes
de l’optimisation et de l’analyse d’une topologie de système optique fixe.

Figure S.3 – Procédure d’optimisation des paramètres sur une topologie de graphe fixe. (a) Exemple de système
optique, qui génère des formes d’ondes électroniques arbitraires par des manipulations optiques et une conversion
optique-électronique. La fonction de coût de ce système est la `2-norme entre le signal optique cible (forme d’onde
en dents de scie; ligne solide, bleu foncé) et le signal optique généré (ligne solide, bleu clair). (b) Un ensemble initial
de paramètres de départ a des performances médiocres, qui sont (c) optimisés par des routines d’optimisation AG et
L-BFGS pour produire un ensemble de paramètres de composants très performants (d). (e) Analyse de sensibilité
automatique sur le système, évaluée aux paramètres optimisés.
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Optimisation de la topologie

Le dernier pilier central du travail présenté est lié à l’optimisation des topologies des systèmes op-
tiques. Ici, des algorithmes heuristiques sont utilisés pour construire et améliorer itérativement des
graphes de systèmes optiques, en explorant de nouvelles configurations. La méthode utilise un algo-
rithme évolutif pour faire évoluer les systèmes optiques, en optimisant et analysant les paramètres,
tout en regroupant les systèmes haute performance pour les proposer à l’utilisateur. Une population
de graphes mute et change de manière itérative, les graphes les plus performants étant plus suscep-
tibles de rester dans la population et/ou de produire de nouveaux systèmes. Pour chaque graphe,
les fonctions de propagation et d’évaluation sont compilées et les paramètres sont optimisés comme
décrit ci-dessus. À chaque génération, des graphes très performants sont sélectionnés pour produire
la population suivante et subissent une mutation stochastique pour produire de nouveaux systèmes
(c-à-d. que leur topologie change par l’ajout, la suppression ou la modification des composants
optiques). Ce processus est répété jusqu’à ce qu’un critère d’arrêt soit rempli, et l’ASOPE renvoie
une famille de systèmes optiques les plus performants pour un examen plus approfondi. Une vue
de haut niveau du processus est fournie dans la figure S.1 (voir également la figure 3.9).

La principale méthode utilisée par l’ASOPE pour générer de nouveaux systèmes optiques est
l’utilisation d’opérateurs de mutation de graphes. Ces opérateurs de mutation, illustrés à la figure
S.4a, sont:

L’ajout d’arête Ajoute une seule nouvelle arête entre deux sommets existants. Physiquement, il
s’agit de l’ajout d’un nouveau chemin spatial en parallèle avec les chemins spatiaux existants
(par exemple, un dispositif interférométrique).

L’ajout d’arête et de sommet Ajoute à la fois un nouveau composant et un connecteur dans
un chemin spatial courant. Physiquement, cela équivaut à ajouter un nouveau composant en
série dans un chemin spatial existant.

La suppression d’arête Supprime une arête (entre les sommets u et v) du système. Aucun
sommet n’est supprimé, sauf s’il n’y a pas d’autre chemin entre u et v (c-à-d. si le graphe
n’est pas connecté), auquel cas u et v sont regroupés en un seul sommet.

L’échange de modèle Échange un composant pour un autre composant du même type. Par
exemple, une source optique peut être échangée contre une autre (par exemple, un laser à
onde continue contre un laser pulsé), un élément à trajet unique peut être échangé contre
un autre élément (par exemple, un modulateur de phase contre une fibre dispersive), etc.
Toutefois, les modèles ne peuvent pas être échangés contre des éléments d’un type différent
(par exemple, un modulateur ne peut pas être échangé contre un détecteur).

Ces opérateurs de mutation, dénommés Mi = MajoutArete, MajoutAreteSommet, MsuppressionArete,
andMechangeModele, peuvent chacun être appliqués de multiples façons distinctes sur le même graphe.
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Figure S.4 – Méthodes d’optimisation de la topologie des graphes de systèmes optiques. (a) Les opérateurs de
mutation permettent à l’ASOPE de produire de nouveaux graphes de systèmes optiques. Chaque opérateur fait corre-
spondre un graphe à un nouveau graphe, ils sont sélectionnés et appliqués stochastiquement pendant l’optimisation de
la topologie. (b) L’analyse automatique de sensibilité peut être utilisée pour guider l’optimisation de la topologie vers
un système plus simple et plus compact. Les composants ayant moins d’influence sur les performances (i.e. une faible
sensibilité) ont plus de chances d’être éliminés. (c) Le regroupement des graphes de systèmes permet de conserver
une diversité de types de systèmes à proposer à l’utilisateur. Chaque graphe est comparé au “Hall of Fame” en termes
de performances et de similarité avec d’autres systèmes, en utilisant la métrique de similarité de la distance d’édition
des graphes.

Mi,j désigne donc uniquement l’opérateur de mutation et l’emplacement dans un graphe où il sera
mis en œuvre. Chacun de ces opérateurs de mutation fait correspondre un graphe actuel à un
nouveau graphe; Mi,j : G→ G′. À chaque nouvelle génération de l’algorithme d’optimisation de la
topologie, une nouvelle population de graphes est générée en appliquant ces opérateurs de mutation
de manière probabiliste, c’est-à-dire que chaque opérateur Mi,j a une probabilité Pr(Mi,j) d’être
choisie et appliquée (une seule mutation est appliquée à la fois).

La manière dont ces probabilités sont calculées est fondamentalement importante pour la con-
vergence et la performance de l’ASOPE. Les méthodes les plus simples, mais naïves, de fixation des
probabilités sont faites pour :

i) Avoir une probabilité de sélection uniforme pour toutes les mutations possibles, de sorte que,

Pr(Mi1,j1) = Pr(Mi2,j2), ∀i1, j1, i2, j2
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ii) Avoir une probabilité de sélection constante pour chaque type de mutation unique, de sorte
que

Pr(Mi) = constante

Cependant, des méthodes plus sophistiquées peuvent améliorer la convergence et trouver des sys-
tèmes optiques plus performants. À cette fin, nous développons une méthode adaptative, guidée
par la matrice hessienne, pour fixer les probabilités de mutation Pr(Mi,j), où les composants qui
ont peu d’impact (tel que mesuré par l’analyse de sensibilité de la matrice hessienne) sur la valeur
objective, ont plus de chances d’être éliminés (voir figure S.4b). Cette méthode est décrite plus en
détail à la section 3.3.2 et à l’annexe A.2.

À mesure que l’optimisation progresse, des systèmes optiques très performants sont stockés dans
le Hall of Fame (HoF, [45]). En regroupant les graphes, de multiples types de systèmes distincts qui
utilisent des composants et des techniques optiques différents sont maintenus grâce à l’optimisation
de la topologie. L’objectif est de maintenir la diversité des systèmes finaux proposés à l’utilisateur.
Un graphe n’est ajouté à la HoF que si, et seulement si, il a un meilleur score qu’un membre
actuel de la HoF et qu’il n’y a pas déjà de graphes plus performants et très similaires dans la HoF.
L’ASOPE compare les graphes via la distance d’édition des graphes (GED), comme pseudo-mesure
de similarité entre deux graphes [46, 47], et utilise un seuil de similarité pour maintenir différents
types de configuration. Ce seuil vise à garantir que des topologies de graphes très similaires ne
“dépassent” pas la distance d’édition du graphe et qu’un ensemble de systèmes divers soit renvoyé
à l’utilisateur à la fin de l’optimisation de la topologie.

Le logiciel ASOPE a été développé pour tirer profit de l’aptitude inhérente de l’algorithme à un
traitement parallèle. Au cours de l’optimisation de la topologie, différents systèmes sont générés,
optimisés et analysés sur différents cœurs d’unités centrales. La méthode passe de manière trans-
parente du traitement à un seul cœur (pour les tests et le débogage), au multicœur (tel qu’utilisé
pour toutes les expériences de calcul présentées ici), à un cluster de calcul haute performance (pour
les travaux futurs, voir l’annexe A.3).

Systèmes conçus par l’ASOPE

Ici, l’algorithme ASOPE décrit ci-dessus est appliqué à trois tâches de traitement du signal optique
: la manipulation de la période d’impulsion laser à verrouillage de mode, la génération d’une
forme d’onde électronique arbitraire à grande vitesse et la détection des changements de phase.
Cela démontre son large domaine d’application et sa capacité à reproduire des techniques optiques
connues dans une variété de tâches de traitement du signal optique.
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Multiplication/division de la période d’impulsion du laser

La manipulation de la période d’impulsion des lasers pulsés est une technique courante et importante
dans les systèmes optiques ultrarapides [48–52]. Les méthodes de manipulation de la fréquence de
répétition dépendent des caractéristiques de l’impulsion d’entrée : notamment la période d’impulsion
d’entrée (xtrep), la puissance optique (xP ) et la largeur d’impulsion (xτ ). Les méthodes compren-
nent, par exemple: l’entrelacement des trains d’impulsions qui ont été divisés et retardés par des
interféromètres [50], l’utilisation des effets Talbot temporels et spectraux [6, 49], la mise en forme
de l’amplitude ou de la phase spectrale [48, 51, 52] (ou bien les deux) et la découpe des impulsions.

En utilisant l’algorithme ASOPE, nous visons la multiplication et la division du temps de répétition
des impulsions pour un laser pulsé à entrée fixe. Tout au long de l’optimisation de la topologie, un
seul laser pulsé est fixé comme source optique (i.e qu’il n’est pas retiré ou échangé par l’optimisation
de la topologie). Le laser pulsé d’entrée a des paramètres fixes de largeur d’impulsion, de temps
de répétition et de puissance de crête (on suppose que les impulsions sont de forme gaussienne).
L’objectif des systèmes optiques est de manipuler le train d’impulsions de telle sorte que le champ
optique à la sortie soit également un train d’impulsions avec un temps de répétition différent (un
multiple scalaire de l’entrée). Considérons la multiplication ou la division d’un temps de répétition
des lasers par un facteur de p/q, où p, q ∈ Z (de telle sorte que lorsque p > q le temps de répétition
augmente et lorsque p < q il diminue). La figure S.5a montre trois systèmes optiques proposés par
l’ASOPE pour doubler le temps de répétition des impulsions du laser d’entrée. L’ASOPE utilise de
façon intéressante un certain nombre de techniques optiques connues pour résoudre ce problème. Sur
la figure S.5a.1, le système utilise la mise en forme ligne par ligne du spectre optique avec un filtre
programmable. Les systèmes présentés sur les figures S.5a.2 et a.3 utilisent respectivement l’effet
Talbot temporel [6] et l’entrelacement de trains d’impulsions séparées et retardées. Une analyse plus
approfondie de ces systèmes, ainsi que des configurations plus complexes et peu intuitives suggérées
par l’ASOPE qui ne sont pas présentées ici, sont nécessaires pour déterminer comment la conception
de ces systèmes se compare aux techniques des systèmes de pointe actuels. Voir la section 4.1.1 et
la figure 4.1 dans le texte principal pour d’autres exemples de systèmes suggérés pour cette tâche.

Génération de formes d’ondes arbitraires en radiofréquence

La génération de formes d’ondes électroniques arbitraires à grande vitesse est d’une importance
fondamentale dans un grand nombre de domaines [53–57]. Une méthode utilise les largeurs de
bande et les mécanismes de contrôle de l’optique pour produire des formes d’onde arbitraires par voie
optique, suivie d’une conversion optique-électronique (via une photodiode). Ces méthodes utilisent
à la fois des entrées optiques à ondes continues et pulsées, manipulant le champ optique soit dans
le domaine spectral via des filtres et la dispersion [56, 57], soit dans le domaine temporel avec des
retards [54, 55], soit un mélange des deux. Pour un examen de ces méthodes, voir Références. [54]
ou [58].
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Figure S.5 – Les systèmes proposés par l’ASOPE pour (a) la manipulation de la fréquence de répétition des lasers
pulsés et (b) la génération de formes d’ondes arbitraires. (a.1-a.3) Trois systèmes optiques différents renvoyés
par l’ASOPE pour l’objectif cible de doubler la fréquence de répétition des impulsions laser pulsé, en utilisant divers
techniques de traitements de signaux optiques connus. Les sorties optiques associées (à droite) montrent que chaque
système atteint l’objectif visé, mais des différences de puissance optique sont observées. Les paramètres optimisés des
systèmes ne sont pas indiqués ici par souci de concision. (b.1) Un exemple de système optique suggéré par l’ASOPE
pour la génération d’une forme d’onde électronique en dents de scie de 12 GHz. Voir les figures 4.1 à 4.3 pour d’autres
exemples.

En appliquant l’ASOPE au problème de la suggestion de configurations pour la génération de
formes d’onde arbitraires assistée par la photonique, nous recherchons des systèmes optiques qui
produisent les formes d’onde électroniques souhaitées après conversion optique-électronique (i.e en
mesurant le signal de tension temporel simulé au niveau de la photodiode). La fonction objectif
utilisée est la `2-norme entre le signal électronique généré et le signal cible (avec compensation des
différences de phase globales entre le signal cible et le signal généré). Une forme d’onde cible est
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définie dans le domaine RF par sa forme (par exemple, carrée, en scie, pulsée, binaire, etc.), son
taux de répétition et son amplitude. Dans le texte principal, nous visons la génération de formes
d’onde arbitraires à grande vitesse allant de 10 GHz à 40 GHz. Ici, la figure S.5b montre un exemple
de système suggéré par l’ASOPE après optimisation de la topologie pour générer une forme d’onde
électronique en dents de scie de 12 GHz. Ce système utilise une entrée laser à onde continue et
génère de nouvelles composantes spectrales par modulation. Ces nouvelles composantes spectrales
sont ensuite manipulées en amplitude et en phase via le filtre programmable qui, lorsqu’il tombe sur
une photodiode à grande vitesse, battent ensemble et produisent une forme d’onde très similaire à
la forme d’onde idéale. Voir la figure 4.2 pour d’autres démonstrations de cette tâche de conception,
en particulier pour les systèmes proposés. Une fois la topologie optimale du système déterminée,
l’utilisateur peut rapidement tester l’étendue des formes d’onde qui peuvent être produites avec le
système en relançant l’optimisation des paramètres sur différentes formes d’onde cibles.

Il est difficile de comprendre les mécanismes importants et les contributions des composantes
au fonctionnement global d’un système. Dans les méthodes de conception prospective, où un con-
cepteur invoque une nouvelle conception et en étudie manuellement les propriétés, le concepteur a
une compréhension plus approfondie des processus sous-jacents à l’œuvre. À l’opposé, dans la con-
ception inverse, lorsqu’un algorithme "génère" une nouvelle conception, les processus importants (et
intéressants) ne sont pas toujours clairs au départ. Là encore, c’est là que les techniques d’analyse,
telles que l’analyse hessienne, peuvent être utiles - les interactions entre les éléments optiques et
l’importance relative des composants peuvent être estimées (voir section 4.2.2).

Détection sensible à la phase

Les expériences optiques sensibles à la phase sont à la base d’innombrables découvertes fondamen-
tales [59, 60] et de technologies optiques [61, 62]. Les plus courantes sont les interféromètres, tels que
les dispositifs de Michelson ou de Mach-Zehnder, qui utilisent l’interférence optique de deux trajec-
toires spatiales pour détecter de légères variations de la phase relative entre les trajectoires. Comme
simple démonstration de la souplesse de définition des fonctions de coût par différenciation automa-
tique, nous ciblons la conception de systèmes optiques sensibles à la phase. Un élément déphaseur
(PS) est placé dans le système initial, et ne peut être retiré ou échangé pendant l’optimisation de
la topologie, mais de nouveaux éléments de système peuvent être ajoutés autour de cet élément
déphaseur. La fonction de coût est proportionnelle à la sensibilité de la puissance optique de sor-
tie à ce déphasage, FG = −|∂Pavg/∂xϕ|, comme défini dans l’équation S.5. Le système proposé
par l’ASOPE, illustré à la figure 4.3 dans le texte principal, est une systeme interférométrique de
type Mach-Zehnder. Les paramètres de ce système suivent également les techniques expérimentales
courantes pour optimiser la sensibilité de phase dans les interféromètres : la puissance optique du
laser à onde continue est à sa puissance maximale et l’atténuateur optique dans le second bras de
l’interféromètre a une perte égale à la perte de l’élément de déphasage. Cette démonstration de la
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preuve de concept pourrait être étendue à la recherche de systèmes optiques ayant des propriétés
telles qu’une grande sensibilité, ou à la recherche de systèmes très stables aux perturbations.

Conclusions

En conclusion, j’ai développé et démontré des outils algorithmiques pour la conception inverse de
systèmes de traitement de signaux optiques, et j’ai montré que ces méthodes peuvent reproduire des
techniques optiques connues. Cette suite de conception devrait permettre de concevoir rapidement
des systèmes optiques nouveaux, divers et performants. Dans l’algorithme démontré, les systèmes
optiques sont représentés par des graphes de calcul, les arêtes et les sommets représentant des
composants optiques paramétrés. Pour produire de nouveaux systèmes optiques, les opérateurs de
mutation de graphe ajoutent/suppriment/changent de façon itérative les composants dans le graphe
; où la différenciation automatique et les algorithmes heuristiques sont utilisés pour optimiser les
paramètres des composants et pour analyser leur sensibilité. Enfin, un ensemble topologique de
systèmes optiques diverses et performantes est mis à jour tout au long de la recherche et renvoyé à
l’utilisateur pour une analyse plus approfondie.

Actuellement, les modèles utilisés dans l’ASOPE sont limités dans la mesure où les interactions op-
tiques non linéaires ne sont pas prises en compte et où les boucles de système ne sont pas autorisées.
En particulier, les composants non-linéaire et dispersif qui nécessitent des modèles plus sophistiqués
pour être simulés avec précisionne font pas partie de la bibliothèque de composants (par exemple,
les fibres hautement non linéaires). Pour disposer d’un modèle précis de ces composants, il faudrait,
par exemple, utiliser la méthode de Fourier à pas fractionné [63], ce qui augmenterait les ressources
de calcul nécessaires à la convergence de l’ASOPE. De même, la simulation de boucles optiques
nécessite des représentations plus complexes d’un système optique, ou des méthodes plus complexes
pour calculer le résultat de la propagation [64, 65]. Les travaux futurs porteront sur la simulation
de ces composants et boucles complexes, en déterminant comment les modéliser efficacement et
comment allouer de manière optimale les ressources de calcul.

Les améliorations futures prometteuses de l’algorithme et du logiciel développé comprennent,
par exemple : l’utilisation de méthodes de différenciation automatique avancées, la mise en œuvre
de nouveaux concepts d’optimisation topologique [31], et le développement de nouvelles méthodes
pour guider le changement topologique à partir, par exemple, de dérivés de fonctions de coût.
Tout d’abord, des projets à source ouverte, principalement dans le domaine de l’apprentissage
automatique, fournissent la fonctionnalité de simulation de modèles et de calcul de dérivés sur des
unités de coprocesseurs (par exemple, GPU ou TPU), qui peuvent tirer parti d’un parallélisme de
données énorme pour un calcul efficace (voir l’annexe A.1 pour une discussion plus approfondie sur
les améliorations possibles des méthodes de différenciation automatique). Cela pourrait permettre
une accélération significative de la durée de calcul et la possibilité d’optimiser et d’analyser des
systèmes plus complexes. Deuxièmement, les concepts d’autres implémentations d’optimisation des
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graphes pourraient être adaptés pour être utilisés dans le contexte de l’ASOPE. En particulier, les
concepts de la neuro-évolution (trouver des architectures de réseaux neuronaux artificiels optimales)
tels que la spéciation et les croisements de graphes devraient être explorés et adaptés [31]. Enfin,
d’autres méthodes d’utilisation de l’analyse de sensibilité pour informer l’optimisation topologique,
telles que les probabilités de mutation guidées par la matrice hessienne, devraient être explorées.
J’ai présenté une méthode pour informer de l’élimination des composants optiques via les sensibilités
des paramètres, cependant, d’autres liens et mesures devraient être étudiés. Par exemple, la matrice
hessienne indique les composants qui sont étroitement couplés entre eux et dans quelle mesure ils
influencent les performances du système; ainsi, les paires de composants hautement couplés et très
sensibles pourraient être mises en évidence et avoir plus de chances de rester dans l’évolution du
système.

L’utilisation de la conception inverse au niveau du système pourrait trouver de nombreuses
possibilités d’utilisation future. Trois de ces orientations qui présentent un intérêt immédiat sont
les suivantes: cibler de nouveaux objectifs, y compris des degrés de liberté optiques nouveaux/dif-
férents et étudier la perspective d’une co-conception optique et électronique. L’utilisation principale
de l’ASOPE est de l’appliquer à de nouveaux problèmes et tâches. Grâce à l’algorithme, à la biblio-
thèque de composants, aux routines d’optimisation des paramètres et de la topologie, à l’analyse
de sensibilité et aux outils de visualisation développés, les nouveaux objectifs et les fonctionnalités
souhaitées peuvent être rapidement prototypés. En particulier, l’optimisation des mesures basées
sur le bruit (par exemple, signal-à-bruit, gamme dynamique) pourrait trouver des applications
dans les télécommunications et la détection, où le bruit peut être particulièrement préjudiciable.
Toutefois, il convient d’étudier plus profondément la manière dont l’injection de bruit dans les sim-
ulations peut affecter la convergence d’optimisation et l’analyse de sensibilité. D’autres mesures
basées sur des considérations logistiques plutôt que sur le comportement du système, telles que
son coût, le poids mécanique ou la stabilité, pourraient être incluses. Ces paramètres pourraient
même, potentiellement, être utilisés comme objectifs de conception secondaires dans l’optimisation
multi-objectifs. Une deuxième orientation des travaux futurs consisterait à ajouter différents degrés
de liberté optique, tels que la polarisation, et à utiliser des modèles de composants intégrés ou en
espace libre. Comme l’ensemble ASOPE a été construit dans une structure modulaire pour permettre
des ajouts simples et flexibles de nouvelles fonctions et/ou composants objectifs (voir annexe A.3),
la topologie et les techniques d’optimisation des paramètres peuvent être facilement étendues à ces
nouveaux types de systèmes optiques. Une troisième direction pour les travaux futurs implique la
co-conception de systèmes optiques et électroniques. Cela pourrait avoir un impact sur la concep-
tion de la photonique intégrée, où les circuits électroniques et les circuits de guides d’ondes optiques
sont fabriqués de manière monolithique sur une seule puce, les signaux électroniques et optiques
se propageant conjointement. Grâce à des travaux plus approfondis, les méthodes de conception
inverse présentées ici pourraient être utilisées pour découvrir de nouvelles conceptions de puces
photoniques intégrées pour une variété d’utilisations cibles.

xxiv



En résumé, les travaux présentés dans cette thèse démontrent une nouvelle méthode de concep-
tion des systèmes optiques. J’ai développé un certain nombre d’outils avec des implémentations
logicielles, y compris l’analyse de sensibilité, l’optimisation des paramètres et l’optimisation de la
topologie, qui sont facilement utilisables pour trouver des implémentations non intuitives et inno-
vantes de systèmes optiques futurs.

xxv
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CHAPTER 1
Introduction and motivation

The design of novel optical systems has underpinned every step of scientific progress in the field of
optics, and has led to countless new technologies [1–6]. Scientists and engineers routinely harness
various optical phenomena and principles to build every-improving tools and technologies based on
light; from telecommunications, to sensing, entertainment, and beyond. These optical systems are
designed, built, and tested to meet specific, desired functionalities – be it nanophotonic components
for high-efficiency optical routing [1], lens systems for imaging setups [3], or experiments to test the
fundamental understanding of quantum mechanics [7]. However, designing complex optical systems
can be time-consuming, be unintuitive, and require expert-level domain knowledge. In general, this
process requires a designer to propose and analyze each possible solution, either experimentally,
analytically, via simulation, or through a combination of all of these approaches. Such methods,
termed forward design, are, however, restrictive – they require an experienced designer to test each
candidate solution, are constricted by the intuition and domain knowledge of the designer, and,
thus, are often limited to experts. These limitations can restrict the scope and breadth of new
solutions – even preventing us from ever solving the most counterintuitive problems – and can be
time-consuming in converging on effective designs.

Inverse design, however, mitigates some of these challenges and accelerates the development of
new systems. Inverse design refers to a broad class of techniques and methods for algorithmically
finding new solutions to address a problem. It is used widely in automotive and aerospace engi-
neering [8–10], electronics [11], architecture [12, 13], biological processing [14], chemical synthesis
[15], and beyond. Also known as generative, parametric, or algorithmic design, the exact tools
and techniques may differ between disciplines in terminology and implementation – but common
principles and algorithms span across fields of use. While some concepts of inverse design have
existed for hundreds of years, the field as it exists today began in the second half of the twentieth
century with the advent of digital computing and numerical optimization [1]. Steady improvements
in computational resources, algorithms, and infrastructures have provided the necessary support
for algorithmic design to proliferate across disciplines. Inverse design techniques are an attractive
method as digital computers can often test solutions much faster than a human and they are not
limited to the (potentially restrictive) intuition of a human designer. Inverse design methods aim
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to parameterize possible systems and use computational resources and algorithms to quickly and
intelligently explore and evaluate promising new solutions. In forward design the onus is on the
designer to envision and test any candidate solution; while in inverse design the onus is instead
on the designer to specify how to numerically evaluate the performance of a solution and build an
algorithm which can automatically produce new systems. The designer specifies a target behaviour
and performance, and then allows the algorithm to do the ‘heavy lifting’ of exploring and evaluating
many new possible solutions – reporting back to the end-user the best candidate(s). The challenges
in inverse design are different than in forward design, as the difficulty shifts instead to how to
create algorithms and mathematical models which are sufficiently adept and general to find useful
solutions. This includes how to parameterize and represent a design, how to evaluate its quality
and performance, and how to then change the design in order to improve said performance. These
considerations – which I term representation, evaluation, perturbation, and optimization – are the
pillars of an inverse design approach and are highly problem-dependent and domain-specific (see
Table 1.1).

Inverse design is used in numerous fields, and has been steadily expanding in its use since the
advent of digital computing. In structural and mechanical engineering, inverse design methods are
routinely used to determine optimal structures for industrial and consumer products, for example
in additive manufacturing (3D printing) [8], structures with desired radar signatures and low noise
[9], as well as complex geometries and high-performance building structures [10]. In architecture,
generative design began with the creation of efficient hospital layouts [12] in the 1970’s, with these
techniques steadily progressing and now available in major architecture design software packages
[13], allowing designers and architects to take advantage of computational resources to find optimal
building layouts, structures, and shapes with minimal human input. In chemistry, computational
approaches to inverse design are ushering in a new era of chemical design tools, providing novel
resources to conceptualize prospective drugs, synthetic routes to organic compounds, and opti-
mization of photovoltaics and batteries [15]. In particular, as the manufacturing capabilities of a
discipline mature, the methods of design grow in parallel to include more sophisticated, computer-
aided design approaches. A common trait of these inverse design methods is to iteratively combine
simple elements to build and evaluate new and complex systems; for example, engineering complex
molecules from atoms in inverse chemical design [15], or creating meshes of different material types
in additive manufacturing [8]. Combining these building blocks gives rise to complex interactions
and, thus, new functionalities or emergent behaviour. Inverse design, therefore, aims to efficiently
explore these complex interactions and automatically discover new systems and designs.

In optics, inverse design is utilized in a number of sub-disciplines to great success. First and
foremost, it is used in creating lens systems for imaging, astronomy, and entertainment [16–20].
These demonstrations are the earliest and most-widespread utilization of inverse design within op-
tics. More recently, the realization of high-performance nanophotonic and metamaterial devices for
telecommunications and sensing [1, 21–25] has been improved with the adoption of such algorith-
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define 
objectives

generate
new designs

evaluate
designs

select and suggest
optimal designs

inverse
design steps

evolve
designs

Figure 1.1 – Basic steps of inverse design. First, the target functionality is defined which provides in the form of an
objective function. Then, new designs are iteratively generated, evaluated, and evolved until some stopping criterion
is met and the final, optimal designs are returned to the user for further analysis and consideration.

Table 1.1 – Pillars of inverse design.

Representation Evaluation Perturbation Optimization
provide a model
of a solution

estimate performance
of a solution

understand performance
of similar solutions

find high-performing
solutions

x F (x) F (x + δx) min
x

F (x)

mic techniques. Additionally, related concepts have also been demonstrated in the discovery of new
quantum optics experiments to produce complex, entangled states of light [5, 7, 26].

Inverse design methods, however, stand to find further application in the design of ultrafast
optical processing systems. While parameter optimization has been used in laser engineering [27],
telecommunications [28], ultrafast optics [29], and other related fields, inverse design on the system-
level in such optical disciplines has not yet been widely explored. When designing an optical system
for a specific application, one must consider three main things:

• The optical components which comprise the system

• The system topology, or order and direction of optical propagation

• The operational parameters of these components

Firstly, in ultrafast optical processing and related fields, a common set of optical components and
effects are used towards numerous different technologies. These include, for example, components
that rely on chromatic dispersion, nonlinearity, interference, loss, and gain – each dependent on the
degrees-of-freedom of the optical field (temporal, spectral, polarization, etc.). Various combinations
of these optical elements underpin countless technologies and commercial products, and are real-
ized through photonic components such as: optical sources, modulators, optical fibers, amplifiers,
spectral filters, photodiodes, and so on. As these optical phenomena (e.g., dispersion, modulation,
interference, absorption, etc.) do not generally commute with one another, the order in which they
act on a propagating electromagnetic field significantly alters a system’s overall output. This is
demonstrated by the simple setups in Fig. 1.2 – the components between the top and bottom
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setups are the same, except the ordering of the modulator and the optical spectrum shaper are
switched. The top system first applies a time-dependent phase modulation, followed by frequency-
dependent phase transfer function, while in the bottom system these operations are reversed. As
seen in the system outputs (right column), these discrete topological changes result in a drastically
different output optical field.

As such, the topology of the optical system allows many different functionalities with the same
optical components. With the term topology, we refer to the ordering of the components in time
and space, or in other words, how the components are connected together via propagation paths
(e.g., waveguides, optical fiber patch-cords, or free-space links). Systems can be serial, comprised of
a single spatial path with components connected one-after-another. They may also contain parallel
optical propagation paths, which give rise to interference effects from interferometric-type optical
circuits. Systems can range from relatively simple topologies containing a few components connected
serially, to complex systems comprised of hundreds of parallel optical propagation paths giving rise
to desired interference effects [30].

The final consideration in designing optical systems are the component parameters, which dictate
how each component manipulates light during propagation. These parameters are the tunable
values on a given optical component that define the operational regime of that element, e.g., the
modulation depth of a modulator, fiber length of a dispersive fiber, or gain value of an optical
amplifier. These component parameters must be selected based on the desired functionality of the
system, and complex interactions between these parameters can make understanding and selecting
these parameters challenging. Further, some of these component parameters require a great deal of
precision when building the system, as perturbations to the parameters could significantly change
performance. It is beneficial and often necessary, therefore, to optimize the performance of the
system towards the desired functionality, as well as understand its sensitivity to slight changes in
the design parameters. Therefore, inverse design of optical setups on the system level requires the
consideration of all three of these elements; the optical components, the topology of the system,
and the component parameters.

The main focus of this work is to develop computational tools for the inverse design of ultra-
fast optical processing systems. To accomplish this task, first, a library of component models is
developed, with compact, parameterized models of optical elements such as sources, modulators,
dispersive elements, amplifiers, etc. (see Appendix A.4). Next, a method for testing the sensitiv-
ity of systems to perturbations is implemented, which uses automatic differentiation to determine
the dependence of the system performance on each component and parameter. Finally, two op-
timization routines are used to find optical systems that perform well on the desired task – the
first to search through system topologies and the second to optimize the component parameters.
These optimization routines are coupled, such that for each proposed topology, an optimal set of
operational parameters is also found. These tools, taken together, comprise a new method for the
design of optical systems for a broad variety of desired goals. In this work, I focus on systems
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Figure 1.2 – Example of non-commutativity between optical components. Between the top row and the bottom row,
the order of the phase modulator and optical spectral shaper is exchanged, with the other components, all operating
parameters, and overall topology of the optical system unchanged. The resultant optical fields (right column) between
the two setups, however, have vastly different temporal shapes (and different spectra). This change can be thought
of as the non-commutativity of the transfer function of the optical components.

which manipulate the time-frequency degrees-of-freedom in fiber-based components, however, the
methods are extendable to other degrees-of-freedom (e.g. polarization, angular momentum, etc.)
and photonic platforms (e.g. integrated optics, free-space optics, etc.).

Structure of this thesis

The presented thesis is structured as follows:

Chapter 1: Discusses the motivation and objectives for the presented work on the inverse design
of ultrafast optical systems.

Chapter 2: Reviews common techniques and tools used in inverse design approaches across
disciplines, followed by a review of inverse design in optics. To compare between disparate
fields of study, I present them in the context of four main elements used in inverse design:
representation, evaluation, perturbation, and optimization (see Table 1.1). These four pillars
will be used to frame techniques between fields, as well as contextualize the novel contributions
of this work.

Chapter 3: Presents the main, novel work of this project – algorithmic tools for the inverse design
of ultrafast optical systems, dubbed Automated Search for Optical Processing Experiments,
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or ASOPE. The algorithm enables the design of optical systems with desired functionality by
iteratively building, simulating, and evaluating systems. This includes representing optical
systems as computational graphs, automatically differentiating the system with respect to
design parameters, and using topology optimization to explore new optical systems.

Chapter 4: Demonstrates ASOPE for the design of different optical systems and tests the per-
formance of various algorithms and techniques. The inverse design of three types of optical
systems is presented: multiplication/division of pulse repetition rates, arbitrary waveform
generation, and phase-sensitive systems. Sensitivity analysis, parameter optimization, and
topology optimization techniques are then benchmarked and compared.

Chapter 5: Discusses the main conclusions of the work and future research directions.

Appendix A: Contains further discussions on automatic differentiation and sensitivity analysis,
as well as a brief white-paper overview of the ASOPE software package (Appendix A.3) and
descriptions of the optical component models currently developed (Appendix A.4).



CHAPTER 2
Review of inverse design methods

Inverse design methods share similar techniques across their broad and disparate use-cases. Common
methods may include: mathematically and numerically formulating potential solutions to an inverse
design problem, performing sensitivity analysis to understand cause-effect relationships, and using
optimization routines to search for the best-performing designs. This Chapter provides a review of
these tools, with the aim of using a broad and general formulation, discussing shared underlying
concepts, and comparing the relative advantages of related tools.

2.1 Representation and evaluation

Inverse design is necessarily a computational approach. This means that in order to use an inverse
method towards a certain problem, the system and its desired performance must first be formulated
mathematically and simulated numerically. The chosen representation, or parameterization, en-
compasses the key details of a candidate solution, which can then be simulated to determine design
performance. Possible designs must thus be represented via an abstract mathematical object that
can be optimized, for example a scalar value, a vector, a matrix, or a graph. As inverse design
is used to create new physical systems – e.g., a building layout, a chemical structure, an optical
component – there are often natural choices of representation to use. Throughout this thesis, the
representation of a system is denoted as x, and the set of all possible values of x is termed the
solution or design space. The representation x often corresponds to a vector, x ∈ Rn, in many
problems, but more complex mathematic objects are often used (e.g. a graph, as used in ASOPE

and discussed in Chapter 3). It is the goal of inverse design to explore this solution space to find
high-performing regions.

Choosing a function to evaluate a solution can be challenging, yet is foundationally important.
Evaluation is the process of simulating how a physical system will behave with a set of parameters x,
and providing a quantitative estimate of how well the solution will perform on the desired task. This,
again, is entirely dependent on the field and problem being studied. Throughout this document,
the evaluation of a candidate solution x is denoted as F (x) and (as is generally true in inverse
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design and optimization) a solution is evaluated to a scalar value, F (x) : Rn → R. If the desired
functionality is not well encapsulated by the evaluation function, then optimizing it will provide no
benefit.

Evaluation functions could, for example, be a physical quantity (e.g. optical collection efficiency
or aberrations, as in lens design [19]) or a similarity metric between a target output and a generated
output (e.g. fidelity between a targeted quantum state and a generated quantum state [5, 7], or
between a targeted and a generated temporal envelope of an optical field, see Sec. 3.1.2 and 4.1).
Objective functions may also be heuristic, which provide an approximate cost and are based off of
intuition of the designer and work well with the optimization routine. In these cases, the absolute
values may not convey information, but rather the relative scores between solutions are useful in
indicating which perform better.

The set of all possible objective values is termed the objective space; thus F (x) maps from
the solution space to the objective space. Evaluation functions are referred by two standards in
literature, depending on whether the author aims to maximize or minimize the objective value.
When a large value of F (x) indicates a ‘good’ solution, it is referred to as a fitness function or
figure-of-merit. Conversely, when a small value of F (x) indicates a ‘good’ solution it is known as
a cost function or loss function. In the work outlined in this thesis, F (x) is standardized to be a
cost function (i.e., minimizing F (x) improves the design), and referred to as an objective or cost
function.

In the context of optics, the choice of representation and evaluation is related to which physical
formalism used, e.g., ray optics, wave optics, quantum optics, or approximating Maxwell’s equations
to simulate the electromagnetic field. Different formalisms are better suited to different contexts
and problems. When designing a lens system, for example, ray tracing is most commonly used
[20]. Alternatively, when optimizing nanophotonic structures, a much more detailed simulation is
required and Maxwell’s equations must be solved using, for example, finite-difference time-domain
techniques [66]. Generally, there is a trade-off between the accuracy of a simulation and the required
computation time and/or resources, and different representations fall into different regimes of this
trade-off. Using the example of optics formalisms, while solving Maxwell’s equations is the most
accurate method, it is also computationally prohibitive for many applications and instead a more
compact model, such as ray optics, is used – which may have more approximations and assumptions
in exchange for significantly reduced computational requirements. Within each of these formalisms,
decisions must be made as to the complexity of the simulation and which physical effects must
be considered. As a further example, in Ref. [15], eight different representations of a chemical
molecule are discussed – each with benefits and drawbacks in the context of inverse design. Some
representations restrict the solution space in such a way that physically realizable solutions (i.e.
real molecules) are not accessible with a representation choice, or there is large degeneracy in the
solutions (many different solutions map to the same physical system, due to e.g. symmetry). Similar
challenges, constraints, and advantages exist in each use-case of inverse methods when choosing a
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representation. As such, the choice of representing a physical system with an abstract mathematic
structure and numerical simulation is the first step in developing an inverse design approach.

2.2 Perturbation

Perturbation, or sensitivity analysis, estimates how small changes to the parameters may effect the
design’s performance. Sensitivity analysis seeks to explore the local function landscape around a
one set of design parameters, x∗. This can indicate if x∗ is a local extreme point (i.e., minimum,
maximum, or saddle point), as well as how quickly the performance changes as the parameters are
perturbed from x∗. Sensitivity analysis indicates which parameters are the most important, can
guide the optimization routine, and can provide insight to the designer about parameter tolerances
and considerations for the experimental realization of a system. For example, via sensitivity analysis
one can determine that perturbing one parameter, xi, heavily impacts the performance of a design
and, as a consequence, in a laboratory environment this parameter must be precisely controlled
and/or be kept stable during operation. This places bounds on the fabrication tolerances of the
systems and the repeatability of the fabrication process, as highly sensitive parameters must be
well-controlled to that ensure the experimentally realized design will perform well.

Broadly, there are two main classes of sensitivity analysis: sampling methods, which use a prob-
abilistic approach to sample the function around a center point and calculate statistical quantities
(such as the moments of a function), and gradient-based methods, which use first- and higher-order
derivative terms to estimate how quickly the objective function changes along different parameter
axes [67, 68]. A key goal of sensitivity analysis is to quantitatively measure the effect each param-
eter xi has on the objective function F (x), and to order the parameters according to their relative
impact. Exact quantitative values of sensitivity will vary between methods, however, they should
ideally provide similar characterization of the most important parameters (as in Fig. 2.1, bottom
row).

2.2.1 Sampling methods

Sampling methods, or Monte Carlo techniques, for sensitivity analysis encompass a number of
techniques which treat x as a random variable. A set of sample solutions, {x(j)}, are drawn from
a distribution, Pr(x), and the variance and/or other statistical quantities are computed from the
set of evaluations, {F (x(j))}. These techniques are attractive as they treat F (x) as a black-box
function – not requiring any further information about F (x), such as its gradient. The parameters
of x are considered as independent random variables, with a probability distribution,

Pr(x) = Pr(x1)Pr(x2)Pr(x3) . . .Pr(xn) (2.1)
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For each individual parameter, the choice of probability function Pr(xi) is guided by domain knowl-
edge or by fitting experimental data. These probability distributions are most commonly a uniform
distribution within an upper and lower bound, U(blower, bupper), or normal distribution N (µ, σ), with
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Figure 2.1 – Examples of sensitivity analysis techniques. (a) Sequential Monte Carlo sensitivity analysis around
the central point of x∗ = [0, 0], with the sensitivity of each parameter calculated with Eqn. 2.2. (b) Variance-based
analysis using first-order variance indices (Sobol indices) as described in [68]. ∼ U refers to drawing the parameter from
a uniform distribution. (c) Gradient-based sensitivity analysis, where black arrows (top row) and solid blue/purple
lines (middle rows) are the gradients at the point x∗ = (0, 0). The bottom row of a-c demonstrate that all three
methods, while exact quantities vary, provide a similar characterization of the sensitivity of F (x) on x1 and x2. Code
for these plots can be found here.

https://github.com/benjimaclellan/data-visualizations/blob/master/chap2_perturbation_techniques.py


Chapter 2. Review of inverse design methods 11

width σ and mean µ. These bounds or widths can represent physical limitations in manufacturing
to better understand, for example, design tolerances.

The most straightforward method for estimating the impact that each parameter has is by
changing them one at a time (Fig. 2.1a). To estimate the sensitivity of the function F (x) around
a point x∗ we sample the function many times while only changing a single parameter. We denote
x∗xi∼Pr(xi) to be the vector equal to x∗, except in the parameter xi which is instead a random variable
drawn from the distribution Pr(xi). The variance of the evaluations,

Var[F (x∗xi∼Pr(xi))] (2.2)

is estimated by sampling many times and provides an estimate of the sensitivity in the parameter
xi. This method, while simple and easy to implement, does not account for any interaction of
parameters and may require many calculations of F to generate accurate statistics.

More sophisticated sampling methods and sensitivity estimators that are widely used include
the first-order sensitivity indices or Sobol indices [68]. These, similarly, consider the effect of each
individual parameter, but average over the effects of other parameters and are not sampled only on
the parameter axes, but rather use a quasi-random sequence of parameter sets (using, e.g., Sobol
sequences, Halton sequences, or Latin hypercube sampling). Fig. 2.1b demonstrates the first-order
sensitivity indices of x1 and x2, following the approach in [68]. Sampling methods which can,
instead, indicate interactions between parameters include, e.g., the total effect indices. Ref. [68]
provides a detailed overview of these techniques. Advantageously, these methods treat F as a black
box function, which is useful when no further information about the objective function, such as its
gradient, is available.

2.2.2 Gradient-based methods

Gradient-based methods of sensitivity analysis use derivatives of the objective function F (x) at a
central point, x∗, to estimate the effect of each parameter xi. Around a point x∗, the function can
be approximated by taking a truncated Taylor series. For a multivariate function F (x) : Rn → R,
the second-order approximation [69] is

F (x∗ + δx) ≈ F (x∗) + δxT[∇F (x∗)] + δxT[H(x∗)]δx (2.3)

where δx is a small deviation, ∇F is the gradient vector of F , and H is the Hessian matrix of size
n× n – given as,

∇iF = ∂F

∂xi
, Hi,j = ∂2F

∂xi∂xj
(2.4)
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This means that perturbing the parameters by a small amount, δx, from the central point x∗ will
result in a change in F (x) of approximately (to the second order) δxT[∇F (x∗)] + δxT[H(x∗)]δx –
which can therefore serve as a measure of sensitivity. The gradient terms ∇iF are often called the
‘sensitivities’ and measure the effect each parameter xi has on the output (Fig. 2.1c) – but does
not include the effect that any interactions between parameters may have. However, the Hessian,
being a higher-order term, does contain information about the interactions between parameters.
Therefore the Hessian termsHi,j , indicate how parameters xi and xj may –in combination– influence
F (x). In very high-dimensional problems, efficiently calculating the Hessian can be computationally
challenging, in which case sensitivity analysis may consider only the first-order derivative or smaller
submatrices of the Hessian.

The central requirement of using gradient-based sensitivity analysis methods is the ability to cal-
culate∇F (x), and (if desired or required) higher order derivatives as well. This necessitates that the
parameters are treated as continuous and the function is differentiable at x∗. Computing the deriva-
tives can be done via analytic differentiation (i.e. using a pen and paper), numerical differentiation
(i.e. using finite difference approximation), symbolic differentiation (i.e. using computer-algebra),
or automatic differentiation [70]. Here, we focus on automatic differentiation due to its efficiency,
flexibility, and ease-of-use.

Automatic differentiation

Automatic differentiation (c.f. algorithmic differentiation and computational differentiation) is a
family of techniques which first appeared in the 1960’s to calculate the derivatives of a function
expressed as a computer program [71]. Automatic differentiation is, in essence, the continued ap-
plication of the chain rule in calculus. When a function y = F (x) is implemented as a computer
program (a list of instructions), the calculation is composed of elementary operations: such as
addition, multiplication, exponentiation, and trigonometric functions. Each of these elementary
operations has a known derivative, which is also described by elementary operations. By compos-
ing these known derivatives together, it is possible to automatically compile a computer program
which calculates the derivative of the function. Implementations of automatic differentiation are
available in many programming languages and allow for derivatives to be calculated with minimal
programming overhead. Fig. 2.2 outlines the concept of automatic differentiation with an example
function F : R→ R. In the more general case of multiple input and output variables, the automatic
differentiation uses Jacobian vector products to trace the function derivative through the calculation
[72].

Automatic differentiation has two modes of operation: forward mode and reverse mode. For-
ward mode fixes the dependent variable(s), x, and traverses the graph in the forward direction,
while reverse mode fixes the dependent variable(s), F (x), and traverses the computational graph
backwards (see Fig. 2.2). While these two methods will give the same evaluation, they differ in the
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Figure 2.2 – Automatic differentiation of an example function y = F (x) = exp(cos(x))2. (a) Computational graph
of the function, where the blue circles are the input and output scalar values and green circle are the elementary
operations which compose the function. (b) Reverse mode automatic differentiation, with derivatives accumulated
moving from right-to-left along the computational graph. (c) Plot of F (x), along with its derivative calculated using
automatic differentiation. Continued, higher-order derivatives are trivial to compute by the successive application of
automatic differentiation. Code for these plots can be found here.

memory and time requirements: for a function y = F (x) : Rn → Rm, if n � m (i.e. less input
variables than output variables) then forward mode differentiation is preferred, while for n � m

(i.e. more input variables than output variables) the reverse mode differentiation is preferred [70].
As optimization problems have n� m, reverse mode differentiation is generally used in this setting
(using reverse mode differentiation to calculate the derivative of a cost function and minimizing).
Because the derivatives are themselves composed of elementary functions, higher-order derivatives
can continually be calculated with practically no overhead in programming.

Automatic differentiation is a powerful tool for design methods as systems can be modeled
quickly and easily, and then compute derivatives for optimization and analysis with minimal pro-
gramming overhead. It is capable of efficiently evaluating the derivatives to machine precision. This
allows for fast prototyping of complex system where other differentiation methods, e.g., numeric,
analytic, or symbolic, may become prohibitively costly or unstable. For example, in the field of
machine learning, reverse-mode automatic differentiation is used to train deep neural networks,
hugely complex functions comprised of millions of parameters and elementary functions. No other

https://github.com/benjimaclellan/data-visualizations/blob/master/chap2_autodiff.py
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method for calculating gradients of such networks is realistic, as the complexity of the functions is
prohibitive. A number of automatic differentiation tools exist in a number of computing languages,
including FORTRAN, C, Java, Matlab, and Python. In the machine learning community, Python
has become an important and essential language, where a number of actively-developed tools for
automatic differentiation exist – these include autograd, PyTorch, TensorFlow, JAX, among others
[73–75]. See Appendix A.1 for further discussion.

2.3 Optimization

The final pillar of inverse design is the optimization routines used to search for the highest-
performing solutions. A naive method to do so is via a brute force search of the function F (x)
– visiting all possible values of x or a sufficiently dense grid of solutions. However, this becomes
computationally intractable very quickly, as the number of evaluations of F (x) will increase ex-
ponentially with the number of free parameters; for example, an optimization problem with 50
parameters and only 10 points per parameter would require 1050 function evaluations to cover the
entire search grid (if each sequential calculation of F required 1 ms, the required running time would
correspond to many times the age of the universe). In contrast, an optimization routine is a guided
exploration of the solution space, aiming to find better performing designs via successive iterations
– resulting in significantly fewer required evaluations to find a high-performance solution. For a
cost function, as in this work, optimizing a function aims to find local or global minimum point(s)
under a set of constraints and bounds, or

minimize
x

F (x)

subject to gk(x) = 0, hk(x) ≤ 0 (2.5)

where F is the evaluation function, x is a parameter vector, gk is a set of equality constraints,
and hk is a set of inequality constraints. These equality and inequality constraints can enforce
relationships between design parameters or bound their values. Bounded optimization is common
when designing physical systems, as the physical parameters must fall within some experimentally
accessible range. Constraints enforce necessary relationships between parameters, e.g., the bounds
on xi being dependent on the value of xj , where i 6= j. These constraints may, for example,
ensure that energy or momentum is conserved when changing the design parameters (see Appendix
A.4). Constrained optimization problems can be transformed into an unconstrained problem using
methods such as substitution or Lagrange multipliers [76].

A parameter set corresponds to a local minimum of F (x) is denoted as xmin – such that
F (xmin) ≤ F (xmin + δx) for any small deviation δx. The global minimum of F (x) is the point
xmin where F (xmin) ≤ F (x) ∀ x. In inverse design tasks, there is often no guarantee of finding a
globally-optimal solution; instead, these algorithms often converge to local minima. Meta-heuristic
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Figure 2.3 – Examples of optimization routines applied to a black-box function F (x1, x2) : R2 → R, with a
local minimum denoted by the red cross markers and candidate solutions represented by purple circle markers. (a)
Snapshots of an evolutionary algorithm (particle swarm algorithm) as it searches for a function minimum. As the
algorithm progresses (top-to-bottom), it can be seen that the tested solutions (purple markers) ‘swarm’ to the minimum
point. (b) Successive steps in a first-order gradient descent algorithm navigating to the minimum, with the current
solution (purple marker) moving in the direction of steepest descent (black arrows, as evidenced by each arrow being
perpendicular to the contour lines). (c) Successive steps of Newton’s optimization method, which uses both the first-
and second-order derivatives to update the current solution (purple marker) closer to the minimum point. While
the gradient descent and Newton’s method start at the same point in the top row, the update direction differs –
this is due the second-order considerations of Newtons’s method. The code for these plots, which contains simple
implementations of a particle swarm optimization, gradient descent, and Newton’s method can be found here.

optimization routines aim to find sufficiently good solutions in intractably large search spaces, yet
the optimized parameters may, in fact, be a local minimum [3, 38]. Other optimization routines (e.g.
gradient descent) are specifically capable of iteratively moving towards the nearest local minimum
[16].

Many algorithms exist for numerically optimizing a function, but the choice depends on the
specific problem being considered. Considerations informing this choice include,

1. Are the parameters continuous, discrete, or a combination of both?

https://github.com/benjimaclellan/data-visualizations/blob/master/chap2_optimization_routines.py
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2. Is the function differentiable (via, e.g., analytic or automatic differentiation)? Does it have a
continuous second derivative?

3. Are the parameters bounded, as is often the case when optimizing a physical system?

4. Do the parameters need to satisfy constraints/relationships between themselves (boundary
conditions, conservation laws, etc.)

In the context of inverse design, two main classes of algorithms are used: evolutionary algorithms
[38] and gradient-based algorithms [40]. Evolutionary algorithms are beneficial as they do not require
a gradient and can often well-approximate a global minimum solution. However, their performance
may scale poorly with the number of parameters to be optimized. In turn, gradient-based methods
converge to a local minimum from a starting location and can be computationally efficient for large
number of free parameters. However, they require the ability to compute the gradient (which is not
always possible, e.g. when using discrete parameters) and the performance of the algorithm can be
highly dependent on the initial optimization parameters.

2.3.1 Evolutionary methods

Evolutionary (or swarm) optimization methods are algorithms inspired by natural phenomena, first
appearing in the literature in the second half of the 20th century [38]. These include genetic
algorithms, simulated annealing, memetic algorithms, particle swarm algorithms, ant colony opti-
mization, artificial bee colony, grey wolf optimization, cuckoo search algorithm, covariance matrix
adaptation evolution strategies, and many more [42]. These algorithms iteratively update a popu-
lation (a set) of possible designs/parameter sets, using heuristic methods to guide it towards better
performing designs. These algorithms use a population (a set) of candidate solutions which share
information about their evaluation score between each other to iteratively guide individual solu-
tions in the population toward better performing areas in the design space. While each evolutionary
algorithm has its own unique aspects, each follows the general process:

1. Create an initial population of designs (a set of parameters, {x(j)}). These are randomly
selected from a probability distribution or given a priori.

2. Evaluate the performance of each design in the population, {F (x(j))}.

3. Select high-performing designs and evolve them to generate new designs. Heuristic algorithms
are categorized by the rules and methods which update the population. For example, this
update rule corresponds to mutation/crossover/selection operators in genetic algorithms, ve-
locity/position updates in particle swarm algorithms, changing the covariance matrix in the
covariance matrix adaptation algorithms, etc.
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4. Iterate Steps 2 and 3 until a stopping criterion is reached. This could include reaching a maxi-
mum number of iterations, reaching a certain objective value, or plateauing of the performance
in several consecutive populations.

5. Return the best performing solution(s).

Commonly, these methods have a stochastic element to them which balances between trying new
parameter sets or improving on already tested parameters [38]. This is often discussed as a trade-off
between exploration and exploitation, and is an important consideration when building optimization
routines. This trade-off is often controlled via hyper-parameters, constant values which will define
how the populations changes during optimization.

Genetic algorithms, perhaps the most common and longest standing evolutionary algorithm,
were first introduced in the in the 1960’s, but gained popularity for numerical optimization in
the 1990’s [77]. Genetic algorithms update the population at each successive step via three main
operations; selection, cross-over, and mutation. Selection determines which designs in a population
are kept and evolved for the next generation, and examples include tournament selection and roulette
selection. Cross-over mixes the parameters of two solutions together, example include: one-point,
two-point, or blend cross-over. Mutation randomly changes some subset of the solution’s parameters,
and example include: uniform, Gaussian, or bit-flip mutations.

Evolutionary algorithms and related methods have a number of advantages. First, they do not
require information about the gradient of the function in order to optimize solutions. Second, they
are well-suited to parallel-computing infrastructures. For this, solutions in a population can be eval-
uated on distributed CPU (central processing unit) cores or nodes, with one CPU core/node acting
as a control, sending out the tasks to workers to evaluate designs in parallel. Ideally, parallelizing an
evolutionary algorithm would provide a linear speed-up in computation time (i.e., for X CPUs, the
optimization is X times faster). However, handling the distribution of these calculations adds extra
computational overhead, which takes time – meaning that there are diminishing returns for adding
more worker CPUs [78]. Finally, evolutionary procedures have the advantage of optimizing multiple
objectives simultaneously. Multi-objective optimization problems can, in some scenarios, be simpli-
fied to a single scalar optimization by framing the problem as F (x) = a1F1(x)+a2F2(x)+. . . , where
Fi(x) is each individual objective to be optimized and F (x) is their weighted sum with weights ai.
This requires a priori knowledge of how to weights different objectives, which is often not available.
Alternatively, multi-objective optimization algorithms can provide a return a set of solutions that
perform well on multiple cost functions – for example the non-dominated sorting genetic algorithm,
or NSGA-II [79], which approximates the Pareto front [80]. This then allows the designer to explore
a number of possible solution and decide, a posteriori, how to balance the multiple objectives.
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2.3.2 Gradient-based methods

In contrast to evolutionary methods, which treat F (x) as a black-box, gradient-based methods
use information about the derivatives of the objective function to iteratively move towards a local
minimum. Just as in evolutionary algorithms, the difference between different gradient-based opti-
mization routines is mainly the update rule at each successive step. As introduced in Section 2.2.2,
for F (x) : Rn → R which is continuous, the first- and second-order derivatives (gradient vector and
Hessian matrix) are respectively,

∇iF (x) = ∂F

∂xi

∣∣∣∣∣
x

Hi,j(x) = ∂2F

∂xi∂xj

∣∣∣∣∣
x

(2.6)

A gradient-descent algorithm follows the steps of:

1. Start with an initial candidate solution, x0. This could be randomly selected, given from a
priori knowledge, or seeded from a different optimization algorithm.

2. Update the candidate solution, xm, to a lower-cost solution by moving in the direction of
the negative gradient (the direction of steepest descent). The general update rule is xm+1 =
xm − αm∇F (xm), where αm is known as the learning rate at step m, however variants of
gradient descent use more sophisticated update rules.

3. Repeat Step 2 until a stopping criterion is met; such as the number of iterations, the cost
value reaches a certain point, or the function evaluations plateau (the gradient vanishes).

Extensions to this first-order gradient descent have also been developed, and make use of more
sophisticated update rules. These include stochastic gradient descent methods such as RMSProp,
AdaGrad, and ADAM [16, 39, 81], which use historical gradient evaluations, decaying values of αm,
and/or different values of αm for each parameter. These variants of gradient descent are foundational
to deep-learning architectures, as they have lower resource requirements and can be efficiently
parallelized with co-processors such as graphical processing units (GPUs) or tensor processing units
(TPUs).

Another class of gradient-based methods uses the function gradient with variants of the New-
ton method for root-finding. Newton’s method is an iterative technique for finding the roots (i.e.
zero-crossings) of a generic function, y(x) = 0, using the gradient ∇y(x) to do so. Given that the
minimum points of the objective function F (x) occur when ∇F (x) = 0, by setting y(x) = ∇F (x),
Newton’s method can be used to optimize the objective function. Towards this end, Newton’s
method uses the second-order derivative (Hessian) to converge on a local minimum, xmin. Com-
pared to the first-order gradient-descent methods discussed above, Newton’s method can take a more
direct route to a local minimum, as it uses the curvature of the function [82, 83]. For each successive
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iteration of Newton’s method, the candidate is instead updated by xm+1 = xm−∇F (xm) [H(xm)]−1.
For some problems, it can be computationally expensive to directly calculate the Hessian and its
inverse, so an approximation is made using the gradient and objective function evaluations from
previous iterations. Variants of Newton’s method include the Broyden-Fletcher-Goldfard-Shanno
(BFGS) algorithm (and related routines such as the limited-memory approximation – the L-BFGS),
the Davidon-Fletcher-Powell update, and symmetric rank-one update rule [40]. These methods
are generally superior to solely relying on first-order gradients when the number of parameters is
relatively small (tens to hundreds). Beyond this, however, Newton’s method can become compu-
tationally prohibitive and perform poorly [83]. It is for this reason that deep learning, which can
have millions of parameters, uses first-order gradient descent algorithms such as ADAM.

2.4 Inverse design in optics

Inverse design techniques in optics hold both historical importance and state-of-the-art significance
across sub-disciplines. For photonics, the process of inverse design involves parameterizing the
optical device/system design, simulating the optical propagation, evaluating the design performance,
and optimizing for high-performance solutions. These techniques have been used most prominently
for three sub-fields: lens design, nanophotonics, and quantum optics. Inverse design in each of these
fields shares some commonalities in optimization routines and sensitivity analyses as outlined in
Sec. 2.2 and 2.3, but differ in their formalisms, model complexities, optical degrees-of-freedom, and
desired functionalities. This Chapter reviews these three uses of inverse design in optics, discussing
the choices of representation, perturbation, and optimization for each.

2.4.1 Lens system optimization

Arguably the most widespread use of inverse design in optics is in the design of lens systems, studied
since the early 1990s [17, 18] and continuing to this day [16, 19, 20, 84]. Lens design aims to create
optical systems which have high optical performance (e.g. proper focal length, low aberration, low
reflection) limited by manufacturing and environmental constraints (e.g. low footprint and cost) [2].
The parameters x which represent a candidate solution may include the lens curvature, distance
between lenses, or lens material [19]. More complicated parameterizations are also used, allowing
greater flexibility in the shapes of lenses the algorithm has access too. This include, for example,
freeform lenses [19], which increases the number of design parameters and optimization challenges,
but can produce systems with superior performance to simpler parameterizations [84]. A candidate
system is evaluated using the ray optics tracing formalism, with objective values extracted from the
image formed following propagation through the system.
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Lens system design methods use both evolutionary algorithms and gradient-based routines.
Early research into lens systems optimization began in the second-half of 20th century, first used
gradient-descent algorithms, often targeting the minimization of lens abberations via a damped
least-squares objective function [85, 86]. However, in the 1990’s, the advent of global optimization
techniques like evolutionary algorithms gained in popularity. These algorithms (mainly simulated
annealing and genetic algorithms at the time), were often better suited to finding global optima
and explored a larger region of the parameter space. This has worked very effectively for finding
good lens designs for both small- and large-scale problems [3, 87]. Another benefit of using genetic
algorithms in lens design was the ability to permute the order of optical elements. Thus, from a set
of simple or well-known lens system topologies, new ones can be generated by the computer and
tested for performance automatically [86].

On the other had, ‘differential ray tracing’ is widely used for optimizing lens systems with
gradient-descent [88]. These techniques have, in the past, used analytic or numerical differentiation,
which has been shown to be inadequate in some cases [89]. More recently, automatic differentiation
has been applied to differentiate the cost function of a lens design with respect to the design
parameters [20]. The application of automatic differentiation in Ref [20] improves the computation
time, and importantly, the designer time – as the user does not need to manually derive any
gradients.

Sensitivity analysis is often accomplished with Monte Carlo sampling methods and is available
in a number of commercial software packages, such as ZEMAX.

2.4.2 Nanophotonics design

Inverse design is widely used to optimize nano- and micro-scale optical component designs [1, 22–
24, 66, 90, 91]. Often, these methods target photonic devices which achieve better performance
or require a smaller footprint than traditional photonic designs. The design of nanophotonic and
metamaterial optical devices including microcavities [91], photonic crystal fibers [92], and integrated
couplers [23, 90], among others, have been demonstrated via inverse design techniques. Here,
the devices are represented as a parameterized dielectric structure, constrained by the fabrication
capabilities of the foundry, and designs are simulated and evaluated via various beam propagation
methods, such as finite-difference time-domain (FDTD) methods [93].

The earliest demonstrations of inverse design for nanophotonics began in the 1990’s. In Ref.
[22] Spühler et al. used a genetic algorithm to design a fiber-to-chip coupler with 2dB better
efficiency compared to previous techniques, and the authors of Ref. [24] employ gradient-descent
optimization on a symmetric structure of two dielectrics to increase the width of a photonic bandgap
(demonstrating a 34% increase from the starting structure). Evolutionary algorithms are often
used in problems with fewer parameters [21, 22], however, as the number of design parameters
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increases, evolutionary methods become intractable and gradient-based techniques are required.
For example, in recent shape optimization work [1, 23, 66], the parameterization of the device
is the dielectric material on a mesh grid, and as such, the number of grid points can grow very
large as resolution or photonic chip size increases. In order to optimize such a device, the gradient
must be accessible, stable, and computationally-efficient. Numerical differentiation is impossible
in this situation due to both the number of parameters and the computation time required for
each forward problem. Fortunately, the derivative of the cost function in this situation can be
recast as solving the adjoint problem [94]. This allows the derivative to be computed via only one
additional simulation of the device – an approach that scales well with the number of parameters
and requiring less programming overhead [23]. This adjoint method is a foundationally important
technique for inverse design problems which require solving partial differential equations – such as
Maxwell’s equations for photonics [23], Fourier’s equation for heat transfer [95], or fluid dynamics for
mechanical shape optimization [96]. It can be formulated from the theory of Lagrange multipliers
and falls under the category of analytic differentiation discussed in Sec. 2.2.2. See Refs. [97] and
[23] for a discussion on the adjoint method in nanophotonic design in theory and practice.

Automatic differentiation has also been recently demonstrated for solving Maxwell’s equations in
photonic devices [25, 98], demonstrating the automatic differentiation of coupling efficiency, spectral
power, and intensity distribution with respect to dielectric material properties. It should be noted
that this employs the forward mode automatic differentiation which, for a general F (x) : Rn → Rm,
is well suited to situations where n � m – this is however not the case for many nanophotonic
inverse design problems where m = 1 and n is very large.

In some cases of sensitivity analysis for nanophotonic structures, a simple ‘under-etch’ and
‘over-etch’ (representing the tolerances of the foundry’s fabrication process) are tested to determine
an expected loss of performance when produced [66]. When the gradient vector is available, i.e.
when using the adjoint method or automatic differentiation, the first-order derivative is used for
sensitivity analysis. More complex analysis of sensitivity is demonstrated in Ref. [99], which uses
principal component analysis to determine the most impactful parameters and fully explore the
lower-dimensional design space along the principal components. Commercial solutions for nanopho-
tonic design, such as Lumerical, have recently developed inverse design packages [66] which have
been demonstrated for the design of compact, low-loss waveguides [90]. Similarly, the COMSOL
Multiphysics Suite provides functionality for calculating design sensitivities via the adjoint method
[100].

2.4.3 Quantum optics system design

In recent years, inverse design has been used to design new quantum optics experiments [5, 7, 26,
101]. The first demonstration of such an algorithm, named Melvin, was in 2016 by Krenn et
al., and illustrated the ability to design an optical setup which produces high-dimensional Green-
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berger–Horne–Zeilinger quantum states (a useful state in quantum communication, metrology, and
fundamental investigations) [102]. This was the first system proposal to create such states [5].
Based on this, follow-up algorithms explored the design-space of quantum optics experiments with
search and reinforcement learning algorithms [101] which continued to suggest novel systems for
various complex quantum states. Most recently, Krenn et al. have demonstrated a new algorithm
(named Theseus) which uses a novel and abstract representation of quantum experiments as a
weighted graph [26, 103] and boasts impressive results, capable of finding new systems for a number
of important, complex quantum states.

These algorithms are parameterized by both real, continuous numbers [7], but also by discrete
objects, graphs, which require discrete topology optimization [5]. As such, the optimization proce-
dure can no longer use gradient-based methods or most evolutionary algorithms in their general form
– requiring different techniques. The first demonstrations used a simple, random topology search
algorithm – adding new components to the experiment, testing the figure-of-merit (the quantum
fidelity), attempting to simplify the setup, and iterating until a sufficiently high-performing system
was discovered [5]. As well, small systems which performed well were saved as individual building
blocks which the algorithm could re-use. This process improved convergence speeds and often dis-
covered known sub-systems which have been used in the field for years [5]. The most recent demon-
stration in Ref. [7] uses both graph topology optimization in combination with a gradient-based
optimization routine (BFGS algorithm) to minimize the continuous, real graph weights (which cor-
respond to probability amplitudes of the quantum state). The topology optimization deletes edges
in the graph when they are deemed unimportant, realized through the addition of a lasso (`1)
regularization term in the cost function.

This inverse design of quantum experiments shares similarity to some of the advanced lens system
design methods in that, through the optimization of a discrete structure (order of lenses, topology
of quantum experiment), new functionalities can be discovered. The benefit of these methods is
that the human designer does not need to have a priori knowledge about a good initial design,
but rather, this initial design is discovered through an iterative process. Ideally, this lowers the
amount of high-level domain-knowledge prerequisite to quantum system design, allowing to find
novel, unintuitive designs. This is especially important in problems, such as quantum optics, where
conceptual and intuitive understanding of the full problem space is challenging or impossible due
to the complexity of the system.

2.4.4 Ultrafast optics

Finally, optimization of optical system parameters is used throughout ultrafast optics, laser design,
optical signal processing, telecommunications, and other related fields. However, these are largely
individual demonstrations; broader connections between the concepts, tools, and techniques of these
research areas are lacking. In general, these works use parameter optimization routines as described
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in Chapter 2.3 on a fixed optical system topology, particularly gradient-free optimization, as deriving
the gradient of such systems is often challenging. A handful of examples of these include: the design
of lasers [27, 104] and other optical sources [105], noise mitigation over optical channels [29], pulse
shaping [106], all-optical processing [107], and networking applications [108]. Developing common
techniques and tools for use in these fields remains an outstanding need, which is the main motivation
of this work. Here, computational inverse design methods are developed and demonstrated for the
design of ultrafast optical processing systems. The methods and software presented in Chapters 3
and 4 provide a platform for rapid simulation, analysis, and optimization of optical systems, along
with automatically exploring new optical system via topology optimization. While the results of
this work focuses specifically on fiber-based systems in the time-frequency domains, the concepts
and software can readily be extended to new problems.





CHAPTER 3
Methods: Automated Search for
Optical Processing Experiments

(ASOPE)

As outlined in preceding Chapters, inverse design has been a foundational tool for designing novel,
high-performing optical systems and devices. In this Chapter, I introduce and demonstrate a novel
method for the inverse design of optical systems, specifically targeting ultrafast, fiber-based systems.
In this approach, optical systems are represented as computational graphs, with vertices and edges
representing different types of optical elements provided in a user-defined library. Vertices represent
optical components which map between spatial propagation paths (e.g., beam splitters) and edges
represent optical elements that alter the optical field within a single propagation path (e.g., laser
sources, modulators, amplifiers, filters, and detection elements). The system graph, comprising of
an experimental topology and parameter set, is then simulated and evaluated. Using automatic
differentiation, derivatives of the evaluation function are compiled which enable gradient-based op-
timization and sensitivity analysis. Finally, through the iterative evolution of the graph structure
(i.e. topology optimization) and parameter optimization, new optical systems are generated, eval-
uate, and optimized – searching for new functionalities and emergent behavior. Fig. 3.1 provides
the basic process flow of the algorithm. The inverse design algorithm Automated Search for Optical
Processing Experiments, or ASOPE, was developed in the Python programming language.

define 
objectives

create new optical 
system topologies

select high-performing
systems

optimize system 
parameters

suggest suitable
optical systems

evolve system topologies

Figure 3.1 – Overview of inverse design procedure for optical systems.
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3.1 Representation and evaluation of optical systems

3.1.1 Parameter representation

The first level of representation is on the scale of an individual optical component. The fundamental
“building block” components are represented with a compact, parameterized model which describes
its effect on the optical field (either in the time-domain, Ψ(t), or in the frequency domain, Ψ̃(ω)).
Each compact model of a component is a time- or frequency-dependent transfer function, fvi(t) or
fi(ω), parameterized by a vector xi. We write these transfer functions as,

Ψout = fi(Ψin,xi) (3.1)

Each model acts on either a single spatial path (i.e. modulators, filters, amplifiers, etc.) or maps
between different spatial paths (i.e. splitters and multiplexers). The parameters, xvi on a given
optical component are all considered as bounded, continuous values and represent tunable exper-
imental parameters. For example, a modulator (e.g., phase, amplitude) may be parameterized by
the modulation frequency, modulation depth, and/or bias.

For a more complex optical system which contains multiple spatial propagation paths (i.e. a
system containing splitters and/or multiplexers), a matrix formalism of composing functions must
be adopted – with the number of incoming or outgoing edges to a vertex indicating the matrix
dimensions (see Eqn. 3.6) or, more generally for components with N input paths and M output
paths,

Ψout,` =
N∑
k=1

fi,(k,`)(Ψin,k,xi) (3.2)

{k ∈ Z | 1 ≤ k ≤ N},

{` ∈ Z | 1 ≤ ` ≤M}

Appendix A.4 discusses the component models developed and used in ASOPE. The compact models
of each component are similar to the scattering matrices or block-diagrams elements used in pho-
tonic circuit simulation engines (e.g., Lumerical Interconnect, Synopsis) to model system level
performance of an optical schematic [109].

While experimentally, some parameters may technically be discrete (e.g., due to bit-depth reso-
lution of a programmable filter), all parameters are treated as continuous in the algorithm in order
to use gradient-based methods for optimization and sensitivity analysis. Each parameter xi of a
model is defined by an upper and lower bound (bupper and blower, respectively) and an uncertainty
σi reflecting its experimental tolerance or imprecision, these values informed by domain knowledge
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Figure 3.2 – Example optical systems represented as computational graphs. (a) A serial optical system using only
one spatial path. The resulting propagation function is written in Eqn. 3.4. (b) A more complex optical system that
includes multiple, parallel spatial propagation paths. The resulting propagation function is presented in Eqn. 3.6.

or experimental results (i.e. can be extracted from a component datasheet provided by optical com-
ponent manufacturers). Currently implemented components include continuous wave lasers, mode-
locked lasers, optical amplifiers, attenuators, dispersive fibers, optical spectrum shapers, phase and
intensity modulators, as well as bandwidth-limited photodiodes; all are differentiable with respect
to their design parameters (see Appendix A.4 for more details).

3.1.2 Graph representation

The second representation level models a complete optical system as a computational graph. A
graph, G = (V,E), has a set of vertices/nodes {V }, and a set of edges {E} that connect these
nodes. These collections of nodes and edges represent computations that map inputs to outputs.
Graphs are useful representations in a number of inverse design approaches, including machine
learning, chemistry, network design, and quantum optics [7, 15, 31], and each domain has unique
problems and constraints which must be encoded into the graph data. Similarly in ASOPE, unique
constraints which arise for optical systems must be implemented in the graph representation. In
ASOPE, the nodes and edges both represent optical components in the system and the flow of light
through the system (see Fig. 3.2). First, the edges are directed, which indicates the direction
of optical propagation. Second, the graph is acyclic, to disallow optical loops in the system (see
Chapter 5 for further discussion). Finally, the graphs are multi-graphs, which enables multiple
edges between the same two nodes, allowing interferometric setups. Thus, an optical system is
represented as a directed, acyclic multi-graph, or DAG. The encoding used in ASOPE to represent an
optical system as a DAG is as follows:
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Graph edges: These represent components which generate, manipulate, or detect an optical field
within a single spatial mode. These include optical sources (e.g., continuous wave or pulsed
laser sources), detectors (e.g., photodiodes), or optical control elements (e.g., modulators,
filters, amplifiers, attenuators, delay-lines, etc.). The edge direction specifies the direction of
optical propagation.

Graph vertices: These represent interconnects between optical elements, which map incoming
spatial paths to outgoing spatial paths (Eqn. 3.2). The incoming/outgoing spatial paths are
represented by the directed edges which end/start at the vertex, respectively. These include
splitters, couplers, and multiplexers.

Source and Sink vertices: These are used at the start and end (terminals) of a system graph.
They are ‘anchor’ points to define the direction of propagation, i.e. the optical propagation
through the system is defined by the graph’s topological order, from the Source vertices to
the Sink vertices.

The overall optical system, composed of a set of N components, vi, {i ∈ Z | 1 ≤ i ≤ N}, is
then parameterized by xG, which encompasses the parameters on every optical component, xi (i.e.
xG = [x1,x2, . . . ,xN ]T).

With a graph, complete with a set of components, topology, and parameters, the overall propaga-
tion function of the whole system is then simulated. This is accomplished by successively simulating
the effect that each element has on the optical field, in the order set by the graph topology (a DAG
has, by definition, a unique graph topological order). For small systems, this can be written out as
the composition of the component model functions,

fG = fvN ◦ fvN−1 ◦ · · · ◦ fv1(Ψ,x) (3.3)

For example, for the simple point-to-point system in Fig. 3.2b, it can be written as

fG = fPD ◦ fBS ◦ fPM ◦ fBS ◦ fCW(Ψ,x) (3.4)

For a more complex optical system which contains multiple spatial propagation paths (i.e. a sys-
tem containing splitters and/or multiplexers), a matrix formalism of function composition must
be adopted – with the number of incoming or outgoing edges to a vertex indicating the matrix
dimensions (see Eqn. 3.6). For the system depicted in Fig. 3.2b, the propagation function can be
written as,

fG = fPD ◦
(
fBS2a fBS2b

)
◦
(

0 0
0 fWS

)
◦
(
fPM 0

0 0

)
◦
(
fBS1a
fBS1b

)
◦ fCW (3.5)
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Expanding this out, it can also be written as,

= fPD ◦ (fBS2a ◦ fPM ◦ fBS1a ◦ fCW + fBS2b ◦ fWS ◦ fBS1b ◦ fCW) (3.6)

However, as optical systems scale up in size, writing the propagation functions becomes unwieldy and
bulky, and performing analysis by-hand can become tedious or impossible. The graph representation
thus serves as a compact method to define and simulate larger, more complex optical systems.

Further, any possible optical system that ASOPE generates and suggests must be physically
realizable in a lab. This includes, for example, ensuring at least one optical source is included in
the setup and that components have a valid number of connected spatial paths (e.g. a modulator
should have a single input and single output, if more output paths are needed, a splitting element
must be inserted). To track these constraints, the optical components are divided into four types:

Optical sources: Optical sources such as continuous wave lasers, pulsed lasers, or an optical data
stream. These are represented on the graph edges, {E}.

Optical detectors: Represents measurement devices such as a photodiode, optical spectrum an-
alyzer, or optical transmission channel. These are represented on the graph edges, {E}.

Single-path optical components: Represents optical components which manipulate the optical
field in a single propagation path such as modulators, filters, dispersive elements, attenuators,
and amplifiers. These are represented on the graph edges, {E}.

Spatial path connectors: Represents components which couple/split optical fields from/into mul-
tiple propagation paths, such as beam-splitters or multiplexers. These are modeled generally
to have any number of input/output ports. These are represented on the graph vertices, {V }.

Importantly for inverse design, the algorithm must be able to create new solutions without
them being explicitly programmed. A set of graph mutation (or evolution) rules change the graph
topology and optical components to generate new optical systems without explicitly defining them.
So, a user can either explicitly define an optical system by its components and topology, or use these
rules to automatically produce new systems. These mutations include adding a new edge and/or
vertex, removing an edge and/or vertex, or swapping the optical component models on existing
edges/vertices (see Sec. 3.3.2 and Fig. 3.7). These rules, in essence, map from one DAG to a new
DAG – ensuring that the newly generated system graph is valid (i.e. it is an optical system that
could be realized experimentally).

As the optical systems continually change, automatic differentiation is necessary to compute
derivatives for gradient-based optimization and sensitivity analysis. For the Python programming
language, autograd offers a simple, user-friendly framework, largely because it differentiates func-
tions written with the standard numerical and scientific computing libraries, i.e., numpy and scipy.
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This allows one to translate from the mathematical description of optical propagation to a differ-
entiable simulation in a compact and intuitive way. Importantly, complex-valued functions such as
the FFT and IFFT, are differentiable with the base library. This allows optical component models
to be written in the domain where they are simplest and most direct [33] – e.g., dispersive ele-
ments are modeled in the frequency domain, time-varying modulator elements in the time domain,
and derivatives can be traced through the propagation function. As such, each optical component
model, fvi , and cost function, F (G,x), are developed to be differentiable with autograd, opening
the door for efficient optimization and sensitivity analysis. Appendix A.4 details the component
models, discusses some considerations when automatically differentiating the optical propagation,
and compares tools for scaling up the simulations using GPU processing.

This graph representation of optical systems can encompass a wide variety of optical technologies
and systems that used in fields such as telecommunications and optical signal processing. Current
limitations of this representation are that it does not consider optical loops, backward propagation,
or nonlinear elements that require more sophisticated simulation methods (e.g., the split step Fourier
method [63]). Finally, this thesis focuses on the time-frequency degree-of-freedom and fiber-based
optical components, however the representation and the following computational methods could be
adapted to other optical degrees-of-freedom.

Evaluation of a system

The evaluation of an optical system graph estimates how well the system performs towards the
desired objective. With automatic differentiation, defining cost functions is very flexible – it can
be defined in the time-domain or frequency-domain, and use many complex functions. The main
requirement is that it returns a single scalar cost value, F (G,x) ∈ R and uses functions supported by
autograd. Automatic differentiation also allows rapid prototyping and testing of new cost functions.
This cost function is then minimized with respect to the graph parameters, corresponding to better
system performance.

One useful cost function compares the optical (or electronic) signal at a specific element in the
setup to a desired optical (or electronic) signal via a similarity function. While a number of similarity
metrics are available (e.g. cosine similarity, `1-norm, `p-norm), we use `2-norm (i.e. sum-of-squares)
between the target and generated optical field, over the simulation time window, T ,

F (G,x) =
∫
T
|Itarget − Igenerated|2 dt (3.7)

where I(t) = |Ψ|2 is the time-dependent intensity. This overlap integral, F (G,x) ∈ R, measures
the similarity of a generated, time-dependent optical field intensity is to a target intensity. Eqn.
3.7 can be similarly applied to a time-dependent voltage signal measured at one of a photodiode
element (as the optical-to-electronic conversion is not a linear function and has a finite bandwidth,
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the two are not equivalent). For example, in Sec. 4.1.1, the cost function is calculated based on the
difference in optical intensity between generated and target optical field, while Sec. 4.1.2 instead
compares the electronic signal produced at the photodiode to a target electronic waveform.

A second type of cost function is the sensitivity of the system to perturbations – for example,
the sensitivity of the average optical power to a phase shift in one spatial path. For example, in
Sec. 4.1.3, the cost function is of the form:

F (G,x) = −
∣∣∣∣∣∂Pavg∂xϕ

∣∣∣∣∣
x

(3.8)

where Pavg is the average optical power and xϕ is the phase on a phase shifting element in the
system. This is only accessible via the use of automatic differentiation, and could be useful for
searching for systems that are are highly stable to perturbations or highly sensitive (e.g., optical
sensing). This searches for optical systems which are highly phase-sensitive, and as demonstrated
in Sec. 4.1.3, returns common interferometric optical systems.

3.2 Perturbation

For a fixed system graph topology, perturbation techniques –or sensitivity analysis– provides insight
about the local objective function landscape around a set of parameters x∗. Performing sensitivity
analysis on a system and set of parameters can be useful in a number of ways. It can: provide infor-
mation about which components are most sensitive to perturbations, allow quantitative comparison
between the stability of two different parameter sets or system topologies, and indicate some of the
physics underlying the system.

3.2.1 Hessian sensitivity analysis

While the first-order gradient vector is called the ‘sensitivity’ in some inverse design problems,
this is limited for two main reasons: it only indicates sensitivities of parameters in isolation and
also provides no information about the objective function landscape at an extrema point. At any
minimum, maximum, or saddle point, the gradient vector is ∇iF (x∗) = 0, so no indication of
sensitivity is available at an optimal point using only first-order derivative methods. Sensitivity
analysis using the Hessian matrix is a second-order gradient-based method and characterizes not
only the sensitivity of the objective function to each individual parameter, but also parameters in
combination.

The Hessian matrix H(x∗) is the second-order derivative of a function F : Rn → R, and is a
real, square, and symmetric matrix. Each element, Hi,j = ∂2F/∂xi∂xj , is the second-order partial
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derivative on parameters xi and xj , evaluated at x∗. It can be used to extract two useful pieces of
information: the parameter curvatures/directions and the principal curvatures/directions [34–36].
The parameter directions are the directions in the high-dimensional parameter space along each
parameter axis, and the principal curvatures are the second-order derivative. In other words, the
parameter curvatures are the diagonal elements of H. Conversely, the principal directions and
curvatures are the eigenvectors and eigenvalues, respectively, of the Hessian matrix, satisfying the
following equation:

H(x∗)vi = λivi (3.9)

As H is always real and symmetric, it is diagonalizable via eigendecomposition. While the pa-
rameter curvatures indicate the sensitivity of parameters in isolation, the principal curvatures and
off-diagonal elements indicate the sensitivity of parameter in combination with other. This diag-
onalization of H(x∗) can be seen as a linear basis transformation such that there are no mixed
second-order partial derivatives.

If |λi| ≈ 0, moving in the direction of vi is likely highly stable (though not guaranteed, as this is
only a second-order approximation of cost function). Alternatively, if |λi| is large, then moving in
the direction of vi is highly unstable and the objective value changes rapidly. Additionally, the signs
of the principal curvatures can indicate if the function at x∗ is a minimum, maximum, or saddle-
point. Such analysis of H(x∗) can be useful, as saddle-points are known to plague high-dimensional
problem spaces and can cause issues with some optimization algorithms (e.g., SGD, L-BFGS [16,
32]).

Visualizing and understanding the Hessian is challenging. In a parameter space with a dimen-
sion of two, plotting the function landscape can be done directly, along with the parameter and
principal directions/curvatures, as in Fig. 3.3. Here, the bottom row presents the principal direc-
tions and curvatures of H, which indicate directions of highest and lowest sensitivity. The arrows
are now rotated (bottom row) along the function curvature and their lengths are proportional to λi
– this matches with our visual understanding of function landscape from the heatmap. The same
information can be displayed by plotting the Hessian matrix, parameter curvatures, and principal
curvatures directly, as in Fig. 3.4. Figs. 3.3 and 3.4 convey the same information via two different
methods, however the latter can easily scale with the number of parameters. See Appendix A.2 for
further examples of the Hessian analysis on a high-dimensional test function.

An issue arises when moving from test functions to cost functions of an optical system – as
parameters will have a variety of units (e.g., a modulator driving frequency parameter range from
MHz to GHz, while the parameter representing an applied phase shift is in radians between 0 and
2π rad). To accurately compare relative sensitivities, then, the Hessian must be scaled by a factor
to ensure the indices are all the same unit. Each parameter, xi, is assigned an uncertainty, σi,
based off data sheets, experimental data, or informed by domain knowledge – which can represent
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Figure 3.3 – Geometric interpretation of the Hessian analysis. The parameter curvatures and principal curvatures
for two common test functions, Matya’s function (left) and Rosenbrock’s function (right). Red markers indicate global
minimum points. a, c) Parameter curvatures for x1 and x2, with the arrow length proportional to H1,1 and H2,2. The
principal directions and curvatures correspond to the eigenvectors and eigenvalues, respectively, of H at each global
minimum point. These provide a measure of sensitivity for each parameter in isolation. b, d) Principal directions, vi,
with the arrows in the direction of v1 and v2 and scaled to λ1, λ2, respectively. These provide a measure of sensitivity
when parameter are perturbed together. Code can be found here.

manufacturing tolerances (e,g. fiber splice length precision) or experimental uncertainties (e.g.,
timing or frequency jitter). To accurately compare the effect each parameter has on F , the Hessian
matrix is scaled by these uncertainty values, σi,

H
(scaled)
i,j = (σiσj)

∂2F

∂xi∂xj
(3.10)

which gives each element of H(scaled) the same units as F . While the exact values of H(scaled)
i,j

and λi may not be entirely intuitive, extreme values of these can be indicative of certain physical
behaviours in the system. If, for example, λi = 0, this indicates that the direction vi is highly
stable and can have useful consequences, such as picking out redundancy or unique physical effects
(see Sec. 4.2.2 for a concrete example). Also, by grouping the Hessian elements by the optical

https://github.com/benjimaclellan/data-visualizations/blob/master/chap4_hessian.py
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Figure 3.4 – Hessian analysis visualization for the two-dimensional Rosenbrock function. The same information is
encoded as in Fig. 3.3c-d, but in a way which can be scaled to dimensions n > 2. (a) The Hessian matrix of the
two-dimensional Rosenbrock function as a color heatmap. (b) Parameter curvatures of the function (diagonal elements
of the Hessian matrix). From this we can determine that the function is more sensitive to perturbation in x1 than
x2. Equivalent to Fig. 3.3c. (c) Principal directions and curvatures of the function (eigenvectors and eigenvalues of
the Hessian matrix). From this analysis we can determine that the function is relatively stable in the direction of v1,
but highly sensitive in the direction of v0. Equivalent to Fig. 3.3d. Code can be found here.

components to which they correspond (as in Fig. 4.6), one can estimate which optical components
are most important to tightly control when building the system in the lab.

3.2.2 Noise analysis

Noise arises from myriad sources, including optical, electronic, and mechanical. While the sensi-
tivity analysis methods outlined above are suitable for understanding how the objective function
changes with perturbation, imperfections, or uncertainty in parameters, it does not encompass all
nonidealities that exist in real optical systems. The parameter uncertainties, σi, reflect systematic
errors in the system parameters, but cannot encompass stochastic noise processes. Towards more
realistic simulations, noise is added to the simulated optical field as it propagates and both sensi-
tivity analysis and optimization can be performed in the presence of this noise (see Fig. 3.5). For
example, amplified stimulated emission (ASE) occurring in an optical amplifier can have detrimental
effects in a variety of optical system, such as telecommunications systems [37].

In ASOPE, a general noise contribution is modeled as additive Gaussian noise (AGN) on the
components where most applicable, i.e. active elements including laser sources, amplifiers, and
photodiodes. Each component model has a connected noise model, which simulates the noise
characteristics of each component via band-limited additive noise, such as pink noise, low-pass
noise, etc. Noise can be toggled on/off for all components to perform comparison between noisy
propagation and ideal.

https://github.com/benjimaclellan/data-visualizations/blob/master/chap4_hessian.py
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Complex cost functions could potentially be designed based on noise quantities. For example,
simulating the system with and without AGN injections and performing a calculation on the two
signals (to extract e.g. signal-to-noise ratios, dynamic ranges, etc.) may enable the design of systems
with desired noise tolerances. In order to still differentiate the objective function with automatic dif-
ferentiation, noise is treated as a randomly drawn, constant vector. A similar approach to stochastic
gradient descent for the training of artificial neural networks is adopted, where periodically in the
optimization process the noise is re-sampled [16].
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Figure 3.5 – Example of Additive Gaussian noise in optical propagation simulations.

3.3 Optimization

As the component parameters and system topology use different abstract representations – the pa-
rameters as a vector of real, bounded values and the optical system as a graph– the optimization
routines employed are treated separately and the overall optimization is split in two. A nested
optimization routine is developed; with the outer routine changing and optimizing the graph struc-
ture by adding, swapping, and removing vertices and edges, and the inner routine finding optimal
parameters on all components for the given graph. Working in tandem, these nested algorithms
discover optical systems which perform well on a user-defined task (e.g., find optical systems which
can produce a targeted optical signal). Chapter 4 demonstrates the application of this optimization
routine for the design of optical systems for a variety of tasks.
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3.3.1 Parameter optimization

There are ubiquitous optimization tools for optimizing a function F (x) : Rn → R. These include
gradient descent, particle swarm optimization, Newton’s method, etc., as discussed in Section 2.3.
From a system graph G and parameter vector x, the propagation and evaluation functions are
compiled, along with successive derivatives via automatic differentiation. The evaluation function,
F (x) : Rn → R, can be considered a black-box function. This, along with the gradient vector,
F ′(x) = ∇F (x), can be provided to a variety of standard optimization routines – including gradient-
based (e.g., L-BFGS, SGD, ADAM, etc.) and evolutionary/swarm algorithms (e.g., GA, PSO, CMA,
etc.) to search for optimal points in the parameter space. Parameter optimization routines tested
towards use in ASOPE include: a custom genetic algorithm [38], a variant of the ADAM algorithm
customized to accommodate bounded parameters [16, 39], the L-BFGS algorithm [40, 41], and a
PSO implementation [42, 43]. Fig. 4.4 and Table 4.2 compares these algorithms on an example
system and target.

A hybrid approach was ultimately adopted as the default parameter optimization method. First,
a ‘coarse’ optimization is accomplished by a genetic algorithm, followed by a ‘fine’ optimization via
the L-BFGS method. This is an attractive strategy in optimizing physical systems, as the initial
evolutionary algorithm better explores the full design space and a subsequent gradient method
can then converge to the closest local minimum [44]. Empirically, this hybrid approach of a GA
followed by L-BFGS local minimization showed the best performance during development. In the
custom GA, the operations to alter the population from one generation to the next are one-point
cross-over, uniform mutation, and tournament selection. The L-BFGS algorithm uses the gradient
vector compiled via automatic differentiation. Fig. 3.6 succinctly outlines the algorithm flow for
hybrid parameter optimization for a set graph topology. Fig. 3.6 gives an example of parameter
optimization on a fixed graph topology.

3.3.2 Topology optimization

The final and most central pillar of the presented work is the optimization of optical system topolo-
gies. Here, heuristic algorithms are used to iteratively build and improve optical system graphs,
exploring new optical setups. The method uses an evolutionary algorithm, to evolve and analyze
optical systems, while clustering high-performance systems to suggest back to the user. Similar uses
of topology optimization have been demonstrated in quantum optics [5, 7], machine learning [31],
and molecular design [110, 111] – related concepts and references are discussed where relevant. The
results of this work focus on the design of ultra-fast optical systems in the fiber optic platform, see
Sections 4.1.2-4.1.3. Please note that, while related, topology optimization has different connota-
tions in nanophotonic device and lens system design, and generally refers to the shape or topology
of one device [1], whereas here, it refers to the graph topology.
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Figure 3.6 – Parameter optimization procedure on a fixed graph topology. (a) The fixed system graph used, which
generates arbitrary waveforms. The cost function for this system is the `2-norm similarity between the target optical
signal (sawtooth waveform; solid, dark blue line) and the generated optical signal (solid, light blue line). (b) An
initial starting set of parameters have poor performance, which are (c) optimized via a GA and L-BFGS optimization
routines to produce a (d) high-performing set of component parameters. (e) Sensitivity analysis on the final parameter
set provides insight into which parameters most effect the performance.

The topology optimization procedure is an evolutionary algorithm. A population of optical
system graphs iteratively mutate and change, optimizing the parameters along the way, with high-
performing graphs more likely to remain and/or produce new systems. Each graph has the propa-
gation and evaluation function compiled and the parameters optimized as described in Sec. 3.3.1.
After the parameters on each graph have been optimized, a new population is created – and the
process is repeated. Each generation, high-performing graphs are selected to produce the next
population and are stochastically mutated (i.e. their topologies changed, optical components are
added/removed) to produce new systems. This process iterates until a stopping criteria is met, and
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ASOPE returns a family of the top performing optical systems The overall algorithmic flow of the
topology optimization is outlined in Fig. 3.9.

Mutation operators

The main method for ASOPE to generate new optical systems is the graph mutation operators.
These operators take a directed acyclic graph, and return a new directed acyclic graph, slightly
altered. Only valid mutations which result in a physically valid optical system can be applied.
These mutation operators, demonstrated in Fig. 3.7, are:

Add Edge Adds a single new edge between two existing vertices. In physical terms, this is the
addition of a new spatial path in parallel with existing spatial paths (e.g. an interferometric
setup).

Add Node & Edge Adds both a new component and connector into a current spatial path. Phys-
ically, this is equivalent to adding a new component serial into an existing spatial path.

Remove Edge Removes an edge (between vertices u and v) from the system. No vertices are
removed, unless there is no other path between u and v (i.e. the graph is unconnected) in
which case u and v are collapsed into a single vertex.

Swap Model Swaps a component for a different component of the same type. For example, an
optical source can swapped for a different optical source (e.g. continuous wave laser to pulsed
laser), a single-path element can be swapped for a different single-path element (e.g. phase
modulator to dispersive fiber), etc. However, models cannot be swapped for elements of a
different type (e.g. a modulator cannot be swapped for a detector).

These mutation operators are denoted as, Mi = MAddEdge, MAddNodeEdge, MRemoveEdge, and
MSwapModel, respectively. These mutation operators also require a choice of where in the graph they
should be applied, e.g. which edge to remove, in between which nodes to add an edge, etc. Thus, the
same mutation operator could be applied in a number of different locations on a single graph, which
we denote as Mi,j – where i is the operator (AddEdge, AddNodeEdge, RemoveEdge, SwapModel)
and j specifies where in the graph it will be applied. Each of these mutation operators maps a graph
to a new graph; Mi,j : G→ G′. In Fig. 3.8, these operators are sequentially applied to demonstrate
how new, and varied, optical systems are produced. These graph mutation operators are based on
those used in evolving neural network architectures [31], but adapted and extended to be used with
optical system graphs. Fig. 3.8 shows how these mutation operators, applied sequentially, produce
new and varied optical systems.

At each new generation of the topology optimization algorithm, a new population of graphs is
generated by applying these mutation operators probabilistically, i.e. such that each operator Mi,j
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Figure 3.7 – Mutation operators to produce new optical systems. CW: continuous wave laser, IM: intensity modu-
lator, DF: dispersive fiber, PD: photodiode, BS: beam-splitter (note that when a BS element has one incoming edge
and one outgoing edge, they are equivalent to a simple connector and do not alter the propagating optical field).

has a probability of Pr(Mi,j) of being chosen and applied (only one mutation is applied at a time).
Defining these probabilities is important to the convergence and performance of the algorithm.
Three such methods are outlined here:

Naive Implementation: The first, naive definition of the mutation probabilities is to simply
allow all valid mutation operators to have an equal probability of being applied, which is kept
constant throughout the evolution process,

Pr(Mi,j) = 1
|{Mi,j}|

(3.11)

where {Mi,j} is the set of all valid operators. However, this may skew the trajectory of the
optimization, as a mutation operator, Mi, that can be applied on a graph in more ways, is
more likely to be drawn. For example, there are often many ways for a new edge to be added,
but less ways for them to be removed – which could lead to a rapid increase in the size of the
graphs.

Constant Probabilities: The second method, instead, sets a constant probability for each type
of mutation, Pr(Mi), such that there is a constant probability of applying each of AddEdge,
AddNodeEdge, RemoveEdge, SwapModel. Thus,

Pr(Mi,j) = Pr(Mi)
|{Mi|j}|

(3.12)
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where {Mi|j} is the set of all valid mutation operators for Mi. By balancing the probability
of increasing and decreasing the graph size, the system graphs are less likely to continually
increase in size and complexity.

Adaptive, Hessian-guided Probabilities: The final, more sophisticated approach for setting
the probabilities of different mutations throughout optimization uses: i) adaptive probabilities
and ii) Hessian-based sensitivity analysis to remove components that do not effect the system
performance. Adaptive probabilities change throughout the topology optimization. They first
expand the size of the graphs, and as the topology optimization proceeds, contract them.
By trading-off between high probabilities for AddNode and AddEdgeNode mutations, to high
probability of RemoveEdge mutation, the trajectory of graph sizes and optimization can be
altered. This provides a mechanism to start with a broader exploration of the system design
space, and then later, further optimize known solutions by reducing their complexity. This
is conceptually similar to adaptive step sizes [112, 113] or an epsilon-greedy approach [114]
in other algorithms. Next, the Hessian-based sensitivity analysis guides which components
are removed from the setup, ideally without significantly reducing performance, by adjusting
the liklihood of removing them based on their sensitivities. See Appendix A.2 for further
discussion on this method. Other demonstrations of topological optimization have used a
simplification step to remove components by iteratively removing elements and re-evaluating
[5]. In this context, however, this require re-optimizing the system parameters each time,
which is undesired.

See Sec. 4.2.3 for a comparison of these methods.

Selection and elitism

After the current population has been evaluated, high-performing system graphs are selected to
produce the next generation. Elitism, a part of selection, copies the top few performing graphs,
unchanged, over to the next generation. This ensures that high-performing systems are kept and
can continually be improved upon. Empirically (see Fig. 4.8), keeping at least a small portion of
the best-performing systems improves the convergence and final scores of the topology optimization.
For each generation, ASOPE keeps the top ∼ 5% of system graphs unchanged into the new generation,
as an empirically chosen hyperparameter (see Fig. 4.8).

The difference between elitism and selection, here, is that elitism is deterministic: the top N

performing graphs are always kept. Selection, on the other hand, makes a stochastic decision
on which graphs to keep. A number of common selection methods exist, many of which scale
the liklihood of selecting a graph with its score [38, 115]. For topology optimization in ASOPE,
tournament selection is implemented as the default method in ASOPE; this selects high-performing
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Figure 3.8 – Exploration of system graph topology via mutation operators. (a-c) Starting with the same system
(top row), a different sequence of mutation operators are applied to generate new experimental setups, which can then
be automatically simulated, analyzed, and optimized. PL: pulsed laser, CW: continuous wave laser, DF: dispersive
fiber, DL: delay line, PF: programmable filter, BS: beam splitter, FS: frequency splitter, PD: photodiode, SRC/SNK:
Source and Sink nodes, respectively.

graphs with higher probability, but it does not depend on the absolute scores of the graphs, which
makes it more robust to a variety of cost functions.

Hall of Fame

A number of distinct, diverse optical systems may perform well on the desired objective – where each
could use different optical components and techniques. To suggest a number of different possible
systems, the Hall of Fame (HoF, [45]), stores the best-performing optical systems explored so far
and clusters graphs that are similar to maintain diversity.
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Figure 3.9 – Flowchart of topology optimization routine.

After each generation, the current population of system graphs is compared against the HoF,
which is updated with new, better-performing systems. A graph is only added to the HoF if, and
only if, it has a better score than a current member of the HoF. Specifically, it is added to the k-th
position of the HoF if it scores better than the current k-th member of the HoF. To ensure the
same system (or highly similar systems) do not dominate throughout the optimization, a candidate
solution is only added to the HoF if it is sufficiently dissimilar to current members. ASOPE uses
the Graph Edit Distance (GED), a pseudo measure of similarity between two graphs, G1 and G2,
which calculates the cost to transform G1 into G2 using elementary transformations [46, 47]. These
transformations are, indeed, similar to the mutation operators described above. We set a threshold
such that no two graphs in the Hall of Fame can be within an GED threshold away from each other.
This threshold is arbitrarily set to ensure that highly similar graph topologies do not ‘overtake’ the
HoF and remove any diversity in the solutions proposed.
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Parallel optimization

Topology optimization is inherently parallel and thus well-suited for distributed computation. For
each generation of the topology optimization, each optical system graph is optimized and evaluated
on separate CPU cores. ASOPE is built to seamlessly scale from single-core, through multi-core, to
cluster computations [116]. The parallel nature provides an approximately linear speed-up in the
optimization time with the number of cores. However, overhead in distributing processes among the
worker CPUs will cause the speed-up to be sub-linear. The more important deviation from a linear
speed-up is the difference in the optimization time for each graph – as the time it takes to optimize
a single topology can vary depending on the parameters which must be optimized (small graphs or
graphs with simple elements will be optimized faster than more complex setups). Optimization runs
were accomplished using a cloud computing infrastructure, where each computational experiment
presented in Chapter 3 was performing on a 16 CPU machine with 16 GB of RAM [117].





CHAPTER 4
Results and Discussion

In this Chapter, results and benchmarking of the ASOPE algorithm for inverse design of optical
systems are presented. First, I target the design of systems for three optical signal processing
tasks: the manipulation of mode-locked laser pulse period, the generation of high-speed arbitrary
electronic waveform, and the detection of phase changes. ASOPE is capable of finding known, non-
trivial systems which generate desired optical fields, and is able to discover multiple techniques in
hours of runtime. Second, the sensitivity analysis and optimization routines (both topology and
parameter) detailed in Chapter 3 are benchmarked and compared.

4.1 Demonstration of ASOPE on known photonics applications

4.1.1 Division and multiplication of pulse repetition times

The manipulation of pulsed laser repetition rate, i.e. the time interval between consecutive pulses
emitted by the laser, is a common and important technique in ultrafast optical systems [48–52, 118].
Methods for manipulating the repetition time are dependent on the input pulse characteristics:
including the input repetition time itself (xtrep), optical power (xP ), and pulse width (xτ ). Methods
include: interleaving pulse trains which have been split and delayed via interferometers [50], using
temporal and spectral Talbot effects [6, 49, 118], shaping the spectral amplitude and/or phase [48,
51, 52], and pulse picking [119].

Utilizing the ASOPE algorithm, we target the multiplication and division of the pulse repetition
time for a fixed input pulsed laser. Throughout the topology optimization, a single pulsed laser is
fixed as the optical source (i.e. it is not removed or swapped through the topology optimization).
The input pulsed laser has fixed parameters of the pulse width, repetition time, and peak power
(Gaussian-shaped pulses are assumed). The target of the optical systems is to manipulate the pulse
train such that the output optical field is also a pulse train of pulses identical to those emitted by
the laser, but with a different, user-defined repetition time (an arbitrary multiple of the input).
Consider the multiplication or division of a lasers repetition time by a factor of p/q, where p, q ∈ Z
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(such that when p > q the repetition time increases and when p < q it decreases). In Fig. 4.1,
three example systems are presented – with input/target pulse parameters as in Table. 4.1. The
evaluation function is the `2-norm between the generated pulse train intensity and the target pulse
train intensity. The scaling factor p/q is arbitrary and user-defined, and scales both the pulse

Table 4.1 – Relationship between input and target pulse train parameters.

Input Pulse Train Parameters Target Pulse Train Parameters

xtrep

(
p

q

)
xtrep

xP

(
p

q

)
xP

xτ xτ

period (xtrep) and the peak pulse power (xP ) as we assume an ideally loss-less manipulation which
conserves energy between the input and output pulse trains.

In Fig. 4.1, three different input/target pairs are provided to the topology optimization for
pulse repetition rate manipulation. The algorithm returns and suggests optical systems which,
when analyzed, interestingly make use of a number of the known techniques listed above. First,
Fig. 4.1 top row, uses an optical delay-line element (DL) in parallel (i.e. in an interferometric
setup) such that the initial pulse train is split, delayed by a time-delay of xtrep/2, and the two pulse
pulse trains are then recombined (temporally interleaved). Such methods are widely utilized for
manipulating a pulse train, akin to concepts in [50]. Fig. 4.1, middle row, uses the temporal Talbot
effect, utilizing the chromatic dispersion of a dispersive fiber over a set length to create a sub-image
of the initial pulse train [49]. Fig. 4.1, bottom row, uses a combination of the temporal and spectral
Talbot effect, as presented in [6].

A problem which can arise during topology optimization is the introduction of components which
are unnecessary, but do not necessarily reduce performance. For example, in Fig. 4.1, bottom row,
it is known that manipulation of a pulse train can be accomplished with one dispersive element
and one phase modulation element – as such, the first WaveShaper (WS) element is not strictly
necessary. The parameters on the elements may be such that it could not have been removed
without re-optimizing the parameters. Thus, naively removing such elements without re-optimizing
the parameters is likely to result in poor performance. In cases such as this, sensitivity analysis
tools such the Hessian matrix, can be useful for understanding the impact of removing a component
may have and help guide the topology optimization towards simpler setups.
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Figure 4.1 – Optical systems which multiply or divide the repetition rate of a pulsed laser are targeted, using the cost
function of the form in Eqn. 3.7. The suggested systems from the HoF utilize a number of known optical techniques.
The simulation parameters are as follows: Top row: p = 1, q = 2, input pulse parameters xτ = 1.0ns, xrep = 20ns.
middle row: p = 1, q = 3, input pulse parameters xτ = 3ps, xrep = 0.1ns. Bottom row: p = 2, q = 1, input pulse
parameters xτ = 3ps, xrep = 0.1ns. PL: pulsed laser, DF: dispersive fiber, DL: delay line, EDFA: erbium-doped optical
amplifier, BS: beam splitter, IM: intensity modulator, PM: phase modulator, WS: Waveshaper, MD: measurement
device (calculates the intensity of the incident optical field), SRC/SNK: Source and Sink nodes, respectively.
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4.1.2 Photonic-assisted radio-frequency arbitrary waveform generation

The generation of high-speed, arbitrary electronic waveforms is of fundamental importance in a
broad variety of fields [53–57]. One method utilizes the bandwidths and control mechanisms of
optics to produce arbitrary waveforms optically, followed by optical-to-electronic conversion (via a
photodiode). Methods use both continuous and pulsed optical inputs, manipulating the optical field
either in the spectral domain via filters and dispersion [56, 57], in the time-domain with delays [54,
55], or a mixture of both. For a review of such methods, see [54] or [58].

Applying ASOPE to the problem of suggesting setups for photonic-assisted arbitrary waveform
generation, we search for optical systems which produce the desired electronic waveforms after
optical-to-electronic conversion (i.e. measuring the simulated temporal voltage signal at the pho-
todiode). The objective function employed is the `2-norm between the generated electronic signal
and the target signal (with any global phase differences between the target and generated signals
compensated for). A target waveform is defined in the RF domain by its shape (e.g., square, saw,
pulsed, bit pattern, etc.), pattern repetition rate, and peak-to-peak voltage amplitude. In the fol-
lowing computational runs, we target the generation of arbitrary high-speed waveforms for speeds
ranging from 10 GHz to 40 GHz as a proof-of-concept.

Fig. 4.2 demonstrates three suggested systems for the generation of a 12 GHz square, 12 GHz
sawtooth, and 36 GHz sawtooth electronic waveforms. These systems, along with others in the
HoF of the optimization runs, use a variety of techniques for generating radio-frequency waveforms.
However, distinguishing between them is more challenging than as in Sec. 4.1.1. Each system
generally uses the process of generating new spectral components from a continuous wave laser
via time-dependent modulation, and then manipulating the phases and amplitudes of the spectral
components such that interference creates the desired waveform envelopes.

Understanding the important mechanisms and contributions of components to the overall oper-
ation of a system is challenging. In forward design methods, where a designer invokes a new design
and manually investigates the properties, the designer has a deeper understanding of the underly-
ing processes at work. On the opposite side in inverse design, when an algorithm ‘spits-out’ a new
design, the important (and interesting) processes are not always initially clear. Again, this is where
analysis techniques, such as the Hessian analysis outlined in Sec. 3.2, can be useful – interactions
between optical elements and relative importance of components can be estimated (see Sec. 4.2.2).
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Figure 4.2 – Targeting optical systems for photonic-assisted arbitrary waveform generation. The cost function is of
the form in Eqn. 3.7. The targeted waveforms are as follows Top row: 12 GHz square waveform. Middle row: 12 GHz
sawtooth waveform. Bottom row: 36 GHz sawtooth waveform. CW: continuous wave laser, DF: dispersive fiber, DL:
delay line, EDFA: erbium-doped optical amplifier, BS: beam splitter, IM: intensity modulator, PM: phase modulator,
WS: Waveshaper, PF: programmable filter, VOA: variable optical attenuator, PD: high-speed photodiode.

4.1.3 Phase-sensitive systems

Phase-sensitive optical experiments are a foundational underpinning of countless fundamental dis-
coveries [59, 60] and optical technologies [61, 62]. The most common of these are interferometers,
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Figure 4.3 – Inverse design of phase-sensitive optical systems, which targets systems which maximize the sensitivity of
average optical power to a phase perturbation applied at the phase shifter (PS). The algorithm returns Mach-Zehnder
interferometric systems that match common experimental methods for increasing sensitivity such as maximizing input
optical power, balancing loss between arms, and setting the central phase shift to π/2. CW: continuous wave laser,
DL: delay line, VOA: variable optical attenuator, PD: photodiode, BS: beam splitter.

such as the Michelson or Mach-Zehnder setups, which use the optical interference of two spatial
paths to detect slight variations in the relative phase between the paths. To demonstrate the flexi-
bility in defining cost functions via automatic differentiation, we target the design of phase-sensitive
optical systems. A phase-shifting element (PS) is placed in the initial system, and cannot be re-
moved or swapped during topology optimization. The cost function is proportional to the sensitivity
of the output optical power to this phase shift, F = −|∂Pavg/∂xϕ|, as defined as in Eqn. 3.8. The
suggested system, shown in Fig. 4.3, is a Mach-Zehnder-type interferometric setup. The param-
eters in this system also follow common experimental techniques to optimize phase sensitivity in
interferometers: the continuous wave laser optical power is at its maximum power and the optical
attenuator in the second arm of the interferometer has loss equal to that from the phase shifting
element. This proof-of-concept demonstration could be extended to search for optical systems that
have properties such as high sensitivity, or vice versa, and search for systems which are highly stable
to perturbations.
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4.2 Comparing and benchmarking of tools

4.2.1 Comparison of parameter optimization tools

Fig. 4.4 compares the runtime and convergence of a variety of parameter optimization routines, in-
cluding ADAM, L-BFGS, PSO, GA, as well as hybrid algorithms (e.g., L-BFGS+GA, ADAM+GA,
and L-BFGS+PSO). The optical system and evaluation function used is the same as in Fig. 3.2,
the generation of a 12 GHz sawtooth electronic waveform.
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Figure 4.4 – Comparison of parameter optimization routines for a single optimization run (topology used is the
same as in Fig. 3.2a). In general, hybrid algorithms have the best performance, but require more computational time.
Further tuning of hyper-parameters could improve convergence of various algorithms.

Stochastic gradient descent algorithms (e.g., RMSProp, ADAM) are popular for the training
of neural networks as they perform well on tasks with thousands to millions of parameters. L-
BFGS, on the other hand, often performs better on optimization problem with tens to hundreds of
parameters as it can converge quicker. However, both of these routines are sensitive to the initial
starting points. We can see that for repeated optimization runs with different initial guesses these
algorithms have a larger variance in final score compared to ‘global’ search routines such as a GA or
PSO. In Fig. 4.4, we see that the L-BFGS algorithm converges very quickly but has high variance
in final score (Table 4.2). This is a motivation for using a hybrid optimization scheme. For the
tested problems, hybrid algorithms perform the best – with a lower average final cost value and less
variability in the final scores, though they require more computational time.
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Table 4.2 – Comparison of parameter optimization routines for a fixed system topology. Mean and standard
deviations are from 10 optimization runs with different random seeds and starting points.

Parameter Optimization
Routine

Type of Optimization
Routine

Runtime (s)
(mean ± s.d.)

Score (a.u.)
(mean ± s.d.)

L-BFGS gradient-based 13.33 ± 9.32 0.67 ± 0.15
ADAM gradient-based 50.68 ± 0.53 0.72 ± 0.16
GA evolutionary 37.69 ± 0.46 0.50 ± 0.08

L-BFGS+GA hybrid 52.99 ± 3.59 0.47 ± 0.08
ADAM+GA hybrid 23.72 ± 0.35 0.55 ± 0.01

PSO evolutionary 34.86 ± 0.36 0.39 ± 0.13
L-BFGS+PSO hybrid 42.09 ± 3.53 0.40 ± 0.15

4.2.2 Comparison of sensitivity analysis tools
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Figure 4.5 – Comparison of sampling method and Hessian-based sensitivity analysis (topology and parameters used
are as in Fig. 3.6)a-b. For (b), the stem plot values are the diagonal of the Hessian matrix (i.e. ∂2F/∂x2

i |xmin).
Similar relative sensitivities are found between the two methods.

Fig. 4.5 demonstrates a comparison between a Monte Carlo sensitivity analysis and Hessian
sensitivity analysis on a fixed topology and optimal parameters (the same system as in Fig. 3.2).
The stem lines in Fig. 4.5a are the individual sensitivities calculated via a Monte Carlo method (Eqn.
2.2), while the stem lines in Fig. 4.5b are the diagonal values, Hii, of the Hessian matrix H(xmin).
There is close agreement between the two methods for relative sensitivities. The two techniques
will not return identical analyses, as they make different assumptions and use significantly different
computational methods. As the Monte Carlo method is only first-order, combinatorial effects and
sensitivities cannot be estimated, while they can with Hessian analysis.
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The Hessian analysis of two system graphs is shown in Fig. 4.6 as a color heatmap for the
values of Hij (parameters are grouped by the optical component they belong to in order to reduce
text in the plot). The full Hessian analysis of an optical system that has tens to hundreds of
parameters, would be challenging to visualize. As such, full analyses of the matrices in Fig. 4.6 are
not detailed here. However, the interactive dashboard (see Appendix A.3) can be used dynamically
plot, explore, and understand the topology, parameters, score, etc. of large, complex optical system
graphs, including their principal components and curvatures. The Hessian matrix can contain
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Figure 4.6 – Examples of Hessian matrices of optical systems. (a) Hessisan matrix for the system presented in the
bottom row of Fig. 4.1. (b) Hessian matrix for the system presented in the top row of Fig. 4.2. The large values of
the off-diagonal elements (particularly for (a)) demonstrate the complex couplings between design parameters which
could make intuitive understanding and design of such systems challenging.

interesting and useful information about the operation of the system under study. As discussed in
Sec. 3.2, the Hessian matrix indicates if a point is a local minima, maxima, or saddle-point – i.e.
the shape of the objective function landscape at a single point. The utility of understanding the
function landscape goes beyond this, however, and one can match patterns in the Hessian matrices
to experimental understanding and intuition.

Take, for example, the optical system in Fig. 4.7a (where the evaluation function is the `2-norm
between a target pulse train and generated pulse train, as in Sec. 4.1.1). The system is composed of
a pulsed laser and two, back-to-back dispersive fibers (identical types of fibers, both parameterized
by the fiber lengths, xz). This system uses chromatic dispersion to broaden the pulse, eventually
forming sub-images via the temporal Talbot effect (i.e. a frequency-dependent, quadratic phase
shift). From the diagonal elements of the Hessian matrix (Fig. 4.7b), we can immediately see that
the pulse repetition time has a large influence on the evaluation function. Analytic, closed-form
equations modeling this phenomena agree, supporting that the temporal Talbot effect has a strong
dependence on the pulse repetition time [49, 118, 120].
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Figure 4.7 – Hessian analysis of an optical system for pulse repetition rate manipulation. a) The optical system, G,
under consideration, comprised of a pulsed laser and two, back-to-back dispersive fiber elements. b) The normalized
parameter curvatures of the evaluation function for the system. c) The principal directions and curvatures of the
evaluation function. Patterns in the principal (and parameter) curvatures/directions, which indicate directions and
combinations of parameters that are highly sensitive or stable. In particular, perturbing the parameters in the direction
of v4 is highly stable and has no effect on the system operation.

Further understanding of this system can be gained from looking at the principal directions and
curvatures (via eigendecomposition). For example, principal curvatures that are small, |λi| ≈ 0,
indicate that the associated principal directions is highly stable. This piece of information from
the Hessian analysis can help us infer properties about the optical system. Consider the principal
curvature and direction, λ4 and v4, in Fig. 4.7c. As λ4 = 0, changing the parameters in the direction,
v4, has no impact on the cost function – and this direction is highly stable. Experimentally,
this means that when the length of the first fiber is increased by a length δxz and the second
fiber length is decreased by the same length, −δxz, the objective score remains constant. This
matches experimental intuition: with two back-to-back, identical optical fibers, if one is extended
and one contracted, the overall length, and therefore effect on the light, remains constant. This is
one example of how the Hessian matrix can provide meaningful information about to the system
sensitivities and how component interact.

4.2.3 Comparison of topology optimization tools

Determining the effect that different topology optimization algorithms and hyperparameters have
on convergence is essential. First, including elitism in the selection process demonstrates an im-
provement in convergence (see Fig. 4.8). Three different percentages of elitism in the topology
optimization were tested: 0%, 10%, and 30%. Fig. 4.8 clearly indicates that elitism improves
convergence – keeping the top 10% (blue lines) or 30% (grey lines) best-performing graphs tends
to drive the optimization to overall better solutions compared to no elitism (purple lines). This is
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because, with elitism, high-performing graphs can continue to be evolved in beneficial ways; without
elitism, high-performing graphs may not be selected or may be mutated to a higher-cost setup. One
downside of elitism is that it can crowd out other designs; slight variations of the graph may fill
the population or HoF, such that the diversity of optical systems being optimized and evaluated is
reduced.

Next, the topology optimization convergence is compared for different methods of determining
the mutation operator probabilities. Fig. 4.9 presents the optimization convergence curve using
the three mutation methods outlined in Sec. 3.3.2. Each line is the average of 5 runs. This
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Figure 4.8 – Comparison of elitism in topology optimization, with three levels of graphs copied to the next generation.
An improvement in optimization convergence is observed when a non-zero level of elitism is implemented.
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demonstrates minimal differences in performance between evolvers. However, as the problems scale
in complexity, such that the optical systems include more components and spatial paths, methods
such as the adaptive, Hessian-guided approach may demonstrate greater advantages over more naive
implementations.



CHAPTER 5
Conclusions and Perspectives

In this work, I have developed and demonstrated algorithmic tools for the inverse design of ultra-fast
optical systems. In my implementation, optical systems are represented by computational graphs,
with the edges and vertices representing parameterized optical components. To produce new optical
systems, graph mutation operators iteratively add/remove/change components in the graph. For
each new optical system, automatic differentiation and heuristic algorithms are used to optimize
component parameters and to estimate their sensitivities. A set of diverse, high-performing optical
system topologies is updated throughout the search and at the end, suggested to the user for further
analysis.

Using these tools and concepts, I demonstrate the design of optical systems towards three types
of use-cases: pulse repetition rate manipulation, arbitrary waveform generation, and phase-sensitive
detection. These illustrate ASOPE’s high degree of flexibility when it comes to defining cost functions.
In particular, these include objectives defined in both the electronic and optical domains, as well as
cost functions that include derivative terms. The optical systems suggested by ASOPE tend to use
known, yet nontrivial optical methods/techniques. Further, I show that gradient-based sensitivity
analysis, efficiently computed in ASOPE using automatic differentiation, can inform both experimen-
tal intuition and topological optimization methods. Using Hessian analysis, an understanding of
relative parameter sensitivities and how parameters interact can help guide experimental imple-
mentations of suggested systems, as well as provide an efficient method to guide discrete topology
changes.

Even without topology optimization, the simulation, sensitivity analysis, and parameter opti-
mization tools in ASOPE could find use in forward-design methodologies. These could be useful to
quickly simulate, optimize, and analyze a variety of fixed system setups. For instance, for the case of
arbitrary waveform generation, repeatedly optimizing a system for the generation of different wave-
forms compiles an operational parameter library that can be referenced to quickly change output
waveforms. Further, the Hessian-based analysis can find use in the risk-assessment, fault-analysis,
or loss-budgeting of optical systems.
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The models used in ASOPE are currently limited in that nonlinear optical interactions are not
considered and that system looping is not permitted. In particular, highly nonlinear components,
which require more sophisticated models to accurately simulate, are not featured in the component
library. To have an accurate model of such components would require, for example, the Split-
Step Fourier method [63], which would increase the computational resources required for ASOPE’s
convergence. Similarly, simulating optical loops requires more complex representations of an optical
system, or more complex methods to calculate the result of the propagation [64, 65]. Future
work will target the simulation of such complex components and loops, determining how to model
them efficiently and how to optimally allocate computational resources. Finally, while the systems
discussed in this thesis utilize a single optical source and detector, setups involving multiple could
potentially be targeted by introducing new graph mutation operators.

Promising future improvements to the algorithm and developed software include: using advanced
automatic differentiation methods, implementing new topological optimization concepts [31], and
developing further ways to guide topological change from, e.g., cost function derivatives. Firstly,
open-source projects, mainly in the field of machine learning, provide the functionality for simulating
models and calculating derivatives on co-processing units (e.g., GPUs or TPUs), which can take
advantage of huge data parallelism for efficient computation (see Appendix A.1 for further discussion
on possible improvements to the automatic differentiation methods). This could allow for significant
speed-ups and the ability to optimize and analyze more complex systems. Secondly, concepts
from other graph optimization implementations could be adapted for use in the context of ASOPE.
Specifically, concepts from neuro-evolution (finding optimal artificial neural network architectures)
such as speciation and graph cross-overs should be further explored and adapted [31]. Finally,
further methods of using sensitivity analysis to inform topological optimization, such as Hessian-
guided mutation probabilities, should be explored. I have presented one method for informing the
removal of optical components via the Hessian matrix, however, further linkages and metrics should
be investigated. For example, the Hessian matrix indicates components that are tightly-coupled
together and how much they influence system performance; so, highly-coupled, highly-sensitive
pairs of component could be emphasized and be made more likely to remain in the system. This
would combine gradient-based optimization methods with discrete optimization, which could find
use in other inverse design use-cases which also use graph-based representations.

As demonstrated through this work, inverse design methods are capable of discovering known
photonic systems through the iterative generation, testing, and analysis of new system topolo-
gies. Using the developed method, a variety of known optical systems are rediscovered through
the computational search method – some of which have been first demonstrated relatively recently,
and likely required years of development by domain experts. Using the presented methods, these
systems, along with a family of other setups, are found and returned to the user in only hours of
computing time. With these successful proofs-of-principle and the flexibility afforded via the general
graph representation and automatic differentiation of system/element models, the method can be
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immediately extended to a broad variety of new problems, disciplines, and technologies. As concrete
examples for future work I identify three possible directions: targeting new objectives, including
new/different optical degrees of freedom, and investigating the prospect of optical and electronic
co-design. With the central algorithm, component libraries, optimization routines, and analysis
techniques developed, new objectives and desired functionalities can immediately be tested and tar-
geted. As one example, optimizing noise-based metrics (e.g., signal-to-noise, dynamic range) could
find applications in telecommunications and sensing, where noise can be particularly detrimental.
Cost functions based on derivatives (as in Sec. 4.1.3) are uniquely enabled through automatic dif-
ferentiation and could find many uses in searching for highly sensitivity or highly stable photonic
systems. Further metrics based on logistical considerations rather than system behaviour, such as
system cost, mechanical weight, or stability, could also be included (and could potentially be used
as a secondary design goals in multi-objective optimization). A second direction for future work is
to consider new/different optical degrees-of-freedom, such as polarization or angular momentum, as
well as consider integrated or free-space optical models. As the ASOPE package was built in a modu-
lar structure to allow for flexible and simple additions of new objective functions and/or components
(see Appendix A.3), the topology and parameter optimization techniques can be readily extended
to these new types of optical systems. A third direction for future work involves the co-design
of optical and electronic systems. This could find impact in the design of integrated photonics,
where in most cases it is highly desirable (or even necessary) to have electronic circuits and optical
waveguide circuits monolithically fabricated onto a single chip, with electronic and optical signals
operating in conjunction within the same circuit. Further, integrated optical circuits are often built
from a small, specific library of components offered by the fabrication foundry – which is thus well
suited to the ASOPE algorithm.

In summary, the work presented in this thesis demonstrates a novel design method for optical
systems. I have developed an inverse system design method, along with the associated software
tools for sensitivity analysis, parameter optimization, and topology optimization, which has been
shown to rediscover a variety of known photonic systems. The results reported in this work suggest
that the presented method has the potential to greatly benefit and accelerate the design of photonics
systems across a broad range of optical technologies.
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APPENDIX A
Appendix

A.1 Automatic differentiation

Automatic differentiation is a set of techniques for computing the derivative(s) of a function written
as a computer program. It has many advantages over other differentiation techniques, such as
numeric, analytic, or symbolic differentiation, as it is efficient in the number of input variables,
reduces programming overhead for complex functions, and computes the derivatives to machine
precision [70, 72]. To illustrate automatic differentiation, the basic concept is introduced using a
function, y = F (x) : R → R, which takes one independent variable and returns one dependent
variable. To demonstrate the basics of automatic differentiation, take the function F (x) to be a
composite function composed of three elementary operations, fi, i = 1, 2, 3. Here, ◦ represents
function composition (the output of one function in the input to the next). We write F (x) as,

F (x) = f3(f2(f1(x))) = f3 ◦ f2 ◦ f1(x) (A.1)

To break up the function, we introduce intermediate variables, wi to store the outputs of each
individual composing function, fi, as:

w1 = f1(w0), w2 = f2(w1), w3 = f3(w2) (A.2)

and these intermediate variables are related to the input parameters and output value as:

x = w0, F (x) = w3 (A.3)

With this setup, F (x) may be written by expanding out the wi variables as,

F (x) = w3 = f3(w2) = f3(f2(w1)) = f3(f2(f1(w0))) = f3(f2(f1(x))) (A.4)

It is helpful to visualize this function as a computational graph as in Fig. 2.2a. To now calculate
the derivative of F (x) with respect to x, it can be written in terms of the the intermediary variables
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Figure A.1 – Automatic differentiation of an example function y = F (x) = exp(cos(x))2. (a) Computational graph
of the function, where the blue circles are the input and output scalar values and green circle are the elementary
operations which compose the function. (b) Forward mode automatic differentiation, with derivatives accumulated
moving from left-to-right along the computational graph. (c) Reverse mode automatic differentiation, with derivatives
accumulated moving from right-to-left along the computational graph. (d) Plot of F (x), along with its first- and
second- order derivatives calculated using automatic differentiation. Continued, higher-order derivatives are trivial to
compute by the successive application of automatic differentiation. Code for these plots can be found here.

wi and their derivatives as,

dF (x)
dx = dF (x)

dw3
× dw3

dw2
× dw2

dw1
× dw1

dw0
× dw0

dx (A.5)

This example can easily be generalized to more complicated functions F (x) = fn ◦ · · · ◦f1(x), where
wi = fi(wi−1). It also generalizes to multivariate functions with the scalar derivatives replaced by
Jacobian matrices and scalar multiplication by matrix multiplication [72].

https://github.com/benjimaclellan/data-visualizations/blob/master/chap2_autodiff.py
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Automatic differentiation has two modes of operation: forward mode and reverse mode. These
refer to the order that the intermediary variables wi and their derivatives are calculated and accu-
mulated. Forward mode fixes the dependent variable(s), x, and traverses the graph in the forward
direction computing the derivative with dwi

dx = dwi
dwi−1

dwi−1
dx . Reverse mode fixes the dependent vari-

able(s), F (x), and traverses the computational graph backwards: dy
dwi

= dy
dwi+1

dwi+1
dwi

. These opposite
modes are depicted in Fig. 2.2 with the example function F (x) = exp(cos(x))2. In this example,
both methods provide the same derivative evaluation of dF (x)

dx = −2 sin(x) exp(2 cos(x)). While both
methods evaluate the same derivative function, they differ in the memory and computation time
required: for a function y = F (x) : Rn → Rm, if n� m (i.e. less input variables than output) then
forward mode differentiation is preferred, while for n� m (i.e. more input variables than output)
the reverse mode differentiation is preferred. As optimization problems have n� m, reverse mode
differentiation is generally used in this setting (using reverse mode differentiation to calculate the
derivative of a cost function and minimizing). Because the derivatives are themselves composed
of elementary functions, higher-order derivatives can be continually calculated with practically no
overhead in programming.

Future work for photonic system automatic differentiation

The main benefit of using autograd in ASOPE compared to popular tools in Python, e.g. Tensor-
Flow and PyTorch, is that it wraps around the standard scientific/numeric computing packages of
Python, i.e., numpy and scipy. As such, models can be rapidly prototyped and developed using
simple programming syntax, and yet still benefit from the efficient numerical calculations of numpy.
One can, in some instances, even take optical models and simulations that had not originally been
intended to be differentiable, and with relatively modest effort use autograd to make them differen-
tiable. Yet, for more computationally-demanding simulations and optimization, it may be beneficial
to scale to using GPU resources – something that is not supported by autograd but is supported by,
e.g., TensorFlow and PyTorch. A related project, JAX, has extended the capabilities of autograd

to support GPU and TPU calculations, along with other useful tools such as composable function
transformations [121]. Other potential benefits of employing JAX in the future is the ability to
accelerate CPU computations using the automatic vectorization – for which initial tests indicated
a ∼ 3× improvement in simulation time. This could provide a significant speed-up while also still
using multi-CPU parallel computing.



74

A.2 Hessian analysis

Figure A.2 – Hessian analysis of the 5-dimensional Rosenbrock function: (a) Hessian matrix, (b) Parameter
curvatures, (c) Principal directions, vi, sorted by the associated principal curvatures, λi. Code can be found here.

The Hessian matrix H(x∗) is the second-order derivative of a function F : Rn → R, where each
elementHi,j = ∂2F/∂xi∂xj is the second-order partial derivative on parameters xi and xj , evaluated
at x∗. It is square (n× n), necessarily real (as we constrain F (x) and x to be real), and symmetric
(as the order in which partial derivatives are taken does not matter). The diagonal elements of
H(x∗), or Hi,i, are the parameter curvatures and express the sensitivity of F (x∗) with respect to
xi only. The off-diagonal elements Hi,j , i 6= j, however, indicate interaction terms between the
parameters xi and xj . The eigenvector, vi, and eigenvalues, λi, of H are the principal directions
and principal curvatures, respectively and satisfy,

H(x∗)vi = λivi (A.6)

This diagonalization of H(x∗) can be seen as a linear basis transformation such that there are no
mixed second-order partial derivatives. Checking the signs of the principal curvatures can indicate
if the function at x∗ is a minimum, maximum, or saddle-point. A positive eigenvalue indicates
that, in the direction of its eigenvector, the function is concave-up, a negative eigenvalue indicates
it is concave-down. Thus, if all eigenvalues are positive, the function at x∗ is indeed a minimum;
conversely, if all eigenvalues are negative, then x∗ is a maximum; if there is a mix of positive and
negative eigenvalues, x∗ is a saddle point.

https://github.com/benjimaclellan/data-visualizations/blob/master/chap4_hessian.py
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The Rosenbrock function is a n-dimensional function commonly used for testing optimization
routines [122, 123]; it is defined as,

f(x) =
n−1∑
i=1

100(xi+1 − x2
i )2 + (1− xi)2 (A.7)

and has global minimum of (1, 1, . . . , 1) for any dimension n ≥ 2. The n-dimensional Rosenbrock
function has one minimum point at,

xmin = [1, . . . , 1]︸ ︷︷ ︸
n times

(A.8)

The Matyas function is 2-dimensional test function defined as,

f(x1, x2) = 0.26(x2
1 + x2

2)− 0.48x1x2 (A.9)

The function landscape and Hessian analysis of these two test functions are presented in Figs. 3.3
and 3.4. In Fig. A.2, all of the principal curvatures are positive, λi ≥ 0, thus F (xmin) is a local
minima point, and not a maxima or saddle point. One can also infer that in the direction of v4,
the function is highly stable.

Figure A.3 – Hessian analysis of the 15-dimensional Rosenbrock function: (a) Hessian matrix, (b) Parameter
curvatures, (c) Principal directions, vi, sorted by the associated principal curvatures, λi. Code can be found here.

In Chapter 3, one definition for a scaled Hessian matrix is (Eqn. 3.10),

H
(scaled)
i,j = (σiσj)

∂F

∂xi∂xj
(A.10)

https://github.com/benjimaclellan/data-visualizations/blob/master/chap4_hessian.py
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which gives each element of H(scaled) the same units as F . A secondary definition of a scaled Hessian
is

H
(scaled)
i,j = (xixj)

∂F

∂xi∂xj
(A.11)

which removes requirement of having a second, user-defined value of σi – which may not be known.

Adaptive, Hessian-guided topology optimization

The method for using adaptive mutation probabilities based on sensitivity analysis aims to reduce
the complexity of suggested optical systems by removing unnecessary optical elements. First, the
probabilities of selecting a mutation operator, Mi, change at each iteration. The is conceptually
similar to a greedy-epsilon [114] scheme in reinforcement learning or an adaptive step size in various
other optimization algorithms [112, 113]. The update to these probabilities is:

Pr(MAddEdge, 0) = 0.25 Pr(MAddEdge, k) = Pr(MAddEdge, 0)− 0.25k
Ngen

(A.12)

Pr(MAddNodeEdge, 0) = 0.25 Pr(MAddNodeEdge, k) = Pr(MAddNodeEdge, 0)− 0.25k
Ngen

(A.13)

Pr(MSwapModel, 0) = 0.50 Pr(MSwapModel, k) = Pr(MSwapModel, 0) (A.14)

Pr(MRemoveEdge, 0) = 0.00 Pr(MRemoveEdge, k) = Pr(MRemoveEdge, 0) + 0.5k
Ngen

(A.15)

At the beginning of topology optimization, the AddEdge and AddNodeEdge mutations are more
likely to be applied and, as such, the average size of the system graphs increases. This enables
more exploration of the design space early in the evolution process. The aim is to explore the
design space, increasing graph size, and find optical systems which may accomplish the desired
functionality, but may contain extraneous components. Then, by trading-off between the probability
of increasing the graph size to decreasing it, high-performing systems are further improved by
removing unneeded optical elements. To aid this, the Hessian-based sensitivity analysis is used to
estimate which optical components could be removed without impacting performance. An optical
system, G, is parameterized by xG = [x1,x2, . . . ,xN ]T, composed of the component parameters
comprising the system. For the associated Hessian matrix, HG(x), a ‘sensitivity score’ is assigned
to each component model on a graph edge. For a graph with total parameter set, xG ∈ RNG ,
containing a optical component model, C, with parameter set xC ∈ RNC , the score is defined as:

SC =
∑
i∈xC

∑
j∈xG H

(scaled)
i,j

NG ×NC
(A.16)

This score is then used in scaling the likelihood of removing elements via a tournament-style method,
such that low-sensitivity components are more likely to be removed, but is not done so determin-
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istically. Further, the tournament-style method is more robust to a variety of objective functions
where the order-of-magnitude of the cost value and sensitivity value may vary widely between uses.

A.3 Code structure

parameter
optimization

Graph

Propagator

Evaluator

topology optimization

Evolver

Sources:
 ContinuousWaveLaser
 PulsedLaser

Detectors:
 Photodiode
 SpectrumAnalyzer

Single-Path
 DispersiveFiber
 PhaseModulator
 IntensityModulator
 ...

Multi-Path:
 BeamSplitter
 FrequencySplitter

AddEdge
AddNodeEdge
RemoveEdge
SwapModel

AWG
PulseRepetition
PhaseSensitivity
...

component 
models

Figure A.4 – Software structure of ASOPE.

This Appendix provides a brief white-paper of the ASOPE software with code listings, detail
about the software structure, and examples for using the optical design tools. Object-oriented
programming techniques are used to encapsulate various levels of detail of the optical system.

1 vertices = {’source ’: SourceVertex (),
2 ’bs1 ’: BeamSplitter (),
3 ’bs2 ’: BeamSplitter (),
4 ’sink ’: SinkVertex ()}
5 edges = {(’source ’, ’bs1 ’): ContinuousWaveLaser (),
6 (’bs1 ’, ’bs2 ’): IntensityModulator (),
7 (’bs2 ’, ’sink ’): Photodiode ()}
8 graph = Graph(vertices , edges)

SRC

BS

BS

SNK

CW

IM

PD

Figure A.5 – Example system.
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The Graph class encapsulates the system graph, including the component models on the edges and
vertices. Graphs are created by specifying the models on the vertices and the edges (edges also
indicate a direction of propagation). New vertices can also be added after Graph is initialized or
the Graph can randomly be changed with the mutation operators (i.e. AddEdge, AddEdgeNode,

RemoveEdge, SwapModel). The Propagator class stores simulation data including the time window,
time array, frequency array, central frequency, etc. The above code creates the system graph in Fig
A.5.

1 propagator = Propagator ( window_t =1e-9, n_samples = 2**14 , central_wl =1.55e -6)

To simulate the system propagation, with the topology and parameters stored in the Graph instance,

1 graph. propagate ( propagator )

The time-domain optical field (or electronic signal at e.g. photodiodes) can then be probed (for
further analysis or plotting) as,

1 optical_field = graph. measure (’sink ’)

Finally, the evaluation of a graph (both topology and parameter set) is done by an Evaluator class
instance (each task is defined by a subclass of Evaluator). The overall function and its gradient
and Hessian functions are compiled partial derivatives via automatic differentiation,

1 evaluator = Evaluator ( propagator ) # or AWGEvaluator , PulseRepRateEvaluator , etc.
2 graph. initialize_func_grad_hess (propagator , evaluator )

With these initialized, parameters on a fixed Graph topology can be optimized via,

1 graph , xmin , cost , log = parameters_optimize (graph , method =’L-BFGS+GA’)

where the initial guesses are randomly drawn from a uniform distribution over the bounds. Func-
tionality to manipulate the topology of a Graph class instance is applied with the Evolver class.
This class determines valid mutation operators on a graph and encapsulates the topological changes.
A topology optimization run requires an instance of the Graph class, Propagator class, Evaluator

class, and Evolver class.

1 evolver = Evolver ()
2 graph , score , log = topology_optimization (graph , propagator ,
3 evaluator , evolver ,
4 multiprocess =True)

Finally, optical and electronic noise (modeled as Additive Gaussian Noise) can be controlled for each
type of model, each individual mode, or either turned on or off for all systems and computations
with;

1 AdditiveNoise . noise_on = True # turns all noise contributions on
2 AdditiveNoise . noise_on = False # turns all noise contributions off
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Sensitivity analysis is called as

1 hess , hess_eigenvalues , hess_eigenvectors = hessian_analysis (graph , x)

Interpreting suggested solutions

As ASOPE is built for the purpose of finding new and potentially intuitive optical systems, un-
derstanding the mechanisms and phenomena employed by a proposed system requires interactive
analysis tools. In particular it is important and useful to investigate both the system topology,
component parameters, and how they interact. To this end, the software includes an interactive
dashboard interface for investigating a system graph. The dashboard allows the user to open saved

Figure A.6 – Interactive dashboard for exploring proposed systems. A user provides the path string to a directory
containing a graph file (serialized object file) and related files. The graph is plotted in the top right, where the user
may select different edges and nodes to further inspect – which plots the optical or electronic signal on the selected
components and the transfer functions in the time and frequency domains (bottom). A separate panel allows the user
to interactively investigate the Hessian matrix and its eigenanalysis.

system graph files (e.g. the Hall of Fame graphs saved during a topology optimization run, or a
custom defined graph) and explore the graph topology (top right), the parameters on a given set
of optical component models as text (top left), the time- and frequency-domain plots of the optical
(or electronic) signal(s) and transfer functions, and the sensitivity analysis of the given solution (i.e.
the Hessian matrix along with its analysis of principal directions/curvatures).
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Defining new optical components and evaluation functions

The ASOPE software was developed such that adding new components to the library is straight-
forward. The new component is defined by constants (parameter bounds, parameter step sizes,
parameter precision, etc.) and a function which acts on the optical field. The function only needs
to be written in pure Python and numpy functions to be differentiable (test functions are available
to ensure the derivative can accurately be calculated, comparing against, e.g., numerical differen-
tiation). A boiler-plate class model is included for reference in the code-base, though following
the structure and style of current component models is useful for understanding the programming
restraints of ASOPE and autograd. The same is true for adding a new evaluation function in the
form of a new Evaluator subclass. Considering more optical degrees-of-freedom would also be pos-
sible with minimal changes to the optimization software, and only the components and propagation
simulation.

Open-source software tools used

The following is a list of the major software packages utilized in ASOPE:

networkx Used for graph manipulations. Optical system graphs are a sub-class of the MultiDiGraph

class [47].

autograd Used for automatic differentiation of the optical system performance by tracking of user-
defined models written with pure Python and numpy [124] functions. A related project, JAX,
may be beneficial to use for future work, as it allows Just-In-Time (JIT) compilation of
derivatives to be calculated on GPUs [121].

ray Used for seamless high-performance parallel processing [116]. Can quickly scale from single
core computation (for testing and debugging purposes) to multi-core machines (as used for all
experiments in Chapter 4.1) to even high-performance compute clusters.

scipy Parameter optimization routines and various digital signal processing tasks [41].

bokeh Used to build interactive dashboard for interpreting results and suggested optical systems
[125].

I also test the usage of various optimization routines in Python for the parameter optimization.
These include: pyswarm [43] for Particle Swarm Optimization, pycma [126] for the Covariance Matrix
Algorithm, deap for early versions of the parameter Genetic Algorithm (and the inspiration of the
Hall of Fame concept) [45], and scipy.optimize for L-BFGS algorithm optimization [41].
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A.4 Component library

In this Appendix, the optical component models currently implemented in ASOPE are listed, along
with considerations or compromises made for automatic differentiation. Models have both design
parameters (i.e. tunable values which are optimized) and state parameter constants (i.e. constant
values which remain fixed during optimization, but may be altered by the user based on, e.g.,
datasheets). This allows for matching the ASOPE library components to real, commercial compo-
nents, if desired.

A.4.1 Simulation parameters

Optical simulations in ASOPE simulate the time-frequency degree-of-freedom of an optical field.
The propagation function manipulates the time-varying complex envelope (i.e. carrier frequency is
removed), denoted as Ψ(t), with the tilde character denoting the frequency domain, Ψ̃(ω), as the
optical spectrum. We assume each component and system is operating in a steady-state regime.
The parameters vector (for a single component) is denoted by x. For each component the transfer
function is applied in the time-domain,

Ψout = f(Ψin(t),x) (A.17)

or the frequency-domain,

Ψ̃out = f(Ψ̃in(ω),x) (A.18)

The complex optical field envelope is simulated from time −T to T with M discrete samples.
The simulations are axial approximations, single-mode, and do not consider polarization effects.
Realistic loss per component is considered in the models.

A.4.2 Optical sources

Continuous wave laser

A continuous wave laser is parameterized by the optical power. Additive white Gaussian noise
(AWGN) can be injected to model noise processes in the laser. Central frequency, linewidth, and
optical noise are state constants.

Ψout(t,x) = √xpower (A.19)
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Parameter Description Bounds Units

xpower average laser power [0.0, 0.1] W

Pulsed laser

A pulsed laser is parameterized by three values: the pulse repetition rate, the pulse width, and
the peak power. A Gaussian pulse shape is used by default, though the option to switch to a
hyperbolic secant or other common shapes is implemented. Central frequency and optical noise are
state parameters. We assume timing-jitter and power instability is negligible.

Ψout(t,x) = √xpower exp
(
−4 log(2)

(
t mod xrate
xwidth

)2
)

(A.20)

Parameter Description Bounds Units

xP peak power [0.0, 1.0] W
xtrep pulse repetition time (inverse of repetition rate) [10× 10−9, 0.1× 10−9] s
xτ pulse width (FWHM) [1× 10−12, 100× 10−12] s

The modulus function is not differentiable with automatic differentiation. A work-around for effi-
cient differentiation with respect to the pulse repetition rate,

twrap = xrate
π

arcsin
(

sin
(
πt

xrate

))
(A.21)

Ψ′(t,x) = √xpower exp
(
−
(
twrap
xwidth

)2
)

(A.22)

A.4.3 Single spatial path components

Dispersive fiber

Dispersive fiber is parameterized by the length. Dispersion up to second order (group velocity
and chromatic dispersion) is modeled, along with loss per length. State parameters for dispersion
constants are based on a Corning SMF-28 optical fiber.

Ψ̃out(ω,x) = Ψ̃in exp
(
−ixz(β1(ω − ω0) + β2(ω − ω0)2/2) + αxz

)
(A.23)
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Parameter Description Bounds Units

xz fiber length [0, 100] km

Variable optical attenuator

A variable optical attenuator is parameterized with the attenuation, in dB.

Ψout(t,x) = Ψin10xα/20 (A.24)

Parameter Description Bounds Units

xα optical attenuation [−60, 0] dB

Phase modulator

An electro-optic phase modulator is parameterized by the modulation frequency, modulation depth,
and global phase shift. Single-tone RF driving is assumed.

Ψout(t,x) = Ψin exp(ixm cos(2πxf t+ xs)) (A.25)

Parameter Description Bounds Units

xm modulation depth [0, 2π] radians
xf modulation frequency [1, 50] GHz
xs absolute phase shift [0, 2π] radians

Intensity modulator

An electro-optic intensity modulator (Mach-Zehnder modulator) has four free parameters: the
modulation frequency, depth, global phase shift, and the bias term. Single-tone RF driving is
assumed.

Ψout(t,x) = Ψin
2 + Ψin

2 exp(ixm cos(2πxf t+ xs) + xDC) (A.26)
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Parameter Description Bounds Units

xm modulation depth [0, π] radians
xf modulation frequency [1, 50] GHz
xs absolute phase shift [0, 2π] radians
xDC bias [0, π] radians

Note that these parameters are not in voltages, but instead abstract and generalize directly to
the phase experienced on the optical field. It would be necessary to back-track and find a modulator
with proper specifications and calculate the driving voltages.

Waveshaper

The waveshaper is a programmable optical filter. Each pixel can apply an amplitude and phase
change to the optical frequencies with the bandwidth of that pixel. There are a few hundred pixels
in the device (depending on the model), so using every pixel as a free parameter can pose a challenge
(as system could have many hundreds of parameters with many being redundant). The number
of pixels are truncated to N around the central frequency. The parameters are the amplitude and
phase setting for N center pixels. Each pixel covers a frequency bandwidth of δω. The transfer
function is then modeled as a piece wise constant function.

Ψ̃out(ω,x) = Amask(ω) exp(iΦmask(ω))Ψ̃in (A.27)

where the amplitude and phase masks, Amask,Φmask, are defined as,

Amask(ω) =

xak
(2k−1)δ

2 < ω ≤ (2k+1)δ
2 | k = −N, . . . , 0, . . . , N

0 else
(A.28)

Φmask(ω) =

xϕk
(2k−1)δ

2 < ω ≤ (2k+1)δ
2 | k = −N, . . . , 0, . . . , N

0 else
(A.29)

δω is the pixel resolution of the Waveshaper (12 GHz), and k = 0 corresponds to the central
wavelength bin.

Parameter Description Bounds Units

{xak , k = −N, . . . , 0, . . . N} k-th pixel amplitude filter [−60, 0] dB
{xϕk , k = −N, . . . , 0, . . . N} k-th pixel phase shift [0, 2π] rad
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(a) Model 1 of the waveshaper, with individual pixels are
the free parameters. Parameters are randomly chosen.

(b) Model 2 of the waveshaper, with the amplitude and
phase masks calculated as a weighted sum of Bernstein
polynomials. Parameters are randomly chosen.

Waveshaper - Second representation

This is physically the same device as the waveshaper above, but with a different parameterization.
It models the device operation over the whole bandwidth, but uses fewer parameters the previous
model. Instead of being parameterized by each pixel (amplitude and phase for each), a continuous
function over the filters bandwidth is generated as a weighted sum of Bernstein polynomials (which
form a complete polynomial basis). With this we can represent a large number of different amplitude
and phase masks with only a few free parameters. The masks are restricted between 0 and 1 for
amplitude, and 0 and 2π for phase.

Ψ̃out(ω,x) = Amask(ω) exp(iΦmask(ω))Ψ̃in (A.30)

The amplitude and phase masks are smooth functions over the bandwidth of the device.

Amask(ω) =
N∑
k=0

xakBk,N (ω) (A.31)

Φmask(ω) =
N∑
k=0

2πxϕkBk,N (ω) (A.32)

where Bk,N is the k-th Bernstein polynomial of degree N . The Bernstein polynomials are non-
negative over the range of [0, 1], such that for any

∑N
k=0 xkBk,N (ω) ≤ 1 assuming that xk ≤ 1, ∀k.

Parameter Description Bounds Units

{xak , k = 0, . . . N} k-th Berstein polynomial coefficient, amplitude [0, 1] -
{xϕk , k = 0, . . . N} k-th Berstein polynomial coefficient, phase [0, 1] -
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Optical amplifier

The optical amplifier (such as an EDFA) amplifies incoming signals with a frequency and power
dependent gain, and is parameterized by small signal gain, maximum output power, and gain
flatness across a given wavelength interval. Additive Gaussian noise is injected to simulate amplified
spontaneous emission noise (ASE). For an amplifier, the output frequency-domain optical field is
scaled by a frequency-dependent gain factor.

Ψ̃out(ω,x) = G(ω,Ψin,x)Ψ̃in (A.33)

G(ω,Ψin,x) = G0(ω,x)
[
1 + G0(ω,x)Ψ̄in

xPmax

]−1

(A.34)

where Ψ̄ is the time-averaged optical power and xPmax is the maximum output optical power.

G0(f,x) = xg exp(−ω2/β) (A.35)

β = β(xflatness, xλmin, xλmax) (A.36)

β is a scaling factor such that the expected gain flatness xflatness is obtained across the operational
wavelength range [xλmin , xλmax ]. Ψ̄in is the average input power.

Parameter Description Bounds Units

xg peak small signal gain [0, 30] dB

The following are state parameters (constants), based on commercial datasheets,

Parameter Description Bounds Units

xg peak small signal gain [0, 30] dB
xPmax maximum output power [1× 10−7, 1× 101] W
xflatness gain flatness across operation [0, 15] dB
xF noise factor [3, 10] dB
xλmin minimum wavelength of operation [1530, 1600] nm
xλ0 peak wavelength of operation (max gain) [1535, 1612] nm
xλmax maximum wavelength of operation [1540, 1625] nm
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A.4.4 Multiple spatial path components

Components which map between spatial paths include couplers and splitters, and are designed for
an arbitrary number of inputs and outputs. Unlike the other component models described to this
point, splitting elements have equality constraints between parameters (such that momentum and
energy are conserved from the input to the output of the component). In order to avoid constrained
optimization, the constraints are instead adapted into the model of the components via substitution.

Variable power splitter

The M ×N -port power splitter is parameterized by N − 1 splitting amplitudes, xαk∀k ∈ [1, N − 1],
from which the variable power splitting ratios, wk are defined as,

wk = (1− xαk)
k−1∏
`=1

xα` ∀k ∈ [1, N ] (A.37)

and αN ≡ 0. This constrains energy to be conserved. Each wk is between 0 and 1. The M × N
scattering matrix is calculated as,

Sm,n =
√
wn exp

[
iπ

(
n

N − 1 + m

M − 1

)]
(A.38)

such that it maps between incoming and outgoing spatial paths as,
Ψ1,out(t)

...
ΨN,out(t)

 = S


Ψ1,in(t)

...
ΨM,in(t)

 (A.39)

Parameter Description Bounds Units

xαk k-th branching ratio (0, 1) -

We note that the phase shifts experienced between different input/output ports may be depen-
dent on the type of splitter/coupler used. With this model, when M = N = 1 (i.e. one input,
one output), the model is fixed and the optical field is unaffected (this corresponds to a simple
connector, such as a fiber splice or fiber connector). This model assumes that all incoming paths
are coupled together without loss, and further split based on the coupling ratio parameters wk.
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Frequency-dependent splitter

A frequency dependent splitter is parameterized by the cutoff frequencies of each output port (as
a ratio of the simulated frequency range, ∆ω) with the frequency dependent filtering modeled by
multiplied logistic functions. A separate band of the optical spectrum exits each output port.
The M × N -port frequency splitter is parameterized by N − 1 values xαk , from which the cutoff
frequencies are calculated for each output port

ωk = ∆ω
k∑
`=0

[
(1− xα`)

`−1∏
m=1

xαm

]
∀k ∈ [0, N ] (A.40)

with xα0 ≡ 1, xαN ≡ 0, and xαi ∀i 6= 0, N as the tunable parameters. The (frequency-dependent)
scattering matrix (with indices representing different spatial paths) is,

Sm,n(ω) = logistic(−ωn−1)× logistic(ωn) ∀n ∈ [1, N ] (A.41)

=
( 1

1 + exp[−p(ω − ωn−1)]

)( 1
1 + exp[p(ω − ωn)]

)
(A.42)

with p as a dimensionless constant which defines the ‘sharpness’ of the cutoff (p ≈ 300). This
scattering matrix maps incoming optical fields to output paths as,

Ψ1,out(ω)
...

ΨN,out(ω)

 = S


Ψ1,in(ω)

...
ΨM,in(ω)

 (A.43)

The multiplication of two logistic function is used to approximate a pulse (rectangular) function in
such a way which is differentiable via automatic differentiation.

Parameter Description Bounds Units

xαk branching cutoff (0, 1) -

A.4.5 Optical detectors

Photodiode

The photodiode is different than previous components, as it converts the time-varying optical field
into a time-dependent electronic signal. The photodiode model used has no tunable parameters
(i.e. none are optimized). The device is parameterized by its fixed responsivity, bandwidth, and
maximum photocurrent. Electronic bandwidth is modeled as a nth-order Butterworth filter. Both
thermal noise and electronic shot noise can be added as AGN (also subject to the Butterworth filter).
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The output voltage signal from the photodiode is a frequency-filtered RF signal proportional to the
intensity of the input optical field.

Iout(t,Ψin,x) = F−1[Bn ×F [Iinf(t,Ψ,x)]] (A.44)

where Bn is a nth order Butterworth filter with bandwidth xbw. The infinite-bandwidth current
Iinf(t,Ψ,x) is proportional to the square of the optical field – but also takes into account saturation
of the photodiode at its maximum photocurrent value,

Iinf(t,x) = min(xresp|Ψin(t)|2, xmaxPC) (A.45)

where Ψout is the output photocurrent.

In order to allow differentiation via reverse-mode automatic differentiation for the min function, the
following approximation (which is effectively equivalent to Eqn. A.45 for large p) is used,

Iinf(t,x) = xresp|Ψin(t)|2
(

1 +
∣∣∣∣∣xresp |Ψin(t)|2

xmaxPC

∣∣∣∣∣
p)−1/p

(A.46)

All the following parameters are state constants.

Parameter Description Bounds Units

xbw bandwidth of photodiode [0.5, 100] GHz
xresp responsivity of photodiode [0, 1] A/W
xmaxPC maximum output photocurrent [0, 0.1] A
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